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Preface

Since the second half of the 20th century, the Riemannian and semi- Riemannian
geometries have been active areas of research in differential geometry and its ap-
plications to a variety of subjects in mathematics and physics. A recent survey in
Marcel Berger’s book [60] includes the major developments of Riemannian geom-
etry since 1950, citing the works of differential geometers of that time. During the
mid 1970s, the interest shifted towards Lorentzian geometry, the mathematical
theory used in general relativity. Since then there has been an amazing leap in the
depth of the connection between modern differential geometry and mathematical
relativity, both from the local and the global point of view. Most of the work on
global Lorentzian geometry has been described in a standard book by Beem and
Ehrlich [34] and in their second edition in 1996, with Easley.

As for any semi-Riemannian manifold there is a natural existence of null
(lightlike) subspaces, in 1996, Duggal-Bejancu published a book [149] on the light-
like (degenerate) geometry of submanifolds needed to fill an important missing
part in the general theory of submanifolds. Since then the large number of papers
published on lightlike hypersurfaces and general theory of submanifolds of semi-
Riemannian manifolds has created a demand for publication of this volume as an
update on the study of lightlike geometry.

The objective is to focus on all new geometric results (in particular, those
available only after publication of the Duggal-Bejancu book) on lightlike geometry
with proofs and their physical applications in mathematical physics.

Chapter 1 covers preliminaries, followed by up-to-date mathematical results
in Chapters 2, 4 and 5 on lightlike hypersurfaces, half-lightlike, coistropic and r-
lightlike submanifolds of semi-Riemannian manifolds, respectively. Due to degen-
erate induced metric of a lightlike submanifold M, we use a non-degenerate screen
distribution S(T'M) to project induced objects on M. Unfortunately, S(TM) is
not in general unique. Since 1996 considerable work has been done in the search
for canonical or unique screens. We highlight that each of these three chapters
contain theorems on the existence of unique screen distributions subject to some
reasonable geometric conditions. Chapter 3 is focused on applications of light-
like hypersurfaces in two active ongoing research areas in mathematical physics.
First, we deal with black hole horizons. We prove a Global Null Splitting Theorem
and relate it with physically significant works of Galloway [197], Ashtekar and
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Krishnan’s works [16] on dynamical horizons and Sultana-Dyer’s work [378, 379]
on conformal Killing horizons, with references to a host of related researchers.
Secondly, we present the latest work on Osserman lightlike hypersurfaces [20].

Motivation of Chapters 6-9 comes from the historical development of the
general theory of Cauchy-Riemann (CR) submanifolds [45] and their use in math-
ematical physics, as follows:

In the early 1930s, Riemannian geometry and the theory of complex variables
were synthesized by Kéhler [250] whose work developed (during 1950) into complex
manifold theory [169, 302]. A Riemann surface, C™ and its projective space CP"~!
are simple examples of complex manifolds. This interrelation between the above
two main branches of mathematics developed into what is now known as Kéahlerian
and Sasakian [367] geometry. Almost complex [407], almost contact [66, 68] and
quaternion Kéhler manifolds [239, 366] and their complex, totally real, CR and
slant submanifolds [45, 99, 102, 314, 410] are some of the most interesting topics
of Riemannian geometry. By a CR submanifold we mean a real submanifold M
of an almost Hermitian manifold (M, J,g), carrying a J-invariant distribution
D (i.e., JD = D) and whose g-orthogonal complement is J-anti-invariant (i.e.,
JD+ C T(M)1), where T(M)+ — M is the normal bundle of M in M. The
CR submanifolds were introduced as an umbrella of a variety (such as invariant,
anti-invariant, semi-invariant, generic) of submanifolds. Details on these may be
seen in [45, 102, 412, 413]. On the other hand, a CR manifold (independent of its
landing space) is a C* differentiable manifold M with a holomorphic subbundle
H of its complexified tangent bundle T (M) ® C, such that H N H = {0} and H is
involutive (i.e., [X,Y] € H for every X,Y € H). For an update on CR manifolds
(which is out of the scope of this book) we refer two recent books [132] by Dragomir
and Tomassini and [26] by Barletta, Dragomir and Duggal. Here we highlight that
Blair and Chen [69] were the first to interrelate these two concepts by proving that
proper CR submanifolds, of a Hermitian manifold, are CR manifolds. Since then
there has been active interrelation between the geometries of real and complex
manifolds, with physical applications. Complex manifolds have two interesting
classes of Kéhler manifolds, namely, (i) Calabi-Yau manifolds with application to
super string theory (see Candelas et al. [90]) and (ii) Teichmuller spaces applicable
to relativity (see Tromba [396]).

The study of the above mentioned variety of geometric structures was pri-
marily confined to Riemannian manifolds and their submanifolds, which carry a
positive definite metric tensor, until in early 1980, when Beem-Ehrlich [34] pub-
lished a book on Global Lorentzian Geometry, a paper by Barros and Romero [28]
on Indefinite Kdhler Manifolds and a book by O’Neill [317] on Semi-Riemannian
Geometry with Applications to Relativity. Since then a considerable amount of
work has been done on the study of semi-Riemannian geometry and its subman-
ifolds, in particular, see a recent book by Garcia-Rio et al. [201], Sharma [373]
and Duggal [133, 135, 136], including the use of indefinite Kéhlerian, Sasakian
and quaternion structures. As a result, now we know that there are similarities
and differences between the Riemannian and the semi-Riemannian geometries, in



Preface ix

particular, reference to the Lorentzian case used in relativity. In the case of light-
like submanifolds, its geometry is quite different than the counter part of non-
degenerate submanifolds. To highlight this, in Duggal-Bejancu’s book [149] there
is a discussion on CR lightlike submanifolds of an indefinite Kahler manifold. Un-
fortunately, contrary to the non-degenerate case, CR lightlike submanifolds are
non-trivial (i.e., they do not include invariant (complex) and real parts). To fill in
this needed information, in Chapter 6 we present the latest work of the authors
[159, 160] leading to a new class called Generalized CR lightlike submanifolds which
represents an umbrella of invariant, screen real and CR lightlike submanifolds. We
also present lightlike versions of slant submanifolds and totally real submanifolds.

Motivated by a significant use of contact geometry in differential equations,
optics and phase space of a dynamical system (see details in Arnold [9], Maclane
[292] and Nazaikinskii [304] and many more references therein), in Chapter 7, we
present the first-ever collection of the authors’ recent work [161, 162] on lightlike
submanifolds of indefinite Sasakian manifolds, leading up to another umbrella of
invariant, screen real and contact CR-lightlike submanifolds. We highlight that
Chapters 6 and 7 fulfill the purpose (see Bejancu [45]) of having an umbrella of
all possible lightlike submanifolds of indefinite Kéhlerian and Sasakian manifolds.

In Chapter 8, we study lightlike submanifolds of indefinite quaternion Kéahler
manifolds, using the concept of QR-lightlike, screen QR-lightlike and quaternion
CR-lightlike submanifolds and give many examples.

In Chapter 9, we present applications of lightlike geometry to null 2-surfaces
in spacetimes, lightlike version of harmonic maps and morphisms, CR-structures
in general relativity and lightlike contact geometry in physics. Results included
in this volume should stimulate future research on lightlike geometry and its ap-
plications. To the best of our knowledge, there does not exist any other book
covering the material in this volume, other than a fresh and improved version
of a small part from [149]. Equations are numbered within each chapter and its
section. To illustrate this, a triplet (a, b, ¢) stands for each equation such that a, b
and c are labeled for the chapter, the section and the number of equation in that
section accordingly. There is an extensive list of bibliography and subject index.
Our approach, in this book, has the following special features:

e Extensive list of cited references on semi-Riemannian geometry and its non-
degenerate submanifolds is provided for the readers to easily understand the
main focus on lightlike geometry.

e Each chapter starts with basic material on the no-degenerate submanifolds
needed for that chapter. We expect that this approach will help readers to
understand each chapter independently without knowing all the prerequisites
in the beginning.

e The sequence of chapters is arranged so that the understanding of a chapter
stimulates interest in reading the next one and so on.
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e Physical applications are discussed separately (see Chapters 3 and 9) from
the mathematical theory.

e Overall the presentation is self contained, fairly accessible and in some special
cases supported by references.

This book is intended for graduate students and researchers who have good knowl-
edge of semi-Riemannian geometry and its submanifolds and interest in the theory
and applications of lightlike submanifolds. The book is also suitable for a senior
level graduate course in differential geometry.

This work was supported through an operating grant of the first author (Dug-
gal), awarded by the Natural Sciences and Engineering Research Council (NSERC)
of Canada. Most of the work presented in this book was conceived and developed
during a visit of the second author (Sahin) to the university of Windsor in 2003, a
follow up collaboration and Dr. Sahin’s second visit in 2007. Dr. Sahin is grateful
to the Scientific and Technological Research Council of Turkey (TUBITAK) for a
PDF scholarship and the university of Windsor for appointing him visiting scholar
and its department of mathematics and statistics for hospitality and kind support.

Both authors are thankful to all authors of books and articles whose work
they have used in preparing this book. Last, but not the least, we are grateful
to the publisher for their effective cooperation and excellent care in publishing
this volume. Constructive suggestions (towards the improvement of the book) by
reviewers is appreciated with thanks. Any further comments and suggestions by
the readers will be gratefully received.

Krishan L. Duggal
Bayram Sahin



Notation

R Real numbers.

R" n— tuples of real numbers.

It Norm.

A Null cone.

Ry Semi-Euclidean space of constant index q.
Rad W Radical subspace of W.

SW Screen subspace of W

l9] Matrix of g.

wt Perpendicular space of W.

M Manifold.

T.M Tangent space at z.

™M Tangent bundle.

R Riemann curvature tensor.

Ric Ricci tensor.

Q Ricci operator.

r Scalar curvature.

C(X,Y)Z Weyl conformal curvature tensor.
K(r) Sectional curvature of plane 7.
S™(r) A sphere of radius r.

H™ n— dimensional hyperbolic space.
S (r) Pseudo-sphere.

H g(r) Pseudo-hyperbolic space.

grad f Gradient of function f.

H Hessian of function f.

Ly Lie derivative with respect to V.
[,] Lie operator.

D Distribution.

I+ derivative map of f.

M x N Product manifold of M and N.
o* Pullback map.

RadT,M  Radical subspace of T, M.

dw Exterior derivation.
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Oab

VF,

Notation

Unit timelike bundle of (M, g).

Unit spacelike bundle of (M, g).

Unit non-null bundle of (M, g).

Jacobi operator with respect to Z.
Exponential map of M at z.

Lightlike hypersurface.

Radical distribution.

Screen distribution.

Lightlike transversal bundle of M.
Orthogonal direct sum.

Local second fundamental form of a hypersurface.
Lightlike second fundamental form of a lightlike submanifold.
Screen transversal second fundamental form of a lightlike submf.
Shape operator of M

Screen second fundamental form.

Screen shape operator of S(TM).

Local screen fundamental form.

Ricci tensor of M.

Pseudo-inverse metric.

Jacobi operator to Z.

Curvature operator corresponding to R.
First derivative of a screen distribution.
Complexification of a real vector space.
Complex structure on a vector space.
Real vector space with complex structure.
Complex vector space.

Nijenhuis tensor field of J.

Kahler scalar.

Indefinite complex space form as ¢ = 0.
Indefinite complex space form as ¢ > 0.
Indefinite complex space form as ¢ < 0.
Volume expansion.

shear tensor.

vorticity tensor.

second fundamental form.

tension field.






Chapter 1

Preliminaries

1.1 Semi-Euclidean spaces

Denote by R the set of real numbers and R™ their n-fold Cartesian product
R x ... x R, the set of all ordered n-tuples (z!,...,2"). Define a function

d:R" xR", where d(z,y)=|lz—yl|

for every pair (z,y) of the points z,y € R"™. This function d is known as the
Euclidean metric in R™. Then, we call R™ with the metric d the n-dimensional
Euclidean space. Consider V a real n-dimensional vector space with a symmetric
bilinear mapping g : V x V. — R. We say that g is positive (negative) definite
on V if g(v, v) > 0(g(v, v) < 0) for any non-zero v € V. On the other hand, if
g(v, v) > 0(g(v, v) <0) for any v € V and there exists a non-zero u € V with
g(u, u) = 0, we say that g is positive (negative) semi-definite on V.

Let B = {uy, ..., u,} be an arbitrary basis of V. Then, g can be expressed
by an n x n symmetric matrix G = (g;; ), where

gij:g(uivuj)7 (1 SZ,]SH)

G is called the associated matriz of g with respect to the basis B. In another
way rank G = n <= g is non-degenerate on V. The non-degenerate g on V is
called a semi-Fuclidean metric (scalar product). Then (V, g) is a semi-Euclidean
vector space, for which g(u, v) = w - v where - is the usual dot product. For a

semi-Euclidean V' # 0, there exists an orthonormal basis £ = {ey, ..., e,} with
q ) q+p
o, 0) = (0.0hg == D WP+ Y () (111)
i=1 a=q+1

where ¢ + p = n and (v?) are the coordinate components of v with respect to E.
Thus, with respect to (1.1.1), G is a diagonal matrix of canonical form:

diag(— ... — + ... +). (1.1.2)
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The sum of these diagonal elements (also called the trace) of the canonical form
is called the signature of g and the number of negative signs in (1.1.2) is called
the indezx of V. Three special cases are important both for geometry and physics.
First, g is positive (negative) definite for which V is Euclidean with zero index.
Second, if the index of g is 1, then g is called a Minkowski metric and V is called a
Minkowski space, used in special relativity. Third, if there exists on V a degenerate
g, then we say that V' is a lightlike vector space with respect to g. The third case is
the focus of study in this book when we consider differential geometry of lightlike
submanifolds in Chapters 2 through 9.
Define a mapping (called norm), of a semi-Euclidean V, by

IV —=R; [vll=|gwov)]?, VoeV.

|| v || is called the length of v. A vector v is said to be

spacelike, if g(v,v) >0 or v =0,
timelike, if g(v,v) <0,
lightlike (null, isotropic), if g(v,v) =0 and v # 0.

The set of all null vectors in V, denoted by A, is called the null cone of V, i.e.,

A={ve(V-{0}),g9(v,v) =0}

For a semi-Euclidean V, a unit vector u is defined by g(u,u) = £1 and, as in the
case of Euclidean spaces, we say that u is of length 1. In case ¢ is semi-definite,
orthogonal vectors (i.e., u L v if g(u,v) = 0) are not necessarily at right angles to
each other. For example, a null vector is a non-zero vector that is orthogonal to
itself. Since, in general, a semi-Euclidean V has three types of vectors (spacelike,
timelike, lightlike), it is some times desirable to transform a given orthonormal
basis E = {ey,...,e,} into another basis which contains some null vectors. To
construct such a basis we let {e1,...,e,} and {ept+1,...,€ptq}, P+ ¢ = n, be unit
timelike and spacelike vectors, respectively. In general, the following three cases
arise:

Case 1 (p < q). Construct the vectors
Ni= —=(eprit ey Nf = —=( ) (1.13)
i — ———=\Epti €5 ) i — —=\Ep+i — €5). i
Nohaat Nohaat
Here each N; and N} are null vectors which satisfy
g(Ni, Nj) = g(N,N¥) =0, g(Ni, NT) = dij, (1.1.4)

i,j € {1,...,p}. Thus {Ny,..., Ny, N{, ..., Ny, e2p11,...,€2p4q = €n} is a basis
of V which contains 2p null vectors and g — p spacelike vectors.
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Case 2 (¢ < p). For this case we set

1 1
Ny = —(epta + €a), N'=—(epra — €a), 1.1.5
\/5(13+ ) a \/§(P+ ) ( )

to obtain the relations (1.1.4) but with 4, j replaced by a,b € {1, ..., ¢}. Then, the
basis of V contains 2¢ null vectors {Ny,..., Ny, N{,..., Ny} and p — g timelike
vectors {eg+1,.--,€p}

Case 3 p = ¢. This is a special case for which n = 2p = 2q is even and the null
transformed basis of V is {Ny,..., Np, Nf, ..., NJ}.

V is a proper semi-FEuclidean space if p-q # 0. In general, there exists a basis
B={Ny,...,N.y N7, ....N} u,...,us} (1.1.6)

for a proper semi-Euclidean space (V,g), called a quasi-orthonormal basis which
satisfies the following conditions:

9(ua, N;) = g(ua,N;) =0; 9(Ua, up) = €a0ap, (1.1.7)

for any ¢,5 € {1,...,r},a,b€{1,...,s},2r+ s=n and ¢, = +1.

Throughout this book, we set the form of the signature of g as given by
(1.1.2), unless otherwise stated. Also, we identify an n-dimensional vector space
V over R with Vi a semi-Euclidean space of constant index ¢ > 0 if 'V has an
indefinite inner product and R"™ is a Euclidean space.

Electromagnetism in a Minkowski space R{. Here is an example of semi-Euclidean
spaces representing some physical objects. Let R} be the 4-dimensional Minkowski
spacetime with the Galilean coordinates (ct = x°, x', 2%, 2%), where c is the velocity

of light. Thus, the semi-Euclidean metric is given by
g(z,y) = —2%y° + 'yt + 2%® + 233, Va,yeRT.

The associated matrix G, of g, with respect to an orthonormal basis is the diagonal
matrix given by

-1 0 0 0

0 1 0 0
G:[gab]: 0 0 1 0 )

0 0 0 1

where a,b,¢,... € {0,1,2,3}. In the sequel, we set % = 04. Suppose X = X*9,
(Einstein sum in a) is a spacelike vector field, where X® has partial derivatives
with respect to the spacetime coordinates. Then, the Curl and the divergence of
X are given by
Curl X = (32X3 — 83X2)31 + (83X1 — 81X3)82 + (61X2 — 82X1)33,
divX = 91X + 92X% + 93X°,
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respectively. Also, 0,X = 0,X°0y. The Mazwell’s equations are:

1 0F

CurlH—fa—:élwa, divE =4mp,
c Ot c

Cur1E+la—H:0, divH =0,
c Ot

where H and E are the magnetic and electric fields respectively, p is the charged
density and v is the local velocity of the charge. The current density J = pv and
p are the sources of H and E. The Maxwell equations are consistent with the
continuity equation

0
L div(pv) =0.

ot
Note that in vacuum, p = 0 and, therefore, the Maxwell equations reduce to

1 0F

Curl H — — 6— =0, divE=0,
c Ot
1 0H

CurlE + - 8— =0, divH=0.
c Ot

Furthermore, there exists a 3-dimensional spacelike vector field A and a scalar
potential ¢ such that

H =CurlA,
1 0A

Ezfgrad¢7gﬂ

Taking into account that our metric is of signature (— 4+ ++), we introduce a
4-vector & with components

= (9, @', &%, 0%) = (¢, A", A%, A?)

whose covariant components are ®, = — ¢, ®; = A (i = 1,2, 3). Thus, we obtain
the following expression of the components of H and E:

H1 = (92@3 — 83(I>2, E1 = 61(1)0 - 80(1)17
H? = 03®, — 0,3, E? = 0,®, — 0,9,
H3 = (9151)2 — (92‘1)1, E3 = 83(1)0 - ao(I)3a

since ¢ = ct. The above six components of H and E can be presented in a unified
form as the covariant components of a second-order skew-symmetric tensor field
F = (F,p), in the following way:

Fab:(?a@b—abq)a, a,b6{0,1,2,3}.

The above equation is also applicable to a general curvilinear coordinate system
used in general relativity. However, here we call F', in the Galilean coordinates, the
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Minkowski electromagnetic tensor field. Thus, the 4 x 4 matrices of the covariant
and the contravariant components of F' are:

[0 —FE! —FE? —E3
El 0 H? —H?
[Fab] = E2 _H3 0 H! )
i E3 H? —H! 0
[0 E! E? E3
ey~ | EL 0 H g
- —FE? —H3 0 H!
I —FE3 H? —H! 0

To express the Maxwell equations in tensor form, we introduce the electric
current vector J = (J°, J1, J2, J%) = (pc, pv, pv?, pv3). Then, by using the above
Maxwell equations assume the following form:

4
Fflbb:_ﬂ-e]a7
’ C

Fbc;a + Fca;b +Fab;c:07

respectively. Therefore, the Maxwell equations have a tensorial form which is valid
for any system of coordinates.

Subspaces. Let (W, g) be a real n-dimensional lightlike vector space. The Radical
of W, with respect to g, is a subspace Rad W of W defined by

RadW ={{eW; g(v)=0, veW}

Then, a subspace of W may not be degenerate. To support this assertion we prove
the following general result.

Proposition 1.1.1. [149] Let (W, g) be a real n-dimensional lightlike vector space
such that dim(Rad W) = r < n. Then any complementary subspace to Rad W is
non-degenerate.

Proof. Let SW be a complementary subspace to Rad W in W i.e., we have the
decomposition
W = Rad W @gpen SW (1.1.8)

where Gortn denotes the orthogonal direct sum. Suppose there exists a non-zero u €
SW such that g(u,v) = 0 for any v € SW. (1.1.8) implies g(u,§) =0, V€ € Rad W
Therefore, v € Rad W. But Rad W and SW being complementary subspaces, SW
is non-degenerate, which completes the proof. ([

A complementary subspace SW to Rad W in W is called a screen subspace
of W. As SW is non-degenerate with respect to g, it is a semi-Euclidean space.
Then, there exists an orthonormal basis {u,y1,...,u,} of SW. Thus a basis of
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W adapted to (1.1.8) is B = {f1,..., fr,Ur41,...,un} where f; € RadW, i €
{1,...,r}. Since Rad W is orthogonal to W, we conclude that the matrix of g
with respect to B is of the form:
_ Or ,r Or ,n—r _
[g] = Onr s dup ,a,be{r+1,...,n}, eg =g (Uq,uq) -

Let (V, g) be an n-dimensional semi-Euclidean space and W be a subspace of
V. In case g, is degenerate we say that W is a lightlike (degenerate) subspace.
Otherwise, we call W a non-degenerate subspace. Next, consider the subspace

Wt={weV;gw,w)=0, YweW}.

Then, following O’Neill [317, p.49], W+ is called W perp. In general, W N W+ #
{0}. For example, consider W = {(z,y,z,y) € Vi;z,y € R} and obtain W N
W+ = {(x,0,2,0); x € R} # {0}. However, the following properties of W are
preserved for any general V.

Proposition 1.1.2. [149] Let (Vy, g) be an n-dimensional semi-Euclidean space
and W its subspace. Then we have

dim W + dim W+ = n, (1.1.9)
Why" =w, (1.1.10)
RadW = RadW+ =W nw. (1.1.11)

Proof. By Lemma 22 of Chapter 2 in O’Neill [317], we have (1.1.9) and (1.1.10).
Next, by taking v € W N WL C W+, we obtain g(v,w) = 0 for any w € W, that
is, v € Rad W. Conversely, for any v € RadW C W, we have g(v,w) = 0 for any
w € W, which implies v € W N W=, Hence Rad W = W N W=, The last equality
in (1.1.11) follows by using (1.1.10). d

Proposition 1.1.3. [149] Let (V}, g) be a proper semi-Euclidean space of index q.
Then, there exists a subspace W of Vi of dimension min{q, n — ¢} and no larger,
such that gy = 0.

Proof. Let E = {e1, ..., e,} be an orthonormal basis of (V7, g) with
q n
gl y) ==Y a'y'+ Y %,  Vaz,yeVy
=1 a=p—+1

where (2%) and (y') are the coordinates of = and y. Suppose 2q < n. Now define a
g-dimensional subspace

W = Span{u; = €1 + €gq1, - .-, Ug = €q + €24}

It follows that g|y;; = 0. Choose a null vector N = Y7 | N'e; such that g(N, u,) =
0, Va € {1,...,q}. Thus, N* = N1 . N9 = N2 Since || N|| = 0 and
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{e1, ..., e} and {egy1, ..., en} are timelike and spacelike respectively, we con-
clude that N4t = ... = N™ = 0. Hence, N = >_?_, N%u,. Thus, there is no
subspace larger than W on which g vanishes. Similarly, for 2¢ > n. O

Let W be an m-dimensional lightlike subspace of Vi'. A quasi-orthonormal
basis

B:{fl,...,fmfl*,...7f:,U1,...,ut}

such that W = Span{ f1,..., fr,u1,...,us}, if m=r+s1<s<t, or
W =Span{fi,...,fm}, if m<r,

is called a quasi-orthonormal basis of Vi along W.

Proposition 1.1.4. [149] There ezxists a quasi-orthonormal basis of Vi along its
lightlike subspace W .

Proof. Suppose nullW = r < min {m, n —m}. Then we have
W =Rad W @Goren W/, W =RadW Gorn W,

where W’ and W' are some screen subspaces. We decompose V3 as follows:

n __ 1
V=W L (W)t (1.1.12)
As W” is a non-degenerate subspace of (W’)+ we obtain
(WHE =w" L (W"*, (1.1.13)

where (W)L is the complementary orthogonal subspace to W” in (W')L. Tt is
easy to see that Rad W is a subspace of (W”)+. Denote by U a complementary
subspace to Rad W in (W")*. As (W")* is of dimension 2r we may consider the
basis {f1, ..., fr} and {v1, ..., v} of Rad W and U, respectively. Now, we look
for {fr, ..., fr} given by

fi=Alfj + Bluj, (1.1.14)
and satisfying the relations in the first line of (1.1.7). By direct calculations, one
obtains that g(f;, fi) = 0, if and only if

B g(fi, vj) = 6k - (1.1.15)

As det[g(fi,v;)] # 0, (otherwise (W)L would be degenerate), the system (1.1.15)

has a unique solution (B,JC) Next, by using (1.1.14) and (1.1.15) one obtains
g(ff, f7) = 0if and only if

Al + Al + B! B;c g(vp, vi) =0
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which proves the existence of A7 from (1.1.7). Finally, From (1.1.7) and (1.1.8)
and the above construction, we obtain the decomposition

vV, = W' L W"” 1L (RadW @ Span{ff,...f:}).
Hence we have a quasi-orthonormal basis of Vi along W given by
{fl) ey fT7 ff7 ey f:7 ULy ooy Um—pr, W1y -« -y wnfmf’r}a

where {u1, ..., Um—r} and {w1, ..., Wp—m—r} are two orthonormal bases of W’
and W respectively. In this case

W =Span{fi, ..., fry U1, .o, Um—r]}.
In case r = m < n —m, it follows that Rad W = W C W+. We put
W =W Gorn W,

where W is an arbitrary screen subspace of W+. One obtains the orthogonal
decomposition

L
V;L — W// L (W//) ,
where (W”)* is the complementary orthogonal subspace to W” in Vi . Moreover

(W")+ is of dimension 2n and contains W. In a similar way as in the first case we
find the quasi-orthonormal basis of V¢ along W

{fl,...,fm, ff,...,f;,wl7...,wn,2m},

where {w1, ..., Wn_2mm } is an orthonormal basis of W and W =Span {f1,..., fm} .
In case r =n —m < m, it follows that Rad W = W+ C W. We set
W=w* 1w,

where W’ is a screen subspace of W. Thus,
1
VI =W L (W
where (W’ )J‘ is the complementary orthogonal subspace to W' in V. Moreover,

(W')" is of dimension 2(n —m) and it contains W-. Then the quasi-orthonormal
basis of V' along W is given by

{fl, ey fn,m7 fika sy sfma ULy - v vy u2m7n+2}7
where {u1, ..., U2m—n} is an orthonormal basis of W’. In this case
W= Spa'n{fh LN fnfma ULy -+ u2m7n+2}-

Finally, if r =m = 7L;2, we get RadW =W = W+ and
Vi =W @ Span{fi. ..., i}
Then the quasi-orthonormal basis of Vi along W is given by

{f17 BERE) fm7 ff7 EREE) f:;L}a
where {f1, ..., fm} is a basis of W, which completes the proof. |
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1.2 Semi-Riemannian manifolds

Recall that the measurement of distances in a Euclidean space R? is represented
by the distance element
ds? = da? + dy* + d2*

with respect to a rectangular coordinate system (z,y,z). Back in 1854, Rie-
mann generalized this idea for n-dimensional spaces and he defined an element
of length by means of a quadratic differential form ds? = g;;dz’dz? of a differ-
entiable manifold M, where the coefficients g;; are functions of the coordinates
system(z!,...,2"), which represent a symmetric covariant tensor field g of type
(0,2). Since then much of the subsequent differential geometry was developed on
a real smooth manifold (M, g), called a Riemannian manifold, where g is assumed
to be positive definite. We review the preliminary information on differential man-
ifolds as follows:

Differentiable manifolds. A topology on a set M is a family 7 of open subsets of
M such that

1. the empty set ) and M are in 7,
2. the intersection of any two members of F' is in 7,
3. the union of an arbitrary collection of members of 7 is in 7.

In the above case, (M, 7) is called a topological space whose elements are the
open sets of 7. As M depends on the choice of 7, M can have many topologies.
In the sequel, we assume that M is a topological space with a given 7. M is a
Hausdorff topological space if for every p, g € M, p # q, there exist non-intersecting
neighborhoods U; and Uy respectively. A neighborhood of p in M is an open set
that contains p. A system of open sets of 7 is called a basis if every one of its
open sets is a union of sets of the system. A topological space is related with the
concept of manifold as follows:

Definition 1.2.1. An n-dimensional manifold M, with a countable basis of open
sets, is a topological Hausdorff space if each of its points has a neighborhood
homeomorphic to an open set in R™.

A simple way of understanding a manifold is a set M with the property
that each point of M can serve as the origin of local coordinates valid in an open
neighborhood which is homeomorphic to an open set in R™. A trivial example
is M = R"™. The Hausdorff condition is not necessary, although is assumed most
often. The open neighborhood of each point admits a coordinate system which
determines the position of points and the topology of that neighborhood. For
example, any surface (as a manifold) in R? is topologically equivalent to a spherical
or a hyperbolic or a planar surface.

In order to have a smooth transformation of two such coordinate systems
and also taking care of the intersecting neighborhoods, topology has an interplay
with the concept of differentiable manifolds as follows.
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Let f: U — R be a real-valued function on a non-empty open subset 4 of
R™. The function f is said to be of class C* if and only if f has continuous partial
derivatives of all orders r < k. Moreover, f is said to be smooth or analytic if and
only if f is of class C™ or of class C* respectively. A 1 — 1 bicontinuous mapping
¢ of an open set U of M onto an open set p(U) of R™ is called a homeomorphism
of U onto p(U). Moreover, the inverse mapping of ¢ is also a homeomorphism.
Intuitively one thinks of a homeomorphism as a mapping in which neighboring
points remain neighboring points. A homeomorphism ¢ : M — R"™, mapping
from an open set U of M onto an open set (i) of R™, is called a chart. By
assigning to each point x in U the n local coordinates z!, ..., ", we call U a
local coordinate neighborhood. Let x be the point of the intersection U; N Us
of two coordinate neighborhoods U; and Us with respect to two charts 3 and
@o. Then, ¢, and @q are CF-compatible if Uy N Uy is non-empty and @q 0 7 :
©1(Uy NUz) — @o(Uy NUs) and its inverse are CF.

Definition 1.2.2. A differentiable or C*° (smooth) structure on a topological man-
ifold M is a family A = {U,, ¢} of coordinate neighborhoods such that

1. the U, covers M,
2. for any «, ( the neighborhoods (Uy, ¢o) and (Us, ¢g) are (C°°) compatible,

3. any coordinate neighborhood (V,¢) that is compatible with every (Us, ¢o) €
A is itself in A.

A C'*°-manifold is a topological manifold with a C'*°-differentiable structure.

The family A is called a maximal atlas on M. M is called a differentiable
manifold or a smooth manifold if M is of class C* or C*, respectively. An atlas
A = {Uy, ¢po} of M is said to be locally finite if for each p in M, there is a
local coordinate neighborhood U which intersects with only finitely many U, 's.
Another atlas B = {V3, ¥3} of M is called a refinement of the atlas A, if each Vg
is contained in some U,. M is paracompact if for every atlas A there is a locally
finite refined atlas B of A. In this book we assume (unless otherwise stated) that
all manifolds are smooth and paracompact.

Examples are the 2-sphere S2, a cylinder, a torus, and Minkowski spacetime.
To illustrate this, consider S? in R?, with coordinates (y'), centered at (0, 0, 0)
having radius a. We need two charts, with respect to the coordinates (z, y), as
follows:

1 24’z 9 2a%y
Y = 5T a2 2 Y =57 5 2
1'2+y2+0,2 $2+y2+a2
2 2 _ 2
yd = LY — 8 Ty —a (e = =£1).

=€ ,
I2+’y2+02

Similarly, one can show that S™ in R"*! is a smooth manifold. A manifold M is
orientable if there exists an atlas {U,, ¢o} of M such that in every non-empty



1.2. Semi-Riemannian manifolds 11

intersection U, NUg, the Jacobian |dz?/dx"| is positive, where (x!,...,2™) and

(z'',...,2'™) are coordinates in U, and Us respectively. The Mobius strip is a
non-orientable manifold.

Marcel Berger’s book [60] includes the major developments of Riemannian
geometry since 1950, citing the works of differential geometers of that time. During
the mid 1970s, the interest shifted towards Lorentzian geometry, the mathematical
theory used in relativity for which g is not definite. Most of the work on the
global Lorentzian geometry has been described in a standard book by Beem and
Ehrlich [34] and in their second edition in 1996, with Easley. Later on O’Neill
[317] published a book on Semi-Riemannian geometry, which carries an indefinite
quadratic differential form g of an arbitrary signature. Since then a considerable
number of works have appeared on the study of semi-Riemannian geometry. We
review some results on semi-Riemannian geometry that are needed in this book.

Let M be a real n-dimensional smooth manifold and ¢g a symmetric tensor of
type (0,2) on M. This means g assigns, to each point p € M, a symmetric bilinear
form g, on the tangent space T,,(M). Suppose g, is non-degenerate and of constant
index for all x € M. This condition implies that each T, (M) is an n-dimensional
semi-Euclidean space. Let X, = X'0; and ¢;; = ¢(9;,9;), i,j € (1,...,n) and
{9;} be the natural basis of T,,(M). Then X, is called

spacelike if ¢;X'X7>0 or X, =0,
timelike if ¢;,;X'X7 <0,
lightlike if g;,;X'X7=0 and X, # 0.

The set of all null vectors of T,,(M) is called the null cone at x, defined by
Ay ={X, € (T,(M) - {0}),  gy;X'X7=0}.

Based on the above, g is called a semi-Riemannian metric (metric tensor field)
and (M, g) is called a semi-Riemannian manifold (see O’Neill [317]). For example,
(M, g) is a Riemannian or Lorentzian manifold according as g is of index 0 or
1 respectively. In case 0 < index < n, then we say that M is a proper semi-
Riemannian manifold. The metric g splits each tangent space at each point x € M
into three categories; namely (i) spacelike (ii) timelike (iii) lightlike(null) vectors.
The category into which a tangent vector falls is called its causal character. A curve
C'in M also belongs to one of the three categories. For a vector field X on M we say
that X is spacelike (resp. timelike or null) according as g(X, X) > (resp. < or0).
It is known that Riemannian metrics always exist on a paracompact manifold. In
fact, suppose {Un, Po tacr is a smooth atlas of M such that {Uy}aer is a local
finite open cover of M. Consider g, as a Riemannian metric on U, given by

Mmamzzww,

where {U*} and {V ?} are the local components of U and V respectively on U, with
respect to the natural frames field {% } Then the desired Riemannian metric is
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defined by g = > c; fa ga, where { fa}acr is the partition of unity subordinated
to the covering {Uy, ¢o }acr. The proof of this result is mainly based on the positive
definiteness of g, and thus does not hold, in general, for a non-degenerate metric.
However, the existence of both, a Riemannian metric ¢ on M and a unit vector
field E, on M, i.e., g(E,, E,) = 1, enables one to construct a Lorentz metric on
M (see O’Neill [317, page 148]). Indeed, consider the associate 1-form w, to E,
with respect to g, that is,

wo(X)=g(X, E,), VXeT(TM),
and define g by
IX,Y) =g(X,Y) = 20o(X)w, (Y), VX,YeT(TM).

Then it is easy to check that g is a Lorentz metric on M. Moreover, E; is a
timelike vector field with respect to g. In general, a Lorentz manifold (M, g) may
not have a globally defined timelike vector field. If (M, ¢g) admits a global timelike
vector field, then, it is called a time orientable Lorentz manifold, physically known
as a spacetime manifold. For a detailed discussion of similarities and differences
between Riemannian and Lorentzian geometries due to the causal structure of a
spacetime manifold, we refer to [34].

Let (M, g) be a proper n-dimensional semi-Riemannian manifold of constant
index ¢ € {1, ..., n}. We recall the following results. For details see any standard
book on semi-Riemannian manifolds such as [317].

A linear connection on M is a mapV : I'(M) x I'(M) — T'(M) such that

VixenvZ = f(VxZ)+NWMVyZ),  Vxf=XFf,
Vx(fY +hZ) = fVxY + hVxZ + (X f)Y + (Xh)Z,

for arbitrary vector fields X, Y, Z and smooth functions f, h on M. Vx is called
the covariant derivative operator and VxY is called the covariant derivative of Y
with respect to X. Define a tensor field VY, of type (1, 1), and given by (VY )(X) =
VxY, for any Y. Also, Vx f = X f is the covariant derivative of f along X. The
covariant derivative of a 1-form w is given by

(Vxw)(Y) = X(w(Y)) — w(VxY). (1.2.1)

For local expressions, we consider the natural basis {9;},4 € {1, ..., n}, on a coor-
dinate neighborhood U and set Vg, 0; = F;?i(f?k, where F’;l are n’ local components
of Von M. For X = X'9;,Y = Yj(f?j and w = w;dx* we have
Vxf=X"0:f, VxY = Y5 X%,
Y;ik zakYi + szyj, Wij = 8jwi — Ffiwk, (1.2.2)
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where ; is a symbol for the covariant derivative. A simple way of understanding
the role of covariant derivative (instead of the ordinary derivative) is as follows:
Consider two tangent spaces T, M, T,,M at points z and y of an n-dimensional
differentiable manifold M. We know that dim (7T, M) = dim(T,M) = n, but, to
these tangent spaces at different points on M we need an additional structure
on M called a connection so that the moving vectors or tensors always belong
to M. This is why we see in (1.2.2) that the covariant derivative VxY has an
additional term involving connection coefficients Ffz In particular, if M = Ry
then all connection coefficients vanish and V is the ordinary differential operator.

The covariant derivative of a tensor T of type (r, s) along a vector field X is
a tensor field VxT , of type (r, s), given by

(VXT) @',y Vi, o, Ya) = X(T(W 0" Vi, V)

=) T Vxw®, W YY)
a=1

=Y TW'... Y, VxY,.. . Y)

for any vector field X,  covariant vectors w!,...,w” and s contravariant vectors

Yy,...,Y;. Note that VT of T is a tensor of type (r,s + 1). Locally, we have

i1 i1. zr 1. "h 1Qih41 T nip
T k—akT- T+ E T l—‘qk

s
R
J1---Jt—19Jt41.--Js = Jek*

t=1

In particular, for a tensor of type (1,2), we have

zg k — akT}jL + I‘Zt,'TZtJ - F?VJth F jt’

where TJJL are the components of T'. A vector field Y on M is said to be parallel
with respect to a linear connection V if for any vector field X on M it is covariant
constant, i.e., VxY = 0. It follows from the third equation of (1.2.2) that Y is
parallel on M if and only if its local components Y?, with respect to a natural
basis {0;}, satisfy the differential equation

ARY' +T},YF =0. (1.2.3)

In general a tensor field 7" on M is parallel with respect to V if it is covariant
constant with respect to any vector field X on M. Let C be a smooth curve on M
given by the equations

zt = 2'(t), tel CR, i=1,...,n.
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Then a tangent vector field V to C' is given by

dx’
V=—20,.
dt
Thus, a vector field Y is said to be parallel along C' if VY = 0. Using this and

the third equation of (1.2.2) we conclude that Y is parallel along C' if and only if

dr
—— 4+ TEY — =0. (1.2.4)

The curve C is called a geodesic if V' is parallel along C, i.e., if ViV = fV for
some smooth function f along C. It is possible to find a new parameter s along
C such that f is zero along C' and then the geodesic equation ViV = 0 can be
expressed, in local coordinate system (%), as

d?a* k ﬁ da’
ds? T ds ds

The parameter s is called an affine parameter. Two affine parameters s; and sg
are related by so = as; + b, where a and b are constants. For a smooth or C”
V, the theory of differential equations certifies that, given a point p of M and
a tangent vector X, there is a mazimal geodesic C(s) such that C(0) = p and
‘ff; s=0 = X;;. If C is defined for all values of s, then it is said to be complete,
otherwise incomplete.

=0. (1.2.5)

A linear connection V on (M, g) is called a metric (Levi-Civita) connection
if g is parallel with respect to V, i.e.,

(Vxg)(Y, Z2) = X(g(Y, Z)) = g(VxY, Z) — g(Y, Vx Z) =0, (1.2.6)
for any X, Y, Z € T'(TM). In terms of local coordinates system, we have
Gijik = 0Gij — ginl'y, — ginllh =0,
where )
I} = §ghk {0;gki + Oigr; — Ongij}, Tl =T

h

ij » then, the above equation becomes

Furthermore, if we set I'y;; = grnl’
ik = Okgi; — Lipjr — Ljjiw = 0.

The connection coefficients I'y;; and Ffj are called the Christoffel symbols of first
and second type respectively. A result in semi-Riemannian geometry states (see
O’Neill [317]) that there exists a metric connection V which satisfies the following
identity, the so-called Koszul formula

29(VxY, 2) = X(g(Y, 2)) + Y (9(X, 2)) = Z(9(X, Y))
+g([X7 YLZ)—&-g([Z, X],Y)—g([)ﬂ Z],X), (1'2'7)
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for any X, Y, Z € T(TM). The semi-Riemannian curvature tensor, denoted by R,
of M is a (1,3) tensor field defined by

R(X,Y)Z =VxVyZ — VyVxZ — Vix. %, ie., (1.2.8)
R;hk == (9h1—‘§»k - 8kl—‘§h + P‘%anh - P ka,
forany X, Y, Z € T'(T'M). The torsion tensor, denoted by T', of V is a (1, 2) tensor

defined by
TX,Y)=VxY -VyX —[X,Y].

R is skew-symmetric in the first two slots. In case T vanishes on M we say that
V is torsion-free or symmetric metric connection on M, which we assume in this
book. The two Bianchi’s identities are

RX,Y)Z+R(Y, Z)X + R(Z, X)Y =0, (1.2.9)
(VxR)(Y, Z, W)+(?YR)(Z X, W)+ (VZR)(X, Y, W)=0,ie.,
Jk:l + Rkl] + Rl;k
jkl; m + lem; k + ijk;l =0.
The semi-Riemannian curvature tensor of type (0,4) is defined by
RX,Y,Z,U)=¢gR(X,Y)Z,U), VX,Y,Z Uon M, ie.,
Rijnk = R (O, Ok, 05, 0;) = guRpy-
Then by direct calculations we get
RX,Y,Z, U)+ R(Y, X, Z U)=0,
RX,Y, Z,U)+ R(X,Y,U, Z)=0
RX,Y, Z,U) - R(Z, U, X, Y)=0, ie,
Rijkn + Rjien = 0,  Rijkn + Rijak = 0,  Rijpk — Rhki; = 0.
Let {E1, ..., E,}. be a local orthonormal basis of T,, M. Then,

9(E;, E;) = €; 0;; (no summation in i), X = Z €. 9(X, E;) E;,
i=1

where {¢;} is the signature of {E;}. Thus, we obtain

n

=> eg(X, E)g(Y, E).

i=1

Set n = m + 2. The Ricci tensor, denoted by Ric, is defined by

Ric(X, Y) = tr{Z — R(X, Z)Y}, (1.2.10)



16 Chapter 1. Preliminaries

for any X, Y € T'(T'M). Locally, Ric and its Ricci operator Q) are given by

m—42
Ric(X,Y) Z € g(R(E;, X)Y, E;), g(QX,Y) = Ric(X,Y), ie., (1.2.11)

Rij = R'sj, Q! = Ry;g"
M is Ricei flat if its Ricci tensor vanishes on M. If dim(M) > 2 and
Ric = kg, k is a constant, (1.2.12)

then M is an Einstein manifold. For dim(M) = 2, any M is Einstein but & in
(1.2.12) is not necessarily constant. The scalar curvature r is defined by

m—+2
r= Y e Ric(E;, E;) = g"Ry;. (1.2.13)

=1

(1.2.12) in (1.2.13) implies that M is Einstein if and only if 7 is constant and

,
Ric = — —
1C m+2g

The Weyl conformal curvature tensor C of type (1,3) is defined by

C(X,Y)Z = R(X,Y)Z + %{Ric(X, 2)Y — Ric(Y, 2)X + ¢(X, 2)QY
= 9(Y,2)QX} —r{m(m + 1)} {g(X,2)Y — g(Y, 2) X}, i
Crij = Riyj + % {6 Rii — 0 Ryj + gri R} — g R}
+ r{m(m+ 1)} {5 gr; — 0l gri} - (1.2.14)

The tensor C vanishes for dim(M) = 3. Let g’ = Q2?g be a conformal transfor-
mation of g where {2 is a smooth positive real function on M. In particular, the
conformal transformation is called homothetic if € is a non-zero constant. It is
known that C is invariant under any such conformal transformation of the metric.
If g is conformally related with a semi-Euclidean flat metric ¢’ we say that g is con-
formally flat and M is then called a conformally flat manifold. M is conformally
flat if and only if C' = 0 for dim(M) > 3.

Suppose 7 is a non-degenerate plane of T, M. Then, according to Section 1,
the associated matrix G of g, with respect to an arbitrary basis B = {u, v}, is
of rank 2 and given by

G, = ( g““ *Z"“ ) det(G,) # 0. (1.2.15)

Define a real number K (7)) = K, (u, v) = W, where R(u, v, v, u) is the

4-linear mapping on T, M by the curvature tensor. The smooth function K, which
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assigns to each non-degenerate tangent plane 7 the real number K (7) is called
the sectional curvature of M, which is independent of the basis B = {u, v}. If K
is a constant ¢ at every point of M then M is of constant sectional curvature c,
denote by M (c), whose curvature tensor field R is given by [317, page 80]

RX,VNZ =c{gY, Z2)X —g(X, Z2)Y}, ie.,
R" kij = C {5zhgjk — 5?9]”} . (1.2.16)
In particular, if K = 0, then M is called a flat manifold for which R = 0.

Hyperbolic spaces. A 2-dimensional subspace o of the tangent space T}, M is called
a tangent plane to M at p. Suppose o is non-degenerate at p, then, the number

(R(u,v)u,v)
(u, u){v,v) — (v,v)?

is called the sectional curvature K, at the point p of M, which is independent of
the choice of basis for o.

A sphere S™(r) of radius r is defined as a hypersurface in a Euclidean space
R™*! given by

Ky(u,v) =

S"(r) = {v e R (v, 0) = 3 (o) = 12}

i
whose sectional curvature K, = Tiz at every point p and every plane o.
An n-dimensional hyperbolic space H™ is defined as the component of

{v e RI™|{v,v)1 = -1}

containing the point (41,0, ..., 0), that is, the upper component of the two-sheeted
hyperboloid. The sectional curvature of H”, defined as above, is K = —1. In
analogy with the Euclidean sphere of radius r, we have

{ve R?+1|<U7U>1 = —r2}

with the sectional curvature K = —T%. Similarly, we have the following hypersur-
faces of semi-Euclidean spaces:

Sy(r)={ve RZ+1|<’U, v)y =712} pseudo-sphere,

Hj(r)={ve Rgill (v,0)g41 = =12} 1 pseudo-hyperbolic space.
The exterior derivation is a differential operator, denoted by d, which assigns to
each p-form w, a (p + 1)-form dw defined by

p+1
(dw)(X1,. - Xpi1) pH{Z D Xw(Xa, e Xy, Xpa1)

+ Z (_1)l+jw([X’i7Xj]7Xla'"7551'7"'755]'7"")(174*1)}

1<i<j<1+p
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where the caret  means the term in that particular slot is omitted. In particular,
for a 1-form w and a 2-form 2 ,

(dw)(X,Y) = %{X(W(Y)) —Y(w(X) - w([X,Y])},
(dQ)(X,Y,2) = %{X(Q(Y7 2)) - Y(QX, 2)) + Z(Q(X,Y))
- Q([X7YLZ) + Q([X7 Z]’Y) - Q(D/a ZLX)}
For example, if w = w;da’ and Q = $Q;;dz’ A da?, then
dw = l(dw)ijdxi Ada?,
40 = 3'(

(dw)ij = Oiw; — O;wi,
(dQ)iji = 0:8j) + 0;QUi + OpQij.

dQ)dex Ada? A da®,

The exterior derivation d has the following properties:

(1) For a smooth function f on M, df is a 1-form (also called the gradient-form
of f) such that (df)X = X f, for any vector field X.

(2) For a p-form w and a g-form 6

dwANb) = (dw) A0+ (—1)Pw A db.

(3) d(dw) = 0 for any p-form w, (Poincare Lemma).
(4) d is linear with respect to the addition of any two p-forms.

The gradient of a smooth function f is defined as a vector field, denoted by
grad f, and given by

g(grad f, X) = X(f), ie., gradf= Z gijé)ifaj. (1.2.17)
i,j=1
The divergence and the Curl of a vector field X is a smooth function and a 2-form,
respectively, denoted by div X and Curl X, and given by

divX = X™m _ X +17 Xk
I
1 . )
Curl X = i(anz - Bin)dxl Adx?. (1218)

The Laplacian of f, denoted by Af, is given by
Af = div(grad f)

L O of
B Z gj{@xiazj B Z 8xk} (12.19)

1,j=1
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The Hessian, denoted by Hf = V(Vf), of a function f, is its second covariant
differential given by

HI(X,)Y)=XYf— (VxY)f =g(Vx(grad f),Y), (1.2.20)
for all X, Y e (T M).

Lie Derivatives. Let V' be a vector field on a real n-dimensional smooth manifold.
The integral curves (orbits) of V are given by the following system of ordinary
differential equations:

dz?

7 = Vi(x(t)), ie{l,...,n}, (1.2.21)

where () is a local coordinate system on M and t € I C R. It follows from the
well-known theorem on the existence and uniqueness of the solution of (1.2.21)
that for any given point, with a local coordinate system, there is a unique integral
curve defined over a part of the real line.

Consider a mapping ¢ from [—6,6] x U ( § > 0 and U an open set of M) into
M defined by ¢ : (t,x) — ¢(t,x) = ¢r(x) € M, satisfying:

(1) ¢t : x €U — ¢¢(x) € M is a diffeomorphism of U onto the open set ¢:(U) of
M, for every t € [, ],

(2) Grrs(x) = de(¢s(2)), VE, 5, + s € [-0,0] and ¢s(x) € U.

In the above case the family ¢; is a 1-parameter group of local transformations on
M. The mapping ¢ is then called a local flow on M. Using the equation (1.2.21)
it has been proved (see Kobayashi-Nomizu [263, page 13]) that the vector field V/
generates a local flow on M. If each integral curve of V' is defined on the entire real
line, we say that V is a complete vector field and it generates a global flow on M.
A set of local (resp. complete) integral curves is called a local congruence ( resp.
congruence) of curves of V. Now we show how the flow ¢ is used to transform any
object, say €2, on M into another one of the same type as {2, with respect to a
point transformation ¢; : * — z’+tV? along an integral curve through z¢. Denote
by Q(2?) the pullback of Q(z? +tV?) to the point 2* through the inverse mapping
of ¢,. This defines a differentiable operator, denoted by £y, which assigns to an
arbitrary 2 another object £ of the same type as ) given by

(£v9)(a') = lim %[Q(mi) — Q). (1.2.22)
The operator £y is called the Lie derivative with respect to V. It is important to
mention that the above definition (1.2.22) holds for local as well as global flows.
Following are basic properties of Lie derivatives:

(1) Ly (aX+bY) =alyvX+bLyY, foralla,be Rand X,Y € T'(M): (linearity)

(2) £y(T®S)=(£vT)®S+T® £vS, where ® is the tensor product of any
two objects T and S: (Leibnitz rule)
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(3) £y commutes with the contraction operator.

It follows from the above properties that to compute the Lie derivative of any
arbitrary €2, it is sufficient to know the Lie derivatives of a function, a vector
field and a 1-form, as the Lie derivatives of all other objects of higher order can
be obtained by the use of tensor analysis and the above three properties. An
elementary computation provides these three basic Lie derivatives as follows.

Functions. £y f = V(f) where f is a function.
Vector Fields. Let X be a vector field on M. Then,

£vX = [V, X].
1-forms. Let w = w;dz? be a 1-form on M. Then,

(Lyvw)(X) =V(w(X)) —w[V, X]
(Lyw)i = VIdj(w;) +w;0;(V7).

It follows from the above three Lie derivatives that if V' is a vector field of class,
say C*, then the Lie derivative of a function, a vector field and a 1-form is of the
same type but of class C*~!. This is also true for higher tensors. Let T be a tensor
(or a geometric object) of type (r, s). Then, using the above results and the theory
of tensor analysis, we obtain the following general formulae for its Lie derivative
with respect to a vector field V:

(LyvT) (W, .. W X1, X)) = V(T (W w0, X, X))

—ZT(w17...,£Vw“,...,wT7X17...,Xs)

- ZT(Wl,...,wT,Xh...7[‘/,XAL...,XS),
where w!,...,w" and X1,..., X, are r 1-forms and s vector fields respectively. In
particular, if T is a tensor of type (1,1) then

(£vT)(X) =V(T(X)) - T([V,X]),

for an arbitrary vector field X on M. The Lie derivative of a p-form w=a;, .. 4, dzh A
... ANdx'  with respect to V, is given by

Lyw=(£vai..q)dz" A.. Adx'
where A is the wedge product operator. The following identity holds,

fyw=diyw+iyvdw,
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where d denotes the exterior derivative operator and iy is the inner product such
that (ivw)(Xe,...,X,) = w(V, Xs,..., X,). It, therefore, follows that £y and d
commute, that is, £y (dw) = d(£yw).

Lie derivatives of the metric tensor g and its Levi-Civita connection V are

=g(VxV,Y)+g(VyV, X) (1.2.23)
for arbitrary vector fields X and Y on M and Levi-Civita (metric) connection V
of g. Locally, we have
.fvgij = Vﬂ)j + Vjvi

=vjitvi; vi = gi; V7.

(LyV)(X,Y) = Ly VXY — Vi xY — Vx[V,Y]
= [V, VxY] = V¥ — Vx(VyY = Vy V)
=VyVxY = VxVyY -V Y + VxVyV = Vo, vV
= VxVyV — Yy, v + R(V, X)Y. (1.2.24)

In terms of local coordinates, we have

£yTh = VViVi 4 R o V"
1

§9im (Vi(Lvgrm) + Vi(£vgim) = Vi (£vgir)) »

where I‘;k are the Christoffel symbols of the second kind, with respect to the
metric tensor g;;. Setting VxY = V(X,Y’), we have the following formulas:

Ly(VxY) = Vx(LvY) =V x1Y = (£vV)(X,Y),
(£v(Vxw) = Vx(£yw) = Vi xjw)Y = —w(£vV)(X,Y)),
{(£V(VXT) = Vx(£vT) = Viyx T} = (£vV)(X, TY)
~T((£vV)(X,Y)),
Vx(£yV)(Y,Z) = Vy(£LyvV)(X, Z) = (£vR)(X,Y, Z)
where w and T are a 1-form and a (1,1) tensor field respectively and X,Y, Z are
arbitrary vector fields on M, or, in local coordinates,
£y (ViY¥) = Vi(£vY") = (£vT" )Y,
£y (Viw;) — Vi(£ywj) = —(£LvTF)wr,
Ly (ViT]) = Vi(£vT]) = (£yTI 1) T — T2 Ly (T™ i),
VikvT pm = Vi vl iy = LU R i
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For details on the above we refer to a book by Duggal and Sharma [164] on Sym-
metries of spacetimes and Riemannian manifolds which also has a comprehensive
account of the works of a large number of researchers.

Finally, we state the well-known Frobenius theorem on integrable distribu-
tions. Let (M, g) be a real n-dimensional smooth manifold with a symmetric tensor
field g of type (0, 2) on M such that g, is of constant index ¢ on T, M for any
x € M. We identify each T, M as a vector space at x. A distribution of rank r on M
is a mapping D defined on M which assigns to each point x of M an r-dimensional
linear subspace D,, of T, M. Let f : M’ — M be an immersion of M’ in M. This
means that the tangent mapping

(fe)z + T M — Tf(x)Mv

is an injective mapping for any = € M’. Suppose D is a distribution on M. Then
M’ is called an integral manifold of D if for any x € M’ we have

(f*)x (Tx M/) = Df(a:)-

If M’ is a connected integral manifold of D and there exists no connected integral
manifold M’, with immersion f : M’ — M, such that f(M') C f(M’), we say that
M’ is a mazimal integral manifold or a leaf of D. The distribution D is said to be
integrable if for any point z € M there exists an integral manifold of D containing
x. Recall that the distribution D is involutive if for two vector fields X and Y
belonging to D, the Lie-bracket [X, Y] also belongs to D. We quote the following
well-known theorem:

Theorem (Frobenius). A distribution D on M is integrable, if and only if, it is
involutive. Moreover, through every point x € M there passes a unique mazimal
integral manifold of D and every other integral manifold containing x is an open
submanifold of the maximal one.

1.3 Warped product manifolds

Given two manifolds M and N, the set of all product coordinates in M x N is
an atlas on M = M x N which is called the product manifold of M and N. The
dim(M x N) = dim(M) + dim(N). This construction can be generalized to the
product of any finite number of manifolds. A simple example is the Euclidean space
R" = Rx...xR, the set of all ordered n-tuples (z*,...,2") of real numbers. Later
on we shall construct some more types of product manifolds used in differential
geometry and its applications. The concept of product manifolds M x N has the
following properties derived from the manifolds M and N:

(a) The projections

m:Mx N — M mapping (p,q) to p,
oc:Mx N — N mapping (p,q) to g
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are smooth submersions.

(b) For each (p,q) € M x N the subsets

M xq={(r,q) e M x N :re M},
px N={(p,r) e M xN:reN}

are submanifolds of M x N.

(¢) For each (p,q)

w|M x ¢ is a diffeomorphism from M xq to M,
olp x N is a diffcomorphism from px N to N.

(d) The tangent spaces
Tp.pM =Tip.q)(M xq) and Ty )N =Ty q)(p x N)

are subspaces of T(,, o)(M x N), which is their respective direct sum.

Suppose P is a submanifold of a Riemannian manifold (M, g). Regarding
each tangent space T, P at each point xz of P as a subspace of M, one can obtain
a Riemannian metric tensor g, on P induced by the metric g of M. Call g, the
pullback i*(g), where ¢ : P — M is the inclusion map. However, if ¢ is indefinite,
then, i*(g) need not be an induced metric on P. In general, it is a symmetric (0, 2)
tensor field. It is a metric tensor if and only if each T, (P) is non-degenerate in
T, M with same index for all x. Consequently, for the case of a semi-Riemannian
manifold (M, g), the pullback i*(g) is a metric tensor on its submanifold P if
(P,i*(g)) is a semi-Riemannian submanifold of (M, g). Observe that the situation
is quite different in case P is a lightlike submanifold of M. This case will be
discussed in section 4. Using the above and the concept of product manifolds, one
can construct the product of two or more semi-Riemannian manifolds as follows:

Consider two semi-Riemannian manifolds (M7, g1) and (Ma, g2), with 7 and
o the projection maps of M7 x My onto M7 and Ms respectively. Let

g=m"(91) +0"(g2).

Then, it is easy to show that g is a metric tensor of a semi-Riemannian manifold
(M = My x My, g). Indeed, if X,Y € T(, )M, then

9(X,Y) = g1(dn(X),dn(Y)) + g2(do(X),do(Y))

implies that g is symmetric. To show that g is non-degenerate, we suppose that
g(X,Y)=0forallY € T(, M. This means that, in particular, g (dr(X), dr(Y"))
=0 for all Y € T, M since do(Y') = 0. On the other hand, since dr(Y") fills
all of T, My we have dn(X) = 0. Similarly, one can show that do(Y) = 0. Hence
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Y = 0. Finally, an orthogonal basis for T, M; and T, M5 provide an orthogonal
basis for T, , M. Therefore, the index of g has constant value indM; + indM>.
Hence, g is a metric tensor on M. One can extend the above scheme to any finite
product of semi-Riemannian manifolds. For example, using the Euclidean product
scheme (see Section 1), the semi-Euclidean space R is a product space given by

g factors (n—gq) factors

RIx...xRixR'x...xR!

where each R} is the real line with a timelike metric tensor, that is, the negative
of the usual dot product on R!. In particular, Minkowski spacetime (¢ = 1) is a
(1,m — 1)-product space of its time and the space parts.

However, unfortunately, not every semi-Riemannian (or Riemannian) man-
ifold can be reducible as a product of two or more of its submanifolds. Take a
simple example of a surface of revolution M by rotating a plane curve C about
an axis in R? and » : ¢ — R* measures the distance to the axis. In spherical
coordinates (7,0, #) the metric of the landing space R* — 0 of M is given by the
line element

ds* = dr? + r?(df? + sin? 0d¢?).
From this line element it is clear that, in general, R® — 0 is not a product space.
In particular, setting r = 1 gives the line element of a unit sphere M = S2 and,
therefore, R? — 0 is diffeomorphic to a product Rt x S? under the natural map
(a,b) & ab. Very soon we will present several other examples of reducible and
irreducible semi-Riemannian manifolds.

To construct a rich variety of manifolds from a given set of two or more
manifolds, in 1969, Bishop and O’Neill [63] introduced a new concept of product
manifolds, called warped product manifolds as follows:

Let (M1, ¢1) and (Ma, g2) be two Riemannian manifolds, h : My — (0, c0)
and m: My x My — My, 0 : My x Ms — Ms the projection maps given by
m(x,y) = x and o (z, y) = y for every (x, y) € M; x Ms. Denote the warped
product manifold M = (M; x;, Ma, g), where

g( X, Y=g (m X, mY )+ h(n(z,y)) g2 (0+ X, 0, Y) (1.3.1)

for every X and Y of M and * is the symbol for the tangent map. The manifolds M;
and Ms are called the base and the fiber of M. They proved that M is a complete
manifold if and only if both M; and Ms are complete Riemannian manifolds,
and they also constructed a large variety of complete Riemannian manifolds of
everywhere negative sectional curvature using a warped product.

Later on O’Neill [317] used the above definition and showed that if M; and
My are semi-Riemannian, then, their warped product is also semi-Riemannian. At
this point we need the following definition:

Definition 1.3.1. A diffeomorphism ¢ : (M1, g1) — (Ma, g2) of two semi-Riemann-
ian manifolds such that ¢*(g2) = cg1 for some non-zero constant c is called a
homothety of coefficient c¢. If ¢ = 1 then ¢ is an isometry.
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It is easy to verify the following properties of warped products:

(1) The fibers # x My = 7~ !(x) and the leaves My x y = o~ 1(y) are semi-
Riemannian.

(2) For each y € My, the map 7|(ay, xy) is an isometry onto M.

(3) For each & € My, the map o(;xs) is a positive homothety onto Ms, with
scalar factor 1/h(x).

(4) For each (x,y) € M, the leaf M7 x y and the fiber  x M, are orthogonal at
(z,y)-

The tangent vectors of leaves and the tangent vectors of fibers are called horizontal
and wertical vectors respectively. See the next section for some more results on
semi-Riemannian warped products.

Lorentzian warped products. This section is taken from a book by Beem and
Ehrlich [34] which may be consulted for the details which we can not discuss in
this book. A spacetime (M, g) is said to be globally hyperbolic if there exists a
spacelike hypersurface ¥ such that every endless causal curve intersects X once
and only once. Such a hypersurface (if it exists) is called a Cauchy surface. If M
is globally hyperbolic, then (a) M is homeomorphic to a product manifold R x X,
where ¥ is a hypersurface of M, and for each ¢, {t} x ¥ is a Cauchy surface, (b)
if ¥’ is any compact hypersurface of M without boundary, then ¥’ must be a
Cauchy surface. It is obvious from the above discussion that Minkowski spacetime
is globally hyperbolic. Now we highlight as to why globally hyperbolic spacetimes
are physically important and also present a mathematical technique to construct
an extension of this class to include a large class of time orientable Lorentzian
warped product manifolds. Recall the following theorem of Hopf-Rinow [231] on
compact and complete Riemannian manifolds.

Hopf-Rinow Theorem. For any connected Riemannian manifold M, the following
are equivalent:

(a) M is metric complete, i.e., every Cauchy sequence converges.

(b) M is geodesic complete, i.e., the exponential map is defined on the entire
tangent space T, M at each x € M.

(¢) Ewvery closed bounded subset of M is compact.

Thus the Hopf-Rinow theorem maintains the equivalence of metric and geo-
desic completeness and, therefore, guarantees the completeness of all Riemannian
metrics, for a compact smooth manifold, with the existence of minimal geodesics.
Also, if any one of (a) through (c) holds, then the Riemannian function is obvi-
ously finite-valued and continuous. In the non-compact case, it is known through
the work of Nomizu-Ozeki [311] that every non-compact Riemannian manifold ad-
mits a complete metric. Unfortunately, there is no analogue to the Hopf-Rinow
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theorem for a general Lorentzian manifold. In fact, we know now that the metric
completeness and the geodesic completeness are unrelated for arbitrary Lorentz
manifolds and their causal structure requires that a complete manifold must in-
dependently be spacelike, timelike and null complete. The singularity theorems
(see Hawking-Ellis [228]) confirm that not all Lorentz manifolds are metric and/or
geodesic complete. Also, the Lorentz distance function fails to be finite and/or
continuous for an arbitrary spacetime.

Based on the above, it is natural to ask if there exists a class of space-
times which shares some of the conditions of the Hopf-Rinow theorem. It has been
shown in the works of Beem-Ehrlich [34] that the globally hyperbolic spacetimes
turn out to be the most closely related physical model sharing some properties of
the Hopf-Rinow theorem. Indeed, timelike Cauchy completeness and finite com-
pactness are equivalent and the Lorentz distance function is finite and continuous
for this class. Consequently, the globally hyperbolic spacetimes are physically im-
portant. Although the Minkowski spacetime and the Einstein static universe are
globally hyperbolic, to include some more physically important models one needs
an extended case of the product spaces, called Lorentzian warped products which
we now explain.

Beem-Ehrlich [34] used the scheme of semi-Riemannian warped products and
constructed a large rich class of globally hyperbolic manifolds as follows:

Let (Mj, g1) and (Ma, g2) be Lorentz and Riemannian manifolds respec-
tively. Let h : My — (0,00) be a C* function and 7 : My x My — My,
o : My x My — My the projection maps given by n(z, y) = z and o(x, y) = y for
every (x, y) € M1 X Ms. Then, define the metric g given by

9(X,Y) = gi(m X, m.Y) + h(x(z, y)) g2(0+ X, 0. Y), VX,Y € (TM)

where 7, and o, are respectively tangent maps. They proved:

Theorem 1.3.2. (Beem-Ehrlich [34]) Let (M1, ¢g1) and (M, g2) be Lorentzian and
Riemannian manifolds respectively. Then, the Lorentzian warped product manifold
(M = My xpMa, g = g1®nga2) is globally hyperbolic if and only if both the following
conditions hold:

(1) (M, ¢1) is globally hyperbolic.
(2) (M2, g2) is a complete Riemannian manifold.

They presented an extensive global study on causal and completeness prop-
erties of globally hyperbolic manifolds as well as null cut loci, conjugate and focal
points and Morse theory for non-null and null geodesics. Since then extensive re-
search has been done on the geometric and physical use of Lorentzian warped
product manifolds. Here we present some physical examples of warped product
spacetimes:

I. Robertson-Walker spacetimes. Since the Einstein field equations are a com-
plicated set of non-linear partial differential equations, we often assume certain
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relevant symmetry conditions for a satisfactory representation of our universe.
Through extragalactic observations we know that the universe is approximately
spherically symmetric about an observer. In fact, it would be more reasonable to
assume that the universe is isotropic, that is, approximately spherical symmetric
about each point in spacetime. This means the universe is spatially homogeneous
[228], that is, admits a 6-parameter group of isometries whose surfaces of tran-
sitivity are spacelike hypersurfaces of constant curvature. This implies that any
point on one of these hypersurfaces is equivalent to any other point on the same
hypersurface. Such a spacetime is called Robertson-Walker spacetime with metric

ds* = —dt* + S*(t)d X2, (1.3.2)

where d X2 is the metric of a spacelike hypersurface 3 with spherical symmetry
and constant curvature ¢ = 1, —1 or 0. With respect to a local spherical coordinate
system (r, 0, ¢), this metric is given by

d¥? = dr? + f2(r)(d6* + sin® 0d¢?), (1.3.3)

where f(r) = sinr, sinhr or r according as ¢ = 1,—1 or 0. The range of the
coordinates is restricted from 0 to 27 or from 0 to oo for ¢ = 1 or —1 respec-
tively. Using the framework of Lorentzian warped products, we now show that
all Robertson-Walker spacetimes are globally hyperbolic. We know from (1.3.2)
that d ¥? is a Riemannian metric of the spacelike hypersurface 3. Set M; = (a, b)
for (—oo < a, b < o) as 1-dimensional space with negative definite metric —dt?.
Define S%(t) = h(t) where h : (a, b) — (0, 00). Then, it follows from the metric
(1.3.2) and the discussion on warped product that a Robertson-Walker spacetime
(M, g) can be written as a Lorentzian warped product

(M =M x, &, g=—dt’®,dx?).

The map 7 : My x;, ¥ — R, given by w(t, ) = t, is a smooth timelike func-
tion on M each of whose level surfaces 7 1(tg) = {to} x ¥ is a Cauchy surface.
Consequently, it follows from the above stated Beem-Ehrlich theorem that all
Robertson-Walker spacetimes are globally hyperbolic. See [228, pages 134-142]
for more details on the Robertson-Walker spacetimes.

I1. Asymptotically flat spacetimes. One of the important areas of research in gen-
eral relativity is the study of isolated systems, such as the sun and a host of stars
in our universe. It is now well known that such isolated systems can best be under-
stood by examining the local geometry of the spacetimes which are asymptotically
flat, that is, their metric is flat at a large distance from a centrally located observer.
First we define stationary and static spacetimes. A spacetime is stationary if it has
a l-parameter group of isometries with timelike orbits. Equivalently, a spacetime
is stationary if it has a timelike Killing vector field, say V. A static spacetime is
stationary with the additional condition that V is hypersurface orthogonal, that
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is, there exists a spacelike hypersurface ¥ orthogonal to V. The general form of
the metric of a static spacetime can be written as

ds® = —Az(:rl, z2, 9:3)dt2 + Bag(zl, z2, xg)dxo‘dzﬁ,

where A2 = —V,V® and a, 3 = 1, 2, 3. Static spacetimes have both the time
translation symmetry (¢ — t+ constant) and the time reflection symmetry (¢t —
—t). A spacetime is said to be spherically symmetric if its isometry group has a
subgroup isometric to SO(3) and its orbits are 2-spheres.

Case 1: Schwarzschild spacetimes. Let (M, ¢g) be a 4-dimensional isolated sys-
tem with a Lorentz metric g and 3-dimensional spherical symmetry. Choose local
coordinates (t, 7, 0, ¢) for which g is given by

ds? = —e dt? + 2 dr? + Adr dt + Br? (d92 + sin? 9d¢2) ,

where A\, v, A and B are functions of ¢t and r only due to the 3-dimensional symme-
try. The inherent freedom in choosing some of the coefficients allows us to consider
a Lorentz transformation such that A = 0 and B = 1. Using this we get

ds® = —e*dt* + e*dr® + r? (d6” + sin® 0d¢*), where (1.3.4)
goo = —¢*, g = e, gaz =17, g3z = r’sin® 0,
gab =0, Va #b, lgl = _rtgin2 ge2(H+1)

Assume that M is Ricci flat, that is, R, = 0. Finding the Christoffel symbols of
the second type, we calculate the four non-zero components of the Ricci tensor
and then equating them to zero entails the following three independent equations:

e — 1
Or A = ,
2r
1— 2\
Opv = 2; ) ow = 0.

Adding the first and second equations provides 9, (A4 v) = 0. Thus, A\+v = f(¢).
Now integrating the first equation and then using 0,\ = —3d,v, we get

2
X — o2 (1__m>’
r

where m is a positive constant. Thus, (1.3.4) takes the form
2m om\ "
ds* = — (1 — —> dt* + (1 - —> dr® +1? (d6” + sin® 0d¢?) . (1.3.5)
r r

This solution is due to Schwarzschild for which M is the exterior Schwarzschild
spacetime (r > 2m) with m and r as the mass and the radius of a spherical body.
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If we consider all values of 7, then (1.3.5) is singular at r = 0 and r = 2m. It is
well known that » = 0 is an essential singularity and the singularity » = 2m can
be removed by extending (M, g) to another manifold say (M’, ¢’) as follows. Let

9m\ ~1
r’:/(l——m> dr =1+ 2mlog(r — 2m),

r

be a transformation with a new coordinate system (u, r, 6, ¢), where u =t + 1’ is
an advanced null coordinate. Then, (1.3.5) takes the form:

2
ds? = — (1 — Tm> du® + 2dudr + r* (d6* + sin® d¢?) , (1.3.6)

which is non-singular for all values of r. Similarly, if we use a retarded null coor-
dinate v = ¢t — 1/, then (1.3.5) takes the form

ds? = — (1 _ 2_7") dv® — 2dv dr + r* (df? + sin® 0d¢?) . (1.3.7)

r

The exterior Schwarzchild spacetime, with metric (1.3.5) for r > 2m, can be re-
garded as a Lorentzian warped product in the following way. Let My = {(¢, r) €
R?2: r > 2m} be endowed with the Lorentzian metric

glz—(1—2—m)dt2+(1—2—m)dr2
r r

and let M> be the unit 2-sphere S? with the usual Riemannian metric g» of constant
sectional curvature 1 induced by the inclusion mapping S? — R3. Then, (M =
My xp, My, g = g1 ®p g2, 72 = h) is the exterior Schwarzchild spacetime. (M, g)
is globally hyperbolic since M; is globally hyperbolic and M; = S? can have a
complete Riemannian metric.

Case 2: Reissner-Nordstrém spacetimes. Another solution of asymptotically flat
category is due to Reissner-Nordstrom, which represents the spacetime (M, g)
outside a spherically symmetric body having an electric charge e but no spin or
magnetic dipole. Similar to the case of the Schwarzschild solution, the metric of
this spacetime can be expressed by

2 2 2 2\ !
d32<1m+62> dt2+(lm+€2> dr?
r r r r
+ 72 (d6” + sin? 0do*) (1.3.8)
for a local coordinate system (¢, 7, 6, ¢). This metric is also asymptotically flat as,

for 1 — oo, it approaches the Minkowski metric and in particular if e = 0, then
1
this is a Schwarzschild metric. It is singular at r = 0 and r = m £ (m? — €?)2 if
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e? < m?. While r = 0 is an essential singularity, the other two can be removed as
follows. Consider a transformation

Let (u, r, 8, ¢) be a new coordinate system, with respect to (1.3.8), such that
u =t + ', the advanced null coordinate. Then, this metric transforms into

2 2m e’ 2 2 (102 | w2 2
ds® = — <1— T—i— 1"_2) du® 4+ 2dudr+r (d9 + sin“ 6 d¢ )
which is regular for values of r and represents an extended spacetime (M’, ¢’) such
that M is embedded in M’ and ¢’ is g on the image of M on M’. We leave it as
an exercise to show that Reissner-Nordstrom spacetime is a globally hyperbolic
warped product spacetime. Some more examples may be seen in [34].

Finally, we cite the following papers of Beem, Ehrlich and their collabora-
tors (which also include other related papers) on global Lorentzian geometry (in
particular, reference to use of warped products) and its applications to relativity.

Beem and others [31, 32, 33, 34, 35, 36, 37, 38, 39].
Ehrlich and others [171, 172, 173, 174, 175, 176].

1.4 Lightlike manifolds

Let (M, g) be a real n-dimensional smooth manifold with a symmetric tensor field
g of type (0, 2) such that g, is of constant index ¢ on T, M for any « € M. In this
section, we assume that g, is degenerate on T, M, that is, there exists a vector
& # 0, of T,M, such that g,(&,v) = 0, Vv € T,M. The radical or the null
space [317, page 53] of T, M, with respect to the symmetric bilinear form g,, is a
subspace Rad T, M of T, M defined by

RadT,M ={€ € T, M ; g, (§,v) =0,Yvo € T,M}.

The dimension of Rad T, M is called the nullity degree of g,., denoted by null T, M.
Clearly, g, is degenerate on T, M if and only if nullT,M > 0 which we assume.
The associated quadratic form of g, is the mapping h, : T, M — R given by
hy(v) = gz (v,v) for any v € T, M. Then g, is expressed in terms of h, as

gz (v, w) = % {hs (v+w) — hy (V) — hy (W)},

for all v, w, € T, M. By virtue of a well-known result of linear algebra, there exists
a basis F, = {e1,...,e,} of T, M such that h, has a canonical form
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where A\; € R and (v%) are the coordinate components of v with respect to the
basis E,. We say that h is of type (p,q,r), where p + ¢ + r = n, if there exist in
the above equation p, ¢ and r coefficients \; which are positive, negative and zero,
respectively. Note that here ¢ and r are the index and nullity degree respectively
of g, on T, M. Also, the canonical form of h, is not unique but the type of h, is
independent of the basis of T, M.

Suppose the mapping Rad T'M that assigns to each x € M the radical sub-
space Rad T, M of T, M with respect to g, defines a smooth distribution of rank
r > 0 on M. With the above scheme, we say that (M, g) is an r-lightlike man-
ifold [149] and ¢ is an r-degenerate metric on M. RadTM is called the radical
distribution of M. Thus, we have

g(€,X)=0, VEeT(RadTM),X €T (TM). (1.4.1)

Moreover, it is easy to see that (M, g) is r-lightlike if and only if g has a constant
rank n — 7 on M. We use the following range of indices:

ayb,...e€{l,...,q}, AB,...€{q+1,....,q+p}, oB,...€{1,...,1},
igy...€{r+1,...,m}, I,J,...€{1,...,m}.

The associated quadratic form h of g is, locally, given by

q q+p
h=— (wa)2 + Z (wA )2 ,
a=1 A=qg+1
where {w!, ..., wPT9} are p + ¢ linear independent differential 1-forms locally de-
fined on M. Replace in the above equation w® = w{ dzt; Wt = wf‘ da’, and

obtain h = g,, de! dx”’, where

91y :g(alan)
q+p

q
=- wiui+ Y wiwy,
a=1

A=q+1

and rank[g,,] = p + ¢ < n. Consider a complementary distribution S(T'M) to
RadTM in TM. As fibers of S(T'M) are screen subspaces of T, M, x € M, we
call S(TM) a screen distribution on M. Since M is supposed to be paracompact,
there exists a non-degenerate screen distribution on M.

Example 1. Let S{ be the unit pseudo-sphere of a Minkowski spacetime R} given
by —t? + 22 + 9% + 22 = 1. Cut S} by the hypersurface t — x = 0 and obtain a
lightlike surface M of S with Rad TM spanned by a null vector & = 0; + 0.
Take a screen distribution S(T'M) spanned by a spacelike vector W = 290, —y 0..
Thus, M is lightlike with » = 1 and S(T'M) Riemannian.

Metric (Levi-Civita) connection on lightlike manifolds. So far we have seen that
if Rad T M is non-zero, then, the degenerate metric g of a lightlike manifold M is
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a symmetric tensor field. To further study the geometry of lightlike manifolds one
must know the existence of a torsion-free metric (Levi-Civita) connection V on M
for which Vg = 0. To deal with this important problem we need the following from
the theory of distributions on manifolds. We use the following range of indices: a,
by...e{l,...;nk o, B,...€{1,...;r}, i, 4,... € {r+1,...,n}.

From the Frobenius theorem it follows that leaves of an integrable distri-
bution D determine a foliation on M of dimension r, that is, M is a disjoint
union of connected subsets {L;:} and each point 2 of M has a coordinate system
U ; b, ..., 2") such that Ly NU is locally given by the equations

z' = ¢, ie{r+1,...,n+1}, (1.4.2)

where ¢! are real constants, and (z%), o € {1,...,7}, are local coordinates on
L;. We say that the foliation defined by D is totally geodesic, totally umbilical
or minimal, if any leaf of D is totally geodesic, totally umbilical or minimal,
respectively. The transformation of coordinates on M endowed with an integrable
distribution has a special form. More precisely, considering another coordinate
system (U, £) on M and using (1.4.2) for both systems, we obtain

.ozt . 91! oz’
0=dz'= —dx’ dx® = dz®
‘ 9z +8a:°‘ * dzo
which imply
ozt .
5‘30‘*:07 Vie{r+1,...,n}, ae{l....,r}. (1.4.3)

Hence the transformation of coordinates on M is given by

o=z, .,2"), ac{l,...,r}; ie€{r+1,...,m},

zh=x" (", am). (1.4.4)

Thus we get the following transformation of natural frames fields on M:

0 0
_Z _ BB i
oo~ Pa(®) 75
0 ; 0 0
- = BY(x) — + B%z) — 1.4.
o = Bl(@) 5 + B 5 (1.45)
where we put
; oxI oz ozP
J(g) = 22 . ) = . Br) = 22—
BZ (x) axz i Bl (x) axl Y Ba (m) axa °

Now, suppose D is a complementary distribution to the integrable distribution D

on M, that is, we have -
TM=D&D. (1.4.6)
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We call D a transversal distribution to D in TM. Then we take a local _frames
field {B%’Xi} on M adapted to the decomposition (1.4.6), i.e., X; € I'(D) and
9_ ¢ T(D). Thus we have

ox™

0 0
— NP
(@) 52

o = Vi + Al(z) X; (1.4.7)

where A7 and N are smooth functions defined on a coordinate neighborhood
U C M. Hence the transition matrix from the local natural frames field {8% , %}

to {52, X;} is
A [ of N&(x) }

0 Al(x)
where
501 o 1 o = ﬂv
A1 0 a#p,

are the components of the so-called Kronecker delta. As A is an invertible matrix,
it follows that the (n —r) x (n — r) matrix whose entries are A7(z) is also an
invertible matrix. Thus the set of local vector fields {M% e M—m} given by

d

o

Al(x) X, ie{r+1,...,m},

is a local basis of I'(D). In this way (1.4.7) becomes

o J () 0
Szt Ozt i\ Gpa

(1.4.8)

We next denote by N f smooth functions in (1.4.8) with respect to another coor-

dinate system (U, £®) on M. Then by using (1.4.5) and (1.4.7) we obtain
N (z) Bf(x) = Nf () Bl (z) + B (z). (1.4.9)

Conversely, suppose on the domain of each local chart of M there exist r(n — )
real smooth functions N2 satisfying (1.4.9) with respect to the transformation
(1.4.4). Then we define by (1.4.8) n — r linear independent local vector fields on
M. Moreover, by using (1.4.8) and (1.4.9) we obtain

)

; o
- = B/
St i (’JJ)

oz

(1.4.10)

Hence there exists on M a globally defined distribution D which is locally spanned
by {%}7 i € {r+1,...,n}. Since the dimension of each fiber of D is n — r and
{ 521 } do not belong to I'(D), we conclude that D is a complementary distribution
to D in T M. Summing up we state the following:




34 Chapter 1. Preliminaries

Theorem 1.4.1. Let D be an integrable distribution of rank r on M. Then there
exists a transversal distribution D to D in TM, iff on the domain of each local
chart on M there exist r(m — r) real smooth functions N& satisfying (1.4.9) with
respect to the transformation of coordinates (1.4.4).

Suppose Rad T'M is integrable. Then, there exists a local coordinates system
(U; zt,...,2") on M such that (), a € {1,...,7} are the coordinates on a
leaf L of Rad T M with its local equations z¢ = ¢, i € {r +1,...,m}. As g is
degenerate on T'M, using (1.1.2) and (1.1.4) we get

9aB=9ai=0ia=0; Va,Be{l,...;r},ic{r+1,...,n},

and thus the matrix of g with respect to the natural frames field {52}, I €
{1,...,n} becomes

Or,r Or,n—r

O”—Tyr gij(l'l,...,gj") (1.4.11)

9,,] =

Also, suppose that with respect to the above coordinates system we have

9gi j

ox™
The first group of equations in (1.4.5) imply that (1.4.11) holds for any other
system of coordinates adapted to the foliation induced by the integrable distribu-
tion Rad T M. As in the case of semi-Riemannian manifolds, a vector field X on
a lightlike manifold (M, g) is said to be a Killing vector field if £xg = 0. A dis-
tribution D on M is said to be a Killing distribution if each vector field belonging
to D is a Killing vector field. According to the terminology used in [149], we say
that a lightlike manifold (M, g) is a Reinhart lightlike manifold if its Rad T M is
integrable and there exists a local coordinate system such that (1.4.11) holds. See
[333] for information on Reinhart Riemannian spaces. Now we state and prove the
existence of a metric (Levi-Civita) connection on (M, g).

Theorem 1.4.2. [149] Let (M, g) be a lightlike manifold. Then the following asser-
tions are equivalent:

(i) (M,g) is a Rienhart lightlike manifold.
(ii) RadTM is a Killing distribution.

=0, Vi,je{r+1,...,n},ac{l,...,r}. (1.4.12)

(iii) There exists a Levi-Civita connection V on M with respect to g.

Proof. (i) = (ii). Suppose M is a Reinhart lightlike manifold. As RadTM is
integrable, consider a coordinate system (U : x!,...,2") such that any X €
I' (Rad T'M) is locally expressed by X = X*9,. Then by using (1.2.22) and (1.4.1)
we see that £xg = 0 becomes

o {290 ([0 3] 2) (w2 2]) b -0 s
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forany Y, Z € T'(T'M). By using (1.4.1) and Rad T'M integrable, it is easy to check

that in case at least one of vector fields Y and Z belongs to Rad T M, (1.4.13) is

identically satisfied. Now Consider Y = % and Z = % yi,je{r+1,...,n}

and (1.4.13) follows by using (1.4.12). Hence Rad T M is a Killing distribution.
(ii) = (i). Suppose RadT'M is a Killing distribution, that is

(£x9) (Y, 2) = X(g(Y,2)) — g([X,Y],Z2) = g(V,[X,Z]) =0, (1.4.14)

for any X € T'(RadTM) and Y, Z € I'(TM). Consider Y € I'(RadTM) in
(1.4.14) and by using (1.4.1) obtain ¢([X,Y],Z) =0, for any Z € T'(T'M). Hence
[X,Y] € I'(Rad T M), that is Rad T'M is involutive, and by the Frobenius theorem
it is integrable. Finally, take X = a% e I'RadTM), Y = % and Z = % in
(1.4.14) and obtain (1.4.12). Hence (M, g) is Reinhart.

(iii) = (ii). Suppose there exists a Levi-Civita connection V on M, that is,
g is parallel with respect to V. Then, we easily deduce that

(£x9) (Y, 2) ={X(9(Y,2)) — g(VxY,Z) — g(Y,Vx2Z)}
+{9(Vy X,Z) + g(Y,VzX)}
=9(VyX,Z) + g(Y,VzX)
=Y(9(X,2))+Z(g(X,)Y)) —g9(X,VyZ) —g(X,VZY)
=0, VX el'(RadTM) and Y,ZeD(TM).

Hence Rad T'M is a Killing distribution on M.

(i) = (iii). As (ii) is satisfied, from the proof of (ii) = (i) it follows
RadT'M is integrable. Consider Rad T'M as an (n + r)-dimensional manifold with
local coordinates (x%, 2%, y®), where (2%, #*) are local coordinates on M induced
by the foliation determined by Rad 7'M and (y“) are coordinates on fibers of vector
bundle Rad T'M. Thus the transformation of coordinates on Rad T'M is given by
(1.4.4) and

It follows that

0 0
— =BP(z) =— , 1.4.15
s = BL@) 5 (1.415)
which enables one to consider a vector bundle NM over M, locally spanned by
{%} ,a € {l,...,r}. Moreover, we have
T(RadTM)py =TM & NM. (1.4.16)

Next, since M is paracompact we consider a Riemannian metric ¢* on M and
a screen distribution S(T'M) as the complementary orthogonal distribution to
RadTM in TM with respect to g*. Then (1.4.16) becomes

T(RadTM) 5 = RadTM @Gopen S(TM) oy NM. (1.4.17)
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Note that NM and Rad T M are vector bundles of rank r over M such that the

transition matrices from {(ayia} to {855} and from {52} to {8;%} are the same.

Hence any section N = N¢ 2(1 of NM defines a section N* = N¢ aga of Rad T'M.

Now, denote by p, s and ¢ the projection morphisms of T'(Rad T'M) |p; on S(T'M),
RadTM and N M respectively, and define

g: T (T(RadTM) ) x T (T(RadTM) ) — F(RadTM);
G(X,Y) = g(pX,pY) + g"(sX, (1)) + g*(sY, (tX)"), (1.4.18)

for any X, Y € I'(T(Rad T M) ia)- It is easy to see that g is a semi-Riemannian
metric on the manifold Rad 7'M and the degenerate metric g is the restriction of
g to I'(T'M). Denote by V the Levi Civita connection on (RadT'M, §) and set

VxY =VxY + B*(X,Y) a%a , VX, Y eT(TM), (1.4.19)

where VxY € T'(TM) and B*(X,Y) € F(M). It follows that V is a torsion-free
linear connection on M and B* are symmetric bilinear forms on (T M). Moreover,
by using (1.4.15), (1.4.17) and (1.4.19), and Vg = 0 we obtain

_ _ 0
0=(Lxg)(Y,Z2)=—-g(X,VyZ + VzY)=—-2B*Y,Z)g" (X, 8:1:—0‘> ,

for any X € T(RadT'M) and Y, Z € I'(T'M). Now r > 0 and the g* Riemannian
metric on RadTM implies B*(Y,Z) = 0, for any « € {1,...,7}. Hence VyZ =
Vy Z, and thus Vg = 0, which completes the proof. O

The following result is a direct consequence of the above theorem.

Corollary 1.4.3. Let (M, g) be an n-dimensional lightlike manifold with Rad T M
of rank r = 1 and a local coordinate system satisfying (1.4.11). Then, RadTM is
a Killing distribution and there exists a Levi-Civita connection on M with respect
to the degenerate metric tensor field g.

Lightlike warped products. Similar to the case of semi-Riemannian warped prod-
ucts, one can construct a variety of rich classes of lightlike warped products (a
concept introduced by the first author, Duggal, of this book in a paper [137]) de-
pending on the type of problem in hand. In the following we present two classes
of lightlike warped products:

Class A. Let (M1, ¢g1 ) and ( Mz, g2) be a lightlike and a semi-Riemannian manifold
of dimensions n; and no respectively, where the Rad T'M; is of rank r. Let 7 :
M; x My — M; and 0 : My x Ms — M denote the projection maps given by
7(z,y) =z and o(x,y) =y for (z,y) € M1 x M respectively. Observe that the
projection 7 on M7 will be with respect to the non-degenerate screen distribution
S(TMl) of M1.
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Definition 1.4.4. A product manifold M = M; x My is called a lightlike warped
product My Xxp My, with the degenerate metric g given by

g X, V) =gi(m X, m Y) + h(n(z, y)) g2(04x X, 0. Y), (1.4.20)

for every X,Y of M, * is the symbol for the tangent map and h : M7 — (0,00) is
a smooth function.

It follows that RadTM of M still has rank r but its screen S(T'M) is of
dimension n — r, where dim M = nj; + ny = n. Consider a simple case of lightlike
manifolds with 1-dimensional radical distribution. These are interesting objects
extensively used both in mathematics and physics. Geometrically, their radical
distribution is obviously integrable, which is a desirable property. Secondly, such
spaces represent physical models of singular regions in a spacetime manifold of
general relativity (see some such cases in Chapter 3). Among this class there is a
special case defined as follows:

Definition 1.4.5. [133] A lightlike manifold (M, g) is called a globally null manifold
if it admits a global null vector field and a complete Riemannian hypersurface.

Example 2. Let (M, g) be an (n + 1)-dimensional globally hyperbolic spacetime
[34], with the line element of the metric § given by

ds* = —dt* + daz' + Gapda®da®, (a,b=2,...,n)

with respect to a coordinate system (¢, 2!, ..., 2™) on M. We choose the range
0 < 2! < oo so that the above metric is non-singular. Take two null coordinates
uw and v such that v =t 4+ 2! and v = ¢t — z!. Thus, the above metric transforms
into a non-singular metric: ds? = — du dv + Gap dz® da®.

The absence of du? and dv? in the above metric implies that {v = constant.}
and {u = constant.} are lightlike hypersurfaces of M. Let (M, g,r = 1,v =
constant.) be one of this lightlike pair and let D be the 1-dimensional distribution
generated by the null vector {9,} in M. Denote by L the 1-dimensional integral
manifold of D. A leaf M’ of the (n — 1)-dimensional screen distribution of M
is Riemannian with metric dQ? = g, 2% 2 and is the intersection of the two
lightlike hypersurfaces. In particular, there will be many global timelike vector
fields in globally hyperbolic spacetimes M. If one is given a fixed global time
function then its gradient is a global timelike vector field in a given M. With this
choice of a global timelike vector field in M, we conclude that both its lightlike
hypersurfaces admit a global null vector field. Now, using the celebrated Hopf—
Rinow theorem one may choose a screen whose leaf M’ is a complete Riemannian
hypersurface of M. Thus, it is possible to construct a pair of globally null manifolds
as hypersurfaces of a globally hyperbolic spacetime. In particular, a Minkowski
spacetime can have a pair of hypersurfaces which are globally null manifolds.

In the following we show how a globally null manifold can be expressed as
a global product manifold and, then, construct a rich class of lightlike warped
products.
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Theorem 1.4.6. Let (M, g, S(TM)) be an n-dimensional (n > 3) globally null
manifold, with a choice of screen distribution S(TM). Then the following asser-
tions are equivalent:

(a) S(TM) is a parallel distribution.

(b) M = M’ x C' is a global product manifold, where M' is an integral manifold
of S(TM) and C' is a 1-dimensional integral manifold of a global null curve
C in M.

Proof. Choose a parallel screen S(T'M). Then, by the Frobenius theorem, S(T M)
is integrable and its integral manifolds are geodesic in M. Thus VxY € I'(S(T'M))
for every X, Y € S(TM). The global null curve C being 1-dimensional, it is inte-
grable. Moreover, it is known [137] that the integral curve of £ is a null geodesic.
Therefore M is a product of two geodesic submanifolds. Hence (a) implies (b).
The converse clearly follows. O

Now we show that there is a large class of globally null product manifolds.
Consider a class of globally null manifolds, denoted by (M, g, S(T'M), G), such
that each of its members carries a smooth 1-parameter group G of isometries
whose orbits are global null curves in M. This means that each RadTM is a
Killing distribution and so, as per Theorem 1.4.2, each M admits a metric (Levi-
Civita) connection V with respect to its degenerate metric g.

Proposition 1.4.7. Let (M, g, G) be an (n + 1)-dimensional (n > 1) globally null
manifold, with a smooth 1-parameter group G of isometries whose orbits are global
null curves in M. Suppose M’ is the spacelike n-dimensional orbit space of the
action G. Then, (M, g, S(TM), G) is a global product manifold M = M’ x C’,
where M' and C' are leaves of a chosen integrable screen distribution S(T'M) and
the Rad T M of M respectively.

Proof. Let M’ be the orbit space of the action G ~ C’, where C’ is a 1-dimensional
null leaf of RadTM in M. Then, M’ is a smooth Riemannian hypersurface of M
and the projection m : M — M’ is a principle C’-bundle, with null fiber G. The
global existence of a null vector field, of M, implies that M’ is Hausdorff and
paracompact. The infinitesimal generator of GG is a global null Killing vector field,
say &, on M. Then, the metric g restricted to the screen distribution S(7T'M), of
M, induces a Riemannian metric, say ¢’, on M’. Since £ is non-vanishing on M, we
can take £ = 0y as a global null coordinate vector field for some global function 6
on M. Thus, 6 induces a diffeomorphism on M such that (M = M'xC’, g = 7*g’)
is a global product manifold. Finally, the integrability of S(T'M) follows from the
Theorem 1.4.6, which completes the proof. O

Finally, using Definition 1.4.5, we have the following characterization theorem
for warped product manifolds of Class A ( the proof is straightforward):

Theorem 1.4.8. [133] Let (M7, g1) and (Maz, g2) be lightlike with Rad TM of rank 1
and Riemannian manifolds respectively. The warped product (M = My x5, Mas,g)
18 a globally null manifold if and only if both the following conditions hold:
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(1) (M1, ¢1) is a globally null manifold.
(2) (Ma, g2) is a complete Riemannian manifold.

Now we use the above result and generate a class of triple lightlike warped
product. Consider a globally null manifold (M7, g1) and a complete Riemannian
manifold (Ms, g2) of dimensions n and m respectively. Using the above theorem,
construct an (n + m)-dimensional globally null warped product manifold (M =
My xp, Ma, g), where h is a smooth function on Mj. Then, we have the following
result (proof is similar to the proof of Theorem 1.4.6):

Theorem 1.4.9. Let (M = My x,Ms, g, S(TM)) be an (n+m)-dimensional globally
null warped product manifold, where h is a smooth function on My and S(TM) a
chosen screen distribution. Then, the following assertions are equivalent:

(a) The screen distribution S(TM) is a parallel distribution.

(b) M =L x M’ is a global null product manifold, where L is a 1-dimensional
integral manifold of the global null curve C in M and (M', ¢') is a complete
Riemannian hypersurface of M which is a triple warped product

(M =LxBxp M, g), M'=(Bx, M, ¢) (1.4.21)
where (B, g,) is a complete Riemannian hypersurface of My = L x B.

Class B: Let (M, g) and (N, ¢’ ) be two m- and n-dimensional lightlike manifolds,
with both Rad TM and RadT'N of rank 1. Suppose S (T'M) and S (T'N) are their
screen distributions of index ¢; and ¢o respectively. We construct an (m + n)-
dimensional semi-Riemannian manifold ( M, g), using M and Nas follows:

Let Rad T M and Rad T'N be locally generated by their respective null vector
fields ¢ and k such that g(¢, ¢) = g(k, k) =0, g(¥¢ k) = —1. Construct one
timelike vector U and one spacelike vector V' such that
C+Ek v — {—k

v2 V2
Since 1-dimensional Rad T'M and Rad T'N are obviously integrable, there exists an
integrable distribution D generated by { U, V' }, and of index 1. S(T'M ) and S(T'N)
being non-degenerate, it follows that (M, g) is a semi-Riemannian manifold of
index q; +qo+1 such that TM = S(T'M) + S(TN) + D. Thus, one can use the non-
degenerate warped product technique to find two semi-Riemannian manifolds, say
(My, g1) and (M3, g2), such that M = ( M, X § M, g ) where the warped function
f, but g is indefinite. If ¢; = g2 = 0, then M is Lorentzian. Furthermore, suppose
M and N are globally null. This means that they both admit complete Riemannian
hypersurfaces as leafs of S(T'M) and S(T'N) and both the null vectors ¢ and k are
globally defined on respective manifolds. Thus, ( M, ) admits a globally defined
timelike vector field U and it follows from a result in [34] that (M, g) is a globally
hyperbolic warped product of a globally hyperbolic spacetime (Mi, g1 ) and a
complete Riemannian manifold ( M2, g2 ). Thus, we have the following theorem:

U= U U)=—1 , §V,V)=1.
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Theorem 1.4.10. Let (M, g) and (N, g') be two globally null manifolds of dimen-
sions m and n respectively. Then, there exists an (m + n)-dimensional globally
hyperbolic Lorentzian warped product manifold M = ( M, X5 Ma, g ), where My
and My are a globally hyperbolic spacetime and a complete Riemannian submani-
fold of M, constructed by using M and N.

Using the above theorem one can construct the following specific examples of
spacetimes: Schwarzschild and De-Sitter, Robertson—Walker, Reissner—Nordstrom
and Kerr. Also, see [41, 137, 139, 140, 141] for more on warped products, geomet-
ric/ physical results on globally null manifolds and examples.



Chapter 2

Lightlike hypersurfaces

Since for any semi-Riemannian manifold M there is a natural existence of null
(lightlike) subspaces, their study is equally desirable. In particular, from the point
of physics lightlike hypersurfaces are of importance as they are models of various
types of horizons, such as Killing, dynamical and conformal horizons, studied in
general relativity (see some details in Chapter 3). However, due to the degener-
ate metric of a lightlike submanifold M, one fails to use, in the usual way, the
theory of non-degenerate geometry. The primary difference between the lightlike
submanifolds and the non-degenerate submanifolds is that in the first case the
normal vector bundle intersects the tangent bundle. In other words, a vector of a
tangent space T, M cannot be decomposed uniquely into a component tangent to
T, M and a component of normal space T, M. Therefore, the standard definition
of the second fundamental form and the Gauss-Wiengarten formulas do not work,
in the usual way, for the lightlike case.

To deal with this anomaly, lightlike manifolds have been studied in several
ways corresponding to their use in a given problem. Indeed, see Akivis-Goldberg
[2, 3, 4], Bonnor [76, 77], Katsuno [252], Leistner [285], Nurowski-Robinson [312],
Penrose [329], Perlick [332], Rosca [339] and more referred to in these papers. In
1991, Bejancu-Duggal [51] introduced a general geometric technique of using a non-
degenerate screen distribution S(TM) to deal with the above anomaly for lightlike
hypersurfaces (also applicable for a general submanifold). Later on, in 1994, Be-
jancu [48] used the method of non-degenerate screens for null curves. Motivated by
the growing use of lightlike geometry in mathematical physics, in 1996, Duggal-
Bejancu published a book [149] on “lightlike submanifolds of semi-Riemannian
manifolds and applications” (see Kupeli [273] with a different approach). The pur-
pose of this chapter is to present new geometric results on lightlike hypersurfaces
available since the publication of this 1996 book. In Chapter 3, we deal with appli-
cations to relativity, with focus on a variety of black hole horizons and the latest
work on Osserman lightlike hypersurfaces [20].
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2.1 Basic general results

Semi-Riemannian hypersurfaces Let (M, §) be a proper (m+2)-dimensional semi-
Riemannian manifold of constant index ¢ € {1, ..., m + 1}. Suppose M is an
(m + 1)-dimensional smooth manifold and i : M — M a smooth mapping such
that each point x € M has an open neighborhood U for which i restricted to U is
one-to-one and i1 : i(i) — M are smooth. Then, we say that i(M) is an immersed
hypersurface of M. If this condition globally holds, then i(M) is called an embedded
hypersurface of M, which we assume in this book. The embedded hypersurface
has a natural manifold structure inherited from the manifold structure on M
via the embedding mapping. At each point i(x) of (M), the tangent space is
naturally identified with an (m + 1)-dimensional subspace Tj,)M of the tangent
space Tj(,)M. The embedding ¢ induces, in general, a symmetric tensor field, say
g, on i(M) such that

9(X, Yo = (i X, i.Y )iy, VX, Y € To(M).

Here i, is the differential map of i defined by i. : T, — Tj,) and (i.X)(f) =
X(f o 4) for an arbitrary smooth function f in a neighborhood of i(z) of i(M).
Henceforth, we write M and x instead of i(M) and i(x). Due to the causal character
of three categories (spacelike, timelike and lightlike) of the vector fields of M, there
are three types of hypersurfaces M, namely, Riemannian, semi-Riemannian and
lightlike and ¢ is a non-degenerate or a degenerate symmetric tensor field on M
according as M is of the first two types and of the third type respectively.

First we assume that g is non-degenerate so that (M, g) is a semi-Riemannian
hypersurface of (M, ). Define the normal bundle subspace

TM* = {V eT(TM): g(V, W) =0,YW € [(TM)}

of M in M. Since M is a hypersurface, dim(7, M*) = 1. Following is the orthog-
onal complementary decomposition:

TM =TM L TM*, TMNTM™*=/{0}. (2.1.1)

Here, the tangent and the normal bundle subspaces are non-degenerate and any
vector field of T'M splits uniquely into a component tangent to M and a component
perpendicular to M. Let V and V be the Levi-Civita connections on M and M
respectively. Then, there exists a uniquely defined unit normal vector field, say
n € ['(TM) and the Gauss-Weingarten formulas are

VxY =VxY + B(X, Y)n,
Vxn=—€eAp X, (2.1.2)

for any tangent vectors X and Y of M and g(n, n) = ¢ = 41 such that n belongs to
TM+ and VxY, A, X belong to the tangent space. Here B(—, —)n is the second
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fundamental form tensor and B is the second fundamental form, related with the
shape operator A, by

B(X,Y)=g(An X, Y), VX, Y eD(TM).
We say that M is totally geodesic hypersurface in M if
B=0< A, =0.
A point p of M is said to be umbilical if
B(X,Y), =kg(X,Y),, vX,Y e T,M,

where k € R and depends on p. The above definition is independent of any coor-
dinate neighborhood around p. M is totally umbilical in M if every point of M is
umbilical, i.e., if B = pg where p is a smooth function.

With respect to an orthonormal basis {En, ..., E,} of T,M, the mean cur-
vature vector p of M is defined by

M:

tr(B) 1
= ZB Ei7Ei7 E17EZ = €4,
= B, gl E) =

where p is independent of any coordinate neighborhood around p. The character-
istic equations of Gauss and Codazzi are, respectively

<RX,Y)Z,W >=<R(X,Y)Z,W > +e < B(X, Z), B(Y,\W) >
—e <B(Y,Z),B(X,W) >
e <R(X,Y)Z,N >=(VxB)(Y,Z) - (VyB)(X, 2)
where R and R denote the curvature tensors of M and M, respectively, X,Y, Z,
W e T(TM) and <, > is the symbol of inner product. In the following we notice

a marked difference between the above structure equations and those of lightlike
hypersurfaces due to a degenerate induced metric.

Lightlike hypersurfaces. Now let g be degenerate on M. Then, there exists a vector
field £ # 0 on M such that

9(&, X) =0, VX eT(TM).

The radical or the null space (O’Neill [317, page 53]) of T, M, at each point © € M,
is a subspace Rad T,,M defined by

RadT,M = {¢ € T,M : g,(¢&, X) =0, VX e€T,M}, (2.1.3)

whose dimension is called the nullity degree of g and M is called a lightlike hyper-
surface of M. Comparing (2.1.1) with (2.1.3), with respect to degenerate g, and
any null vector being perpendicular to itself implies that T, M~ is also null and

Rad T, M = T,M N'T, M*.
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For a hypersurface M dim(7T,M=*) = 1, implies that dim(Rad7,M) = 1 and
Rad T, M = T, M+. We call RadTM a radical (null) distribution of M. Thus, for
a lightlike hypersurface M, (2.1.1) does not hold because TM and TM* have a
non-trivial intersection and their sum is not the whole of tangent bundle space
TM. In other words, a vector of T, M cannot be decomposed uniquely into a
component tangent to T, M and a component of T, M~+. Therefore, the standard
text-book definition of the second fundamental form and the Gauss-Weingarten
formulas do not work, in the usual way, for the lightlike case.

To deal with this problem, in 1991, Bejancu-Duggal [51] introduced a gen-
eral geometric technique by splitting the tangent bundle TM into three non-
intersecting complementary (but not orthogonal) vector bundles (two of them
null and one non-null). This result on lightlike hypersurfaces was presented by
Duggal-Bejancu in a 1996 book [149]. In the same year Kupeli [273] published
a book on singular semi-Riemannian geometry. Duggal-Bejancu’s approach was
basically extrinsic in contrast to the intrinsic one developed by Kupeli. Recently,
there has been a considerable amount of new material on lightlike hypersurfaces
and their applications to some problems in general relativity and other areas of
mathematical physics, published by a large number of researchers. Starting from
the next section, we present new results (with proofs) which are so far available
on the differential geometry of lightlike hypersurfaces.

Consider a complementary vector bundle S(T'M) of TM+ = RadTM in
T M. This means that

TM =RadTM DPorth S(TM) (214)

S(TM) is called a screen distribution on M. It follows from the equation (2.1.4)
that S(T'M) is a non-degenerate distribution. Moreover, since we assume that M
is paracompact, there always exists a screen S(T'M). Thus, along M we have the
decomposition

TMy = S(TM) L S(TM)*, S(TM)nS(TM)* +# {0}, (2.1.5)

that is, S(I'M)* is the orthogonal complement to S(T'M) in T'M|y;. Note that
S(TM)* is also a non-degenerate vector bundle of rank 2. However, it includes
TM+ =RadTM as its sub-bundle.

Theorem [149]. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemann-
ian manifold (M ,g). Then there exists a unique vector bundle tr(T M) of rank 1
over M, such that for any non-zero section & of TM* on a coordinate neighborhood
U C M, there exists a unique section N of tr(TM) on U satisfying:

G(N,&) =1, g(N,N)=g(N,W)=0, VW el (ST(M)ly). (2.1.6)

Proof. Note that S(TM)* is a non-degenerate vector bundle of rank 2 and T M~
is a vector sub-bundle of S(T'M)~*. Consider a complementary vector bundle F' of
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TM+ in S(TM)* and take V € T'(Fy), V # 0. Then g(£,V) # 0 on U, otherwise
S(T M)+ would be degenerate at a point of U. Define on U, a vector field

A%
“ @ ey

where V' € I'(Fjy) such that g(§, V) # 0. It is easy to see that N, given by
(2.1.7), satisfies (2.1.6). Moreover, by direct calculations, it follows that any N
on U, satisfying (2.1.6), is given by (2.1.7). Then we consider another coordinate
neighborhood U* C M such that U NU* # ¢. As both TM~+ and F are vector
bundles over M of rank 1, we have £* = o€ and V* = SV, where « and /3 are non-
zero smooth functions on U NU*. It follows that N* is related with N on U NU* by
N* = (1/a)N. Therefore, the vector bundle F' induces a vector bundle tr(T'M) of
rank 1 over M such that, locally, (2.1.6) is satisfied. Finally, we consider another
complementary vector bundle E to TM* in S(TM)* and by using (2.1.7), for
both F and E, we obtain the same tr(T'M), which completes the proof. O

N £}, (2.1.7)

It follows from (2.1.6) that tr(T'M) is a lightlike vector bundle such that
te(TM), NT, M = {0} for any u € M. Moreover, from (2.1.4) and (2.1.5) we have
the following decompositions:

TMy = S(TM) @orsn (TM* & tr(TM)) = TM & tr(TM). (2.1.8)

Hence for any screen distribution S(7T'M) we have a unique tr(7M) which is
the complementary vector bundle to 7'M in TM)y; and satisfies (2.1.6). This is
why we call tr(T M) the lightlike transversal vector bundle of M with respect to
S(T'M). We denote by (M, g, S(TM)) a lightlike hypersurface of an (m + 2)-
dimensional semi-Riemannian manifold (M, §) and by I'(§) the (M )-module of
smooth sections of a vector bundle £ over M, F(M) being the algebra of smooth
functions on M. Also, all manifolds are supposed to be paracompact. Let V be
the metric (Levi-Civita) connection on M with respect to g. We show that the
existence of a unique null section N of tr(T'M), for a null tangent section £ of
RadTM, plays a key role in setting up the Gauss-Weingarten type formulae (for
the lightlike case) from which one can obtain the induced geometric objects such
as linear connections, second fundamental forms, curvature tensor and Ricci tensor
etc. By using the second form of the decomposition in (2.1.8), we obtain

nyZVXY—I—h(X, Y), (2.1.9)
VxV =-AvX +V4%V, VX, Y eT(TM) (2.1.10)

and V € T'(tr(TM)), where VxY and Ay X belong to I'(T'M) while h(X, Y) and
Vi V belong to I'(tr(T'M)). It is easy to check that V is a torsion-free induced
linear connection on M, h is a I'(tr(T'M))-valued symmetric F(M)-bilinear form
on I'(T'M), and Ay is a F(M)-linear operator on I'(T'M). We call V* an induced
linear connection on ltr(T'M). Here h and Ay are called the second fundamental



46 Chapter 2. Lightlike hypersurfaces

form and the shape operator respectively, of M in M. Also, (2.1.9) and (2.1.10)
are called the global Gauss and Weingarten formulae, respectively.

Locally, suppose {&, N} is a pair of sections on U C M satisfying (2.1.6).
Define a symmetric F(U)-bilinear form B and a 1-form 7 on U by

B(X,Y) =g(h(X,Y), ), (2.1.11)
7(X) = g(V&N, &), (2.1.12)

for any X, Y € I'(T'My,). It follows that
h(X,Y)=B(X,Y)N, V4N=7(X)N. (2.1.13)

Hence, on U, (2.1.9) and (2.1.10) become
VxY =VxY + B(X,Y)N, (2.1.14)
VxN=—-AnyX+7(X)N, (2.1.15)

respectively. As B is the only component of & on U with respect to N, we call B
the local second fundamental form of M, and the equations (2.1.14), (2.1.15) the
local Gauss and Weingarten formulae .

Since V is a metric connection on M, it is easy to see that

B(X, £) =0, VX eT(TMy). (2.1.16)

Consequently, the second fundamental form of M is degenerate.
Define a local 1-form n by

n(X)=g(X, N), VX eT(TMy). (2.1.17)
Using (2.1.14), a metric connection V on M and (2.1.17) we get

0= (Vxg)(V, Z)
=X(g(Y, 2)) - §(VxY, Z) — (Y, Vx Z)
=X(g(Y, 2))—g(VxY, Z)—g(Y, Vx Z)
- B(X,Y)g(Z, N) - B(X, Z)g(Y, N)
= (Vxg9)(Y, Z) = B(X, Y)n(Z) - B(X, Z)n(Y).

Thus, the connection V on M is not a metric connection and satisfies
(Vxg)(Y, Z) = B(X, Y)n(Z) + B(X, Z)n(Y). (2.1.18)

Remark 2.1.1. Comparing the Gauss and Weingarten formulae (2.1.2) of the semi-
Riemannian hypersurfaces with the above corresponding formulae of the lightlike
hypersurfaces, we observe that the lightlike case involves an extra 1-form 7 defined
by (2.1.12). Because of this (and several other differences such as degenerate metric
and non-uniqueness of a screen etc) the lightlike case is different from the semi-
Riemannian case. In this chapter, the reader will see that the 1-form 7 plays an
important role in the geometry of lightlike hypersurfaces.
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In the lightlike case, we also have another second fundamental form and its
corresponding shape operator which we now explain as follows:

Let P denote the projection morphism of I'(T'M) on I'(S(T'M)) with respect
to the decomposition (2.1.4). We obtain

VxPY =V%PY + h*(X, PY), (2.1.19)
VxU=-A;X +V¥U, VX,Y e (TM) (2.1.20)

and U € I(TM*), where V%Y and A}, X belong to I'(S(TM)), V and V*' are
linear connections on I'(S(T'M)) and TM= respectively, h* is a T'(T M~*)-valued
F(M)-bilinear form on I'(T'M) x I'(S(T'M)) and Aj; is I'(S(T'M))-valued F(M)-
linear operator on I'(T'M). We call them the screen second fundamental form and
screen shape operator of S(TM), respectively. Define

C(X, PY) = g(h*(X, PY), N), (2.1.21)
e(X)=g(V¥¢, N), VX, Y eT(TM). (2.1.22)

One can show that ¢(X) = —7(X). Thus, locally we obtain

VxPY =V%PY +C(X, PY)E, (2.1.23)
Vx§=-A; X —7(X)¢§, VX, Y e (TM). (2.1.24)

Here C(X, PY) is called the local screen fundamental form of S(TM).
It is well known that the second fundamental form and the shape operator of
a non-degenerate hypersurface are related by means of a metric tensor field. Con-
trary to this, in the lightlike case, we see from (2.1.11) and (2.1.20) that there are
interrelations between these geometric objects and those of screen distributions.

Precisely, the two local second fundamental forms of M and S(T'M) are related
to their shape operators by

B(X,Y)=g(A¢X,Y), g(A¢X, N)=0, (2.1.25)
C(X, PY)=g(AxX, PY), g(AnY, N)=0. (2.1.26)
Proposition 2.1.2. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold. Then
(a) The shape operator Ay of M has a zero eigenvalue.
(b) The screen second fundamental form of S(TM) is also degenerate.

(c) The screen shape operator Ay of S(T'M) is symmetric with respect to the
second fundamental form of M.

(d) The connection V* from (2.1.20) is a metric connection on S(TM).
(e) An integral curve of & € T'(RadTM)y) is a null geodesic of both M and M

with respect to the connections V and V, respectively.
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Proof. The second equality in (2.1.26) implies that Ay is T'(S(TM))-valued.
Hence, rank Ay < m which implies the existence of a non-zero X € F(TM‘U)
such that Ay Xy = 0, which proves (a). Then, (b) is immediate from the first
relation in (2.1.26). Next, from (2.1.25) we obtain

B(X, A;Y) = B(A{ X,Y), VX,Y eT(TM),

so (c) holds. (d) follows from (2.1.14) and (2.1.23). To prove (e) we note that
(2.1.16) and (2.1.25) imply A;§ = 0, that is, § is an eigenvector field for Af
corresponding to the zero eigenvalue. Thus, by (2.1.14), (2.1.16), (2.1.24) and the
above we obtain

Veb=Vet=-1()¢.
Suppose £ = S0'_ €% 52 and con(syider an integral curve C : u® = u®(t), a €
{0,....m},t € I CR,ie, & = dz;t , or equivalently & = %. In case 7(&) # 0,
choose a new parameter t* on the null curve C' such that

d2t*+ dayar _
a2 T\t ) ar T

The choice of a parameter [149] ¢* such that V 4 -% = 0 proves (e). O

ke At T

Example 1. Let (R}, §) be the Minkowski spacetime with signature (—, +, +, +)
of the canonical basis

(O, 01, 02, 03).

(M, g = g),,, S(TM)) is a lightlike hypersurface, given by an open subset of the
lightlike cone

{t(1, cosucosv, cosusinv, sinu) € Rt : ¢t >0, ue (0, 7/2), v € [0, 27]}.
Then Rad(T M) and ltr(T M) are given by
Rad(TM) = Span{{ = 0; + cosucosv 9y + cosusinv dy + sinu ds },

1
Itr(TM) = Span{N = 5(—&5 + cosucosv dy + cosusinv Oy + sinwu d3)},

respectively and the screen distribution S(T'M) is spanned by two orthonormal
spacelike vectors

{Wy = —sinucosv 9y — sinusinv ds + cosuds, Wy = —sinvdy + cosvda}.

Example 2. Let (R3, §) be a 4-dimensional semi-Euclidean space with signature
(=, —, +, +) of the canonical basis (Jy, ..., 3). Consider a hypersurface M of

R3 given by
To = T1 +\/§\/x§ + 22,
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For simplicity, we set f = /23 + z3. It is easy to check that M is a lightlike
hypersurface whose radical distribution Rad T'M is spanned by

E=1(0 — 01) + V2 (2202 + 23 33).
Then the lightlike transversal vector bundle is given by

Itr(T'M') = Span {N =

_ 4—; {£(=00+01) + V2 (2202 + 25 53)}}'

It follows that the corresponding screen distribution S(7T'M) is spanned by
{Wi =00+, Wo=—x302+ 2203}

Example 3. Let (R3, §) be a 4-dimensional semi-Euclidean space with signature
(—, —, +, +) of the canonical basis (9, ..., d3) having a lightlike hypersurface
M as given in Example 2. Then, by direct calculations we obtain
VxWi =V, X =0,
Vi,Wa = =290 — x3 03,
Vel =V2&, V& = VelWo = V2 Wy,

for any X € T'(TM). Then, by using the Gauss formula (2.1.14) we get

VxWi1 =0, Vpy,Ws= Vw, W1 =0,

1
_2\/557
VeWs = Vi, € = V2 Wa.
Thus,
B(Wy, W) = 0= B(Wy, Wa), B(Wa, Wa) = —V2 (23 + 23).

For the benefit of readers we reproduce from [149] the local Gauss-Weingarten
equations expressed in a coordinate system on M, all coefficients of the induced
linear connection V on M and the two local second fundamental forms.

The 1-dimensional RadTM on M is obviously integrable. Therefore, there
exists an atlas of local charts {U;u°,...,u™} such that £ = 9,0 € I'(Rad TMy).
Let {& = 040,042, N} be the local field of frames on M, where {& = 9,0, 8,q} is
a local field of frames on M. With respect to the Levi-Civita connection V on M
and by using local Gauss-Weingarten equations and B(X, ) = 0, we obtain

Vs, ,0us = Lo40u0 + T5y0ue + Bap N,
Vs, Ouo = T00u0 + T,
Vo,00us =9 0y +T¢ Sy,
Vo,o0u0 =2 0o,

Ve N = —AS8,c + T, N,

Vo,o N = —AS0uc + 1,N,
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where {T'¢,, I'2, T¢, T To T2 T21 are the coefficients of the induced linear
connection V on M with respect to the frames field {90, dyua}; {AS, AS} are
the entries of the matrix of Ay : I'(T'M|y) — I'(S(T'M)|y) with respect to the
basis {dya, Ouo} and {dya} of I'(T'M|y) and I'(S(T'M)|y) respectively; Bup =
B (6ya, 0yp) = B (Oya, Oyp); To =T (Oya)y To =T (Oyo).

Taking into account the Lie-bracket [X, Y] = (X%9,Y? — Y%9,X")0d, with
respect to a natural frames field we obtain

- 08, 88
[5u“a 5ub] = Sabau"a Sab - (S’U,b Sl P
and oy
5ua7 ue | — — uo -
[ I= 5.9

As V is torsion-free, using the Bianchi identity (1.2.8) and the above two relations,
we obtain
Sy
ab = Lba s Top =Tha + Sba s oy =15, 5 Iy = Zo+auo’

and
Bab = Bba .

Further on, we decompose the following Lie brackets:
[N, 6yc] = N°Oyo + N%6,a 4+ NN,
[N, auo] == Noauo + Ngauc + NON.

With respect to the non-holonomic frames field {d,0, N, 6,0} of M, the semi-
Riemannian metric § has the matrix

where gab = G (0ya, 0yp) = g (Oya, Oyv) are the functions in (1.4.2). As the matrix
[ gab(u)] is invertible, consider its inverse matrix [ g?®(u)]. Then, by using Koszul’s
identity (1.2.7) and all the above equations, we obtain

b L ca[09ad , O9bd _ Ogab
ab ™ 9 oub dua sud |’
o 1 C C C
ab — 5 {Sba + Nbgca + Nagcb - N(gab)} = gacAb7
1 (90Sy . . 0S8y
I'% == —— + N+ NSqap ¢ = GpcAS = -7,
ob = 5 {8u0+ b+ Nog b} 9b o+8u0 Tb
c c 1 ca agab
1—‘bo = =39

ob ™ 9 oue’
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Fgo = No = —To,
71 agab
2 Oue’

By using these, we obtain

Bab =

*Zb = Zb ) *Zio = Fgo7
Cab =C (5ub7 5ua) = ng = gacAga
Co = C(0yo,0ua) =T2, = g A¥
A*g = gacBbc = _nga

where {I'*;,, I'*7 } are the coefficients of the metric connection V* on S(T'M)
with respect to the frames field {Jye, dyc} and A*y are the entries of A} , with
respect to the basis {9y }.

Remark 2.1.3. A comprehensive ground work on the geometry and physics of all
possible types of geodesic and non-geodesic null curves in semi-Riemannian man-
ifolds, supported by several examples and their fundamental existence theorems,
is available in [153, 156, 242, 243, 244, 245, 246], with potential for further re-
search in this direction. Also, more details on the basic general results on lightlike
hypersurfaces are available in [18, 149, 156].

2.2 Screen conformal hypersurfaces

It is well known that the second fundamental form and the shape operator of a
non-degenerate submanifold are related by the metric tensor field. Contrary to this
we see from (2.1.25) and (2.1.26) that in case of lightlike hypersurfaces, there are
interrelations between the second fundamental forms of the lightlike hypersurface
M and its screen distribution S(TM) to their respective shape operator Ay and
Az. Thus, the geometry of a lightlike hypersurface depends on a choice of screen
distribution which plays an important role in studying differential geometry of
lightlike hypersurfaces. Moreover, S(T'M) being non-degenerate, its geometry is
classical. Thus, one may propose the following problem:

Find a class of lightlike hypersurfaces, whose geometry is essentially the same as
that of their chosen screen distribution.

As the shape operator is an information tool in studying geometry of sub-
manifolds, we are led to consider lightlike hypersurfaces whose shape operators are
the same as the one of their screen distribution up to a conformal non-vanishing
smooth factor in F(M). More precisely

Definition 2.2.1. [19] A lightlike hypersurface (M, g, S(T'M)) of a semi-Riemann-
ian manifold is called screen locally conformal if the shape operators Ay and AE
of M and S(TM), respectively, are related by

Ay = p A (2.2.1)
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where ¢ is a non-vanishing smooth function on a neighborhood ¢ in M.

In particular, we say that M is screen homothetic if ¢ is non-zero constant.
To avoid trivial ambiguities, we take I/ connected and maximal in the sense that
there is no larger domain U’ O U on which the relation (2.2.1) holds. In case
U = M the screen conformality is global.

Example 4. Let R’f+2 be the space R"*2 endowed with the semi-Euclidean metric

n+1 n+1
7]
= 0,0 a, a A
T,Y)=—T + T T = T —).
g(z,y) Y a§:1 Y ( AE:O gy,

The light cone A2 is given by the equation —(20)2 4+ 3 "*1(2%)2 = 0, 2 # 0. Tt is
known that Ag+1 is a lightlike hypersurface of R"+2 and the radical distribution
is spanned by a global vector field

n+1

&= Zax axA (2.2.2)

on AJ™!. The unique section N satisfying (2.1.7) is given by

n+1

1
N = W{_ 8360 + Z a -} (2.2.3)

and is also globally defined. As £ is the position vector field we get
Vxé=VxX =X, VXecl(TM).
Then, A X +7(X)§ + X =0. As A7 is I'(S(T'M))-valued we obtain
AgX = -PX, VX eI(TM). (2.2.4)

Next, any X € T(S(TAJt")) is expressed by X = Z”H X“ -a where
(XY, X" satisfy

n+1

> atXe=0 (2.2.5)
and then
n+1n+l1 aX“

VeX=VeX=)> >"a A@:cA WL,

A=0a=1

n+1 n+1 8X“ n+1

g(VeX, ) => > aa? =) a"X*=0 (2.2.6)

A=0a=1 a=1
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where (2.2.5) is differentiated with respect to each z#. From (2.2.5) and (2.2.6)
we obtain VX € F(S(TASH)), that is, Axy¢ = 0. Compute Ay X for X €
D(S(TALT). Let X, Y € T(S(TA™)). Using (2.2.3) and (2.2.5) we obtain

_ 1
C(X,Y)=g(VxY,N)=g(VxY,N) = *WQ(XaY),
T
that is,
1
IANXY) = =0 Tse(XY) X, Ve D(S(TAGH).
X
Therefore, we have
AyX = —— - _PX X er(rarth). (2.2.7)
2(z0)

Taking into account (2.2.4) and (2.2.7) we infer the relation

1
AnX = —— S AIX, X e (TAYT),

2(x0)?

that is, ABL‘H is a screen globally conformal lightlike hypersurface of R?+2 with
positive conformal function ¢ = W globally defined on Ag‘“.
Proposition 2.2.2. Let (M, g, S(TM)) be a lightlike hypersurface of (M ,g). Suppose
S(TM) is integrable and any leaf of S(TM) is totally umbilical immersed in M
as a codimension 2 non-degenerate submanifold with nowhere vanishing spacelike
mean curvature vector field. If the screen distribution is parallel along integral
curves of the radical distribution, then M is screen locally conformal.

Proof. Let us denote by M’ a leaf of S(T'M). We have
VxY =VLY +C(X,Y)¢+ B(X,Y)N, VX,Y e[(TM'). (2.2.8)

The mean curvature vector field of M’, say H*, is a vector field of the rank 2
bundle (TM~* @ tr(TM)), that is the normal bundle of M’ in M. Therefore, there
exist two smooth functions a and p such that H* = «€ + pN. Since M’ is totally
umbilical immersed in (M, g), we have

C(X,Y)+ B(X,Y)N =g(X,Y)(af +pN) VX,Y e (TM").
Therefore, it follows that
B(X,Y)=pg(X,Y) and C(X,Y)=ag(X,Y) VX, Y e(TM"). (2.2.9)

Also, as (H*, H*) = 2ap and H* is nowhere vanishing spacelike, we get ap > 0
on M. From (2.2.9), C(X,Y) = ¢B(X,Y) VXY € I'(TM') with £ > 0 on
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M'. This is equivalent to Ay X = SAzX VX € I'(T'M’). Since S(T'M) is parallel
along integral curves of Rad T M, we have Ay{ =0= %Agf . Thus,

AnX =2 4;X VX eT(TM).
5 A

Therefore, M is screen conformal with ¢ = % O
Remark 2.2.3. If M is of constant sectional curvature ¢, then for ¢ # 0 the non-
vanishing condition on H* is not necessary, for in this case, we always have a £ 0
at every point.

Theorem 2.2.4. Let (M, g, S(T'M)) be a lightlike hypersurface in a Lorentzian man-
ifold (M,g). The following assertions are equivalent:

(a) (M,g,S(TM)) is screen locally conformal.

(b) There is a (mazimal) domain U in M on which M and its screen distribution
have commutative shape operators. Moreover, their corresponding principal
curvatures are the same up to a mowhere vanishing smooth function ¢ on

uchM.

Proof. 1If (M, g,S(TM)) is screen locally conformal, then on the conformality do-
main U, there exists a nowhere vanishing smooth function ¢ such that Ay X =
pA{X for all X tangent tod C M. Then, the commutativity of the shape opera-
tors Ay and Az is immediate on . Hence, there is a local frame field with respect
to which A’g and Ay are simultaneously diagonal. Therefore, consider on U C M
an eigenframe field (Ey,...,E,) both for Ay and AE. If p; and A; denote the
principal curvatures corresponding to F; with respect to Ax and AZ respectively,
then by (2.2.1), u; = ¢ A; and the last assertion in (b) follows.

Conversely, assume (b). The commutativity of the shape operators Ay and
AE implies the existence on U of a frame field (Ey, ..., E,) with respect to which
Ay and AZ are simultaneously diagonal. Let p; and A; denote the principal cur-
vatures corresponding to E; with respect to Ay and Az. The last assertion in (b)
requires that there exists on U, a nowhere vanishing smooth function ¢ such that
wi = @ X, 0 < i < n. Decompose a tangent vector X € TU on the frame field
(Ey, ..., E,) such that X = X'E;. Then,

ANX = AN(X’LEZ) = XiANEi = XZ/J@E,L = XZ(‘D)\lEl
=0 (X'NE;) = oX'A{E; = A} (X'E;) = pA{X.
Thus, (2.2.1) holds for a non-vanishing smooth function ¢ on U C M. O

Remark 2.2.5. On the eigenspace, say Ny, of the zero eigenvalue of AZ, we note
the following. Let S denote a sub-bundle of S(T'M) defined by

S = Span{A{Y,Y € T(TM)}.
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Then,
No = Span{AfY,Y € (T M)} = 8§+~

where 1 s is the orthogonality symbol in M. In particular, if S coincides with
S(TM), then any eigenvector field in Ny is a multiple of &.

Now we discuss a related issue of integrability of a screen distribution which
is equally important as a geometric property. Although the 1-dimensional Rad T'M
of a lightlike hypersurface M is obviously integrable, in general, any screen distri-
bution is not necessarily integrable. Indeed, we have the following example:

Example 5. Let (R3, ) be a 4-dimensional semi-Euclidean space of index 2 with
signature (—, —, +, +) of the canonical basis (Jp, ..., 93). Consider a hypersur-
face M of Rj given by

x3 = xo +sin(x1 + x2), x1+x2 £ 0w, n € Z.

It is easy to check that M is a lightlike hypersurface whose radical distribution
Rad T M is spanned by

& =0y + cos(x1 + x2)01 — cos(z1 + x2)02 + Os.

Let V = 0y + cos(x1 + 22)0y, then, g(V, V) = g(&, V) = — (1 + cos®(x1 + x2)).
Thus, as per relation (2.1.7), the lightlike transversal vector bundle is given by
Itr(T'M) = Span{N}, where

-1

N = 50+ cos2(1 + 22)) {00 + cos(z1 + 22)01 + cos(x1 + x2)02 — I3} .

The tangent bundle TR is spanned by

0 0 0
{8u0 = 0o + 03, o = 01 + cos(z1 + x2)03, Dus = 0y + cos(z +x2)83} .

It follows that the corresponding screen distribution S(7'M) is spanned by
{Wl = COS(.’L‘l + 3?2)80 — 01, Wo=09+ COS(.’L‘l + 1]2)83 } .

In this case [Wl, WQ] = le WQ — ?W2W1 = SiIl(Il + 132){(90 + 63} Thus,

i sin(r1 + x2)
Wi, Wa|, N) =
g([Wi, Wa], N) 1+ cos?(z1 + 22)’

which implies that S(T'M) is not integrable.

The following general result gives equivalent conditions on other induced
objects for the integrability of a screen distribution.

Theorem 2.2.6. [51] Let (M, g, S(T'M)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, g). The following assertions are equivalent:
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(i) S(TM) is an integrable distribution.
(i) p*(X,Y)=h*(Y, X),VX,Y e T(S(TM)).
(iii) The shape operator of M is symmetric with respect to g, i.e.,

g(Av X, Y) = g(X, AyY), VX, Y € I(S(TM)), V € T(tx(TM)).

Proof. (2.1.17) implies that a vector field X on M belongs to S(T'M), if and
only if, on each Y C M we have n(X) = 0. By using (2.1.23) and (2.1.17) we
get C(X,Y)-C(Y, X) =n(X,Y]), VX,Y e€I'(I'My), which together with
(2.1.21) implies the equivalence of (i) and (ii). The equivalence of (ii) and (iii)
follows from (2.1.26), which completes the proof. O

Definition 2.2.7. If any geodesic of a lightlike hypersurface M with respect to an
induced connection V is a geodesic of M with respect to V, we say that M is a
totally geodesic lightlike hypersurface of M.

Observe that, as in the non-degenerate case, we say that the vanishing of
on M is equivalent to M totally geodesic in M.

Note. Just as locally product Riemannian or semi-Riemannian manifolds (see
[317]), if S(T'M) is integrable, then, M is locally a product manifold C x M’
where C is a null curve and M’ is a leaf of S(T'M). The following holds from the
above theorem.

Proposition 2.2.8. [51] Let (M, g, S(TM)) be a lightlike hypersurface of (M, g).
Then the following assertions are equivalent:

(i) S(T'M) is parallel with respect to the induced connection V.
(ii) h* wvanishes identically on M.
(iii) An vanishes identically on M.
For the screen locally conformal lightlike hypersurfaces we have the following.

Theorem 2.2.9. Let (M, g,S(TM)) be a screen locally conformal lightlike hyper-
surface of a semi-Riemannian manifold (M,g). Then the screen distribution is
integrable. Moreover, M is totally geodesic or totally umbilical in M if and only if
any leaf M' of S(TM) is a codimension 2 non-degenerate submanifold in M .

Proof. We know from Theorem 2.2.6 that the screen distribution is integrable if
and only if the shape operator of M is symmetric with respect to the induced
metric tensor g. The integrability assertion follows relation Ay = @Ag and the
symmetry of A7 with respect to g. For the last assertion we let X, Y be tangent
vector fields of the leaf M’ of a screen distribution and b’ be its second fundamental
form in M as a codimension 2 non-degenerate submanifold. Denote by V* the
Levi-Civita connection of M’. We have

VxY =VLiY +C(X,Y)¢ + B(X,Y)N
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which leads to

VxY = VY + (A X, Y) (96 + N)VX,Y € T(TM'|y)

that is

R(X,Y)=B(X,Y)(g¢ + N) = 2Iw|B(X,Y)<\/;—¢§+ \/21|7N>

%) 1

£+
V2l V2lel
As /2|¢| is nowhere zero and B(X,€) =0 for X in I'(T'M’) the last assertion in
the above stated theorem follows. O

N is a unit normal vector field on M’.

VX,Y € I(TM'|y). where

2.3 Unique existence of screen distributions

Although the use of a non-degenerate screen distribution S(T'M) has been helpful
in defining induced objects on the lightlike spaces, because of the degenerate met-
ric, S(TM) is not unique. Therefore, several induced geometric objects depend
on the choice of a screen, which creates a problem. For this reason, it is desirable
to look for a unique or canonical screen distribution so that the induced objects
on M are well-defined. To clarify this point, we first present a brief review of
the dependence (or otherwise) on the choice of a screen distribution, followed by
up-to-date information on the existence of large classes of lightlike hypersurfaces
which can admit a unique screen subject to some reasonable condition(s).

Using (2.1.4), (2.1.6) and Section 1 of Chapter 1, we say that there exists a
quasi-orthonormal basis of M along M, given by

F={&N,W,}, ac{l,. .. m}, (2.3.1)

where {£}, {N} and {W,} are the null basis of I'(Rad T'M,), T'(tr(T'M);;) and the
orthonormal basis of I'(S(T'M)), respectively. Consider two quasi-orthonormal
frames fields F' = {&, N, W,} and F' = {{, N’, W/} induced on Y C M by
{S(TM), tr(TM)} and {S"(TM), (tr) (T M)}, respectively for the same £. Using
(2.1.6) and (2.1.8) we obtain

m

Wo=> WiW, — e £¢),
b=1

N =N +f¢+ ZfaWa,

a=1

where {e,} are signatures of the orthonormal basis {W,} and W?, f and f, are
smooth functions on U such that [Wé’] are m X m semi-orthogonal matrices.
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Computing g(N’, N') = 0 by using (2.1.6) and §(W,, W,) = 1 we get
of + ) eq(fa)’ =0.
a=1

Using this in the second relation of the above two equations, we get

W, = Z Wo (W, — e £,€), (2.3.2)
b=1
N =N — % {Z €a (fa)2} £+ Z £, W,. (2.3.3)
a=1 a=1

The above two relations are used to investigate the transformation of the induced
objects when one changes the pair {S(TM), tr(TM)} with respect to a change
in the basis. Following are main results on the dependence (or otherwise) of the
second fundamental form of M, the function 7 on a chosen screen S(T'M) and a
chosen section ¢ € I'(Rad(T'M)) respectively.

Proposition 2.3.1. [149] Let (M, g, S(T'M)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, g). Then

(a) the second fundamental form B of M on U is independent of S(TM).

(b) B and the 1-form 7 ( in the Weingarten equation) depend on the choice of a
section & € I'(Rad(T'M)y).

(¢c) dr is independent of the section &.

Proof. Let S(T'M) and S(T'M)" be two screens on M with h and A’ the second
fundamental forms corresponding to tr(T'M) and tr(TM)’, respectively. Using
(2.1.9) and (2.1.11) for both screens we have

B(X,Y)=g(VxY, &) = B'(X,Y), VX,Y eT(TMy). (2.3.4)

Thus, B = B on U, which proves (a). Take € = a&, for some function a. Then, it
follows that N = (1/a)N. From (2.1.14) and (2.1.15) we obtain

B=aB, 7(X)=7(X)+ X(loga), (2.3.5)
for any X € I'(T'M|,), which proves that B and 7 depend on the section £ on U,

proving (b). Finally, taking the exterior derivative d on both sides of the second
term of (2.3.5) we get dr = d7 on U, which completes the proof. O

To study the dependence of the induced objects {V, 7, Ay, A{} on the
screen distribution S(TM), let {V', n’, Ay, A*¢} be another set of induced
objects with respect to another screen distribution S(T'M)" and its transver-
sal bundle tr(T'M)'. Consider two quasi-orthonormal frames F = {¢, N, W, }
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and F' = {¢ N’', W/} induced on the coordinate neighborhood &Y C M by
{S(TM), tr(TM)} and {S"(TM), (tr) (T M)} respectively. Using the transforma-
tion equations (2.3.4) and (2.3.5) we obtain relationships between the geometrical
objects induced by the Gauss-Weingarten equations with respect to S(TM) and
S(TM) as follows:

V4Y =VxY + B(X,Y) {% <§: ea(fa)2> £ — Zm: f, Wa} , (2.3.6)

a=1 a=1

(X)=7(X)+B(X, N - N), (2.3.7)

AN X = AnX + > {eafaX (£a) = 7(X)ea(fa)?

a=1

- %ea(fa)2 B(X,N - N') - f,C(X, Wa)}f

+ i {fa (7(X) + B(X, N' = N)) = X (fa)} W

a=1
m 1 m
- > RV Wa— 3 D ealfa)’ALX, (2.3.8)
a=1 a=1
A X =A; X +B(X,N-N)¢, VX,Y eD(TMy). (2.3.9)

The following result is immediate from (2.3.6), (2.3.7) and (2.3.9).

Proposition 2.3.2. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold. Then, the induced connection V on M, the 1-form T in
(2.1.12) and the shape operator A in (2.1.24) all three are independent of S(T'M),
if and only if, the second fundamental form h of M wvanishes identically on M.

Note. It follows from (2.3.8) that the shape operator Ax depends on the choice of
S(TM) even if h vanishes identically on M.

Now, we ask the following question: Is the local screen second fundamental
form C' independent of its choice? The answer is negative. Indeed, we prove the
following result with respect to a change in screen.

Proposition 2.3.3. [19] The screen second fundamental forms C' and C' of the
screens S(T'M)and S(TM)', respectively, are related as follows:

C'(X, PY)=C(X, PY) — %II W|?B(X,Y)+ g(VxPY, W), (2.3.10)

where W = Z;nzl f, W, is called the characteristic vector field.

Proof. Using (2.3.3) and (2.3.6) we get
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C'(X, PY) = g(VxPY, N')

_7 (vxpy L B(X, Y){%(f: (66— S ), N/>

g(VxPY, N)+g(VxPY, > £.W,)

a=1

m m

+ B(X’ Y) {;(Z ga(fa)2) - Zig(fawa;fbwb)}

a=1 b=1a=1

1
= C(X, PY) +g(VxPY, W) = o|| W|’B(X, Y)

which is the desired formula. O

The above problem of interdependence has been a matter of concern in the
lightlike geometry. As an alternative approach, one finds a large variety of papers
on lightlike spaces where the authors use a specific method suitable for their prob-
lem. For example, Akivis-Goldberg [2, 3, 4] ; Bonnor [77]; Leistner [285]; Bolds [74]
are some samples of many more in the literature. Also, Kupeli [273] has shown that
S(TM) is canonically isometric to the factor vector bundle TM* = TM/TM*
and used canonical projection w : TM — TM* in studying the geometry of de-
generate semi-Riemannian manifolds. Obviously, one is tempted to use Kupeli’s
method of replacing screen distribution by the factor bundle TM/Rad T'M, but, it
leads to the intrinsic geometry whereas this book deals with the extrinsic geometry
which is in line with the classical theory of submanifolds [45, 97]. Consequently,
although specific techniques are suitable for good applicable results, nevertheless,
for the fundamental deeper geometric study of lightlike spaces, one must look for
a canonical or a unique screen distribution. Fortunately, since 1996, a considerable
amount of new work has been done on a canonical or unique screen for a variety
of lightlike hypersurfaces. The objective of this section is to present up-to-date
information on results leading to the existence of a unique screen.

As the shape operator is an information tool in studying geometry of subman-
ifolds, we use the technique of Atindoghe-Duggal[19] as presented in the previous
section and consider a class of screen conformal lightlike hypersurfaces satisfying
the relation (2.2.1). It follows from (2.1.25), (2.1.26) and (2.2.1) that the two sec-
ond fundamental forms B and C of a screen conformal lightlike hypersurface M
and its S(T'M), respectively, are related by

C(X,PY) = ¢B(X,Y), VX,Y €T(TMy). (2.3.11)
Denote by S! the first derivative of S(T'M) given by
S*(z) = Span{[X,Y]|., X., Y. € S(T.M)}, Yz € M. (2.3.12)

Let S(TM) and S(TM)’ be two screen distributions on M, h and A’ their sec-
ond fundamental forms with respect to tr(TM) and tr(TM)' respectively, for
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the same ¢ € I'(TM~|y). Denote by w the dual one-form of the vector field
W =3" £, W, (see equation (2.3.10)) with respect to the metric tensor g, that
is

w(X) =g(X, W), VX eT(TM). (2.3.13)
Following is the main result on the existence of a unique screen distribution:

Theorem 2.3.4. [142] Let (M, g, S(TM)) be a screen conformal lightlike hypersur-
face of a semi-Riemannian manifold (M, g), with S* the first derivative of S(T M)
given by (2.3.12). Then,

(1) a choice of the screen distribution S(TM) of M satisfying (2.2.1) is inte-
grable.

(2) The one-form w in (2.3.13) vanishes identically on S*.

(3) If St coincides with S(TM), then, M can admit a unique screen distribu-
tion up to an orthogonal transformation and a unique lightlike transversal
vector bundle. Moreover, for this class of hypersurfaces, the screen second
fundamental form C is independent of its choice.

Proof. Tt follows from (2.1.25) that, for any lightlike hypersurface, the shape op-
erator A¢ of S(TM) is symmetric with respect to g, i.e.,

g(ALX, Y) = g(ALY, X), Y X,Y eT(S(TM)), ¢eT(RadTM).

This result and the relation (2.3.10), along with Theorem 2.2.6, imply that any
choice of screen distribution of a screen conformal lightlike hypersurface M is
integrable, which proves (1).

As S(TM) is integrable, S! is its sub-bundle. From the relation (2.3.10),
since its right-hand side is symmetric in X and Y, we obtain

g(VxPY —VyPX, W) =0, VX,Y eI(TM).

Thus, g(VxY — VyX, W) = 0, VX,Y € I'(S(TM)), that is, w([X,Y]) =
g([X, Y], W)=0, VX,Y eI(S(T'M)), which proves (2).

Assume S! = S(T'M), that is, w vanishes on S(T'M), which implies from
(2.3.13) that W = 0. This means that the functions f, vanish. Thus, the transfor-
mation equations (2.3.3) and (2.3.4) become W, = Y, W2W,, (1 <a < m)
and N’ = N, where (W?) is an orthogonal matrix of S(T, M) at any point x of
M, which proves the first part of (3). The independence of C follows by putting
W =0 in (2.3.10) which completes the proof. O

Based on the above theorem, one may ask the following converse question.
Does the existence of a canonical or a unique distribution S(T'M) of a lightlike
hypersurface imply that S(T'M) is integrable? Unfortunately, the answer, in gen-
eral, is negative, which we support by an example. First we recall the following
known results from pages 114-117 of [149]:
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(a) There exists a canonical screen distribution for any lightlike hypersurface of a
semi-Euclidean space RZ""*‘Q. In particular, the canonical screen distribution
on a lightlike cone of R}**? is integrable.

(b) The canonical screen distribution on any lightlike hypersurface of R?H'Q is
integrable.

Observe that in Example 1 we have shown that there exists a non-integrable
screen distribution of a lightlike hypersurface in R3. Connecting this with the
above quoted results we conclude that, in this case, there do exist a canonical or
unique screen distribution which is not integrable. Consequently, in general, the
answer to the above question is negative.

Now we show that, although every screen conformal lightlike hypersurfaces
admits an integrable screen distribution, not every such integrable screen coincides
with a corresponding canonical screen, that is, there are cases for which S! #
S(T'M). Following is such a class:

Example 6. Consider a smooth function F' : Q — R, where €2 is an open set of
R™*!. Then

M={(@" ....,a") e RP? : 20 = F(a', ..., 2™}
is a Monge hypersurface [149]. The natural parametrization on M is

2 =F°% 0™ 2T =0, ae{0,...,m}.
Hence, the natural frames field on M is globally defined by

Opa = F;a+1a;50 + Opa+t1, o€ {07 ceey m} .

Then
q—1 m+1
§=0p0 — Y FOpe + > Flo O
s=1 a=q

spans TM~. Therefore, M is lightlike (i.e., TM+ = RadTM), if and only if,
the global vector field £ spanned by Rad T'M which means, if and only if, F is a
solution of the partial differential equation

q—1 m+1
DA YA
s=1 a=gq

Along M consider the constant timelike section V* = 9,0 of I'(TR}**?). Then
g(V*, &) = —1 implies that V* is not tangent to M. Therefore, the vector bundle
H* = Span{V*, ¢} is non-degenerate on M. The complementary orthogonal vector
bundle S*(T'M) to H* in TRgL‘|r2 is a non-degenerate distribution on M and is
complementary to RadTM. Thus S*(T'M) is a screen distribution on M. The
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transversal bundle tr*(T'M) is spanned by N = —V* + 1¢ and 7(X) = 0 for
any X € I(TM). Indeed, 7(X) = g(VxN, §) = 35(VxE, &) = 0. Therefore,
the Weingarten equations reduce to Vx N = —AyX and Vx§ = —AEX7 which
implies

1 *
AvX = ) A;X, VX € T(TM).

Hence, any lightlike Monge hypersurface of RZI”+2 is screen globally conformal
with constant positive conformal function p(z) = %

We call S*(T'M) the natural screen distribution. Furthermore, it is easy to
see from the above construction that in the case ¢ = 1 only, the natural and the
canonical screen distributions coincide on lightlike Monge hypersurfaces. However,

in general, they are different as explained by the following example:

Example 7 [149]. Let M : % = 29+ 1 (2" + 22)? be a lightlike hypersurface in Rj.
It is easy to see that

0
€L
TM— = Span {f = ﬁ + (Il +332)

—(I1+x2)i+ 9

dat
Take as lightlike transversal vector bundle tr(7'M) spanned by a vector field

0 0
“9”1”2)@‘@)

N = 1 <i+ (x1+x2)

2(1+ (2! 4 22)2) \ 920 ozt

It follows that the canonical screen distribution S(T'M) is spanned by

L0 e D 0 D
{Wlaxl (@ +x)ax0’W2*ax2+(“ +x)8x3 '

On the other hand, if we follow the above construction for M as a Monge hyper-
surface of R4, then, the natural screen distribution is spanned by

*—i i Qi . *_i 1 Qi
{Wl _axl—’_(‘r +x)a$3 ’ W2 _81'2+(‘r +x)81'3}’

which does not coincide with the above canonical screen distribution.

Now, one may ask whether there exists a general class of semi-Riemannian
manifolds which admit screen conformal lightlike hypersurfaces and, therefore,
can admit an integrable unique screen distribution. To answer this question in the
affirmative, we prove the following result:

Theorem 2.3.5. [143] Let (M,g,S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M(;”H, 3), with E a complementary vector bundle of T M~
in S(TM)* such that E admits a covariant constant timelike vector field. Then,
with respect to a section & of RadT M, M is screen conformal. Thus, M can admit
an integrable unique screen distribution.
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Proof. By hypothesis, consider (without any loss of generality), along M, a unit
timelike covariant constant vector field V' € I'(Ey,). To satisfy the condition given
n (2.1.7), we choose a section £ of RadTM such that g(V, &) # 0. For conve-
nience in calculations, we set g(V, ) = 6~!. It follows that the vector bundle
B = Span{V, £} is non-degenerate on M. Take the complementary orthogonal
vector bundle S(TM) to B in TM, which is a non-degenerate distribution on M
complementary to Rad T M. This means that S(T'M) is a screen distribution on
M such that B = S(T M)+, which we choose as a screen distribution on M. Using
this and (2.1.7), the null transversal vector bundle of M takes the form

=0V + gg). (2.3.14)

Using (2.3.14) in (2.1.14) and (2.1.24) we get

r(X) = g(Vx N, = X(O)g(V, €) + 5 (07 9(Vx &, €)
= X(9)(0)"' = X(In#). (2.3.15)

Using this value of 7, (2.3.14) and (2.1.12) we get
Vx N=X(O)V+0X(0)¢+ %92%{
= X(0)V + %9}((9)5 - % 0° A{X. (2.3.16)
On the other hand, substituting the value of 7 in (2.1.15), we get
VxN=-Ay X+ X(0)V + %9){(9)5. (2.3.17)

Equating (2.3.16) and (2.3.17), we obtain Ay = (6%/2) AZ. Thus, by definition,
M is a screen conformal lightlike hypersurface of M with conformal function
¢ = 6?/2. Finally, the existence of an integrable and possibly a unique screen
distribution S(TM) (if there is an S' = S(T'M)) follows from Theorem 2.3.4,
which completes the proof. O

Remark 2.3.6. (a) In [4], Akivis-Goldberg pointed out that a canonical construc-
tion of a lightlike hypersurface M in a semi-Euclidean space RZH‘Q was neither
invariant nor intrinsically connected with the geometry of M. Therefore, in the
same paper [4], they constructed invariant normalizations intrinsically connected
with the geometry of M and investigated induced linear connections by these nor-
malizations, using relative and absolute invariants defined by the first and the sec-
ond fundamental forms of M. They further showed that there are three invariant
normalizations and linear connections intrinsically connected with the geometry
of lightlike hypersurface M in 4-dimensional semi-Euclidean spaces.
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(b) As in the case of semi-Euclidean spaces, following the procedure in Akivis-
Goldberg’s paper [4], there is a need to construct invariant normalizations in-
trinsically connected with the geometry of a lightlike hypersurface M of a semi-
Riemannian manifold.

(¢) In another direction, recently in [150] an attempt was made to study a
set of distinguished structures, denoted by (S(T'M),£), on a Lorentzian manifold
M which are useful for a variety of geometric and or physical problems, where £
is a global null section of Rad T'M. It has been shown that there is a large class
of lightlike hypersurfaces of Lorentzian manifolds with distinguished structures,
including a unique structure (see their Theorem 5), having good properties. In the
same paper, they have given a lightlike version of Raychaudhuri’s equation and
found integrability conditions for some well-chosen distinguished structures. Since
the result of Theorem 2.3.5 of this book and the paper [134] was not available at
the time of writing the paper [150], its results can be further strengthened.

2.4 Induced scalar curvature

In this section we deal with a new concept of the “Induced scalar curvature” of
a lightlike hypersurface (M, g, S(TM)) of a semi-Riemannian manifold (M, g).
Denote by R, R and R* the curvature tensors of the Levi-Civita connection V on
M and the induced connections V and V* on M and S(T M), respectively. Since
the second fundamental form h(X, Y) belongs to tr(T'M) we set

(Vxh)(Y, Z) = Vi (h(Y, Z)) — h(VxY, Z) — (Y, Vx Z).

Then, using (1.2.7), (2.1.9) and (2.1.10) we obtain

R(X,Y)Z =R(X,Y)Z + Anx, 2)Y — Any, 20X
+ (Vxh)(Y, Z) = (Vyh)(X, Z),

VX, Y, Z € T(TM). Consider curvature tensor R of type (0,4). From the above
equation and the Gauss-Weingarten equations for M and S(T'M) we obtain:

G(R(X,Y)Z, PW) = g(R(X, Y)Z, PW) + g(h(X, Z), h* (Y, PW))

— (MY, 2), h*(X, PW)), (2.4.1)
9(R(X,Y)Z, U) = g(Vx W)Y, Z) = (Vy h)(X, Z), U), (2.4.2)
J(R(X,Y)Z,V)=g(R(X,Y)Z, V), (2.4.3)

forany X, Y, Z, W e I'(TM), U e T(RadTM), V € T'(tr(TM)). We call (2.4.1)—
(2.4.3) the global Gauss-Codazzi type equations for the lightlike hypersurface M.
Now using the local Gauss-Weingarten equations with respect to a null pair {£, N}
on U C M we obtain
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G(R(X,Y)Z,PW) = g(R(X,Y)Z,PW) + B(X, Z)C(Y, PW)

— B(Y, Z)C(X, PW), (2.4.4)
J(R(X,Y)Z, &) = (VxB)(Y,Z) - (VyB)(X, Z)
+ B(Y, Z)r(X) — B(X, Z)r(Y), (2.4.5)
§(R(X,Y)Z,N) = g(R(X,Y)Z,N), (2.4.6)
g(R(X,Y)PZ,PW) = g(R*(X,Y)PZ, PW) + C(X,PZ)B(Y, PW)
— C(Y,PZ)B(X, PW), (2.4.7)

for any X, Y, Z, W € I'(TM)y), where
(VxB)(Y, Z2) = X(B(Y, 2)) - B(VxY, Z) = B(Y, Vx Z).
Using (1.2.8) and (1.2.9) in the right-hand side of (2.4.6) we obtain

g(R(X,Y)PZ, N)=(VxC)(Y, PZ)— (VyC)(X, PZ)
+7(Y)C(X, PZ)—1(X)C(Y, PZ), (2.4.8)
Gg(R(X,Y), N)=C(Y, A X) - CO(X, AFY) —2d7(X,Y), (2.4.9)
for any X,Y, Z € I'(T'M,y,) , where we set
(VxO)Y, PZ) = X(C(Y, PZ)) — C(VxY, PZ) — C(Y, Vi PZ)

and in (2.4.9) we use the following well-known exterior derivative formula:
1
dr(X, V) = S {X(7(Y)) = Y (7(X)) - 7([X, Y])}.

Note. Observe that the Gauss-Codazzi equations do depend on the choice of a
screen. Therefore, the new information (as presented in the previous section) on
the availability of a canonical or unique screen is valuable for curvature properties
in lightlike geometry.

For the benefit of readers we reproduce from [149] the local expressions
of Gauss-Codazzi equations in a coordinate system on M. Using a frames field
{0,0,6%, N} on M and {X;} ={0,0,6%} frames field on M for i, j, k, h€{0,...,m},
we have the following local components of curvature tensors R and R:

Rijkn = §(R(Xn, X#)X;, Xi), Rijkn = 9(R(Xn, X)X, X),

quk = g(R(X/ﬁ Xj)Xi7 N)a R‘Ojk: = g(R(Xka Xj)Xi7 N)

? .

Thus, in terms of local coordinates, the local Gauss-Codazzi equations are:

Raped = Raped + CacBra — CaaBoe

Rabod = Ravod + Ca By,
Raocd = Raocd ; Raood = Raooda

Roved = Bye;da — Bvd; ¢ + BoeTh — Bpame = —Rpoca
ojoh = —0y0(Bva) + 'ty Bed — ToBbd = —Rbood »

jau]l
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where we put
Bie:d = 044(Bpe) — Bacl'ty — Bpa 'y
R3y. = Ry = Capc — Cacyp 4+ 1Cac — 7eClab
Rovo = Ry = Cavyo — Casp + 16Ca — 7oCap,
Rope = Rope = Cap(A™)¢ = Cac(A")f +2dr (8,0, bue)
Rpe = Rope = Ca(A")E + 2d7 (Duo, due)

where we set

Cabse = Oue(Cap) = T't.Caa — T.Ca — I'%.Ca,
Cabso = 040 (Cap) — T'yCad — I'5,Ca — I'%,Cas,
Cast = 6,0 (Ca) — T4, Coqg —T9Cy —T4,Cy .
Using the local Gauss-Weingarten equations (see Section 1) in the above equa-
tions, we have the following Gauss-Codazzi equations expressed locally by local
components of h, Ay and 7 as follows:
Rabed = Rabed + gat(ALBya — AL Bye) ,
Rijon = Rijon + 9it AL B,
RYy. = ROy = Gad {Ag; e~ Ag;b + Al — TcAg} )
RZy, = Ry = Yad {Ag; o~ Ag; b+ AL — ToAg} ;

where we set

§AZ ,

A;)i; c= &; - F;)cAg - l?cAcol + F;ic l?’
0AZ ,

Ag;o = aug - onAg - goAg + Pgo gV
JAg 7 o a

Ag; b sub Ii,A —T9 AL + T, A%

Finally, we have

Rsbc = Rgbc = AgBac - AgBab + 2d1 (6ub7 5ur) ,

R°,. = RS, .= A%By. + 2d7 (Dyo, Sue) .

Induced Ricci curvature. Using the equation (1.2.10) of the induced Ricci tensor
Ric of M, let R(>?) denote a (0, 2) tensor on M given by

ROD(X, V) =tr{Z - R(X, Z)Y}, VX,Y eT(TM). (2.4.10)
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Using the above local results, we obtain

Ric(X,Y) = gYg(R(X Y, —

6
7@)

From this we obtain

5 5 § ) g
. _ . — 1] . —_ _—
Ric(X,Y) — Ric(Y, X) = g {0(}(, W)B(Y, W) C(Y, 5uj)B(X, W)}

- 0
F IR Y) 5 V).

Replacing X and Y by 3= O and 5u O respectively we get

i i =0 o 0
Rin — Rnk = A}, Bik — A Bin + Ry, = 2d7 <W’ W) ’

where we put R, = Ric (5uh’ 6u’») Similarly, replacing X and Y by Mh and au,,
respectively, we obtain
0 1)
Roh *Rho = *A Blh+Raoh = 2dT1 (a o' Su h)

where R,;, = Ric (Mh , 6u°)
following important result.

Theorem 2.4.1. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, g). Then the Ricci tensor of the induced connection
V is symmetric, if and only if, each 1-form 7 induced by S(TM) is closed, i.e.,
dr=0, onanyU C M.

and Ry, = Ric (

) Therefore, we obtain the

du° "’ 6uh

Suppose the Ricci tensor is symmetric. By the above theorem and Poincaré’s
lemma we obtain 7(X) = X (f), where f is a smooth function on U. Let o = exp(f)
in the second equation of (2.3.5), then, 7(X) = 0, VX € I'(T'M|y). Thus, we have

Proposition 2.4.2. Let (M, g) be a lightlike hypersurface of (M, g). If the Ricci
tensor of V is symmetric, then there exists a pair {£§, N} on U such that the
corresponding 1-form 7 from the Weingarten equation vanishes.

It is clear from the above that R(%-2) is not symmetric. Therefore, in general,
it is just a tensor quantity. This can also be verified in the following alternative way.
Consider the quasi-orthonormal frame {£; W, } on M, where Rad TM = Span{{}
and S(TM) = Span{W,} and let E = {{, N,W,} be the corresponding frames
field on M. Then, we obtain

ROD(X,Y) = eag(R(X, W)Y, Wa) + g(R(X, )Y, N) (2.4.11)

a=1
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where €, denotes the causal character (£1) of respective vector field W,. Using
Gauss-Codazzi equations, we obtain

g(R(X7 Wa)Y7 Wa) = g(R(X7 Wa)Yv Wa)
4 B(X, Y)C(Wa, W,) — B(Wa, Y)O(X, W,).

Substituting this in (2.4.11), using (2.1.25) and (2.1.26) we obtain

R(O’Q)(X, Y)= Ric(X’ Y)+B(X,Y)tr Ay

for all X, Y € T(TM) and Ric is the Ricci tensor of M. Thus, R(>?) is not
symmetric. Therefore, in general, R(>>?) has no geometric or physical meaning
similar to the symmetric Ricci tensor of M. In the 1996 book [149], R(0:2)  given
by (2.4.10), was called an induced Ricci tensor which is not correct. For this
correction, the following definition was introduced in [142]:

Definition 2.4.3. Let (M, g, S(T'M)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M, g). A tensor field R(%2) of M, given by (2.4.10), is called

its induced Ricci tensor if it is symmetric.

For historical reasons, we still call R(®2) an induced Ricci tensor, but, we
denote it by Ric only if it is symmetric. Now we ask the following question: Are
there any lightlike hypersurfaces with symmetric Ricci tensor? The answer is affir-
mative for screen conformal lightlike hypersurfaces of a semi-Riemannian manifold

of constant curvature for which we prove the following result:

Theorem 2.4.4. [19] Let (M, g, S(T'M)) be a screen conformal lightlike hypersurface
of a semi-Riemannian manifold (M"™*2(c),g) of constant sectional curvature c.
Then, M admits an induced Ricci tensor.

Proof. Using the equation (2.4.13) one can write the general expression of the
Ricci tensor of M as

R**(X,Y) = Ric(X,Y) — g(R({, V)X, N)
+B(X,Y)tr Ay — g(AnX, AZY). (2.4.13)

As M"+2(c) is non-degenerate we have Ric(¢,Y)X = 4 ¢g(X,Y)¢, where one can
take either the sign + or —, depending on the chosen definition of the curvature
tensor. Thus, taking the — sign, (2.4.13) reduces to

Ric(X,Y) = Ric(X,Y) 4+ ¢g(X,Y) + B(X,Y) tr Ay — g(An X, AFY).
Since g and B are symmetric, it follows that
R™(X,Y) - R"*(Y,X) = g(ANY, A{X) — g(ANX, A[Y).
Thus, R**(X,Y) — R%*(Y, X) = @g([Af, Af]Y, X) = 0, completes the proof. [J
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Remark 2.4.5. Observe that, as per Theorem 2.4.1, the existence of a symmetric
Ricci tensor on M is equivalent to d7 = 0, on any 4 C M and 7 need not vanish.
Therefore, only vanishing of dr is needed to get a symmetric Ricci tensor for M.

Proposition 2.4.6. A Ricci tensor of a lightlike hypersurface (M, g), of a semi-Rie-
mannian manifold M, is independent of the choice of the null section of Rad T M.

Proof. Let {¢,N,W1i,...,W,,} be a quasi-orthonormal basis on M , along M,
adapted to the decomposition (2.1.8). Consider another basis {&', N', W/, ..., W/ }
and its corresponding Ricci tensor Ric” with respect to a pair {¢’, N'}. Then, using
the relation & = af and N’ = (1/a)N, for some smooth function « > 0, writing
the corresponding expression of Ric’ in (2.4.11) and comparing them we deduce
that Ric'(X,Y) = Ric(X,Y) VX,Y € I'(T M), which completes the proof. O

Induced scalar curvature. To introduce a concept of induced scalar curvature for
a lightlike hypersurface M we observe that, in general, the non-uniqueness of
screen distribution S(T'M) and its non-degenerate causal structure rules out the
possibility of a definition for an arbitrary M of a semi-Riemannian manifold. Al-
though, as we know from the previous section, there are many cases of a canonical
or unique screen and canonical transversal vector bundle, but, the problem of
scalar curvature must be classified subject to the causal structure of a screen. For
this reason, we start with a hypersurface (M, g, S(T'M)) of a Lorentzian mani-
fold (M, g) for which we know that any choice of S(T'M) is Riemannian. This
case is also physically important (see [2, 3, 4, 74, 77, 139, 150, 285] and many
more cited therein). Let {£; W, } be the quasi-orthonormal frame for T M induced
from a frame {£; W,, N} for TM such that S(TM) = Span{W1, ..., W,,,} and
RadTM = Span{{}. Set X =Y in (2.4.10). Then,

RO (X, X) = ig(}z(x W)X, W) + g(R(X, §)X, N). (2.4.14)
b=1

[\]

Replacing X by & and using (2.4.4), (2.4.5) and (2.4.9) we obtain

Ms

R(07 2)(5’ 5) = ( (57 )57 ) g(R(f’ 5)67 N)

2
Il
—_

Ms

g(R(E, Wa)§, Wa), (2.4.15)

a=1

where the second term vanishes due to (2.4.9). Replacing each X successively by
each base vector W, of S(T'M) and taking the sum we get

ZR(O ,2) (Wa, W, :i{ - g(R(W,, Wy)W,, Wb)}

a=1 a=1

+ f: R(W,, €)W, N). (2.4.16)
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Finally, adding (2.4.15) and (2.4.16) we obtain a scalar r given by

r=RO2(E &+ ROD(W,, W)

a=1

f: {ig Wm Wb Wa; Wb)}

a=1

T Zm: & Wa) + g(R(Wa, §)Wa, N)}. (2.4.17)

a=1

In general, r given by (2.4.17) can not be called a scalar curvature of M since it
has been calculated from a tensor quantity R(* 2. It can only have a geometric
meaning if R(? is symmetric and its value is independent of the screen, its
transversal vector bundle and the null section £. Therefore, we need reasonable
geometric conditions on M to recover its scalar curvature. For this purpose we
introduce the following general concept.

We say that a lightlike hypersurface (M, g, S(T'M)) of a semi-Riemannian
manifold (M, g) and any of its induced objects, denoted by Q°, are of genus s if
the induced metric tensor g| .., is of constant signature s.

Although the above general concept is for the study of a scalar curvature
of lightlike hypersurfaces of a semi-Riemannian manifold, in this book, we re-
strict M to a Lorentzian manifold M. Then, we say that M (labeled by M?) is
a lightlike hypersurface of genus zero with screen S(TM)°. Denote by C[M]° =
[(M, g, S(TM))]® a class of lightlike hypersurfaces of genus zero such that

(a) M admits a canonical or unique screen distribution S(7°M) that induces a
canonical or unique lightlike transversal vector bundle N,

(b) M admits an induced symmetric Ricci tensor Ric.

For geometric and physical reasons, the above two conditions are necessary to
assign a well-defined scalar curvature to each member of C[M?0].

Definition 2.4.7. Let (M, g, £, N) belong to C[M]°. Then, the scalar r, given by
(2.4.17), is called the induced scalar curvature of genus zero of M.

Since S(T'M) and N are chosen, we must assure the stability of  with respect
to a choice of the second fundamental form B and the 1-form 7. Choose another
null section ¢ = af. Then, with respect to & there is another N = (1/a)N
satisfying (2.1.6). It follows from the transformation equation (2.3.5) that for a
canonical or unique vector bundle N, the function « in that relation will be non-
zero constant which implies that, for this case, both B and 7 are independent
of the choice of &, except for a non-zero constant factor. Finally, we know that
the Ricci tensor does not depend on the choice of &. Consequently, r is a well-
defined induced scalar curvature of a class of lightlike hypersurfaces of genus zero.
To show that there exists a variety of Lorentzian manifolds which admit lightlike
hypersurfaces of class C[M]? we prove the following two theorems:
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Theorem 2.4.8. [142] Let (M, g, S(TM)) be a screen conformal lightlike hypersur-
face of a Lorentzian manifold (M (c), ), with S' the first derivative of S(TM)
given by (2.3.12). If St coincides with S(TM), then, M belongs to C[M]°. Con-
sequently, this class of lightlike hypersurfaces admit induced scalar curvature of

genus zero.

Proof. Since 8! = S(T'M), it follows from Theorem 2.3.4 that M admits a unique
screen distribution S(T'M) that induces a unique lightlike transversal vector bun-
dle, which satisfies the condition (a). The condition (b) also holds as Theorem 2.4.4
says that there exists such a class of screen conformal M of M(c) which admits a
symmetric Ricci tensor. U

Consider a class of Lorentzian manifolds (M, g) which admit at least one co-
variant constant timelike vector field. Then, we know from section 3 that this class
admits screen conformal lightlike hypersurfaces (M, g, S(T'M)). Consequently, M
can admit a unique screen distribution which induces a unique lightlike transversal
vector field. This satisfies the condition (a). Thus, using Theorems 2.3.5 and 2.4.4,
we state the following:

Theorem 2.4.9. Consider a lightlike hypersurface (M, g,S(T'M)) of a Lorentzian
manifold (M, g). Let E be a complementary vector bundle of TM* in S(T M)+
such that E admits a covariant constant timelike vector field. Suppose that M
admits a symmetric Ricci tensor. Then, M is a member of C[M]°. Consequently,
this class of lightlike hypersurfaces admit induced scalar curvatures of genus zero.

Physical models. Let (M, ) be an (m + 2)-dimensional globally hyperbolic space-
time manifold [34] with the metric g given by

ds® = —dt® + 6“(dz1)2 & gapdz®da®, 2<a,b<m+1,

with respect to local coordinates (¢, z',...,2™%1), where u is a function of ¢
and z! alone. It is well known that the above prescribed model of spacetimes
admits a timelike covariant constant vector field. Thus, the first hypothesis of
Theorem 2.3.5 is satisfied. Now we construct a set of two lightlike hypersurfaces
of M. Let E = {eg,e1,...,em+1} be an orthonormal basis, such that eg is time-
like and all others are spacelike unit vectors. Transform E into another basis
E = {0y, Oy, €2, ..., emy1} such that 9, and 9, are real null vectors satisfying
G(du,0,) = 1 with respect to new coordinates {u, v, #2,...,2™"1}. Then, the line
element of g transforms into

ds®> = —A%(u,v)dudv + Gapdz® da®, 2 <a,b<m+1,

for some function A(u,v) on M. The absence of du? and dv? in the above line
element implies that {v = constant} and {u = constant} are two lightlike hyper-
surfaces and their intersection provides a leaf of their common screen distribution
whose Riemannian metric is given by dQ? = g.pda®dzb. Tt follows from Theo-
rem 2.4.4 that each of these hypersurfaces is screen conformal, and, therefore,
each admits an integrable canonical screen distribution.
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It is also possible to consider another physical model of globally hyper-
bolic warped product spacetimes (including asymptotically flat spacetimes, such
as Schwarzschild and Reissner-Nordstrém and many more) which also admit a
pair of screen conformal lightlike hypersurfaces as explained above. Following are
two sub-cases.

Case 1. This model (M,g) belongs to all spacetimes of constant curvature. Ex-
amples are: Minkowski, de-Sitter and anti-de-Sitter. Then, as per Theorem 2.4.4,
the induced Ricci tensor of each such hypersurface is symmetric. Consequently,
each such hypersurface is a member of C[M]°, so each admits an induced scalar
curvature of genus zero.

Case 2. This model (M, g) belongs to all spacetimes of non-constant scalar curva-
ture. For example, a spacetime with the metric

ds* = —dt* + S*(t)dx?

which is called a Robertson- Walker spacetime where d% 2 is the metric of a spacelike
hypersurface 3 with spherical symmetry and constant curvature £ = 1, —1 or 0.
For this case, Theorem 2.4.8 says that any such hypersurface admits induced scalar
curvature if it also admits a symmetric Ricci tensor. Schwarzschild and Reissner-
Nordstrém spacetimes belong to this model.

Special class. Let (M, g, S(TM), £, N) be a class of lightlike hypersurfaces of a

time orientable spacetime manifold M (¢) of constant curvature ¢ and satisfying
Theorem 2.4.8. The curvature tensor R of M (c) is given by

R(X,YV)Z =c{g(Y, 2)X — §(X, Z)Y}. (2.4.18)

Using (2.4.18) in (2.4.6) we have g(R(X, €)Y, N) = —cg(X, Y). Using this result
and (2.4.18) in (2.4.4) reduces the equation (2.4.11) to

NE

Ric(X, X) = 3 g(R(X, W)X, Wp) — cg(X, X)

b=1

I
NE

{BWy, X)C(X, W) — B(X, X)C(Wy, Wh)}

S
I

—ecmg(X, X). (2.4.19)

Thus, Ric(¢, §) = 0 and the equations (2.4.15) and (2.4.16) reduce to

iRiC(Way Wa) = zm: {i[B(Wba Wa)C(Wm Wb)

a=1 a=1 \b=1
— B(W,, W,)C(Wy, W)]} — cm?
= r. (2.4.20)
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It is immediate from the above that, for this class C[M]°, the induced Ricci tensor
and the corresponding scalar curvature of M can be determined if one knows
Ric|s(rary and rg(rar)- More precisely,

Ric = RiC‘S(TM), T =T|S(TM) — em?. (2.4.21)

Recall from the proof of Theorem 2.3.5 and (2.3.11) that
1
C(X, PW) = §0QB(X, W), 6 '=g(V,¢), VX, W cT(TM).

Using this relation we obtain the following value of r from (2.4.20):

= Lp zm: {zm:[(B)?(Wa, Wy) — B(Wa, W,)B(W,, Wb)]}

2
b=1
—cm?. (2.4.22)

a=1

For 3- and 4-dimensional M (c) the values of 7, respectively, are:
r=—c and r = 6%[(B)?(Wy, Wy) — B(Wy, W1)B(Wa, Ws)] — 4c.

Example 8. Let (R, §) be a Minkowski space with canonical basis (0, 01, 02, 03).
It follows from [149, pages 115-117] that there exists a lightlike hypersurface of
(R$, g) with a canonical integrable screen distribution and a canonical lightlike
transversal vector bundle tr(T'M). Choose a timelike unit vector field V' = 9; of
TRY. We make this choice for a hypersurface (M, g, S(T'M), £, N) given by an
open subset of the lightlike cone

{t(l, cosu cos v, cosusinv, sinu) € R} : ¢ >0, u € (0, 7/2), v € [0, 27r]}.

Rad(TM) = Span{{ = 0; + cosucosv Oy + cosusinv d + sinu ds},
1
ltr(T'M) = Span{N = 5(—@ + cosucosv dy + cosusinv dy + sinu ds) },
respectively and the screen distribution S(7°M) is spanned by
{Wy = —sinucosv ) — sinusinv da + cosuds, Wa = —sinvdy + cosvda}.

With respect to a local frames field of M, the metric g has the matrix

01 0 0
1100 0
0 0 0 t?cos’u
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We refer to the local expressions and the notation presented earlier. The Christoffel
symbols Ffj and the coefficients B;; and A7 of the second fundamental form and
its shape operator respectively, ¢, j, k € {0, 1, 2}, are given by

1 1
Iy, =sinucosu, TIiy=—tanu, I, = 7 I3, = e
o t o 1 2 2
=5 99 = —itcos w, Bjp=—t, DBgy=—tcosu;
1 1
Al =——, AZ=—__ and all others vanish.
2t 2t

Using the local Gauss-Codazzi equations and Ruped = 0, we have

2 0 1 0 0
fae = Lae t i T Bre 4 i ooy Hoale
1 1 0 0
=3 Dot Baalie ¥ g oy, Parlae
Thus Ry1 = — %, Ris = Ro1 =0 and Ry = — % cos? u. Similarly, we have
2 0
Roo = n I'eo =0, Roo = Roo = 0.

Therefore, the Ricci tensor of this lightlike hypersurface is symmetric. Thus, this
class of lightlike hypersurfaces belongs to C[M]. The components of the second
fundamental form are

1
B(Wy, Wh) = =1, B(Wy, Wy) = ———, B(W1, W,) =0.
cosu
Moreover, in this example, G(V = 0;,£) = —1 implies that in the relation (2.4.21)
we have § = 1. Using all this data in (2.4.21) we conclude that the induced scalar
curvature of M in (R}, g) is given by r = —(cosu)~!.

2.5 Lightlike Einstein hypersurfaces

Recall from the equation (1.2.12) that an (m + 2)-dimensional semi-Riemannian
manifold (M, §) is Einstein if Ric = kg, k is a constant. Moreover, M is Einstein
if and only if k = 7/(m + 2), where 7 is the scalar curvature of M. Obviously, a
geometric concept of a lightlike Einstein hypersurface (M, g, S(T'M)) must involve
its scalar curvature. Therefore, for a well-defined concept of a lightlike Einstein
hypersurface M one should assure that M admits a symmetric Ricci tensor from
which an induced scalar curvature can be calculated. Based on what we know from
two previous sub-sections, this condition is satisfied if M is a member of C[M]° for
which M is Lorentzian. Therefore, we assume that M is Lorentzian and restrict
M to be a member of C[M]°. First we need the following related results:
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As in the non-degenerate case, a point p of M is said to be umbilical if
B(X,Y),=ag(X,Y),, VX, YeT,M,

where a € R and depends on p. The above definition is independent of any coor-
dinate neighborhood around p. M is totally umbilical in M if every point of M is
umbilical, i.e., if B = p g where p is a smooth function. As per Proposition 2.3.1(a),
the above definition does not depend on the choice of a screen distribution of M,
but, it is easy to see from (2.1.25) and (2.1.16) that M is totally umbilical, if and
only if, on each U there exists p such that

A (PX) =pPX, forall X el(TMy). (2.5.1)
In particular, M is totally geodesic in M if
B=0&p=0.
We have the following general result on totally geodesic lightlike hypersurfaces:

Theorem 2.5.1. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M, g). The following are equivalent:

(i) M is totally geodesic.

(ii) h wvanishes identically on M.
(iii) A, vanishes identically on M, for any U € T(RadTM).
(iv) There exists a unique metric connection V on M.
(v) RadTM s a parallel distribution with respect to V.
(vi) RadTM is a Killing distribution on M.

Proof. The equivalence of (i) and (ii) follows from (2.1.9) as in the case of non-
degenerate submanifolds. Next, by using (2.1.13) and (2.1.16), we obtain the equiv-
alence of (ii) and (iii). (2.1.20) implies the equivalence of (iii) and (v). By the second
result of (2.3.5) we have the equivalence of (ii) and (iv). Finally, from (2.1.18) we
obtain (Vx ¢)(§, Z) = B(X, Z) which implies g(Vx &, Z) = —B(X, Z). Then by
using (1.2.23) of Chapter 1 we obtain

(Leg)(X, 2) =9(Vx§ Z)+9(VzE, X) = -2B(X, 2)

which proves the equivalence of (ii) and (vi). O

Consequently, totally geodesic lightlike hypersurfaces are important both for
geometry and physics since they admit a unique metric connection.

In particular, suppose (M, g, S(T'M)) is a totally geodesic lightlike hyper-
surface of a semi-Riemannian manifold (M(c), ) of constant curvature c. Then,
using (1.2.16) we have R(£, Y)X = g(X, Y)&. Since it follows from (2.4.6) that
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G(R(£,Y)X, N) = g(R(&, Y)X, N), using both these results in (2.4.12) and (ii)
and (iii) of Theorem 2.5.1, we obtain

Ric(X, Y) = Ric(X, Y) — cg(X, Y),
which is symmetric since g is symmetric. Thus, we have

Proposition 2.5.2. Any totally geodesic lightlike hypersurface of M(c) admits an
induced symmetric Ricci tensor.

Some results on totally umbilical lightlike hypersurfaces are available in [149,
Section 4.5, pages 106-114]. We highlight the following:

o There exist no lightlike hypersurfaces in M(c),c # 0, with a totally geodesic
screen distribution.

o Any lightlike hypersurface of M (c) with a proper totally umbilical screen dis-
tribution is either totally umbilical or totally geodesic immersed in M (c).

o Any lightlike surface of a 3-dimensional Lorentz manifold is either totally
umbilical or totally geodesic.

Now we deal with the concept of lightlike Einstein hypersurfaces. We give a
general definition for hypersurfaces in semi-Riemannian manifolds M, but, for the
above stated reasons we focus our study on when M is Lorentzian.

Definition 2.5.3. Let (M, g, S(T'M)) be a lightlike hypersurface of an (m + 2)-
dimensional semi-Riemannian manifold (M, g) such that M admits an induced
symmetric Ricci tensor Ric. Then, M is called an Einstein hypersurface if

Ric(X,Y) = kg(X,Y), VX,Y eT(TM). (2.5.2)

where k is a constant if m > 1.

In general, the above definition can not have a geometric meaning unless
we relate the constant k& with the induced scalar curvature of M, which is not
possible for a hypersurface of an arbitrary M. Therefore, based on what we know
at the time of writing this book, we start with the case of a screen conformal
(see Definition 2.2.1 of this chapter) lightlike hypersurface (M, g, S(TM)) of an
(m + 2)-dimensional Lorentzian manifold (M (c), g) of constant curvature ¢ and
then discuss the geometric meaning of the above definition. For this class of M we
know that the screen distribution S(TM) is Riemannian and integrable. First we

prove the following:

Proposition 2.5.4. Let (M, g, S(T'M)) be a screen homothetic (i is non-zero con-
stant) lightlike hypersurface of (M(c), g). Then

207(§)B(X, PZ) = —cg(X, PZ).
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Proof. Since M is of constant curvature ¢, by (2.4.18), we have
(VxB)(Y, Z)— (VyB)(X, Z) = B(X, Z)7(Y) — B(Y, Z)7(X).
On the other hand, using (2.4.5), (2.4.8) and the last equation, we have
20{B(X, PZ)7(Y) = B(Y, PZ)r(X)} = c{g(Y, PZ)n(X) — g(X, PZ)n(Y)}.

Replacing Y by £ in this equation, we obtain 2 ¢7({)B(X, PZ) = —cg(X, PZ).
t

Remark 2.5.5. Under the hypothesis of the above proposition, one can show that
if 7 =0, then, ¢ = 0 and if 7(§) # 0, then, M is totally umbilical in M. Then,
from Proposition 2.4.2 and this remark, we have 7 = ¢ = 0.

The scalar curvature 7 of M, defined by (1.2.13), and the scalar quantity r
of M, obtained from R(®?) (by the method in the previous section) are given by

7 = Ric(¢, &) + Rie(N, N) + > eq Ric(Wa, W),

a=1
r= R(O’Q)(f, £) + Zea R(O,2)(Wa7 W),
a=1
respectively. Using these relations and (2.4.12), we obtain
RO (€, €) = Ric(, €),
RO (W, W,) = Ric(Wa, Wa) + g(AfWa, Wa) tr(Ay)
- g(ANWa, AEWa) - g(R(f, Wa)Waa N)
Thus we have

r=7+trAgtr An — tr(A¢An)
= > ea{G(R(E, Wa)Wa, N) + G(R(N, Wa)Wa, N)}. (25:3)
a=1

Since M is a Lorentzian space form, we have R(¢, Y)X = cg(X, V)¢, Ric(X, Y) =

(m+1)cg(X,Y)and 7 =cm(m+1), g(R(N, Wy)W,, N)=0. Thus
ROD(X,Y) =mcg(X,Y) + B(X,Y)tr Ay — g(An X, AFY); (2.5.4)
r=m’c+trAf tr Ay — tr(AAy). (2.5.5)
Using (2.5.4) and (2.5.5) and M is Einstein, we obtain

r=Ric(&, &) + D €a Ric(Wa, Wa)

a=1

=kg(& )+ kD eag(Wa, Wa) = km. (2.5.6)

a=1
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Thus we have
Ric(X,Y) = (r/m)g(X,Y) (2.5.7)

which provides a geometric interpretation of lightlike Einstein hypersurfaces as
we have shown that the constant k = r/m. Since ¢ is an eigenvector field of Ag
corresponding to the eigenvalue 0 and A is I'(S(T'M))-valued real symmetric, A
has m real orthonormal eigenvector fields in S(T'M) and is diagonalizable by an
orthogonal operator. Consider a frame field of eigenvectors {¢, E1, ..., Ep} of Af
such that {E, ..., E,,} is an orthonormal frame field of S(TM). Then

AZEZ == )\Z‘Ei, 1 S 1 S m.
Since M is screen conformal and Ric = kg, the equation (2.5.4) reduces to
GAEX, ALY) — sg(Ai X, Y) + o~ H(k —me)g(X, Y) =0, (2.5.8)

where s = tr A7. Put X =Y = E; in (2.5.8), \; is a solution of equation

22 — s+ 'k —me) =0. (2.5.9)

The equation (2.5.9) has at most two distinct solutions which are real-valued

functions on ¢. Assume there exists p € {0, 1, ..., m}suchthat \y =... = A\, = «
and A\pt1 = ... = Ay, = [, by renumbering if needed. From (2.5.9), we have

s=a+p=pa+(m—p)p; aB = ¢ ' (k —mc). (2.5.10)

The first equation of the last relationships reduces to
p—Da+(m—-p-—1)p=0.
Consider the following four distributions Do, Dg, Dg, and D on M;

D, = {X e(TM) | A{tX = aPX}, D = D, N S(TM),
Dg = {Ue(TM) | AfU = BPU}, Dj = Dgn S(TM).

Observe that Fy, ..., B, € I'(D?) and Eptq, ..., B, € F(Dg). The equation
(2.5.5) has only one solution <= a=0 < D,=Dg (=TM). If0<p<m,
then D, # Dg and D, N Dg = Rad(T'M). In case m > 2 and D, # Dg: If p =0,
then « is not an eigenvalue of A but a root of (2.5.9) and D, = Rad(T'M); Dg =
TM. If p = m, then f is not an eigenvalue of Af but a root of (2.5.9) and
D, =TM; Dg=Rad(TM).

Lemma 2.5.6. If D, # Dg, then, Do L Dg and Dy L, Dg.

Proof. It 0 < p < m, we have AZPX = AfX = oPX for any X € I'(D,)
and AfPU = AU = oPU for any U € I'(Dg). Thus the projection P maps
Dq onto Dg, and Dg onto Dj. Since PX and PU are eigenvector fields of the
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real symmetric operator Ag they have different eigenvalues « and [ respec-
tively. PX L PU and g(X,U) = g(PX, PU) = 0, that is, D, 1,6 Dg. Also,
since B(X, U) = g(4; X, U) = ag(PX, PU) = 0, we have B(Dq, Dg) = 0,
that is, Do L, Dg. If p = 0 or p = m, then D, = Rad(TM);Dg = TM or
Do =TM ; Dg = Rad(T'M) respectively. Thus, D, L D and D, L, Dg. O

Lemma 2.5.7. If Do # Dg, then TM = Rad(TM) Gorn D, Borenr D
If Doy = Dg, then TM = Rad(TM) ®oren DS Boren {0}

Proof. If 0 < p < m, since {E;}i1<i<p and {Eq}pri<a<m are vector fields of
Dy, and Dj respectively and Dy, and Dj are mutually orthogonal vector sub-
bundles of S(T'M), we show that Dj, and Dj are non-degenerate distributions
of rank p and rank (m — p) respectively and Dy N Dj = {0}. Thus we have
S(T'M) = Dg, ®orth Dj. If Do # Dg and p = 0, then Df, = {0} and D = S(T'M).
If Do # Dg and p = m, then D; = S(T'M) and Dj = {0}. Also we have
S(T'M) = D;, ®ortn Dj. Next, if Do = Dg, then Dy, = D = S(T'M). Thus, from
(2.1.4) we have this lemma. d

Lemma 2.5.8. Im(A; —aP) CI'(D3); Im(A; —BP) CI'(D7).

Proof. From (2.5.8), we get (Ag)2 —(a+PB)A; +apP = 0. If 0 < p < m. Let
Y € Im(Af — aP).Then, there exists X € I'(T'M) such that Y = (A7 —aP)X and
(Az —BP)Y =0andY € I'(Dg). Thus Im(Az —aP) C T'(Dg). Since the morphism
Af —aP maps I'(T'M) onto I'(S(T'M ), we have Im(Af —aP) C I'(Dj). By duality,
we also have Im(A; —BP) C I'(Dy,). If p = 0, then, since D, = {0}; Dj = S(T'M)
and Dg = T'M, we have Im(A; —aP) CI'(S(TM)); A;X =pPX,VX € I(TM),
that is, Im(A7 — BP) = {0} or if p = m, then, since D, = S(T'M); Dj = {0}
and Do = TM, we have A{X = aPX,VX € I'(T'M), that is, Im(A; — aP) =
{0}; Im(AZ — BP) C T(S(TM)). O

Lemma 2.5.9. The distributions Dg, and Dj are always integrable. In particular,
if Do # Dg, then D, and Dg are also integrable.

Proof. If Dy, # Dg, then, for X, Y € I'(D,) and Z € I'(T'M), we have

(VxB)(Y, Z) = —g ((Af —aP)VxY, U) + aB(X, Y)n(U)
+ (Xa)g(PY, Z) +*n(Y) g(PX, Z).

Using this and the fact that
(VxB)(Y, Z) = (VyB)(X, Z) = B(X, Z)7(Y) — B(Y, Z)7(X)),
we have

g ((AZ —aP)[X, Y], Z) ={Xa+ar(X) - QQU(X)}Q(PY, Z)
—{Ya+ar(Y)—a®n(Y)}g(PX, Z).  (25.11)
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If we take Z = U € I'(Dj), then we have
9((Af —aP)[X, Y], U) =0.

Since D7} is non-degenerate and Im(Af —aP) C I'(Dj), we have (A7 —aP)[X, Y] =
0. Thus [X, Y] € I'(D4) and D, is integrable. By duality, we know that Dp is also
integrable. Since S(T'M) is integrable, for any X, Y € I'(D2), we have [X, Y] €
I'(D,) and [X, Y] € T(S(T'M)). Thus [X, Y] € T'(D%) and D is integrable. So is
D3. While, if D, = Dg, then D}, = Dj = S(T'M) is integrable. O

Lemma 2.5.10. If 0 < p < m, then we have
(da +ar —a’n)lp, =05 (df + 67 — 5*n)|p, = 0.
Proof. From (2.5.10), for X, Y € I'(D,) and Z € T'(T'M), we get
{Xa+ar(X)—a®n(X)}g(PY,2)={Ya+ar(Y)—o?n(Y)} g(PX, Z).
Since S(T'M) is non-degenerate, we have
{Xa+ar(X) —a®n(X)} PY = {Ya+ar(Y) —a’n(Y)} PX.

Suppose there exists a vector field X, € T'(D,) such that {da+ar—a?n}(X,) #0
at each point x € M, then PY = fPX, for any Y € I'(D,), where f is a
smooth function. It follows that all vectors from the fiber (D,), are collinear
with (PX,), . It is a contradiction as dim((Dy);) = p+ 1 > 1. Thus we have
(da 4+ at — a?n)|p, = 0. By duality, we also have (d8 + 67 — 6°n)|p, = 0. O

Lemma 2.5.11. Let M be an Einstein screen homothetic lightlike hypersurface of
a Lorentz manifold (M (c), g) of constant curvature c. If 0 < p < m, then « and
0 are constants along S(TM) if and only if T =0 on S(TM).

Proof. By Lemma 2.5.10, we know that (da + a7)|ps = 0 and (df + 57)|Dg =0.
Thus 7= 0 on S(T'M) if and only if da = 0 on Dy, and df =0 on Dj. Since M is

screen homothetic , if 7 = 0, then ¢ = 0 by Remark 2.5.5. Also, since o3 = ¢~ 17,
which is the second equation of (2.5.10), is a constant, we have this lemma. O

From now on we let (M, g, S(T'M)) be an Einstein screen homothetic light-
like hypersurface with the canonical null pair {£, N}).

Remark 2.5.12. If 0 < p < m, then o and ( are not constants along T'M but
constants along S(TM). Indeed, as explained before 7 = 0. From Lemma 2.5.11,
a and § are constants along S(TM). Next, if @ and § are constants along T M,
from Lemma 2.5.10, we have n(X) = 0 for all X € D, and n(U) = 0 for all
U € Dg. Observe that a vector field X on M belongs to S(T'M) if and only if,
locally on each U C M, we have (X ) = 0. This implies that the distributions D,,
and Dg are vector sub-bundles of S(T'M). Consequently we have D, = D3, and
Dg = Dj. It is a contradiction to Rad(T'M) C D, and Rad(T'M) C Dg. Thus «
and [ are not constants along T'M.
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Lemma 2.5.13. If0 < p < m, then, for X € I'(Dy) and U € T'(Dg), we have
VxU ¢ F(Dﬁ); VuX € F(Da). (2.5.12)
Proof. From (2.4.5) equipped with 7 = 0, we get

(VXB)(Ua Z) = (VUB)(Xv Z)v Le.,
g ({(Af — BP)VxU — (AL — aP)VyX}, Z) = 0,

for any Z € T'(T'M). Since S(TM) is non-degenerate, we have
(A; — BP)VxU = (A} — aP)VyX.

Since the left term of the last equation is in I'(Dy,) and the right term is in I'(Dj3)
and D, N Dj = {0}, we have

(A = BP)VxU = 0, (A —aP)VyX = 0.

This implies that VxU € T'(Dg) and Vy X € T'(D,,). O
Lemma 2.5.14. If0 < p < m, then, for X, Y € I'(D,) and U, V € T'(Dg), we have

g(Vy X, U)=0; g(X, VyU) =0. (2.5.13)
Proof. Since g(X, PU) = 0, we have

Vy(9(X, PU)) — g(Vy X, PU) — g(X, VyPU)
= B(X, Y)n(PU) + B(Y, PU)p(X) =

Vv(g(U, PX))—g(VyU, PX)+ g(U, VVpX

= BV, Un(PX) + B(V, PX)n(U) =
Since Dy L4 Dg and B(D,, Dg) = 0, we have g(Vy X, U) = g(VyX, PU) =0
and g(X, VyU) = g(PX, VyU) =0. O

Since the leaf M’ of S(T'M) is Riemannian and S(T'M) = D;, L Dj, where
D¢, and Dj are parallel distributions with respect to the induced connection V*
of M’ due to (2.5.13), by the decomposition theorem of de Rham [334] we have
M'" = My x Mg, where M, and Mg are some leaves of D;, and Dj respectively.
Thus we have the following theorem:

Theorem 2.5.15. Let (M, g, S(TM)) be an Einstein screen conformal lightlike hy-
persurface of a Lorentz manifold (M(c), g) of constant curvature c. Then M is
locally a lightlike triple product manifold C x (M' = M, x Mg), where C' is a
null curve, M' is an integral manifold of S(TM), M, and Mg are leaves of some
distributions of M respectively.

Lemma 2.5.16. If 0 < p < m, then v = paf = 0. In particular, o3 = 0.
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Proof. For X € I'(Dy) and U € I'(Dg), we have
9(R(X, U)U, X) = g(VxVuU, X).

From the second equation of (2.5.12), we know that VU has no component of
D, Since the projection morphism P maps I'(D,) onto I'(D?) and I'(Dg) onto
[(D3), and S(TM) = D, L D3, we have

VuU = P(VyU) +n(VyU)E;  P(VyU) € D(Dp).
It follows that

9(VxVuU, X) =g(VxP(VyU), X)+Vx(n(VuU)) g, X)
+77(VUU)9(VX£) X) = —0“7(VUU>9(X, X)

Since n(VyU) = ¢B8g(U, U), we have
g(R(X, U)U, X) = —pafg(X, X)g(U, U).

While, since M is screen homothetic and 7 = 0, by Remark 2.5.5, we show that
¢ = 0. Thus, from the Gauss-Codazzi equations we have

g(R(X, U)U, X) = paBg(X, X)g(U, U).

From the last two equations, we get v = paf = 0. Since ¢ is a non-zero constant,
we have aff = 0. (]

Using the above results, we have the following main theorem:

Theorem 2.5.17. [157] Let (M, g, S(TM)) be an Einstein screen homothetic light-
like hypersurface of an (m + 2)-dimensional Lorentz manifold (M (c), §) of con-
stant curvature c. Then ¢ =0 and M is a locally lightlike triple product manifold
C x (M'= My x Mg), where C is a null curve, M’ is an integral manifold of

S(TM), M, and Mg are leafs of some distributions of M such that

(1) If k # 0, either My or Mg is a totally umbilical Riemannian manifold of
constant curvature pa? or pB? which is isometric to an m-(pseudo)sphere
and the other is a point.

(2) If k=0, My is an (m — 1) or an m-dimensional totally geodesic Euclidean
space and Mg is a non-null curve or a point in M.

Proof. (1) Let k # 0: In case (terz)2 # 4¢~1v. The equation (2.5.9) has two
non-vanishing distinct solutions o and . If 0 < p < m, then, by Lemma 2.5.14,
we have 7y = 0. Thus p = 0 or p = m. If p = 0, then « is not an eigenvalue of
the shape operator Az but a solution of the equation (2.5.7) and the equations
(2.5.10) reduce to s = a + 3 = mfB3; af = ¢ k. Also if p = m, then f3 is not
an eigenvalue of A7 but a solution of (2.5.9) and the equations (2.5.10) reduce to
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s=a+ 3 =ma; aff = ¢ k. Consequently, if p = 0 or p = m, then o and 3 are
constants and D7, = {0}; S(T'M) = Dj or S(T'M) = D;,; Dj = {0} respectively.
From (2.4.4) and (2.4.7), we have

R*(XaY)Z = ¢a2{g(Y> Z)X 79(Xa Z)Y}a VXY, Z € F(Da);

Thus either M, or Mg, which are leaves of D, or Dg respectively, is a Riemannian
manifold M* of constant curvature either pa? or ¢3? and the other leaf is a
point {z}. If M* = M,, since B(X,Y) = ag(X,Y) for all X, Y € I'(S(T'M)),
we have C(X,Y) = pag(X,Y) for all X, Y € I'(S(TM)). If M* = Mg, since
B(U,V) = Bg(U,V) for all U, V € T(S(TM)), we have C(U,V) = pBg(U,V)
for all U, V € T'(S(T'M)). Thus the leaf M* is a totally umbilical which is not
totally geodesic. Consequently M is a locally product manifold C' x M* x {z} or
C x {z} x M*, where M* is a totally umbilical Riemannian manifold of constant
curvature 3% or pa? which is isometric to an m-(pseudo)sphere, and {z} is a
point.

In case (tr Af)? = 4¢~'y. The equation (2.5.9) has only one non-zero con-
stant solution, named by o and « is only one eigenvalue of the shape operator Ag.
In this case, the equations (2.5.10) reduce to s = 2a = ma; o = ¢~ !v. Thus we
have m = 2. From (2.4.4) and (2.4.9), we have

RY(X,Y)Z =k{g(Y,2)X — g(X,2)Y}, VX,Y,ZeT(S(TM)).

Thus the leaf M* is a Riemannian 2-surface of constant curvature k. Since
B(X,Y) = ag(X,Y) for all X, Y € I'(T'M), we have C(X,Y) = pag(X,Y) for
all X, Y € T'(S(T'M)). Thus the leaf M* is also a totally umbilical which is not
totally geodesic. Consequently M is a locally product C x M* x {z} where C is
a null curve in M and M* is a Riemannian 2-surface of constant curvature which
is isometric to a 2-(pseudo)sphere.

(2) Let k = 0. The equation (2.5.9) reduces to

)\i()\i—S)ZO, 1§z§m

In case tr A7 # 0. Let @ = 0 and 8 = s. Then we have s = 8 = (m — p)g, ie.,
(m—p—-1)=0.Sop=m—1, ie,

0
Ar =
8

Consider the frame field of eigenvectors {¢, En, ..., En} of Af such that {E;};
is an orthonormal frame field of S(T'M), then B(E;, E;) = C(E;, E;) = 0 for
1 <i < j < m. Thus the leaf M, of D, is a totally geodesic (m — 1)-dimensional
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Riemannian manifold and the leaf Mg of Dg is a curve. From (2.4.4) and (2.4.7), we

have g(R(E;, E;)E;, E;) = g(R*(E;, E;)E;, E;) = 0. Thus the sectional curvature
K of the leaf M, of D, is given by

g(R*(Ei, Ej)Ej, Ey)

K(E;, Ej) =
( J) g(EiaEi)g(Ej7Ej)792(Ei7Ej)

=0.

Thus M is a locally product C' x M, x Mg, where M, is an (m — 1)-dimensional
Euclidean space and Mg is a curve in M.

In case tr Ag = 0. Then we have « = = 0 and Ag = 0 or equivalently
B =0 and D = D3 = S(TM). Thus M is totally geodesic in M. Since M is
screen homothetic, we also have C' = Ay = 0. Thus the leaf M* of S(T'M) is
also totally geodesic. Thus we have VxY = V%Y for any tangent vector fields X
and Y to the leaf M*. This implies that M* is a Euclidean m-space. Thus M is a
locally product C' x M* x {x} where C' is a null curve and {z} is a point. O

Remark 2.5.18. The classification of Einstein hypersurfaces M in Euclidean spaces
R was first studied by Fialkow [188] and Thomas [393] in the middle of the
1930s. It was proved that if M is a connected Einstein hypersurface (n > 3) , that
is Ric = ~g, for some constant ~, then v is non-negative. Moreover,

o if v =0 then M is locally isometric to R™ and
e if v > 0 then M is contained in an n-sphere.

Also see in [22, 23] some more results on lightlike Einstein hypersurfaces.

2.6 Semi-symmetric hypersurfaces

In this section, we investigate lightlike hypersurfaces which are semi-symmetric,
Ricci semi-symmetric, parallel or semi-parallel in a semi-Euclidean space. The class
of semi-Riemannian manifolds, satisfying the condition

VR =0, (2.6.1)

is a natural generalization of the class of manifolds of constant curvature where R
denotes the corresponding curvature tensor. A semi-Riemannian manifold is called
a semi-symmetric manifold if

R-R =0, (2.6.2)

where R is the curvature operator corresponding to R. Semi-symmetric hypersur-
faces of Euclidean spaces were classified by Nomizu [310] and a general study of
semi-symmetric Riemannian manifolds was made by Szabo [380].

A semi-Riemannian manifold is said to be a Ricci semi-symmetric manifold
[124], if the following condition is satisfied:

R - Ric = 0. (2.6.3)
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It is clear that every semi-symmetric manifold is Ricci semi-symmetric; the con-
verse is not true in general. If a manifold M is immersed into a manifold M, the
immersion is called parallel if the second fundamental form is covariantly constant,
i.e., Vh = 0, where V is an affine connection M and h is the second fundamental
form of the immersion. The general classification of parallel submanifolds of Eu-
clidean space was obtained in [187] by D. Ferus. He showed that such an immersion
is an isometric immersion into an n-dimensional symmetric R-space imbedded in
R™? in the standard way. As a generalization of parallel hypersurfaces, the semi-
parallel hypersurfaces were defined in [126].

Curvature conditions of symmetry type. Let (M, g) be a semi-Riemannian mani-
fold. Recall from (1.2.7) that the curvature operator of M is given by

R(X,Y)=VxVy - VyVx - Vixy]

for X, Y € T(TM), where V denotes the Levi-Civita connection on M.
For a (0, k)-tensor field T"on M, k > 1, the (0,k + 2)-tensor field R - T is
defined by

(R-T)(X1,.... X5, X,Y) = —T(R(X,Y)X1, X, ..., Xz)
= T(X1,.. ., Xee1, R(X,Y)X}) (2.6.4)

for X,Y, X1,..., X € T(TM), where R denotes the semi-Riemannian curvature
tensor of M. Curvature conditions, involving the form R.T" = 0 , are called cur-
vature conditions of semi-symmetric type [124].

Let M be a semi-symmetric semi-Riemannian manifold. Then, from (2.6.4)
and properties of curvature tensor, we have

(R(X,Y)- R)(U,V)W = R(X,Y)R(U, V)W — R(U,V)R(X,Y)W
— R(R(X,Y)U,V)W — R(U,R(X,Y)V)W =0 (2.6.5)

for any X,Y,U,V,W € T'(TM).
Let M be a Ricci semi-symmetric semi-Riemannian manifold. Then, from
(2.6.4), we have

(R(X,Y) - Ric)(X1, X2) = — Ric(R(X,Y) X1, X)

— l%iC()(l7 R()(7 Y)XQ)
=0, VXY, X1,Xoe(TM). (2.6.6)
In [126], Deprez defined and studied semi-parallel hypersurfaces in Euclidean n
space. We recall that a hypersurface M of a semi-Riemannian manifold M is said

to be semi-parallel if the following condition is satisfied for every point p € M and
every vector field X, Y, Z, W e I'(TM) :

(R(X,Y)h)(Z,W) = —h(R(X,Y)Z,W) — W(Z, R(X,Y)W) =0.  (2.6.7)
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Although the conditions (2.6.2) and (2.6.3) are not equivalent for manifolds in gen-
eral, P.J. Ryan [341] raised the following question for hypersurfaces of Euclidean
spaces in 1972: “Are the conditions R - R = 0 and R - Ric = 0 equivalent for hyper-
surfaces of Euclidean spaces”. Although there are many results which contributed
to the solution of the above question in the affirmative under some conditions
(see: [122], [123], [298], [387]), Abdalla and Dillen [1] gave an explicit example of
a hypersurface in Euclidean space E™*! (n > 4) that is Ricci semi-symmetric but
not semi-symmetric (See also [124] for another example.). This result shows that
the conditions R - R = 0 and R - Ric = 0 are not equivalent for hypersurfaces of
Euclidean space in general. A recent survey on Ricci semi-symmetric spaces and
contributions to solution of the above problem can be found in [124]. We note
that, in [402], I. Van de Woestijne and L. Verstraelen used the standard forms of
a symmetric operator in a Lorentzian vector space to give an algebraic proof that
the shape operator of a semi-symmetric hypersurface at a point with type number
greater than 2 is diagonalizable with exactly two eigenvalues, one of which is zero.
At this point we set Ay = A, unless otherwise stated.

Proposition 2.6.1. Let M be a lightlike hypersurface of a semi-Euclidean space

R((;H_Q). Then the Gauss equation of M is given by

R(X,Y)Z =B(Y,Z)AX — B(X,Z)AY (2.6.8)
for any XY, Z € T(TM) and N € I'(tr(TM)).
Proof. By assumption, M = Ré””) is a semi-Euclidean space, hence, R = 0.

Then, from (2.4.1) we have
R(X,Y)Z + Apx,2)Y — Anv,y X + (Vxh)(Y, Z) — (Vyh)(X,Z) = 0.
We note that (Vxh)(Y, Z) is defined by
(Vxh)(Y, Z) = Vih(Y, Z) — i(VxY, Z) — h(Y,Vx Z). (2.6.9)

On the other hand, (2.1.9) and (2.1.13) imply that h(X,Y) = B(X,Y)N for
X, Y eT'(TM) and N € I'(tr(T'M). Thus, we get

R(X,Y)Z + B(X,Z)ANY — B(Y,Z)ANX + (Vxh)(Y,Z) — (Vyh)(X,Z) = 0.
Then, (2.6.8) holds by comparing the tangential and transversal parts. O

Definition 2.6.2. A lightlike hypersurface M of a semi-Euclidean space is semi-
symmetric if the following condition is satisfied:

(R(X,Y) - R)(X1, X2, X3,X4) =0,VX)Y, X1, X0, X3, X, e T(TM). (2.6.10)
It is easy to see that

(R(X,Y) - R)(X1, X2, X3,§) =0, &eTl(RadTM).
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Thus the condition (2.6.10) is equivalent to the condition
(R(X,Y) - R)(X1, X2, X3, PX4) = 0 (2.6.11)

for X|Y, X1, Xo, X3, X4 € T'(TM). We also note that (2.6.10) and (2.6.11) do
not imply (2.6.5) due to g(R(X,Y)Z, W) # —g(R(X,Y)W,Z) in general, for
XY, Z,W e I'(TM). From (2.6.11) and (2.6.8), we obtain
(R(X,Y) - R)(X1, X5, X3, PXy) = B(Y, X1)[B(AX, X3)g(AX>2, PX4)
— B(X2, X3)9(A*X PXy)] + B(X, X1)[B(X2, X3)g(A%Y, PXy)
— B(AY, X3)g(AX2, PX4)] + g(AX1, PX4)[-B(Y, X2) B(AX, X3)
+ B(X, X2) B(AY, X3)] + B(X1, X3)[B(Y, X2)g(A*X, PXy)
— B(X, X5)g(A?Y, PXy)] + g(AX1, PX4)[-B(X3,Y)B(X2, AX)
1 B(X, X5)B(Xa, AY)] + g(AXa, PX,)[B(X5,Y)B(X, AX)
B(X X3)B(X1, AY)] + B(Xa, X3)[~B(Y, X4)g(AX1, AX)
B(X, PX1)g(AXy, AY)] + B(X1, X3)[B(Y, PX4)g(AX2, AX)
- B(X, PX1)g(AXs, AY)] (2.6.12)

for X,Y, X1, X2, X3, X4 € T(TM).

Proposition 2.6.3. Every screen conformal lightlike hypersurface of the Minkowski
spacetime is a semi-symmetric lightlike hypersurface.

Proof. First, from (2.6.12), we have

(R(X,Y)- R)(§ X2, X3, PXy) = B(Y,§)[B(AX, X3)g(AXa, PXy)
— B(X2, X3)g(A*X, PX,)]
+ B(X,€)[B(X2, X3)g(A%Y, PX4) — B(AY, X3)g(AXa, PX,)]
+ g(Ag, PX4)[-B(Y, X2) B(AX, X3) + B(X, X2) B(AY, X3)]
+ B(&, X3)[B(Y, X2)9(A*X, PX4) — B(X, X2)g(A’Y, PX,)]
+ g(A¢, PX4)[~B(X3,Y)B(Xa, AX) + B(X, X3)B(X2, AY)]
+ 9(AXo, PX4)[B(X3,Y)B(¢, AX) — B(X, X3)B(£, AY)]
+ B(Xs, X3)[-B(Y, PX{)B(Af, AX + B(X, PX4)g(AE, AY))
+ B(&, X3)[B(Y, PX4)g(AX2, AX) — B(X, PX4)g(AX5, AY)]

for any X, Y, X5, X3, X4 € (T M) and £ € T'(RadTM). From (2.1.25), we get

(R(X,Y) - R)(§ X2, X3, PXy) = (AL, PX4)[-B(Y, X2)B(AX, X3)
+ B(X, X3)B(AY, X3)]
+ g(AE, PX4)[-B(X3,Y)B(X2, AX) + B(X, X3)B(X2, AY)]
+ B(X3, X3)[-B(Y, PX4)B(A, AX + B(X, PX4)g(A€, AY)).
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Then, equation (2.2.1) of screen conformal M implies that
(R(X,Y) - R)(&, X2, X3, PXy) = 0g(Af&, PX4)[-B(Y, X3) B(AX, X3)
+ B(X, X2) B(AY, X3)]
+@g(AgE, PXy)[-B(X3,Y)B(X2, AX) + B(X, X3)B(X2, AY)]
+@B(X2, X3)[-B(Y, PX4) B(Ag€, AX + B(X, PX4)g(AzE, AY)].
From (2.1.25) and (2.1.26), we have Az = 0. Thus, we derive
R(X,Y) - R)(&, X2, X3, PX4) =0.
In a similar way, we obtain

(R(X,Y) - R)(X1,X2,§, PXq) =0, (R(§Y) R)(X1, X2, X3, PXq) =0,
(R(X,Y) - R)(X1,§, X3, PXy) =0, (R(X,§) R)(X1, X2, X3, PXy) =0
for X1, X2, X3,X, € T(TM) and ¢ € T(TM?'). Let {X1,X2,&, N} be a quasi-
orthonormal basis of R} such that S(TM) = Span{Xi, Xy} and tr(TM) =
Span{N}. From (2.6.12), we have
(R(X1,X5) - R)(X1, X2, X1, X2) = B(X2, X1)[B(AX1, X1)9(AX2, X2)
— B(X2, X1)g(A*X1, PX5)]
+ B(X1, X1)[B(X2, X1)g(A* X3, X3) — B(AX3, X31)g(AX,, PX5)]
+ g(AXq, Xo)[—B(Xa, X2)B(AX1, X1) + B(X1, X2)B(AXs, X1)]
+ B(X1, X1)[B(Xa, X2)g(A% X1, X5) — B(X1, X2)g(A%* Xy, X3)]
+ g(AX1, Xo)[-B(X1, X2)B(X3, AX:) + B(X1, X1)B(X3, AX5)]
+ g(AXs, X5)[B(X1,X2)B(X1,AX;) — B(X1,X1)B(X1, AX))]
+ B(Xo, X1)[—B(X2, X2)B(AX;,AX1 + B(X1,X2)g(AX;, AX>)]
+ B(X1,X1)[B(X2, X2)g(AXa, AXy) — B(X1, X2)g9(AX,, AX5)].

Since AyX € T'(S(TM)) for any X € I'(TM) and N € T'(tr(TM)) and A = Ay
is self-adjoint on S(T'M) as M is screen conformal, we get

\_/\_/

(R(X1, Xs) - R)(X1, Xa, X1, X2) = B(Xo, X1)[B(AX1, X1)g(AXs, Xs)
— B(Xa, X1)g(AX1, AX5)]
+ B(X1, X1)[B(X2, X1)g(AXa2, AXs) — B(AX2, X1)g(AXa, X2)]
+ g(AXy, Xa)[=B(Xa, X2) B(AX1, X1) + B(X1, X2) B(AXa, X1)
+ B(X1, X1)[B(Xa, X2)g(AX1, AXs) — B(X1, X2)g(AXs, AX>)]
+ g(AX1, Xo)[= B(X1, X2)B(Xa, AX1) + B(X1, X1)B(Xa, AX5)]
+ g(AXa, Xo)[B(Xy, Xa) B(X1, AX,) — B(Xy, X1)B(X1, AX,)]
+ B(X2, X1)[-B(X2, X2)g9(AX1, AX1 + B(X1, X2)g(AX1, AX3)]
+ B(X1, X1)[B(X2, X2)g(AXa, AX1) — B(X1, X2)g(AX2, AX>)].

]

1
1

~— ~—
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Then, again using (2.2.1), we arrive at
(R(X1,X32) - R)(X1, X2, X1, X5) = gDB(X27Xl)[B(AXl,Xl)g(Ang,Xg)
— B(X2, X1)g(A§ X1, AX>)]
+@¢B(X1, X1)[B(X2, X1)g(Af X2, AX2) — B(AX2, X1)g(A; X2, X2)]
+ ¢g(Af X1, Xo)[~B(X2, X2) B(AX1, X1) + B(X1, X2) B(AX2, X1 )]
+oB(X1, X1)[B(X2, X2)g(A"E X1, AXa) — B(X1, X2)g(Af X2, AX2)]
+¢g(Ai X1, Xo2)[-B(X1, X2) B(X2, AX1) + B(X1, X1)B(X2, AX>)]
+ 9g(Af Xa, Xo2)[B(X1, X2)B(X1, AX1) — B(X1, X1)B(X1, AX>)]
+ ¢B(X2, X1)[-B(Xz, Xg)g(AZXl, AX, + B(Xq, Xg)g(AzXl, AX5)]
+@B(X1, X1)[B(X2, X2)g(Af Xo, AX1) — B(X1, X2)g(Af X2, AX2)].
Thus, using (2.1.25), we obtain

(R(X1,X2) - R)(X1, Xa, X1, Xa) = 9B(Xa, X1)[B(AX1, X1) B(X5, X»)
— B(X2, X1)B(X1, AX>)]

Since B is symmetric, by direct computations, we get

(R(X1,X2) - R)(X1, X2, X1, Xo) = ¢{(B(X2, X1))?B(X1, AX2)
— (B(X1,X2))?B(X,, AX1)
— B(Xy, X2)B(X1, X1)B(X1, AX>)
+ B(X1, X1)B(Xs, X2)B(X,, AX1)}. (2.6.13)

On the other hand, from (2.1.25) and (2.2.1), we have
B(AX3, X1) = g(Af X1, AX2) = g(pAs X1, Ag Xo) = g(AX1, A X2).
Thus, again using (2.1.25), we get
B(AXs, X;1) = B(X2, AXy). (2.6.14)
Then, from (2.6.13) and (2.6.14), we obtain
(R(X1,X2) - R)(X1, X2, X1,X2)=0.
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In a similar way, we have

(R(leXQ) : R)(X17X17X2)X2) = (R(XlaXQ) : R)(X25X17X17X2) = 07
(R(X17X2) : R)(X27X17X27X1) = (R(XlaXQ) : R)(X27X27X17X1) = 07
and
(R(X1,X32).R)(X1, X2, X2, X;) = 0.
Thus the proof is complete. O

Remark 2.6.4. From Proposition 2.6.3, it follows that a lightlike cone of R}, a
lightlike Monge hypersurface of R} and lightlike surfaces of R} are examples of
semi-symmetric lightlike hypersurfaces. We also note that Proposition 2.6.3 is valid
for a semi-Euclidean space R*;, 1 < ¢ < 4.

Let M be a screen conformal lightlike hypersurface of an (m+ 2)-dimensional
semi-Euclidean space. Then, its screen distribution S(TM) is integrable. We de-
note a leaf of S(T'M) by M’. Then, we have the following theorem:

Theorem 2.6.5. Let M be a screen conformal lightlike hypersurface of an (m+ 2)-
dimensional semi-FEuclidean space, m > 3. Then M is semi-symmetric if and only
if any leaf M’ of S(TM) is semi-symmetric in semi-FEuclidean space, that is, the
curvature tensor of M’ satisfies the condition (2.6.5) in semi-FEuclidean space.

Proof. Using (2.6.8) and (2.2.1) we obtain

g(R(X,Y)PZ,PW) = o{B(Y, Z)B(X, PW)
— B(X, Z)B(Y, PW)} (2.6.15)

for any X, Y, Z, W € T'(TM). Then, by straightforward computations, using
(2.1.23)- (2.1.26) and (2.2.1), we get

g(R(X,Y)PZ,PW) = g(R*(X,Y)PZ,PW) — o{B(Y, PZ)B(X, PW)
+ B(X,PZ)B(Y,PW)} (2.6.16)

for any X,Y, Z, W € I'(TM). Thus, from (2.6.15) and (2.6.16), we derive
1
9(ROXLY)PZPW) = Sg(R*(X,Y)PZ,PW). (2.6.17)

On the other hand, from (2.1.26) and (2.6.8), we get
g(R(X,)Y)Z,N)=0,vX,Y,Z e T(TM),N € I'(tr(TM)). (2.6.18)

Thus, from (2.6.17) and (2.6.18), we conclude that

R(X,Y)PZ = %R*(X, Y)PZ.
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Hence, using algebraic properties of the curvature tensor field, we have
1

for any X,Y,U,V,W € T'(S(T'M)), which completes the proof. O

Remark 2.6.6. The above theorem shows that the semi-symmetry of a screen
conformal lightlike hypersurface of a semi-Euclidean space is related with the semi-
symmetry of a leaf M’ of its integrable screen distribution. In the Lorentzian case,
since the screen is Riemannian, studying semi-symmetry of a screen conformal
lightlike hypersurface is the same with a Riemannian manifold. In fact, it follows
from the proof of Theorem 2.6.5 that the curvature conditions of a screen conformal
lightlike hypersurface reduces to the curvature conditions of a leaf of its screen
distribution.

Lemma 2.6.7. Let M be a lightlike hypersurface of semi-Euclidean (m + 2)-space.
Then the Ricci tensor Ric of M is given by

Ric(X,Y) = =Y eB(X,Y)C(w;,wi) — g(A;Y, AX), & ==%1, (26.19)

i=1
for any X, Y € T(TM) and {w;}7> is an orthonormal basis of S(TM).
Proof. From (2.1.25) and (2.6.8), we have

Ric(X,Y) Z )C(w;, wi) — B(Y,w;)C(X,w;)}
forany X,Y € T(TM), ¢ € T(TM*) and N € I'(tr(T M), where {w;}, is a basis

of S(TM). Using (2.1.25) and (2.1.26), we get

m m

Ric(X,Y) = = > e{ B(X,Y)C(wi,wi) — g(Y _ eig(ALY, w)w;, AX)}.
i=1 i=1
Hence, we have (2.6.19), which completes the proof. O

Definition 2.6.8. A lightlike hypersurface M of a semi-Euclidean space is Ricci
semi-symmetric if the following condition is satisfied:

(R(X,Y) - Ric) (X1, X3) =0 (2.6.20)

for X,Y, X1, X5 € F(TM)

Next we prove a result which shows the effect of the Ricci semi-symmetric
condition on the geometry of lightlike hypersurfaces.
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Theorem 2.6.9. Let M be a Ricci semi-symmetric lightlike hypersurface of an
(m + 2)-dimensional semi-Euclidean space. Then either M is totally geodesic or

Ric(&, AE) =0 for £ € T(TMY).
Proof. From (2.6.8), (2.6.6) and (2.6.20), we obtain
(R(X,Y) - Ric)(X1,X2) = a{—B(X, X1)B(AY, X») + B(Y, X1)B(AX, X2)
— B(X,X2)B(X1,AY) + B(Y, X2)B(X1,AX)}
— B(X, X1)B(AXa, AY) + B(Y, X1)B(AX,, AX)
— B(X, X3)B(AY, AX1) + B(Y, X2) B(AX, AXy)
for X,Y,X1,X, € I'(TM), where a = —> 1" | ¢,C(w;,wi). Now, suppose that

M is a Ricci semi-symmetric lightlike hypersurface. Taking X; = £ in the above
equation and using (2.1.25), we obtain

—B(X,X2)B(AY, A¢) + B(Y, X2)B(AX, A¢) = 0.
Hence for Y = ¢ we derive
B(X, X2)B(Ag, AS) = 0.

So, if B(X,X3) =0 for any X, Xo € I'(T'M), then M is totally geodesic. If M is
not totally geodesic, it follows that B(AE, AE) = 0, then from (2.6.19) we obtain
Ric(¢, A€) = 0. O

Theorem 2.6.10. Let M be a lightlike hypersurface of a semi-Fuclidean (m + 2)-
space such that Ric(&,X) =0, VX € T(TM) , £ € T(TM* and A€ is a non-null
vector field. Then M is semi-symmetric if and only if M is totally geodesic.

Proof. Suppose that M is a semi-symmetric lightlike hypersurface of a semi-
Euclidean (m + 2)-space. Taking X; = £ in (2.6.12), we obtain

{=B(Y, X2)B(AX, X3) + B(X, X2)B(AY, X5)}g(A¢, PXy)
{—B(X3,Y)B(X2, AX) + B(X, X3)B(X2, AY ) }g(AE, PXy)

Then, for Y = £, we have

B(X, X2) B(AS, Xa)g(AS, PX4) + B(X, X5) B(Xa, A€)g(A€, PXa)
+ B(X, PX1)g(A€, A)B(Xs, X3) = 0.

Thus, by assumption, Ric(¢, X) = 0, we have B(X, A¢) = 0. Hence, we get

Since A¢ is a non-null vector field by hypothesis, for X = X3 and Xy = Xo we
arrive at

B(X2,X3)=0.
Thus, M is totally geodesic. The converse is clear from (2.6.12). |
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For Lorentzian space Rgm“), we have the following:

Corollary 2.6.11. Let M be a lightlike hypersurface of a Lorentzian space RY"H)

such that Ric(¢,X) =0, VX € T(TM), £ € T(TM™). Then M is totally geodesic
if and only if M is semi-symmetric.

Proof. If M is a lightlike hypersurface of R:(lm”). Then the screen distribution
of M is a Riemannian vector bundle. From (2.1.26), we can see that AX €
[(S(TM)), VX € T(TM). Then, the proof follows from Theorem 2.6.10. O

Theorem 2.6.12. The second fundamental form of a lightlike hypersurface M of a
Lorentzian manifold is parallel if and only if M is totally geodesic.

Proof. Suppose that the second fundamental form h of M is parallel. Then, from
(2.6.9) and (2.1.14) we have

(Vxh)(Y,Z) = X(B(Y,Z)N) — B(VxY,Z)N — B(Y,VxZ)N =0. (2.6.21)

Thus, from (2.1.25), for Y = ¢, we obtain B(Vx¢, Z)N = 0. Using (2.1.20), we
have B(A; X, Z)N = 0. Hence, B(A; X, Z) = 0. From (2.1.25) we assume that Z €
D(S(T'M)). Thus, g(A; X, AiZ) = 0. Then, for X = Z we get g(A; X, A;X) = 0.
On the other hand, any screen distribution S(T'M) of a lightlike hypersurface of a
Lorentzian manifold is Riemannian. Then, we have A7 X = 0 for any X € I'(TM).
Thus, proof follows from this and (2.1.25). The converse is clear. O

Theorem 2.6.13. Let M be a semi-parallel lightlike hypersurface of a semi-Euclid-
ean (m + 2)-space. Then either M is totally geodesic or C(§, AfU) = 0 for any
U eT(S(TM)) and ¢ € T(TM*1), where C and A are the second fundamental
form and shape operator of S(T'M), respectively.

Proof. Since M is a semi-parallel lightlike hypersurface, we have
hMR(X,Y)Z, W)+ h(Z,R(X,Y)W)=0.
By using (2.6.8), we obtain

B(X, Z)B(AY,W) — B(Y, Z)B(AX,W) + B(X,W)B(Z, AY)
— B(Y,W)B(AX,Z) =0 (2.6.22)

forany X,Y, Z,W € I'(TM). Then, from (2.1.25) and (2.6.22), for X = £, we have
B(Y, Z)B(AE, W) + B(Y,W)B(A¢, Z) = 0.
Thus, for Z = W, we obtain B(Y, Z)B(A¢,Z) = 0. Now, if B(Y,Z) = 0, then M

is totally geodesic. If B(Y, Z) # 0, then from (2.1.26), we have C(§, A;U) = 0 for
any U € I(S(TM)). O
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Example 10. Consider a hypersurface M in Rj given by

xr1 = X2 + \/i\/ 1‘32 + 242.

Then, it is easy to check that M is a lightlike hypersurface. Its radical distribution
is spanned by

& =Vu3?2 + 242021 — V32 + 242022 + \/59633963 + \/521643964-

Then the lightlike transversal vector bundle is spanned by

1
tr(TM) = Span{N = 7)(7\/ w32 + 242 0wy + /232 + 142 022

4(x3? 4 242

+ V223033 + V224 024)}.
It follows that the corresponding screen distribution S(7'M) is spanned by
{Z1 = 0x1 + 0xa, Zy = —x4 0x3 + 23 0T4}.
By direct computations, we obtain
VxZ1 =V X =0, Vel = V26,V 2,6 = Ve Zo = V22,

and -
VZ222 = —x3 8173 — X4 8934

for any X € T'(TM). Then, by using the Gauss formula, we obtain

1
VxZ1=0,Vz, 00 = ——=6,VeZo=V2,6 =279, V3, Z =0
xZ1 A 2\/55 ) 7,€ 2, Vz

and
B(Za, Z3) = —2(x3% 4+ 242), B(Z1,Z5) = 0, B(Zy, Z,) = 0.

On the other hand, we have

_ 1 1
VeiN=——+——— 021 ————++— 02
¢ 2\/5\/ .1332 + .1342 ! 2\/5\/ .1332 + 1‘42 ?
1 T3 9 1 T4 P
— =023 — ———F5——< 0%
2 (252 +2a%) 0 2(wstaa?)
Vz, N =0,
szN = — ik Ors + 3 Oxy.

2v2(x3% + 242) 2v/2(x32 + 4?)
Thus, from the Weingarten formula (2.1.15), we have

1

ANE=0, ANZy =0, AyZp = —
~N§ NZ1 NZo V(rs? 1 117

Zy.
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Then, from the above equations the following equations are satisfied:
(R(Zy1,Z5) h)(Z1,7Z1) =0,(R(Z1, Z2) h)(Z1, Z2) =0, (R(Z1, Z2) h)(Z2, Z3) = 0.

Finally, using (2.1.25) and definition of (R(X,Y").h), we have R(X,Y)h)(U,£) =0
for any X,Y,U € I'(TM) and ¢ € T(TM~). Thus, M is a non-totally geodesic
semi-parallel hypersurface of Rj.



Chapter 3

Applications of lightlike
hypersurfaces

In this chapter we present the latest work on applications of lightlike hypersur-
faces in two active ongoing research areas in mathematical physics. First, we deal
with black hole horizons. We prove a Global Null Splitting Theorem and relate
it with physically significant works of Galloway [197] on null hypersurfaces in
general relativity, Ashtekar and Krishnan’s work [16] on dynamical horizons and
Sultana-Dyer’s work [378, 379] on conformal Killing horizons, with related refer-
ences. Secondly, we present the latest work on Osserman lightlike hypersurfaces
[20].

3.1 Global null splitting theorem

Kinematic quantities of spacetimes. Let (M, g) be a 4-dimensional spacetime man-
ifold of general relativity. This means that M is a smooth (C°°) connected Haus-
dorff 4-dimensional manifold and g is a time orientable Lorentz metric of normal
hyperbolic signature (— + ++). The continuity of M has been observed experi-
mentally for distances down to 107'® cms and, therefore, should be sufficient for
the general theory of relativity unless the density reaches to about 10%gms/cm3.
In this book we assume that the density is sufficient to maintain the continuity of
the spacetime under investigation.

The set of all integral curves given by a unit timelike or spacelike or null
vector field w is called the congruence of timelike or spacelike or null curves. We
first consider timelike curves, also called flow lines. The acceleration of the flow
lines along u is given by V,u or u® ;bub where V is the Levi-Civita connection on
(M, g) and (0 < a,b < 3). The projective tensor, defined by

hab = Gab + Uatis, (3.1.1)
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is used to project a tangent vector at a point p in the spacetime into a spacelike
vector orthogonal to u at p. The rate of change of the separation of flow lines from
a timelike curve, say C, tangent to u is given by the expansion tensor

gab = hghg u(c;d)- (312)

The volume expansion 0, the shear tensor oup, the vorticity tensor wq., and the
vorticity vector w® are defined as follows:

0 = divu = ,,h*, (3.1.3)
Oab = Oap — ghab, (3.1.4)
Wab = RS e.ay, (3.1.5)
w = %nadeubwcd, (3.1.6)
nabcd _ gaegbfgcggdh Nefahs

Nepan = (4)V/=9 0870507,

where n?°°? is the Levi-Civita volume-form. The equation (3.1.5) measures the rate
at which the timelike curves rotate about an integral curve of u. The covariant

derivative of u can be decomposed as
9 (&
Ug:p = Wab + Oap + gha}, — ub(u;auc). (317)

The rate at which the expansion € changes along the flow lines of u is given by
the following Raychaudhuri equation:

do 1
uf = i —Rapuu® 4 2w* — 20% — 302 + div(Vyu), (3.1.8)
s
where w? = Jwaw® and 0?2 = 104,0°" are both non-negative and s is a parameter

of an integral curve of u. Since we will not be using congruence of spacelike curves
in this book, we refer to Greenberg [216] for details on their kinematic quantities.
Now we consider a congruence of null geodesics given by a null vector field £. Since
the arc-length parameterization is not possible for a null curve C' generated by {¢},
we use a Frenet frame

d
F={—=¢
(g, =tmUV)
with respect to a distinguished parameter p. Recall that
Furthermore, for the congruence of the null geodesic

(l=o0U=0=0=0,
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where o is the curvature function of the null curve C. We also use the 2-dimen-
sional screen distribution S which is complementary to the tangent space T'(C') in
(T(C))* at every point of C. Thus, it is possible to define a projection operator
hab by R

hab = UgUp + Va U, (3.1.9)

where
Ua = gabU"  va = gV’ (3.1.10)

Here ﬁab is a positive definite metric induced by g,; on the screen distribution S.
The inverse metric is given by heb = iLcdgC“gdb. Then, any tensor (or just geomet-
ric) quantity on M can be projected onto its hatted component in S by using the
projection operator (3.1.9). Then, the covariant derivative of the projection null
vector ¢ can be decomposed as follows:

ga;b: }Alab+6'ab+d)ab> (3111)

N D>

where é, Gab and Wgp are respectively called ezpansion, shear and twist of the null
congruence and given by

0 = hl,.,
Ty,
Oab — g(a;b) - §hub7
Wap = g[a;b]

and they satisfy (see Hawking-Ellis [228, page 88])

- dh 62
= — = — — 2/\2 A2— a a pb .
00 e 5 +20°+267 — Ry 000", (3.1.12)

where 20? = Qg @ and 262 = 64, 6%° are non-negative. (3.1.12) is the analogue

of the Raychaudhuri equation (3.1.8) of timelike geodesics.

Matter Tensor and Einstein’s Field Equations. The matter distribution on (M, g)
can be expressed by tensorial equations with regard to the Levi-Civita connection
of the metric tensor g. The matter field is given by a symmetric tensor field,
denoted by Ty, called the energy momentum tensor such that

1. T, vanishes on an open set U of M iff the matter fields vanish on U.
2. Ty is divergence-free, that is, Tgl;a =0.

Let V be a Killing vector field (i.e., Vo,p + Vb,q = 0) on M. Then, the above
equation can be integrated along V' as follows. Denoting the vector field T}’ V? by
W and computing its divergence we get

W, = T6,, V! 4+ T Vi =0
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since Ty; is symmetric and divergence-free and V' is Killing. Now integrating over
a compact orientable region D with boundary 0D and using the Gauss divergence
theorem gives
Wedo, = / we.dv =0,
oD D
where do, = N,ds ( N, is a unit vector field normal to 9D and ds is the elementary
surface element of 9D ) and dV is the volume element of D. The above equation
shows that the total flux of the component of Ty, along a Killing vector V' taken
over a closed surface is zero. Consequently, this result provides a conservation law.

Energy Conditions. For finding energy conditions we need to determine how a
prescribed T, determines the geometry of spacetime by considering the following
Einstein-Hilbert action:

I(g) = /D (A(r +2A) + L)dV

and vary g over a closed region D, where A, r, L and A are a suitable coupling
constant, scalar curvature, the matter Lagrangian and the cosmological constant
respectively. Varying g over D implies that the action I(g) is stationary if the
FEinstein field equations (see Hawking-Ellis [228])

r
Rab - (5 - A)gab =8 Tab

are satisfied, where 87 is due to the fact that Einstein field equations reduce to

the Newtonian Poisson equation V2¢ = 47 p for a weak field. Contracting Einstein

field equations we get

r=4A—8zT , T=T%"

The left- and the right-hand sides of the Einstein field equations describe the ge-
ometry and the physics respectively of the spacetime under investigation. Consid-
erable work has been done on exact solutions by prescribing physically meaningful
choices of Tgp (see Kramer et al. [267]). For a physically reasonable exact solution,
Tap must satisfy the following energy conditions.
For any non-spacelike vector X in T),(M), at each point p of M, a weak energy
condition implies that
TpX*X" > 0.

In particular reference to the focus of this book, for any null vector ¢ in T,(M),
weak energy condition implies that R,¢%6% > 0.

A dominant energy condition implies that besides satisfying a weak energy
condition for a timelike vector field X, T2X® must be a non-spacelike vector.
Physically this means that the local energy flow vector is non-spacelike along
with the non-negative local energy density. For any orthonormal basis {F,}, the
dominant energy condition is equivalent to Tog > |Typ|. Thus, the dominant energy
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condition is the weak energy condition plus the condition that the pressure should
not exceed the energy density.
A spacetime M satisfies the strong energy condition if for any non-spacelike
vector X of M,
Ry X°X >0

holds. Moreover, if the Einstein equations hold then, for all timelike X, this con-

dition implies that

T A

T X X0 > (5 WV,

T
which reduces to T, XX ?® = 0 for all null vectors. When A = 0, the strong energy
condition, for all non-spacelike vectors, is equivalent to the condition

T
T XX > (E)X“Xa,

as stated in Hawking-Ellis [228, page 95]. Observe that the strong energy condition
is also called the timelike (resp. null) congruence condition, at any point p of
M, according as V' is timelike (resp. null). On the other hand, the weak energy
condition implies that the matter always has a converging effect on the congruence
of null geodesics. Assuming that the vorticity is zero, we get from (3.1.12) that

dé 6°

— = —— — 262 — Ry 10 4°.

ap 2 C7 e
Hence 6 would decrease along ¢ if Rgp (¢ £* > 0, which is the null convergence
condition. Consequently, the weak energy condition implies null convergence con-
dition.

Global Null Splitting Theorem. We follow the general notation of submanifold
theory and let (M, g) be a smooth lightlike hypersurface of an (m+ 2)-dimensional

Lorentzian manifold (M, g). We need the following from [273]. Consider
TM = TM/Rad(TM), n:r(rmM)— F(m) (canonical projection)

Set X = II(X) and §(X,Y) = g(X,Y). It is easy to prove that the operator Ay :
T(TM) — D(TM) defined by Ay (X) = — (II(VxU)), where U € T'(Rad(TM))
and X € I'(T'M) is self-adjoint. It is known that all Riemannian self-adjoint op-
erators are diagonalizable. Let {k1,...,k,} be the eigenvalues. If §ki7 1 <i<n,
is the eigenspace of k; then

TM =S, L... LS.

Choose a screen distribution S(T'M) and denote by Ps : T(TM) — T'(S(TM))
the corresponding projection. Let U € I'(Rad T M) be a null normal section on
M. Denote by Ay = Af|scrmy : T(S(TM)) — I'(S(T'M)) where Aj; is the shape
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operator on the distribution S(T'M) defined by the equation (2.1.20), which is a
self-adjoint and diagonalizable operator. Take W € I'(S(T'M). Let {kf,...,k’}
be the different eigenvalues on M and Sk; (TM), 1 < i< n the eigenspace of k,
respectively. Then

S(TM) = Sp:(TM)L... LSk (TM)
and we can find the following local adapted orthonormal basis of eigenvectors

{El,...,E} ,EI,....EZ ...... JEY . EM Y

717 Tn
where AU(E;-) = k:jE;, with 1 < i <mn, 1< j < r and r; is the dimension

of the eigenspace of k. Consider a map Py : F(m) — I(S(TM)) defined by
Ps(X) = PsX. Then, Pg is a vector bundle isomorphism, and we have

Ps(AyX) = Ps (-II(VxU)) = Ps (~VxU) = Ps (~VpsxU) = Ay(PsX).

Lemma 3.1.1. Let (M, g, S(TM)) be a lightlike hypersurface of a Lorentzian mani-
fold (M, g). With the above notation, k is an eigenvalue of Ay iff k is an eigenvalue
of Ay. Furthermore, X is an eigenvector of ZU associated with k if and only if
PsX is an eigenvector of Ay associated with k.

Proof. 1t is an immediate consequence of Ps being an isomorphism. O

Therefore, the eigenvalues associated with a null normal section are the same
for all choices of screen distributions. Such eigenvalues {k1, ..., k,} of Ay are called
the principal curvatures associated with the null normal section U.

Lemma 3.1.2. Let U and U be two null normal sections such that U = aU. If k is
an eigenvalue of Ay then ok is an eigenvalue of Ay with the same multiplicity.

Proof. Let S(I'M) be a screen distribution. Consider the shape operator Ay :
I(S(TM)) — T(S(TM)). From Lemma 3.1.1 we know that the eigenvalues respect
to U are independent of the screen, so if W is an eigenvector of Ay with respect
to k then

Ay (W) = Ps(~VwU) = Ps(~Vw(aU)) = Ps(~W(a)U — aVwU) = akW.

Thus, ak is an eigenvalue associated with U. O

Let {EJZ, 1 <i<n,1<j<r;} bealocal orthonormal basis of eigenvectors
of T'(S(T'M)|ys). In order to facilitate the notation and depending on the context
we will also denote it by {E,;1 < a < n} and so Ay (FE,) = ko Eq4, where k, may
be repeated. It is well known that the lightlike mean curvature 8y : M — R with
respect to a null section U is given by

n

v == B(E.,Ed) =—> (Ay(E4), Ea).

a=1
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It is easy to show that 6y does not depend on both the screen distribution and
the orthonormal basis, and so 6y = — >, kq. One of the good properties of the
mean curvature is that it does not depend on the screen distribution chosen, but
only on the local null section U.

A local null normal section ¢ is called geodesic if V¢ = 0 for which the
integral curves of £ are called the null geodesic generators. This condition has
interesting geometric and physical meanings and also helps in simplifying the
computations. If U is a null normal section on M, then for all p € M one can
scale U to be geodesic on a suitable neighborhood Uof p. Let us suppose that
the local section ¢ is geodesic, that is, V¢&€ = 0 on Y. We will denote the shape
operator Af as A¢ on I'(T'M ) (note that for simplicity we are making an abuse
of notation, but this should not cause confusion). Consider the tidal force operator
Re : T(TM|y) — T(TM|y) (see [317, Page. 219]) defined as

R&(X) = R(X7 E)g = v[§,X]£ - vgﬁxg.

This is a linear and self-adjoint operator, and tr(R¢) = Ric(¢,€). Define Re :
[(TM|y) — T(TM]|y) in the same way but using V instead of V. From (2.4.1)
it is easy to show that R¢ = R¢. Thus, we can define the tidal force by means of
induced objects of a lightlike hypersurface.

Proposition 3.1.3. Let & be a local normal null geodesic section. Then, the tidal
force operator R¢ satisfies the equation

(Re(X),Y) = (-AZ(X) + (VeAe)(X),Y), (3.1.13)
where X, Y € T(TM|y) and
(VeAe)(X) = Ve(AcX) — Ag(VeX).
Proof. This is shown by the following easy computation.

(Re(X),Y) = (Ve x1€ — VeVXEY)
(—Ae([&, X]) + Ve(Ae X),Y)
(=

(=

Ac(VeX) + Ae(Vx€) — Ve(AeX),Y)
Ae(Ae(X)) + (VA)(X,6),Y). O

Proposition 3.1.4. Let M be a lightlike hypersurface of a Lorentzian manifold M
and & a geodesic normal null section on U and 0¢ be the lightlike mean curvature
associated with &. Then,

£(0e) = — Ric(&, €) — tr(A7) = —Ric(¢,€) — Zsz (3.1.14)

Proof. Let {E, ..., E,} be a basis of eigenvectors on S(TM)|;. We can compute
the terms of equation (3.1.13) when X =Y = E, and obtain
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(A¢Ey) — A¢(VeE,), Eq)
(kaBa), Ea) — (Ac(VeE,), Ed)
(A¢(VeE,), Ea)

(VeEa, A¢(E,))

(ka)
(ka) —
(Fa)

It is clear that (AZ(E.), Ea) = k. Now taking the trace in (3.1.13) we obtain
(3.1.14) which completes the proof. O

Consider the flux of ¢ as a local congruence of null geodesic curves. It is
known that the vorticity tensor w is the antisymmetric part of —A; and the shear
tensor o is the trace-free of the symmetric part of —A. Since A¢ is symmetric,

w=0 and U:ng—QI,
n

where [ is the identity operator. From (3.1.14) we obtain a version of the following
vorticity-free Raychaudhuri’s equation for lightlike hypersurfaces

2
E(0) = — Rie(€.§) — tr(0?) —

m
Let v(t) C U be a null generator of M C M, where M is a physical spacetime.
Then, the null mean curvature restricted to v is the expansion 6(t) = 0¢(y(t)) and
the Raychaudhuri’s equation restricted to each null generator is the Raychaud-
huri’s equation for a null geodesic (see [164, page 60] and [197]). This equation
shows how the Ricci curvature influences the deviation of null geodesics of M.
Since, in general, the screen distribution is not unique there is a need to look for
a unique structure (S(T'M), &) with a given null normal section £ of M. Also, it
is desirable to find such globally defined unique structures. For this purpose we
recall the following:

Definition 3.1.5. [150] Let M be a lightlike hypersurface of a Lorentzian manifold
M. A pair (S(T'M),§) is said to be a global structure on M if and only if £ is a
non-vanishing global null normal (GNN) section on M.

Definition 3.1.6. [150] Let M be a lightlike hypersurface of a Lorentzian manifold
M admitting a GNN section € on M. A Riemannian distribution D(TM) of TM is
said to be ¢-distinguished if each section W of D(T M) satisfies V& € T'(D(TM)).
In particular, if a screen distribution S(T'M) is £-distinguished the pair (S(T'M), §)
is called a distinguished structure on M.

Let (S(T'M),€) be a global structure of M, then we can consider a globally
defined shape operator Ag of S(T'M)). From Lemma 3.1.1 we conclude that the
eigenvalues with respect to & do not depend on the screen. Thus, we say that the
eigenvalues of A are the principal curvatures associated with the GNN section &.
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Theorem 3.1.7. [150] Let M be a lightlike hypersurface in a Lorentzian manifold
M admitting a GNN section &. Suppose V& = —pé and {k1, ..., km} are the prin-
cipal curvatures associated with & on M. Then there exist a unique &-distinguished
Riemannian distribution De(TM) such that:

(1) If p#£k; for alli € {1,...,m}, we have the decomposition
TM = Rad(TM) ®orth De(TM)

and so (S(T'M) = D¢(TM),¢) is a unique distinguished structure.
(2) If p = ks, for some ig € {1,...,m}, we have the decomposition

TM =Rad(TM) &ovtn Sp(TM)LDe(TM),
where S,(T'M) is any eigenspace associated with the eigenvalue k;,.

Proof. Suppose S(T'M) and S(TM) are two different screens. Let Si(TM) <
S(TM) and Sy(TM) < S(TM) be both vector sub-bundles associated with the
same eigenvalue k. Let {E1, ..., E,} be an orthonormal basis of Si (T M) and con-
struct the set {Ey, ..., E,} where E; = Py(E;), 1 <j <r.From Lemma 3.1.1 we

have that {E, ..., E,} is an orthonormal basis of Sy, (T'M) satisfying the formulas:
Vi, § = —kE; — 7(E;)E,
Vp,&=—kEj —#(Ej)E,  1<j<r
Ej = Bj + pyé.

We are interested in finding p; such that 7(F;) vanishes, so that Sx(TM) is a
¢-distinguished Riemannian distribution. Then we have

Vi€ = Vim0 = VEE + 1;Vel = —kE; — 7(E;)€ — pué,
—kEj = —k(E; + 1;6)

and, therefore, p1;(p — k) = 7(E;). Accordingly, we obtain that if p # k then it is
enough to take p; = 7(E;)/(p — k) and trivially S, (T'M) is unique with 7 = 0 on
Sk(TM). Thus, we have actually proved both statements taking

D(TM) = P Si(TM).
k#p

If k; # p for all 4, then (S(T'M),¢) is a unique distinguished structure. O

We know (see Chapter 2) that M is totally geodesic if the shape operator
A¢ vanishes identically for one (and so for all) null normal sections £ on each
neighborhood U4 C M and the second fundamental form of M also vanishes. As
an immediate consequence of the formula (3.1.2) and the use of a unique distin-
guished global structure (S(TM), ) for a class of lightlike hypersurfaces we have
the following result (a local version appeared in [150]).
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Theorem 3.1.8 (Global Null Splitting Theorem). Let M be a lightlike hypersurface
in a spacetime M admitting a unique distinguished global structure (S(TM), ) and
satisfying the null energy condition Ric(€,€) > 0 for every GNN £ € Rad(T'M).
Then M is totally geodesic if and only if its lightlike mean curvature vanishes
identically for all GNN sections & € Rad(TM).

Remark 3.1.9. Theorem 3.1.8 is a Global Null Splitting Theorem for smooth hyper-
surfaces as follows: It is known (see Theorem 2.5.1 in Chapter 2) that a lightlike
hypersurface M of a semi-Riemannian manifold is totally geodesic if and only
if RadTM is a Killing distribution on M. Thus, using the hypothesis of Theo-
rem 3.1.8 we consider a class of lightlike hypersurfaces (M, g, G) such that each
M carries a smooth 1-parameter group G of isometries each of whose orbits is a
global null curve generated by a corresponding global null vector field in M. Let
M’ be the orbit space of the action G =~ C’, where C’ is a 1-dimensional null leaf
of RadTM in M. Then, M’ is a smooth Riemannian hypersurface of M and the
projection w : M — M’ is a principle C’-bundle, with null fiber G. The global ex-
istence of a null vector field, of M, implies that M’ is Hausdorff and paracompact.
The infinitesimal generator of G is a global null Killing vector field, say U, on
M. The metric g restricted to its screen distribution space S(T'M) then induces
a Riemannian metric, say ¢’, on M’. Since U is non-vanishing on M, we can take
U = 05 as a global null coordinate vector field for some global function f on M.
Thus, f induces a diffeomorphism on M such that (M = M’ x C',g = 7*¢’) is a
global product manifold.

Example 1. Let (M, g) be an (m + 2)-dimensional globally hyperbolic spacetime
[34], with the line element of the metric g given by

ds® = —dt* + dz' + Gy dz®dab, (a,b=2,...,m+1) (3.1.15)

with respect to a coordinate system (t,z!,..., 2™+ ) on M. Choose the range
0 < 2! < oo so that the above metric is non-singular. Take two null coordinates
u and v such that u = ¢t + 2! and v = t — 2!, Thus, (3.1.15) transforms into a
non-singular metric:

ds® = —dudv + Gap dz® 2.

The absence of du? and dv? in this transformed metric implies that {v = con-
stant.} and {u = constant.} are lightlike sub-spaces of M. Let (M, g, r =1, v =
constant.) be one of this lightlike pair and let D be the 1-dimensional distribution
generated by the null vector {d,}, in M. Denote by L the 1-dimensional integral
manifold of D. A leaf M’ of the m-dimensional screen distribution of M is Rieman-
nian with the metric dQ? = ga, 2® 2 and is the intersection of the two lightlike
sub-spaces. In particular, a Minkowski space and a De-Sitter spacetime M have a
pair of lightlike sub-spaces. In particular, there will be many global timelike vec-
tor fields in globally hyperbolic spacetimes M. If one is given a fixed global time
function then its gradient is a global timelike vector field in a given M. With this
choice of a global timelike vector field in M, we conclude that its lightlike subspace
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M (the same is true for the other pair) admits a global null vector field. Thus,
there exists a pair of lightlike hypersurfaces of globally hyperbolic spacetime M
both of which have a global structure.

Note. By using the Hopf-Rinow theorem one may choose a unique distinguished
global structure (S(T'M), &) of one of such hypersurface so that a leaf M’ of S(T'M)
is a complete Riemannian hypersurface of M. Thus, it is possible to construct a
pair of globally null hypersurfaces of a globally hyperbolic spacetime. In particular,
a Minkowski and a De-Sitter spacetime can have a pair of subspaces which are glob-
ally null. Similarly, using the technique of warped products (see Chapter 1), one
can show that Robertson-Walker, Schwarzschild and Reissner-Nordstrom space-
times can have a pair of globally null hypersurfaces. Also see some more examples
of globally null manifolds in [41].

3.2 Killing horizons

For physical applications, we use the symbols (M, g) for an n-dimensional semi-
Riemannian (in particular, Lorentzian) manifold and (X,~) its hypersurface. A
vector field £ on (M, g) is called a conformal Killing vector field, briefly denoted
by CKV, with conformal function o if

fjg Gij = 209ij , or gi;j + fj;i = 209@‘, 1<4,5 >n, (321)

which reduces to a homothetic or Killing vector field whenever o is non-zero con-
stant or zero respectively. £ is called proper CKV if ¢ is non-constant. The second
set of equations of (3.2.1) are called conformal Killing equations. £ satisfies the
following integrability conditions (also valid for any Riemannian manifolds [408]):

(£eV)(X,Y)=(X0)Y + (Yo)X —g(X,Y)Do,
(£¢R)(X,Y,2Z) = (VVo)(X,2)Y — (VVo)Y,2)X
+9(X,Z)VyDo—g(Y,Z)Vx Do,

where D o is the gradient of o. In local coordinates, we have
£eThy =650k + 6,05 — gjr o',
Le R ijm = = 0},0j:m + 05,05k = 0"k Gjm + 0" ;m Gk

Solutions of the highly non-linear Einstein’s field equations require the assumption
that they admit Killing or homothetic vector fields. This is due to the fact that
the Killing symmetries leave invariant the metric connection, all the curvature
quantities and the matter tensor of the Einstein field equations of a spacetime.
Most explicit solutions (see [267]) have been found by using one or more Killing
vector fields. Related to the theme of this section, here we show that the Killing
symmetry has an important role in the most active area of research on Killing
horizons in general relativity.
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Killing horizon. The concept of Killing horizon in a general semi-Riemannian
manifold (M, g) has its roots in a 1969 paper of Carter [94] as follows: Consider
an open region U on an n-dimensional semi-Riemannian manifold (M, g) such
that there exists a continuous r-parameter group of Killing vector fields &,, (1 <
a < r), generating an r-dimensional sub-tangent space V, at every x € U, where
(1 < r < m—1). Then, the group is said to be orthogonally transitive if the
r-dimensional orbits of the group are orthogonal to a family of (n—r)-dimensional
surfaces. Let the respective decomposition be

T.M=W,+V,, dim(Wy) =n —r.

The group is said to be invertible at a point x € U if there is an isometry leaving z
fixed , at x, but leaves unaltered the sense of the direction orthogonal to V,, at the
same point x € U. The existence of such an isometry obviously implies that it is an
involution and uniquely determined. It follows from the above decomposition that
a group is invertible at a point x only if both V,, and W, are non-singular. Indeed,
if any one is lightlike (null), then there exists a self orthogonal null direction in
that one, and, therefore, the group can not be invertible. Carter [94] has shown
that for an Abelian group, the non-singular orthogonal transitive condition is also
sufficient for the group to be invertible. A trivial example is the case of a 1-
parameter group which is Abelian, and, therefore the orthogonal transitivity and
the invertibility are equivalent for a non-null Killing vector. Now, let (X, ) be
a lightlike hypersurface of (M, g). Then, ¥ is said to be a local isometry horizon
(LIH) with respect to a group of isometry if

(a) X is invariant under the group.
(b) Each null geodesic generator is a trajectory of the group.

In particular, a lightlike hypersurface (X, v) which is an LIH with respect to a
1-parameter group (or sub-group) is said to be a Killing horizon, denoted by KH.
This means that a KH is a lightlike hypersurface M whose generating null vector
can be normalized so as to coincide with one of the Killing vectors &,. Physically,
an LIH, with respect to a 4-dimensional spacetime manifold M, has the following
significant role. A particle on an LIH, of M, may immediately be traveling at
the speed of light along the single null generator but standing still relative to its
surroundings. This happens because, by definition of an LIH, the variable affine
parameter along a null geodesic leaves invariant both the intrinsic structure of M
and the position of the lightlike hypersurface as an LIH. On the existence of LIH
and a KH, we have the following:

Theorem 3.2.1. (Carter [94]) Let U be an open subregion of an n-dimensional
C? manifold with a C' semi-Riemannian metric, such that there is a continuous
group of isometries whose surfaces of transitivity have constant dimension r inU.
Let N be the subset (closed in U) where the surfaces of transitivity become null
and suppose they are never more than single null (i.e., the rank of the induced
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metric on the surface of transitivity drops from r tor—1 on N, but never lower).
Then if the group is orthogonally transitive in U, it follows that N is the union
of non-intersecting hypersurfaces which are LIH’s with respect to the group, and
consequently (since N is closed in U) the boundaries of N are members of the
family. Moreover, if the group is Abelian, each of the resulting LIH’s is a KH.

Our aim is to relate the Global Null Splitting Theorem of the previous sec-
tion with Galloway’s works [197, 198] on lightlike (null) hypersurfaces as physical
models in general relativity. To understand this, we first recall the following phys-
ical terminology (details can be seen in [34]). Let (M, g) be a spacetime manifold
which, by definition, is a connected time-orientable Lorentzian manifold. We use
the standard causal relations ¢ <<’ and ‘ <’.

e A timelike curve (resp. causal) curve C(t) : I = [a,b] — M is said to be a
future directed curve if each tangent vector of C is future directed. Similar
definitions follow for past directed curve timelike and causal curves.

e A point p € M is called the end point of C for ¢t = b if lim;—,, C(t) = p.

e A non-spacelike curve is future (resp. past) inextendible if it has no future
(resp. past) end points.

e Given any two points p,q of M, q is chronological future (resp. past) of p,
denoted by p << ¢ (resp. ¢ << p), if there is a future (resp. past) directed
timelike curve from p to gq.

e The chronological future (resp. past) of p are the sets I (p) = {¢ € M :
p<<gq}and I (p)={qe M :q<<p}

e Similarly, the causal future (resp. past) of p are the sets J™(p) = {q € M :
p <gq}and J (p) = {qg € M : g < p} for non-spacelike curves. This means
that M, with no closed non-spacelike curve, is a causal space. The sets I1(p)
and I~ (p) are always open in any spacetime, but the sets J*(p) and J~(p)
are neither open nor closed in general.

e M is strongly causal if all its points have arbitrarily small neighborhoods in
which no spacelike curve intersects more than once. A strong causal M is
globally hyperbolic, if for each p and ¢q of M, J*(p) N J~(q) is compact.

e A subset N C M is called achronal if no two of its points can be joined by a
timelike curve. In particular, an achronal boundary is a set of the form I (N)
(or I7(N)), for some N C M, which is generated by null geodesic segments
such that it has past end points but no future end points.

o Let ¥ and X5 be two lightlike hypersurfaces that meet at a point p. We
say that ¥y lies to the future (resp. past) side of ¥; near p if for some
neighborhood U of p in M in which ¥ is closed achronal, X5 NU C JT(X1 N
U,U) (resp. ToNU C T (X1 NUU)).
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Event horizon. An event horizon is a general term for a boundary in spacetime, de-
fined with respect to an observer, beyond which events cannot affect the observer.
We highlight that an event horizon is an intrinsically global concept, in the sense
that its definition requires the knowledge of the whole spacetime (to determine
whether null geodesics can reach null infinity). In particular, an event horizon is
called a KH if its null hypersurface admits a Killing vector field.

A line in a Riemannian manifold is an ineztendible geodesic each segment
of which has minimal length. Contrary to this, as explained in [34, page 8] the
infimum of timelike arc lengths of all piecewise smooth curves joining any two
chronologically related points p << ¢ is zero. Also, if both the two joining points
p,q are in a geodesically convex neighborhood U, then, the timelike line is de-
fined as an inextendible future directed timelike geodesic whose segments in U
have maximal length among causal curves joining those end points. Thus, the
minimal length for Riemannian manifolds corresponds to the maximum length for
Lorentzian manifolds. Due to this marked difference, to understand the concept
of timelike lines let p, ¢ be two points of a Lorentzian manifold (M, g). Denote by
Sp.q the path space of all future directed non-spacelike curves C': [0,1] — M with
p and ¢ their end points. Let L, be the Lorentzian arc length as defined in [228,
Page 105]. Now we recall the following definition:

Definition 3.2.2. Given p € M, if ¢ is not in J*(p), set d(p,q) = 0. If ¢ € JT(p),
d(p,q) = sup{Ly(C) : C € Sy, 4}, where d denotes the distance function.

We highlight the fact that although, in general, the Lorentzian distance
d(p, q) is not finite for any arbitrary M, it has been established by Beem-Ehrlich
[34] that the globally hyperbolic spacetimes do have finite-valued distance func-
tion. This is why such spacetimes are physically significant.

The famous Cheeger-Gromoll Riemannian splitting theorem [96] describes
the rigidity of Riemannian manifolds with non-negative Ricci curvature which
contain a line. We also know that a complete Riemannian manifold with strictly
positive Ricci curvature is void of any lines. This classical result was extended
by Eschenburg [178] for proving an analogous Lorentzian splitting theorem which
describes the rigidity of spacetimes with strong energy condition, Ric(X,X) > 0
for all timelike vectors X, containing a timelike line. Secondly, as a physical appli-
cation of the Global Null Splitting Theorem 3.1.8, we now recall the latest works
of Galloway [197, 198] and others on the maximum principle for null hypersurfaces
for which smoothness is not required. This is due to the fact that null hypersur-
faces of spacetimes which represent event horizons are in general C° but not C!
(see an example later on). Galloway’s approach has its roots in the well-known
geometric maximum principle of E. Hopf, a powerful analytic tool which is often
used in the theory of minimal or constant mean curvature hypersurfaces. This
principle implies that two different minimal hypersurfaces in a Riemannian man-
ifold cannot touch each other from one side. A published proof of this fact is not
available, however, for a special case of Euclidean spaces see [370]. In 1989, Eschen-
burg [178] proved the following result on the maximum principle for hypersurfaces
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with suitable mean curvature bounds (also valid for spacelike hypersurfaces of
Lorentzian manifolds). We quote the following result on the interior and bound-
ary maximum principle for smooth hypersurfaces with suitable mean curvature
bounds (also valid for spacelike hypersurfaces).

Theorem 3.2.3. (Eschenburg [178]) Let ¥4 and ¥X_ be disjoint open domains with
spacelike connected C%-boundaries having a point in common. If the mean curva-
tures 04+ of 0%+ and 0_ of 0% _ satisfy

0-<—-a , 6y<a

for some real number a, then 0%_ = 0%, , and —0_ =0, = a.

Later on, Galloway [197] proved the following geometric maximum principle
for smooth null hypersurfaces.

Theorem 3.2.4. [198] Let 31 and Xa be smooth lightlike hypersurfaces in a space-
time manifold M. Suppose,

(1) X1 and Xa meet at p € M and Yo lies to the future side of X1 near p
(2) the null mean curvature scalars 61 of 1, and 0y of 3o, satisfy, 61 < 0 < 0a.

Then X1 and Xy coincide near p and this common lightlike hypersurface has mean
curvature 6 = 0.

Proof. Let ¥; and X9 have a common null direction at p and let @) be a timelike
hypersurface in M passing through p and transverse to this direction. Take @ so
small such that the intersections

B1=3Y1NQ and By =3NQ

are smooth spacelike hypersurfaces in (), with Bs to the future side of B; near
p. These two hypersurfaces may be expressed as graphs over a fixed spacelike
hypersurface B in @, with respect to normal coordinates around B. Precisely, let
B; = graph(uy), B = graph(us) and suppose

9(”1) = 01’|Bi=graph(ui)7 i=1,2.
By suitably normalizing the null vector fields &; € I'(T'M;) determining 6; and s,
respectively, a simple computation shows that

O(u;) = H(u;) + lower order terms,

where H is the mean curvature operator on a spacelike graph over B in ). Thus
0 is a second-order quasi-linear elliptic operator. In this case we have:

(1) w1 < ug, and u1(p) = ua(p).
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Then the well-known classical Alexandrov’s [5] strong maximal principle for second
order quasi-linear elliptic PDE’s implies that u; = us. Thus By and By agree near
p. The null normal geodesics to 31 and X3 in M will then also agree. Consequently,
31 and X5 agree near p, which completes the proof. O

Although the above maximum principle theorem is for smooth null hyper-
surfaces, in reality null hypersurfaces occurring in relativity are the null portions
of achronal boundaries as the sets = 0I*(A), A C M which are always C° hyper-
surfaces and contain non-differentiable points. For example (see [197]), consider
one such set ¥ = 91 (A) where A consists of two disjoint closed disks in the ¢ =0
slice of a Minkowski 3-space. This set can be represented as a merging surface of
two truncated cones having a curve of non-differentiable points corresponding to
the intersection of the two cones, but, otherwise it is a smooth null hypersurface.
The most important feature of these C° null hypersurfaces is that they are ruled
by null geodesics which are either past or future inextendible and contained in the
hypersurface. Precisely, a C° future (past is defined in a time-dual manner) null
hypersurface is a locally achronal topological hypersurface ¥ of M which is ruled
by future inextendible null geodesics. These null geodesics (entirely contained in
Y) are the null geodesic generators of ¥.. We now understand how the meaning of
mean curvature inequalities can be extended to C° null hypersurfaces. For this we
need the following general concept of support domains, whose boundaries are at
least C2-hypersurfaces, earlier used for non-null hypersurfaces of Riemannian or
Lorentzian manifolds M. Let W C M be an arbitrary open domain with topolog-
ical boundary OW and let b € R.

Definition 3.2.5. [179] OW has generalized mean curvature < b if for any p € OW
there are open domains W), ;,7 = 1,2,..., called support domains, whose bound-
aries are C?-hypersurfaces near p with shape operator 4, ; and mean curvature
0,,; at some point p, with the following properties:

(a) Wp1 CWpaC...CW,

(b) p € OWp,

(c) there is a locally uniform upper bound for Ap 1,

(d) 0, <b+e€; for some sequence €; — 0.

The above concept is used for smooth null support hypersurfaces as follows:

Definition 3.2.6. (Galloway [197]) Let  be a C? future null hypersurface in M. We
say that ¥ has a null mean curvature 6 > 0 in the sense of support hypersurfaces
provided for each p € ¥ and for each € > 0 there exists a smooth (at least C?)
null hypersurface ¥, . such that

(1) Sp.e is a past support hypersurface for ¥ at p € £, , i.e., X, . passes through
p and lies to the past side of ¥ near p, and

(2) the null mean curvature of ¥, . at p satisfies 0, . > —e.
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Example 2. The future null cone A*(p) of a Minkowski space has null mean cur-
vature 6 > 0 in the sense of support hypersurfaces.

Let {Bpc:p € X, € > 0} be the collection of null second fundamental forms
which are locally bounded from below, i.e., for all p € 3 there is a neighborhood
U of pin ¥ and a constant k& > 0 such that

By > —kg, YgelU and e>0

where g; . is the Riemannian metric on the screen distribution of 3.
Based on the above, we have the following maximum principle for C° null
hypersurfaces (proof is common with the proof of Theorem 3.2.4):

Theorem 3.2.7. [197] Let My be a C° future null hypersurface and let Mo be a C°
past null hypersurface in a spacetime M. Suppose

(1) My and My meet at p € M and Ma lies in the future side of My near p,

(2) My has null mean curvature 81 > 0 in the sense of support hypersurfaces,
with null second fundamental forms {Bp e : p € Mi,e > 0} locally bounded
from below, and

(3) My has null mean curvature 02 < 0 in the sense of support hypersurfaces.

Then M; and My coincide near p, i.e., there is a neighborhood U of p such that
MiNU = MsNU. Moreover, M1 NU = MyNU is a smooth null hypersurface with
null mean curvature 6 = 0.

Remark 3.2.8. The important use of Theorem 3.2.4 is that it extends in an ap-
propriate manner (see more details in [197]) to CY null hypersurfaces. Based on
this we now quote the following physically meaningful splitting theorem for null
hypersurfaces arising in spacetime geometry:

Theorem 3.2.9. [197] Let (M, g) be a null geodesically complete spacetime which
obeys the null energy condition, Ric(X, X) > 0 for all null vectors X. If M admits
a null line n, then, 1 is contained in a smooth closed achronal totally geodesic null
hypersurface X.

Remark 3.2.10. Galloway proved the above theorem by using the extended version
of Theorem 3.2.4 for C° null hypersurfaces. He used Kupeli’s approach [272] of
working with the tangent space of M modeled by the null normal vector field &,
ie, let T,M/¢ = {X : X € T,M} and X — X = a¢ for some real number a be
the equivalence class of X. Since the approach in this book is quite different from
Kupeli’s approach we skip Galloway’s proof. However, a closer examination of our
Global Null Splitting Theorem 3.1.8 indicates that Theorem 3.2.9 holds (in an
appropriate use of the properties of C° null hypersurfaces) as its special case for
those classes of null geodesically complete spacetimes which admit a null line. The
upshot of this comment is that both the Theorems 3.1.8 and 3.2.9 can be seen
as Null Splitting Theorems for smooth and C° null hypersurfaces respectively of
appropriate classes of spacetimes.
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A Model. Consider a 4-dimensional stationary spacetime (M, g) which is chrono-
logical, that is, M admits no closed timelike curves. It is known [228] that a sta-
tionary M admits a smooth 1-parameter group, say G, of isometries whose orbits
are timelike curves in M. A static spacetime is stationary with the condition that
its timelike Killing vector field, say T, is hypersurface orthogonal, that is, there
exists a spacelike hypersurface orthogonal to 7. Our model will be applicable to
both these types. Denote by M’ the Hausdorff and para compact 3-dimensional
Riemannian orbit space of the action G. The projection m : M — M’ is a princi-
pal R-bundle, with the timelike fiber G. Let T' = 9t be the non-vanishing timelike
Killing vector field, where ¢ is a global time coordinate on M’. Then, g induces a
Riemannian metric gy, on M’ such that

MZRXM/) 9:_u2(dt+77)2+7_r*9§v[a
where 7 is a connection 1-form for the R-bundle 7 and
u? = —g(T, T) > 0.

It is known that a stationary spacetime (M, g) uniquely determines the orbit data
(M', gy, u,n) as described above, and conversely. Suppose the orbit space M’ has
a non-empty metric boundary M’ # ). Consider the maximal solution data in the
sense that it is not extendible to a larger domain (M’, ¢ . u'.n") D (M', gy, u,m)
with ' > 0 on an extended spacetime M’. Under these conditions, it is known
[228] that in any neighborhood of a point & € OM’, either the metric g}, or the
connection 1-form 7 degenerates, or u — 0. The third case implies that the timelike
Killing vector T' becomes null and, there exists a Killing horizon K H = {u — 0} of
M, subject to satisfying the hypothesis of Galloway’s Null Splitting Theorem 3.2.9.
This KH is related to a class of lightlike hypersurfaces ¥ admitting a unique
distinguished &-structure (S(TX), &) with respect to a GNN section £ of RadTX
as follows:

Let (¥, ) be a totally geodesic lightlike hypersurface of a stationary space-
time M. Then, as per Theorem 2.5.1 of Chapter 2, its Rad 7% is a Killing dis-
tribution. Now consider the case when the timelike vector field T' € T'(T'M) is
becoming null, that is,

Lim(T)uﬂo =&,

where £ € T'(T'M) is a null Killing vector field. Then, the spacelike hypersurface
M’ of M degenerates to a 3-dimensional lightlike hypersurface ¥ of M such that
a leaf M, of S(T'M) is identified with the metric boundary d M’, that is,

YD My=0M'CMC M. (3.2.2)

Thus, My = M’ is a common 2-dimensional submanifold of both ¥ and M. Since
Y. is totally geodesic in M, we conclude that ¥ also admits a smooth 1-parameter
group Gy of isometries (induced from the group G of M) whose orbits are global
null curves in 3. Thus, as per conclusion (1) of Theorem 3.1.7 we can take a class of
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unique distinguished &-structure (S(TX), €) totally geodesic lightlike hypersurfaces
3 evolving from the spacelike hypersurface M’ of M.

Physically, one must find those stationary spacetimes M which are geodesi-
cally complete, chronological (for details on these concepts see [34]) and their orbit
space M’ has a non-empty metric boundary dM’. The last condition is necessary
for the existence of null hypersurfaces as event horizons of such a spacetime M.
For this purpose, we recall the following result of Anderson:

Theorem 3.2.11. [6] Let (M, g) be a geodesically complete, chronological, stationary
vacuum spacetime. M is the flat Minkowski space R, or a quotient of Minkowski
space by a discrete group T' of isometries of R?, commuting with G. In particular,
M is diffeomorphic to R x M', df = 0, with constant u.

Remark 3.2.12. (a) Anderson’s above result implies that only a non-flat M will
have a non-empty metric boundary of its orbit space. It turns out that asymptot-
ically flat spacetimes are best physical systems for the non-flat stationary space-
times, many of them do have Killing horizons [228].

(b) Mathematically, the existence of geodesically complete and chronological
stationary spacetimes puts strong conditions on both the topology and geometry
of its orbit space M’ outside large compact sets. For purely geometric reasons,
it is interesting to find those conditions, both with respect to flat and non-flat
stationary spacetimes. However, physically, since there do exist Killing horizons
of some spacetimes, the above model is an application of a class of unique dis-
tinguished &-structure (S(T'X), &) totally geodesic lightlike hypersurfaces ¥ with
KHs of physically significant stationary spacetimes. Finally, we quote the following
physical result of a class spacetime admitting a KH.

Theorem 3.2.13. [167] Let (M,g) be a globally hyperbolic spacetime which (i) satis-
fies the Einstein equations for a stress tensor T obeying the mixzed energy condition
and the dominant energy condition; (i) admits a homothetic Killing vector field
¢ of g; and (i) admits a compact hypersurface of constant mean curvature. Then

either (M,g) is an expanding hyperbolic model with T vanishing everywhere, or &
is a Killing vector(KV) field.

3.3 Dynamical horizons

A black hole is a region of spacetime which contains a huge amount of mass com-
pacted into an extremely small volume. The gravity inside a certain radius of a
black hole is so overwhelmingly strong that not even light traveling at 186,000
miles an hour can escape. Shortly after Einstein’s first version of the theory of
gravitation was published in 1915, in 1916, Karl Schwarzschild computed the grav-
itational fields of stars using Einstein’s field equations. He assumed that the star
is spherical, gravitationally collapsed and non-rotating. His solution is called a
Schwarzschild solution which obtained an exact solution of static vacuum fields of
the point-mass. Since then there has been very active ongoing research on exact



116 Chapter 3. Applications of lightlike hypersurfaces

solutions, using the Schwarzschild metric; but, the real formal mathematical for-
malism of black holes was initiated, in 1960, by Kruskal [269] (and independently
by Szekeres [382]) by extending the Schwarzschild solution into the region of the
black hole. Kruskal-Szekeres formulation is now well-known as a reliable funda-
mental theory for the justification of the existence of black holes and there has
been a large body of research papers on this subject. Black holes are now “seen”
everywhere by astronomers, even though no one has ever found an event horizon.
On the mathematical theory of black holes we refer to a book by Chandrasekhar
[95]. To discuss the geometric description of the black hole horizon as a light-
like hypersurface of a spacetime manifold, one needs to understand the following
physical concepts:

Non-Expanding Horizon (NEH). A lightlike hypersurface (X, ) of a spacetime
(M, g) is called a non-expanding horizon(NEH) if and only if

(1) X has a topology R x S2,
(2) the expansion # vanishes on ¥ and
(3) stress energy tensor T' obeys the null dominant energy condition.

It follows from the Raychaudhury equation (3.1.8) that 6 vanishing for an NEH
implies the shear ¢ also vanishes. Moreover, it is important to know that the
property of being a NEH is an intrinsic property of ¥ i,e. it is independent of
the choice of the null normal vector of ¥. A simple example of NEH is the event
horizon of a Schwarzschild black hole [228].

Isolated Horizon (IH). A NEH X implies that only its degenerate metric v is
time-independent. Thus, the NEH provides a limited set of tools to study the
geometry of spacetimes containing a black hole. For this reason, geometrically the
surface of a black hole has been traditionally described in terms of a more general
concept, called an isolated horizon, briefly denoted by IH, which satisfies the three
conditions of a NEH plus all the induced objects defining the null geometry of
(X, 7) are time-independent. In a simple way, IH represents the maximum degree
of stationarity for the horizon defined in a quasi-local manner. By quasi-local
we mean an analysis restricted to a 3-dimensional hypersurface with compact
sections (we will discuss this more later on). Contrary to event horizons, THs
constitute a local concept. Every Killing horizon which is topologically R x S? is
an isolated horizon, but, in general, spacetimes with isolated horizons need not
admit any Killing field even in a neighborhood of M. However, contrary to Killing
horizons — which are also local — IHs are well defined even in the absence of any
spacetime symmetry. The classical relation of a black hole with TH has its roots in
Hawking’s area theorem, which states that if matter satisfies the dominant energy
condition, then, the area of the black hole IH cannot decrease [228]. It is important
to understand that the Hawking’s area law, in general, holds for an event horizon
for which no Killing horizon is involved. Moreover, the most extensively studied
family of black holes are the Kerr-Newman black holes, all of which have IHs but
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they admit no null Killing vector on an open set. Thus, the concepts of event
horizons and isolated horizons are more general than that of Killing horizons. We
refer [12, 13, 14] for more information on IH and their use in physics. In particular,
we refer to Lewandowski [288] for some examples of spacetimes admitting IHs.

Expanding black holes. There is clear evidence that our universe is expanding
in time. Indeed, we have proof because very distant stars appear as redshifts. A
redshift is a change in colour when an object that emits light is moving away from
the observer. It is called a redshift because it shifts to the red part of the spectrum.
Stars are moving away from us in every direction, so we know that at one time
the universe was smaller. Going back far enough in time, it is evident from the
above explanation that the universe may have been something the size of an atom,;
what we call the Primordial Atom. Along with the expanding universe, since the
black holes are surrounded by a local mass distribution and expand by the inflow
of galactic debris as well as electromagnetic and gravitational radiation, their area
increases in a given physical situation. Thus black holes are also expanding in
time. Therefore, although the classical isolated black holes have been extensively
studied, they do not represent a realistic model in the context of an expanding
universe.

Consequently, in particular, one needs to know the geometry of the surround-
ing of an expanding black hole to find an explicit formula for the increase in area.
To address this issue of representing expanding black holes, recently, a concept of
dynamical horizons was introduced by Ashtekar in collaboration with Krishnan
[16, 268] which are a special type of spacelike hypersurfaces of a spacetime whose
asymptotic states are the IH’s. Note that in most physical situations one expects
the TH state to reach only asymptotically, i.e., in the infinite future. For some
exceptions, see examples in [16, 268]. To understand the concept of dynamical
horizons we need the following terminology:

Trapped and marginally trapped surfaces. In 1965 Penrose introduced the funda-
mental concept of a trapped surface and proved that a spacetime containing such
a surface must come to an end. To understand what a trapped surface is, let X
be a compact spacelike hypersurface of a time-orientable 4-dimensional spacetime
manifold (M, g). Since each 2-dimensional normal space of ¥ is timelike, it admits
two smooth non-vanishing future directed null normal vector fields, say, ¢ (outer
pointing) and n (inner pointing). Then ¥ is a trapped surface [227] if 0,0_|s < 0,
where 0 and 6_ are the expansion functions in the future outer-pointing and
inner-pointing null directions respectively. For this case, both the ingoing and
the outgoing light rays converge so that all signals from the surface are trapped
inside a closed region. This happens when the gravitational field is very strong
and, therefore, such trapped 2-surfaces are associated with black holes. A trapping
boundary is defined as an inextendible region for which each point lies on some
trapped surface. Moreover, if we just consider the outer pointing null normal ¢,
we say that ¥ is a marginally outer trapped surface if 64|z = 0. Relevant to the
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context of this section is the following notion of future, outer, trapping horizons
(FOTH), first proposed by Hayward [227] and then used by Ashtekar-Krishnan
[16] and others in the study of laws of black hole dynamics:

Definition 3.3.1. A future, outer, trapped horizon (FOTH) is a three manifold X,
foliated by a family of closed 2-surfaces such that (i) one of its future directed
null normal, say ¢, has zero expansion, ;) = 0; (ii) the other future directed null
normal, n, has negative expansion 0,y < 0 and (iii) the directional derivative of
f(¢) along n is negative; £,0(,) < 0.

¥ is either spacelike or null for which 6,y = 0 and £,0) = 0. Using
the above definition, Hayward [227] derived general laws of black hole dynam-
ics through the following two main results:

(a) Zeroth law. The total trapping gravity of a compact outer marginal surface
has an upper bound, attained if and only if the trapping gravity is constant.

(b) First law. The variation of the area form along an outer trapping horizon is
determined by the trapping gravity and an energy flux.

The Dynamical horizons are closely related to FOTH where the condition (iii) of
Definition 3.3.1 is not required. More precisely, we have

Definition 3.3.2. [16] A smooth, three-dimensional, spacelike submanifold ¥ in a
spacetime M is said to be a dynamical horizon if it can be foliated by a family of
closed 2-surfaces such that, on each leaf L (i) one of its future directed null normal,
say £, has zero expansion, 0, = 0; (ii) the other future directed null normal, n,
has negative expansion O(n) < 0.

Thus, a dynamical horizon, briefly denoted by DH, is basically a spacelike
3-manifold ¥ which is foliated by closed marginally trapped 2-surfaces. However,
as pointed out in [16], there are some special physical cases which the condition
(#i7) also satisfies and, then, DH is the same as FOTH for spacelike H. Following
are special features of DHs:

e Contrary to event horizons, it is clear from the above definition that the
concept of a DH is quasi-local for which the knowledge of full spacetime is
not required.

e The DHs do not refer to the asymptotic structure, which is the case for event
horizons.

e Stationary black holes do not admit DHs simply because such spacetimes are
non-dynamic.

In [16] Ashtekar and Krishnan have obtained the following results:

(i) Expressions of fluzes of energy and angular momentum carried by gravita-
tional waves across these horizons were obtained.
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(ii) Provided a detailed area balance law relating to the change in the area of ¥
to the flux of energy across it.

(iii) The cross sections S of ¥ have the topology S? if the cosmological constant
(of Einstein’s field equations) is positive and of S% or a 2-torus. The 2-torus
case is degenerate as the matter and the gravitational energy flux vanishes,
the intrinsic metric on each S is flat, the shear of the (expansion free) null
normal vanishes and the derivatives of the expansion along both normals
vanish.

(iv) Obtained a generalization of the first and the second laws of mechanics.
(v) FEstablished a relation between DH’s and IH’s.
Example 3 [16] The Vaidya solutions. Consider the 4-metric

gab(lw

" ) VooV + 2V(avvb)r

+12(V a0V + sin® OV 6V )

where M (v) is any smooth non-decreasing function of and (v, r, 8, ¢) are the ingo-
ing Edington-Frinkelstein coordinates, with zero cosmological constant.

Observe that, in general relativity, the above coordinates, named for Arthur
Stanley Eddington and David Finkelstein, are a pair of coordinate systems for
a Schwarzschild geometry which are adapted to radial null geodesics, i.e., the
worldliness of photons moving directly towards or away from the central mass.

The stress energy tensor T is given by

(dM/dv)

T,y =
b 472

Vavvbv,

which satisfies the dominant energy condition if dM/dv > 0 and vanishes if and
only if dM/dv = 0. The metric 2-spheres are given by v = constant, 7 = constant
and their outgoing and ingoing normals can be taken as:

1 2GM
04 =(0,)* + 2 <1 - %) (0,)* and n®*=-2(0,)°
where (%n, = —2. The expansion of ¢* is given by
—2G M (v)
9@ = T

It follows that the only spherically symmetric marginal trapped surfaces are the
2-spheres v = constant and r = 2GM (v). To show that these surfaces are cross
sections of a DH, we notice that n® is negative, 0, = —4/r and at the marginal
trapped surfaces £,0,) = —2/r? < 0. Due to spherical symmetry the shear of both
the null normals vanish identically. Finally, T,,¢%¢* > 0 if and only if dM /dv = 0.
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Hence, it follows from Definition 3.3.2 that the surface given by r = 2GM (v) with
dM/dv > 0 is a cross section of a DH. When dM/dv = 0, this surface becomes
null and a non-expanding IH which happens (in most physical situations) at the
equilibrium state in the infinite future.

We highlight that so far we have the following relationship:
DH—IH

to the traditional description of a time-independent black hole related to the
asymptotic state of spacetime at null infinity. Recently, there has been an at-
tempt to extend the classical theory to fully dynamical horizons in non-stationary
spacetimes (see a review paper [268] by Krishnan and many other cited therein),
with a focus on numerical relativity applications.

For those interested in details on the above properties of DH’s and their ap-
plications we refer to [16, 268] and several citations therein. Observe that there is
also a case when ¥ is timelike for which no additional conditions on the expansion
are required. These horizons are called timelike membranes and are not related to
black hole surfaces. However, they do exist and are relevant to numerical simula-
tions of black hole mergers (see some references in [268]). Also, we refer to a recent
paper of Gourgoulhon and Jaramillo [210] in which they have discussed the geo-
metric description of the black hole horizons as lightlike hypersurfaces embedded
in spacetime, mainly on the numerical relativity applications. To understand how
black holes are formed we refer to a recent monograph by Demetrios Christodoulou
[125] on “The formation of Black Holes in general Relativity”.

Related to the focus of this book, we construct a physical model of spacetimes
which admit dynamical horizons. Observe that an expanded black hole (whose area
increases) will not be time independent and so for such spacetimes an event horizon
cannot be described by a Killing horizon. This is due to the fact that an expanding
universe (in which DHs can exist) does not admit a global timelike Killing vector
field needed to generate a Killing horizon. Thus, to study the geometry of black
holes, among other possible ways, a differential geometric approach is to use a
higher symmetry than the Killing symmetry. Since the causal structure is invariant
under a conformal transformation, there has been interest in the study of the effect
of conformal transformations on properties of expanding black holes (see [91, 241,
378, 379] and more cited therein). This suggests the use of those spacetimes which
admit a higher symmetry defined by a timelike conformal Killing vector (CKV)
field (see equation (3.2.1)). A physically significant and suitable choice is the use of
the (14-3)-splitting ADM model (see, Arnowitt-Deser-Misner [10]) of the spacetime
(M, g). This assumes a thin sandwich of M evolved from a spacelike hypersurface
> at a coordinate time ¢ to another spacelike hypersurface ;14 at coordinate
time ¢ + dt whose metric g is given by

ds® = (= X2 + |V|2)dt? + 27,V dadt + yapdaz®da®, (3.3.1)
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where 2 = t, and 2%(a = 1,2,3)(z! = 2,2? = y,2> = 2) are three spatial

coordinates of the spacelike hypersurface ¥; with 7, its 3-metric induced from g,
A= A(t, z,y, 2) is the lapse function and V%9/0z% is a shift vector. For brevity we
denote ¥; by 3. Choice of ADM assures the existence of a CKV field £ defined by
equation (3.2.1). For example, ADM includes Robertson-Walker spacetimes which
admit a Gy of CKV fields [290] (also see [291]).

We counsider this choice of ADM model of a spacetime (M, g) and, under some
specified conditions on the extrinsic curvature of the hypersurface ¥ and sectional
curvature of the spacetime M with respect to the sections containing the normal
vector field, we show that ¥ is (i) conformally diffeomorphic to a sphere or (ii) a
flat space or (iii) a hyperbolic space or (iv) the product of an open real interval and
a complete 2-surface of M. Selecting the possibility (iv), we justify the existence
of ¥ as a DH of a ADM spacetime, subject to its physical requirements as stated
in Definition 3.3.2. We now proceed with the details of proving the above claim.

Let N = —\Vt be the future pointing unit timelike normal vector field
where V is the spacetime covariant derivative operator. Let X,Y, Z, W be arbi-
trary vector fields to ¥ and K the Weingarten (Shape) operator of ¥ defined by
E(X,Y) = g(KX,Y) where k denotes the second fundamental form of ¥. Then,
the Gauss and Weingarten formulas (which appeared in Chapter 2 with different
notation) are

VxY =VxY +k(X,Y)N, VxN=KX (3.3.2)

where v = i*g is the 3-metric induced as the pullback of g under the embedding
i: X — M and V is the metric connection on X. The pair (v, k) is the initial
data for the evolution of ¥ in spacetime over an infinitesimal time dt. Let L be
the traceless part of K, i.e., L = K — 1, where 7 = tr(K), and [ is the identity
tensor. The Gauss-Codazzi equations are

g(R(X,Y)Z,W) = g(R(X,Y)Z,W) + k(Y, Z)k(X, W)
— k(X, 2)k(Y,W),
g(R(X,Y)N,Z) = (Vxk)(Y,Z) - (Vyk)(X, 2),

—
w w
w W
&

where R and R denote curvature tensors for g and v respectively. Then, contracting
the above two equations with respect to a local orthonormal basis of the tangent
space of M at each of its points we obtain

Ric(X,Y) + g(R(N, X)Y,N) = Ric(X,Y) + 7(KX,Y)
- g(KX,KY), (3.3.5)
Ric(X,N) = (div K)X — X7, (3.3.6)

where Ric and Ric are the Ricci tensors g and + respectively. Using the above and
Einstein’s field equations

Ric —gg = 8T (3.3.7)
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one obtains the constraint equations

2 2
r+ % — |L|? = 167 Tn,
2
(div.L)X — gXT =8rT(X,N), (3.3.8)
2
(div L)X = - X7 = 87T(X, ), (3.3.9)

where 7 and 7 are the scalar curvatures of g, and 7 respectively. Also, T is the
stress-energy tensor, T, = T(N, N) and || the norm operator with respect to ~.
Assume that the mixed energy condition holds, that is, at any point  on X the
strong energy condition T, + T"|,, > 0 holds and equality implies vanishing of
all components of T at x. Assume that (M, g) admits a CKV field ¢ satisfying
the equation (3.2.1). The (1 4 3)-splitting allows us to decompose £ = V + pN
where V' is the tangential component of £. Then, as derived in [373] we need the
following two evolution equations:

(Lv)(X.Y) = 09(X,Y) = 209(LX.Y) =25 1(X,Y),  (33.10)
2 m
(£yL)X = — <VXDp - %X) — 87p <TX - T?mx)
(o2 T
+pr— (5) +p(QX— gX), (3.3.11)
VNV =KV +Dp—pDIn A+ (VInA)N, (3.3.12)

where D is the spatial gradient operator, @ is the Ricci operator of v and V2 =
VeV, (a summed over 1,2, 3). A normal section of (M, g) at a point p of a spacelike
hypersurface ¥ is the timelike plane section spanned by the normal N and a
tangential vector X at p. The normal sectional curvature K(N,X) of M at p
along a unit tangent vector X of X is defined as g(R(N, X)N, X). If K(N, X) is
independent of the choice of X at each point, then it can be shown [408] that

R(N,X) = fN for some smooth function f and arbitrary vector field X tangent
to X. We quote the following result needed in the next result:

Theorem 3.3.3. (Kuehnel [270]) Let (X,~) be a complete connected n-dimensional
Riemannian manifold admitting a non-constant solution p of VVp = (V2p/n)y.
Then the number of critical points of p is a < 2, and X is conformally diffeomorphic
to

(i) a sphere if a =2,
(ii) the Euclidean space or hyperbolic space if a = 1, and

(iii) the product of an (n—1)-dimensional Riemannian manifold and an open real
line, if a = 0.

Now we state (with proof) a recent similar result as follows:
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Theorem 3.3.4. (Sharma [373]) Let (M, g) be an ADM spacetime solution of Fin-
stein’s field equations admitting a CKV field & and be evolved out of a complete
spacelike hypersurface 3 such that

(a) X is totally umbilical in M,
(b) the normal component p of £ is non-constant on 3, and

(¢c) the normal sectional curvature of M is independent of the tangential direction
of each point of X.

Then, ¥ is conformally diffeomorphic to
(i) a 3-sphere, or
(ii) @ 3-Euclidean space, or
(iii) a 3-hyperbolic space, or
(iv) the Riemannian product of a complete 2-surface and an open real interval.

Proof. By hypothesis (b), we have R(N,X) = fN for some smooth function f
and arbitrary vector field X tangent to 3. A contraction of this equation implies
that f = (—1/3) Ric(N, N). This with o umbilical in (3.3.5) provides

=. . 1272 .
Ric = Ric+5 ( =5 — Ric(N, N) ) . (3.3.13)
A contraction of the above and using (3.3.7) provides
_ =. 272
7"+2R1C(N7N) =7r+4 T = 167TT7”,
All this and again using (3.3.7) in (3.3.13) we obtain

)

272 2 Ric(n, N)
3
whose trace free part is
T

By hypothesis L vanishes. Thus, using all this in (3.3.11) we obtain

v2

VxDp= ~Px.
3

Since by hypothesis p is non-constant and it satisfies the above equation, Kuehnel’s

result [270] (as stated above) is applicable, which completes the proof. O
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Consider the above model of spacetimes such that (iv) holds, that is, ¥ is
a product of a complete 2-surface H and an open real interval. Take a pseudo-
orthonormal basis {¢, n, u, v} at each point p € M, where {¢, n} are future di-
rected null vectors, {u, v} are unit spacelike vectors. Let T,H be spanned by
{u, v}. Thus, we have
TM=TH 1L TH*,

where the normal bundle TH~ is generated by {/, n}. Let ¥ be foliated by a
family of 2-surfaces Hs (which are 2-dimensional submanifolds of spacetime M)
and containing Hy as a codimension-one submanifold, where s € (0,d) and § > 0.
Suppose each slice H; is a marginally trapped 2-surface and ¥ satisfies Defini-
tion 3.3.2. Then, according to Ashtekar-Krishnan [16], ¥ is a DH. Observe that ¥
as a DH is justified since it comes from the (1 + 3)-splitting ADM model also used
in Ashtekar-Krishnan’s frame work. Furthermore, it is important to note that in
addition to the occurrence of a DH, the above model of Sharma [373] also provides
a CKV field € and X is totally umbilical in M. However, this model will include a
DH only if its metric symmetry vector field £ is never Killing. In the next section
we use this latter new information to study physically real models of expanding
black holes of a large class of time dependent black hole spacetimes.

3.4 Conformal Killing horizons

We know from discussion in previous section that an isolated horizon(IH) is not a
realistic model and dynamical horizon(DH) models are needed to understand the
properties of black holes of expanding spacetimes. However, since the asymptotic
states of DHs are again the IHs, there is need to find realistic models whose asymp-
totic states are non-isolated and time-dependent black hole spacetimes. Among
other approaches to get such a model, this raises the possibility of using a metric
symmetry. For this approach, the first candidate is the use of a Killing symme-
try, but, we know that stationary black holes do not admit DHs simply because
such spacetimes are non-dynamic. Thus, in the case of time-dependent expand-
ing spacetimes, a Killing horizon (KH) can not be used to define a non-isolated
horizon. The second choice is to use a higher than the Killing symmetry. For this
reason we present latest work of using differential geometric technique for study-
ing those null hypersurfaces of spacetimes whose null geodesic trajectories coincide
with conformal Killing trajectories of a null conformal Killing vector(CKV) field
(see defining equation (3.2.1)). This happens when a spacetime admits a timelike
CKYV field which becomes null on a boundary as a null geodesic hypersurface. Such
a horizon is called a conformal Killing horizon(CKH) [378, 379]. See an example
of CKH later on in this section. We use as our working space a (1 + 3)-splitting
ADM spacetime (M, g) with a CKV field &, evolved out of a complete spacelike
hypersurface ¥ which is totally umbilical in M, and assume that £ is a null vector
field. This choice is due to the fact that an ADM spacetime admits both DHs and
CKVs. We need the following results on totally umbilical submanifolds:
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Proposition 3.4.1. [165] A null CKV on a spacetime is a geodesic vector field.
Proof. The conformal Killing equation for a CKV field £ is given by

Substituting £ for Y, and using §(V x¢, €) = 0 (since € is null) we obtain V¢& = o,
which completes the proof. O

Proposition 3.4.2. Let (M, g) be a lightlike hypersurface of a Lorentzian manifold
M. Then M is totally umbilical if and only if every section £ € T(RadTM)|y) is
a conformal killing vector field on U.

Proof. We obtain the result from a straightforward computation

£eg(X,)Y) =69(X)Y) = g(£eX,)Y) — g(X, £Y) = —g(Ac X, Y) — g(X, AcY)
= —29<A£X, Y)

Then £¢9(X,Y) = 20¢(X,Y) if and only if g(24:X +20X,Y) =0 for all X,Y €
I'(TM) if and only if AcX = —oPX, so as per [149, page 107, equation (5.3)], M
is totally umbilical. O

Proposition 3.4.3. [332] Let (3,v) be a totally umbilical submanifold of a semi-
Riemannian manifold (M, g). Then,

(a) a null geodesic vector field of M that starts tangential to ¥ remains within
Y (for some parameter interval around the starting point).

(b) X is totally geodesic if and only if every geodesic vector field of M that starts
tangential to o remains within 3 (for some parameter interval around the
starting point).

Proof. We know from Chapter 2 that for a totally umbilical M, the second fun-
damental form B is proportional to the degenerate metric g, that is, B(X,Y) =
Ag(X,Y) for some function A\ of M. Putting this in the local Gauss equation
(2.1.14) we read that for any null vector field X on M the equation Vx X = 0
is equivalent to VxX = 0. In other words, the null geodesics of M with lightlike
initial vectors tangent to M are null geodesics of M and thus remain within M.
This proves (a). In the totally geodesic case B vanishes so that the same argu-

ment works and also if and only if holds for any null or non-null initial vectors as
well. O

First, we deal with the case of a Killing horizon which is defined as the union
Yo = UZX§, where 3 is a connected component of the set of points forming a
family of null hypersurfaces 3§ whose null geodesic (see Proposition 3.4.3) gener-
ators coincide with the Killing trajectories of nowhere vanishing &;. For this case,
the event horizon of a static or stationary asymptotically flat black hole is rep-
resented by the Killing horizon if M is analytic and the mixed energy condition
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holds for the stress-energy tensor of the Einstein equations (see [167] at the end
of Section 2). In the following we consider a physical class of an ADM spacetime
(M, g) such that the evolution vector field is a null CKV field £ on M.

Theorem 3.4.4. [166] Let (M, g) be an ADM spacetime evolved through a 1-para-
meter family of spacelike hypersurfaces ¥y such that the evolution vector field is a
null CKV field £ on M. Then, & reduces to a Killing vector field if and only if the
part of & tangential to Xy is asymptotic everywhere on X; for all t. Moreover, £ is
a geodesic vector field.

Proof. First we write equation (3.3.10) as

(£v7)(X,Y) = 09(X,Y) — 209(K X, Y) (3.4.1)
for any vector fields tangent to ;. As £ is null, we have
AV, V) = 2, (3.4.2)
which gives 7(VxV, V) = pXp. Substituting V for Y in (3.4.1) we get
VvV + pDp = oV — 2pKV, (3.4.3)

where D is the gradient operator of the 3-metric 7. Taking the inner product of
the equation (3.3.12) with V gives g(VNV,V) + pVIn A — v(KV,V) — Vp = 0,
which in view of (3.4.2) assumes the form

pNp+pVIn A —~v(KV,V)—=Vp=0. (3.4.4)
As v(VyV,V) = pVp, taking the inner product of (3.4.3) with V' yields

g
PIEV,V) =S|V = pVp. (3.4.5)

As £ is the evolution vector field, we have A = p, and hence p > 0. The use of
(3.4.5) in (3.4.4) gives pNp = Vp+ %|V|2. Using this last equation and (3.4.5) we
get pNp = %|V|2 —y(KV,V). Now using (3.4.4) in this last equation we obtain
Y(KV,V) = Zp. This shows that o = 0 on M if and only if yv(KV,V) = 0,
i.e., V is asymptotic everywhere on ¥; for all ¢. Finally, £ geodesic follows from
Proposition 3.4.1, which completes the proof. O

Next we obtain time-dependent spacetimes (M, G) admitting conformal Kil-
ling horizons related to a stationary, asymptotically flat black hole spacetime
(M, g) admitting a Killing horizon Xy generated by the null geodesic Killing field,
with the conformal factor G = Q2g. Under this transformation, the Killing vec-
tor field is mapped to a conformal Killing field &, defined by the equation (3.2.1)
provided &5V, # 0. Since the causal structure and null geodesics are invariant
under a conformal transformation, ¥ still remains a null hypersurface of (M, G).
As per Proposition 3.4.2, the null geodesic vector field of M that starts tangential
to Xg will remain within Xg. Also, its null geodesic generators coincide with the
conformal Killing trajectories. Thus, 3¢ is a CKH in (M, G). On the existence of
a class of ADM spacetimes with a null CKV field, we have the following result:
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Theorem 3.4.5. [146] Let (M, g) be an ADM spacetime solution of Einstein’s field
equations admitting a null CKV field £ and be evolved out of a complete spacelike
hypersurface ¥ such that

(i) X s totally umbilical in M,
(ii) the normal component p of £ is equal to the lapse function .

Then, the conformal function of £ is
oc=2{(InA) and Lyy=2V(InA)y.

Proof. By hypothesis, p = A, so the orthogonal decomposition of £ is £ = V + AN.
Using this and L = 0 in (3.3.10) we obtain

2\
£yvy=(o— TT)'y (3.4.6)

Operating the CKV equation on an arbitrary tangent vector X and N gives

VaV = §V+aN

where « is a function on M. Finally, operating CKV equation on N, N gives

g _

a = g — NA. Thus, the above equation becomes
- T o
VnV = §V+(§ — NA)N. (3.4.7)

For null &, it is immediate from £ =V 4+ AN that
YV, V)= |V =\ (3.4.8)
Differentiating (3.4.8) along N, and using (3.4.7) and again (3.4.8) we find

N = %)\ (3.4.9)

which shows that 7 = 3N (In \). We know from [164] that
VNN =Dln\ (3.4.10)

where D is the spatial gradient operator. Since N LV, g(VyN,V)=—g(VnV,N).
Using (3.4.10) and (3.4.8) in this equation we find

’
3

Using £ = V 4+ AN in (3.4.11) we obtain o = 2£(In A). Then, (3.4.8) and (3.4.11)
transforms (3.4.6) into £y = 2V (In A\)y which completes the proof. O

V(in\) = % ~ I (3.4.11)
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Remark 3.4.6. A straightforward calculation shows that £ N = —2N, ie., §
preserves the unit normal vector N up to a conformal factor. Such conformal
vector fields were studied by Coley and Tupper [119] and were termed inheriting
conformal vector fields where N can be seen as the 4-velocity.

It follows from (3.4.8) that the coefficient of dt? in the metric (3.3.1) vanishes
so it takes the form
ds? = 2y, VOdzbdt + vepda®da?. (3.4.12)

In Theorem 3.4.5 we assume that the normal component of ¢ is equal to the lapse
function. Now we also assume that the tangential component of £ is equal to the
shift vector so that ¢ is the evolution vector field. Then, the absence of dt? in
(3.4.12) implies that there exists a null hypersurface (39,7°), of M, defined by
taking say {x! = constant} whose induced degenerate metric 4 is given by

ds2o = o, Vida¥dt + yppda¥da’, 2< o5 <3, (3.4.13)

where ’ygﬁ are the coefficients of a degenerate metric 4° induced on ¥y by the
metric g and £ is tangent to Xg. In this way, one can generate a null hypersurface
(29,49)4 of M. Contrary to the non-degenerate case, for null hypersurfaces both
the tangent space T},(Xo) and the normal space T},(Xo)*, at every point p of ¥,
are degenerate. Moreover,

TP(ZO) N TP(ZO)J— = Tp(ZO)La dim(Tp(ZO)l) =1,

and they do not span the whole tangent space T, M. In other words, a vector
in T,M cannot be decomposed uniquely into a component tangent to T,(3o)
and a component to its perpendicular. Therefore, the standard Gauss-Weingarten
equations of semi-Riemannian hypersurfaces do not work for the null geometry.
To deal with this anomaly, null hypersurfaces have been studied in several ways
corresponding to their use in a given problem. Here we let S(T'%y) be the 2-
dimensional complementary spacelike distribution to T'(Xo)* in T'(Xp), called a
screen distribution [149]. Then,

T(M) = S(T%o) L S(To)*, S(TXo)NS(TEe)* = {0}, (3.4.14)

where S(TYo)t is a 2-dimensional complementary orthogonal distribution of
T(M). Let T(X0)* be spanned by {¢}, where £ is a real null vector. Then, we
know that (see Section 1 of Chapter 2) with respect to each local coordinate
neighborhood of ¥y, there exists a unique null distribution £ = Upex, E,, where
E is spanned by a unique null vector field n such that

gl,n) =1, gn,n)=g(n,X)=0, VX eTI'(S(T%). (3.4.15)
Using (3.4.14) and (3.4.15) we have the following decompositions:
T(M) = S(T%o) L (T(20)" @ E),
T(Z0) = S(TSo) @orth T(Zo) ™. (3.4.16)
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Using the above and (3.4.12) we say that the metric on S(7'%)) is given by
d32|S(TEO) = Yapdr®da’. (3.4.17)

Remark 3.4.7. The above anomaly in null geometry can also be handled by con-
sidering the quotient space T,M* = T, /T,(X0)* and using the canonical pro-
jection 7 : T,M — T,M* (see details in Kupeli [272]). However, consistent with
the technique used in this book, we use a screen distribution S(3g) to relate our
work with the concept of a DH with that of a CKH. It is true that the screen
distribution of Xy is not unique, but, fortunately now we have a large class of
Lorentzian manifolds with the choice of a unique or canonical screen [143].

Relating dynamical horizons with conformal Killing horizons. In the following
we establish a smooth transition from spacelike DHs to CKHs when each Xg
degenerates to a null hypersurface 3§ of M. This is done by using the null limit
technique (first introduced by Swift [381]) and the concept of CKH introduced by
Sultana-Dyer [378].

Let Cs be a differentiable curve of a slice X5 such that for each s, the unit
normal vector field N is given by

1
V2
and the component of Ny in the ¢-direction approaches zero as s — 0. This means
that N, approaches a null vector field Ng which is entirely in the n-direction as
s — 0. From this data we construct a null hypersurface 3§ of M as follows:

Suppose (X;) is an object defined on each hypersurface ¥5. Then, the con-

cept of null limit (explained above) can be used to define an analogous object
O(%5), for the null hypersurface ¥, by defining

N, = —=(s"'n — sf),

Q(E5) = Lims_,Q(X5).
In this way, we say that
Y5 =Lims0(Xs) such that Lims (&) =&

is the null CKV field of £, where the spacelike hypersurface ¥, degenerates to
the null hypersurface ¥§. Contrary to the non-degenerate case, & can not be
uniquely expressed as a sum of its tangential and normal components. Instead,
using (3.4.16) we can decompose null &5 of 3§ in terms of three components as

A

Furthermore, we choose a screen distribution Sg(Xf), of X, so that its leaf L
coincides with the spacelike 2-surface Hy C ¥4 C M and its metric induced from
g (see equation (3.3.1)) is expressed as

ds®|m, = y5pda®da®, 2<a,3<3.
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With this choice, we have the following common 2-surface of ¥£§ and ¥, (which is
a 2-dimensional submanifold of M:

M>Y;>Ls=H;CX; C M. (3.4.18)

The above null limit technique provides the relationship

pH ™Y oK H. (3.4.19)

Now we introduce the following definition of a time-dependent event horizon:

Definition 3.4.8. (Homothetic Event Horizon) We say that an event horizon is
a homothetic event horizon, briefly denoted by HEH, if its corresponding null
hypersurface admits a null homothetic vector (HV) field and its null geodesic
trajectories coincide with the homothetic trajectories of this HV field.

Recently, Sultana and Dyer [378] have studied this problem for those space-
times which admit a conformal Killing vector field (CKV). They considered a
conformal transformation , G = Q2g, to stationary asymptotically flat black hole
spacetimes which admits a Killing horizon, ¥, generated by the Killing vector
field £. Under such a conformal transformation, £ is mapped to a CKV. Although
spacetimes are asymptotically conformally flat, nevertheless, there can be non-
asymptotically flat spacetimes having conformal Killing horizons. In this partic-
ular paper [378] Sultana-Dyer considered spacetimes admitting a timelike CKV
which becomes null on a boundary called the conformal stationary limit hyper-
surface and locally described as the time-dependent event horizon (which we call
a homothetic event horizon(HEH)) by using this boundary, provided that it is a
null geodesic hypersurface. They have shown that such a hypersurface M is null
geodesic if and only if the twist of the conformal Killing trajectories on M van-
ish. Following is their main result on the extension of Hawking’s strong rigidity
theorem (see in [228]):

Theorem 3.4.9. [378] Let (M, G) be a spacetime which is conformally related to
an analytic black hole spacetime (M, g), with a Killing horizon ¥, such that the
conformal factor in G = Q?g goes to a constant at null infinity. Then the conformal
Killing horizon X in (M, G) is globally equivalent to the event horizon, provided
that the stress energy tensor satisfies the weak energy condition.

Proof. The proof follows from the global definition of the event horizon and the
properties of conformal transformations. Recall that the event horizon is the
boundary of the set of a union of the terminal indecomposable past sets (TPIs)
which is defined as the chronological past of a future endless (or future inextensi-
ble, i. e., having no future end point) causal curve. The TPIs are represented by the
points in the set. Each TPI being a past set is unchanged if the metric is altered
by the introduction of a finite conformal factor. Hence the global definition of an
event is conformally invariant, provided the conformal factor tends to a constant
at null infinity. This means that, at the null infinity state, the CKV field reduces to
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the homothetic vector(HV) field and, then, the event horizon is a HEH. Since, as
opposed to the proper conformal symmetry, the Einstein equations are invariant
with respect to a homothetic symmetry, the structure of homothetic infinity in
(M, @) is preserved. Therefore, the manifold (M, &), with a CKH, reduces to a
HEH at null infinity, which completes the proof. (]

Following is the picture view of the relationship proved in the above theorem:

KH Y ckn %Y, HEH, (3.4.20)

at null infinity. This Sultana-Dyer paper also contains the case as to what hap-
pens when the conformal stationary limit hypersurface does not coincide with the
HEH. For this case, they have proved a generalized weak rigidity theorem which
establishes the conformal Killing property of the event horizon and the rigidity of
its rotating conformal Killing horizons.

In another paper [379], they gave an example of a dynamical cosmological
black hole, which is a spacetime that describes an expanding black hole in the
asymptotic background of the Einstein-de Sitter universe. For this case, the black
hole is primordial in the sense that it forms ab initio with the big bang singular-
ity and its expanding event horizon (which we call homothetic event horizon) is
represented by a CKH whose conformal factor goes to a constant at null infinity.
The metric representing the black hole spacetime is obtained by applying a time-
dependent conformal transformation on the Schwarzschild metric, such that the
result is an exact solution with the matter content described by a perfect fluid
and the other a null fluid. They have also studied properties of several physical
quantities related to black holes.

Finally, using (3.4.19) and (3.4.20) we have the relationship

pH ™YY cxr ™ HEH, (3.4.21)

at null infinity. However, since a single black hole may admit more than one DHs
as it comes from a chosen foliation of closed 2-surfaces, it is important to deal with
this anomaly to assure the well-defined concept of a CKH and a HEH. Ashtekar-
Galloway [15] have studied this problem and have concluded that the following
are two reasons for the lack of uniqueness:

(1) A dynamical horizon ¥ comes with an assigned foliation by marginally trap-
ped surfaces (MTSs). This raises the following question: Can a given spacelike
3 admit two distinct foliations by MTSs?

(2) Can a connected trapped region of the spacetime admit distinct spacelike
3-manifolds X, each of which is a DH?

In [15], the authors addressed both the above uniqueness problems as follows:
For the first question, they have shown that, subject to a maximum principal (see
details in [220]), the intrinsic geometric structure of a DH is unique, which provides
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a full positive answer to this question. For the second question, they have provided
partial answers and proved (subject to physically reasonable constraints) some
uniqueness results for the location of trapped and marginally trapped surfaces in
the vicinity of any DH.

Here we highlight that, using the null limit technique (when ¥ degenerates
to a null hypersurface ¥) we have chosen a screen distribution S(Xg) (which
is also in general not unique) such that one of its leaves, L, is the same as a
member of the family of closed 2-surfaces Hs (see equation (3.4.18)) which foliates
a DH. This identification is valid since Ashtekar-Krishnan’s framework [16] and
Sharma’s model [373] are based on the ADM (1 + 3)-splitting. Thus, the unique
existence of the geometric structure of a DH also assures a unique choice of a
screen distribution for the model of a family of null hypersurfaces discussed in this
section. Furthermore, for the same reason, the use of the null limit technique and
all the induced objects of the null hypersurface X are also well defined due to the
choice of a unique screen.

Finally, we say that to get a model of time-dependent black holes, in par-
ticular, via the full relationship (3.4.21), using the link with a conformal Killing
horizon, so far there are only two publications by Sultana-Dyer [378, 379] and the
material presented in this section. Further research in this direction is needed to
have well-defined concepts of CKH as well as HEH in the relation (3.4.21). Active
research work on this topic is still going on.

3.5 Differential operators on hypersurfaces

The introduction of a Riemannian metric on a smooth manifold gives rise to a series
of differential operators which reveal deep relationships between the geometry
and the topology of the manifold. Consider the Laplace-Beltrami operator AP
on p-forms; it is well known that on a compact manifold, its spectrum {A'},
contains topological and geometric information on the manifold. According to the
Hodge decomposition theorem, the dimension of the kernel of AP equals the p*"
Betti number, so that the Laplacian determines the Euler characteristic x(M) of
compact Riemannian manifolds (M, g).

Among usual differential operators on (M, g), the exterior derivative d which
takes p-forms to (p + 1)-forms is defined only in terms of the smooth structure of
the manifold M. Recall from Section 2 of Chapter 1, the gradient, the divergence
and the Laplace-Beltrami operator which are defined by means of the metric on
the dual bundle, which is the inverse of the given metric in the semi-Riemannian
case.

Many situations arise in mathematical physics where the metric is degener-
ated, and it is not possible to define the inverse. A typical case arises in the coupling
of Einstein’s theory of gravity to both a quantum mechanics particle with spin and
an electromagnetic field, that is, the Einstein—Dirac-Maxwell (EDM) system. If,
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for instance, we consider a Lorentz manifold M endowed with the Eddington-
Finkelstein metric (cf. Hawking-Ellis [228, page 150])

2
1— “™au? + 2dudr + r2(d6? + sin? 0de?),
T

ds* = —(
given in a coordinate system (u,r,0,¢), where v = t + 7 is an advanced null
coordinate with

d
f:/lir:r+2mln(rf2m) (r > 2m),

_ 2m

-
the hypersurface M : u = constant is a lightlike hypersurface. The Dirac operator
can be written outside M and in its interior region. But it is not easy to match

the two operators on M, because of the fact that the inverse metric 5 can not be
defined on a lightlike hypersurface M.

Secondly, the concept of harmonic maps constitutes a very useful tool for both
Global Analysis and Differential Geometry (see the harmonic maps and harmonic
morphisms bibliographies [80] and [220], respectively and a book by Baird-Wood
[25]). We know that any harmonic function p is a local solution to the Laplace-
Beltrami equation Ap;p = 0, but one cannot use this equation for the lightlike
case. Also, the Jacobi and Szabé type operators (in the next section we discuss
their role in the study of lightlike Osserman hypersurfaces) need an inverse of a
metric.

It is, therefore, reasonable to look for a possible non-degenerate metric, say g,
associated with the degenerate metric g and work with the inverse of g in defining
all those concepts which need the inverse of a metric. Recently, Atindogbe-Ezin-
Tossa [21] followed this approach and introduced a pseudo-inversion of degenerate
metrics which we explain as follows:

Let (M, g, S(TM)) be alightlike hypersurface of a semi-Riemannian manifold
(M, g). Consider on M a pair {£, N} satisfying (2.1.6) and define the one-form

n(e) = g(N, e).
For all X € IN(TM), X = PX 4+ n(X)¢ and n(X) = 0 if and only if X €
I['(S(TM)). Now define b by
b: D(TM) — T(T* M)

X— X" =g(X, &) +n(X)n(e). (3.5.1)
Clearly, such a b is an isomorphism of I'(T'M) onto I'(T*M) which generalizes
the usual non-degenerate theory. In the latter case, I'(S(T'M)) coincides with
I'(T'M), and as a consequence the 1-form 7 vanishes identically and the projection

morphism P becomes the identity map on I'(T'M). We let § denote the inverse of
the isomorphism b given by (3.5.1). For X € T'(TM) (resp. w € T*M), X" (resp.
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w?) is called the dual 1-form of X (resp. the dual vector field of w) with respect
to the degenerate metric g. It follows from (3.5.1) that if w is a 1-form on M then

w(X) = gwh, X) +w(@n(X), VX e (TM).
Define a (0, 2)-tensor g by
J(X,Y) = X"(Y), VXY eT(TM). (3.5.2)

Clearly, g defines a non-degenerate metric on M associated with the degenerate
metric g of M. Also, observe that g coincides with g if the latter is non-degenerate.
The (0, 2)-tensor gl], inverse of § is called the pseudo-inverse of g. With respect
to a quasi-orthonormal local frame field {&, Wy,...,W,,, N} adapted to the de-
compositions (2.1.8) we have

g(gag) =1, g(&X) = U(X)7 (353>
Q(X,Y) = g(X, Y), VX,Y € F(S(TM))

This pseudo-inverse metric § of g has been used (see more details in [21]) in
defining the usual differential operators gradient, divergence and Laplacian on
lightlike hypersurfaces as follows:

Consider a local coordinate system (20, ..., 2"*!) adapted to decomposition
(2.1.8), that is,

0 0 0
(5 o X T g N —a—+)

is a local quasi-orthogonal basis of T'M| |a such that

RadTM = Span {¢}
S(TM) =Span{Xy,...,X,} (3.5.4)
Itr(TM) = Span {N} .

Using (3.5.2) and a standard computation gives

(%)b () =0+ i) = 1= 4a” (55 ) (35.5)
(i) 000 = tee.x) e nemexy 0= (L), @50
(%)b ", (3.5.7)

The first terms in (3.5.5) and (3.5.6) are gop and go; respectively. Hence,

Joo = 1, Goi = Gio =0, i=1,...,n. (3.5.8)
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We also have

o\ (o
(a:ﬂ) (@) = g(PXi, Xk) + n(Xi)n(Xk) = Gik- (3.5.9)
Consequently
9 =95  Hj=1...,n (3.5.10)

Thus, with respect to the quasi-orthonormal basis (£, X1, ... X,,, N) the matrices
of § and gl+] are given by

1 0 0
= ) , (3.5.11)
. ij
0
1 0 0
0
g["'] — ) . , (3.5.12)
: (945)
0
and
0 ... 0
0 1

From (3.5.9) and (3.5.10) we get

o\ (0 YA .
(@) (@) = Gik = Gizda’ (W) , ,ji=1,...,n. (3.5.14)

Hence
9\ 4
Taking into account (3.5.6) and (3.5.14) one gets
o\’
B8 _ gles] [ 2 _
da? = gl ](&To‘) a,8=0,...,n. (3.5.16)

From (3.5.11), (3.5.12) and (3.5.16) we say that if p is an endomorphism of T M
(a bilinear form on T'M resp) its trace with respect to g is given by

trgp =Y d(p(Xa), Xa), (3.5.17)
a=0
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try p = 91 pag (3.5.18)

respectively. Now, let f : M — R be a smooth function on M. One defines
intrinsically the gradient of f by grad? f = (df)*. But

of of
EreS = gga (=%,

hence from (3.5.16) we infer

#
af o\ of B)
g s _ [ap] v _ YY) faB]_Y
grad f g ((8%6) > axag axﬁa

of o
Ox Ozb’
Let X be a smooth vector field defined on &/ C M. The divergence div? X of X
w.r.t the degenerate metric g is intrinsically defined by

df = = dz® = (df )*

grad? f = g[aﬁ]

(3.5.19)

div? X = Z ca X’ (Vx, X).
Therefore, from (3.5.2) we have

div? X = eai(Vx, X, Xa), €0 =1. (3.5.20)
a=0

To sum up we state the following result on these three operators:

Theorem 3.5.1. Let (M, g, S(T'M)) be a lightlike hypersurface of a semi-Riemann-
ian (n + 2)-dimensional manifold (M, g). There exists an associate metric g and
a pseudo-inverse gl of g on M such that locally on U C M the following holds:

(i) For any smooth function f : U C M — R we have
of 0

a? 35:— Oé,ﬁ:()

grad? f = g[aﬁ]faag where  fo = 927

(ii) For any vector field X onU C M

div? X =) " ead(Vx. X, Xa) ; e0= 1.
a=0

(iii) For a smooth function f defined on U C M we have

Agf = Z 5a§(vXa gradg f7 on)

a=0

Here A9 is the D’Alembertian w.r.t g on U.
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An application. One of the most important concepts which have been found to be
useful in semi-Riemannian geometry (and especially in General Relativity) is the
scalar curvature. Physically, the scalar curvature has the following interpretation.
Start at a point in a D-dimensional space and move a geodesic distance € in all
directions. In essence you would form the equivalent of a generalized sphere in this
space. The area of this sphere can be calculated in flat space. But in curved space
the area will deviate from the one we calculated by an amount proportional to the
scalar curvature. Precisely,

Acurvcd (6)
e—0 &2 Afiat(€)

From a geometric point of view, this is just the contraction of the Ricci tensor Ric
with (a non-degenerate) g,
r = gij RiCij .

In Chapter 2, the problem of inducing scalar curvature on lightlike manifolds of a
Lorentzian manifold has been presented. Such a problem arises, mainly due to two
difficulties: Since the induced connection is not a Levi-Civita connection (unless
M Dbe totally geodesic) the (0,2) induced Ricei tensor is not symmetric in general.
Also, as the induced metric is degenerate, its inverse does not exist and it is not
possible to proceed in the usual way by contracting the Ricci tensor to get a scalar
quantity. To overcome these difficulties, a special class of lightlike hypersurfaces
in ambient Lorentzian signature, called lightlike hypersurfaces of genus zero, has
been discussed in Chapter 2. Elements of such a class are subject to the following
constraints: To admit a canonical screen distribution that induces a canonical
transversal vector bundle and to admit an induced symmetric Ricci tensor.

To recover an induced scalar curvature for lightlike hypersurfaces of a large
class of semi-Riemannian manifolds, recently Atingdogbe [17] used the concept of
pseudo-inversion of a degenerate metric. We present his work as follows:

Consider a lightlike hypersurface (M, g, S(TM)) of an (n + 2)-dimensional
semi-Riemannian manifold (M, g), with induced Ricci tensor Ric. Then we define
the symmetrized induced Ricci tensor to be the (0,2)-tensor Ric™™ on M such
that for X, Y tangents to M,

Ric™™(X,Y) = =[Ric(X,Y) + Ric(Y, X)), (3.5.21)

1
2
where Ric(X,Y) = tr{Z — R(Z, X)Y}. In index notation,

. sym 1
RlCayﬁ = E[Raﬁ + Rga], (3.5.22)

which we shorten to R,s := Riceg. Now, gl being the pseudo-inverse of g, con-
tracting above equation we obtain the scalar quantity

r =gl Ric" . (3.5.23)
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We know that for a fixed hypersurface (M,g,S(TM)), the pair (£, N) is not
uniquely determined as it is subject to the scaling £ — & = af and N ——
N’ = LN (a smooth non-vanishing function); the right-hand side of (3.5.23) is
independent of the choice of the pair (£, N). We define r to be the extrinsic scalar
curvature of the hypersurface (M, g, S(T'M)).

Now, we give an expression of symmetrized Ricci and extrinsic scalar cur-
vature 7 in terms of induced shape operators Ay, Ag and ambient curvatures.
Let {Ey = &, E;} be a quasi-orthonormal frame for TM induced from a frame
{Ey = ¢, E;,E,.1 = N} for TM such that S(TM) = Span{E\,...,E,} and
Rad(TM) = Span{¢{}. By use of (3.5.3) we have

Ric(X,Y) Zg,wg R(E,,X)Y,E,)

= Goog(R(&, X)Y, ) +Zg“g (Ei, X)Y, E;)

=g(R(&, X)Y,N) + ZgiiQ(R(Ei,X)Y, E), oo =1.
i=1

Then, using Gauss-Codazzi equations (see Chapter 2)provides
Ric(X,Y) = Ric(X,Y) — g(R(N, X)Y, &) + B(X,Y)tr Ay — g(An X, AgY)
=Ric(X,Y) + B(X,Y)tr Ay — g(ANX, AZY) — n(R(,Y) X).

Thus, we obtain the following expression of the symmetrized induced Ricci curva-
ture,

Ric™™(X,Y) = Ric(X,Y) + B(X,Y) tr Ay
— S I(REY)X) + (R(E X)Y) (3.5.24)
+g(AnX, ALY) + g(ANY, A7 X)),

where Ric denotes the Ricci curvature of M. In local coordinates,
Ric}" = Ricap +Bap tr Ay
1 _ _
= 5 [M(B(E, 05)0a) +1(L(E, 0a)05) (3.5.25)
9(Ag AN Do, Op) + (A AN D, Do),

where we make use of the symmetry of Ag with respect to g. In the sequel, we let

1
=—— gloflg,
V2(n + 1)g 7
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denote the mean curvature function of M and
e = Ric(N, N)

represents the transverse energy in null direction N. Now applying (3.5.23) by
contracting (3.5.25) with respect to gl*P! we get the following expression of the
extrinsic scalar curvature on the structure (M, g, S(TM)),

r=R+V2(n+1)0tr Ay —tr(Af An)
0= %9["‘5] [1(R(&, 0a)05) + n(R(E, 95)0a)]- (3.5.26)

For an ambient manifold M with constant sectional curvature ¢, we have

Proposition 3.5.2. Let (M, g,S(TM)) be a lightlike hypersurface of an (n + 2)-
dimensional space form M(c). Then

r=n%c+v2(n+1)0tr Ay — tr(Af Ay). (3.5.27)

Proof. For M(c), we have Ric = (n + 1)cg, n(R(¢,Y)X) = cg(X,Y). Then
Ric™™(X,Y) =necg(X,Y) + B(X,Y)tr Ay
- %[g(AZANX, Y) + g(A; ANY, X))
In local coordinates,
Ric})" = ncgap + Bag tr An
— 19042 A0, 05) + g(AZ An .00

and as given by (3.5.27), which completes the proof. O

Example 4. The null cone AJ ™ in R} 2 is given by the equation —(x0)?2 —l—znﬂ

0, x # 0. For convexity we use elther 2% < 0or 2% > 0. It is known that Aj™T

a lightlike hypersurface with radical distribution spanned by the global posmon
vector field & = EZE) x40z on /\"Jr1 The corresponding null transversal section
is given by N = 5 10)2 {—2%9, —|—ZZ+11 %0, } and is globally defined. The associated
screen distribution S(TAJT!) is such that X = Znﬂ X9, belongs to S(TAJT)
if and only if ZZJrll 2?X® = 0. Then direct calculations (using some structure

equations in Chapter 2) leads to the following expressions of two shape operators,
AiX =—PX and AnX = —ﬁPX where P denotes the projection morphism
of the tangent bundle A" onto S(TAJ™). Then we get 6 = f( +1) s AfAn =
ﬁ oP and trAy = is flat, the extrinsic scalar
curvature of the lightlike cone /\g+1 is given by

ﬁ. Finally, since R}+?

n2—n

2(:L‘0)2 '

(3.5.28)
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Notes. We highlight the following observations from the above example:

e Induced scalar curvature (3.5.28) is actually independent of the elements
defining the screen distribution and depends only upon /\gH.

e The above screen distribution on /\6”rl is integrable and induces a foliation

F. By (3.5.28), the extrinsic scalar curvature r is constant along leaves of
S(TASTY). Actually, these leaves are n-spheres.

e 7 vanishes at infinity on AJT!.

Example 4. Lightlike Monge hypersurfaces of Rg”. Consider a smooth function
F:Q — R, where Q is an open set of R"T!, then

M={@°...,a"") eRI? * =F(a',...,2""")}

is a hypersurface which is called a Monge hypersurface [149]. Such a hypersurface
is lightlike if and only if F' is a solution of the partial differential equation

g—1 n+1
L+ (Fr)? =) (Fl)”
=1 a=q

The radical distribution is spanned by a global vector field

qg—1 n+1
§=0a" =) FlLox'+ Y Fl.0x" (3.5.29)
i=1 a=q

Along M consider the constant timelike section V* = 9z° of R}2. The vector
bundle H* = Span{V*, ¢} is non-degenerate on M. The complementary orthogo-
nal vector bundle S*(T'M) to H* in TIR’;*Q is an integrable screen distribution on
M called the natural screen distribution on M. The transversal bundle tr*(TM)

is spanned by N = —V*+ ¢ and 7(X) = 0 VX € I'(TM). It follows that S*(TM)

is a globally conformal screen on M with constant positive conformal factor %

that is Ay = %Ag The natural parameterization on M is given by
22 =F@°,...,0"), T =9 ac{0,...,n}.
Then the natural frame field on M is globally defined by
o = Fo102° + 02T, a€{0,...,n}. (3.5.30)
Now, direct calculations, using the above two equations, lead to

0*F
Qv v’
Let Af0v® = K£Ov*. Since Az0v® belongs to S(T'M) we have from (3.5.3),

Bag = B(ov®,0vP) = —

B(0v®, 0v°) = g(Azava,avﬁ) = G(ov®, avP).
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Thus,
0*F ~ -
~ 905808 K4g(00",007) = Kl gup.
That is o2
F
KM = _glnsl
@ I gpadus’
and 2F 5
ALOv® = 2A 500 = —glHPl —. 3.5.31
Y Nav I 9P gun ( )
Let F = (F,p) be the matrix with entries F,5 = %. It follows that
T, 1 D*F
trAy = 5 tr Ag = fig[“mg[’”] Joegur I8
1 1 ~
_ —ig[aﬁ]Foﬁbguﬁ =3 try F. (3.5.32)
Also,
1 O*F %)
* Q T OAx o _ _ [up] *_
AﬁANav o 2A58U =79 AveovP € Gum
P A
2 Qv OuP Jurdvd v
Then,
tr(Af An) = gl (A Axov®, dv”)
1 0’F  9°F
— ZglevlgwBlglyvel _Z 2 Y 2 =
29 9 GaauB urded I
* 1 av ~ 1 n
tr(AfAn) = 59[ FEF G = 3 try(F?). (3.5.33)
From the last two equations and the definition of 8 it follows that
1 . -
r=3 [try (F)]? — try(F?)]. (3.5.34)

We now examine how the operators and induced geometric objects involved in
(3.5.26) defining the extrinsic scalar curvature r change with a change in screen
distribution. First, note that the local fundamental form B of M is independent
of the choice of screen distribution. Hence the mean curvature function o of M
is invariant. Now, starting with a S(T'M) with local orthonormal basis {W;},
consider another screen distribution S(T'M)" with orthonormal basis

n

Wi =" P/(W; —&;¢;6),

j=1
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where ¢; and P/ are smooth functions and {e;} represents the signature of {W;}.
Below, we let W = "  ¢;W; and p = Y7, &;(c;)* denote characteristic vec-
tor and scalar fields in respect of this screen change. Then, the following local
transformations are derived:

n=n+uw, A = A — ot
with w = g(W, ) and p = B(W,-). Also,

AN X = Ay + Z{aiciX(cc) —7(X)ei(ci)* + %Ei(ci)gu(X)

K2

— GO WY+ Y (G () + (X)) — X ()W
=Y i Vrx Wi — %pA’gX, VX e D(TM|y)

and
& =&~ 3" Ric(€, &) + Ric(WW, V) — pRic(N, €)
— O Ric(¢, W) + 2 Ric(W, N).

3.6 Osserman lightlike hypersurfaces

Introduction. A primary interest in differential geometry is to determine the cur-
vature and the metric of a given smooth manifold, which distinguishes the ge-
ometry of this subject from the others that are analytic , algebraic or topolog-
ical. It is now well known that the research on the Osserman condition (which
involves sectional curvature and Jacobi operator) has provided substantial infor-
mation on the curvature and metric tensors of Riemannian [114, 115, 116] and
semi-Riemannian [201, 203] manifolds. This introduction is intended to provide
some background information for understanding the key role of Osserman mani-
folds in semi-Riemannian geometry and, in particular, Lorentzian geometry. This
information will help readers to understand a new class of lightlike Osserman hy-
persurfaces studied in a recent paper [20]. For details on the Osserman conjecture
in Riemannian geometry, we refer to [114, 115, 116]. Since an up-to-date account
of the semi-Riemannian Osserman geometry is available in a recent book [201] we
only state the needed results with appropriate references to the proofs.
Let (M, g) be a semi-Riemannian manifold. We write:
Sp_(M) = {(ﬂ € T;DM| g(IL',I') - 71}7

Sy (M) ={z € T,M| g(x,x) =1},

Sp(M) = {z € T,M| |g(w,2)| = 1} = S, (M) U S (M),



3.6. Osserman lightlike hypersurfaces 143

ST (M) = UpemS, (M) the unit timelike bundle of (M, g),
SH(M) = UpenS,S (M)  the unit spacelike bundle of (M, g),
S(M) = UpemSp(M)  the unit non-null bundle of (M, g).

Let z € T,M and V be a metric connection on M. Consider
R(-, z2)z: T,M - T,M, peM

a linear map defined by (R(-, z)z)x = R(z, z)z for any X € T,,M, where R denotes
the curvature tensor of V. Then, using the curvature identities we have

R(-, 2)z: T,M — Z+ (3.6.1)
where Z1 is a non-degenerate orthogonal space to Span{z} in T, M.

Definition 3.6.1. Let (M, g) be a semi-Riemannian manifold and Z € S(M). Then,
the restriction R : 2+ — 21 of the linear map (3.6.1) is called the Jacobi operator
to z, that is,

R.x = R(z,2)z, Vo € 2t

It is easy to see that the Jacobi operator is a self-adjoint map. We say that
F e @'T;M is an algebraic curvature map (tensor) on T,M if it satisfies the
following symmetries:

F(Iayvzaw) = fF(y,:z:,z,w) = F(z,w,:z:,y),
F(z,y,z,w)+ F(y, z,x,w) + F(z,z,y,w) =0 (3.6.2)

for all z,y,z,w € T,M, p € M. The Riemann curvature tensor R is an algebraic
curvature tensor on the tangent space T,M, for every p € M. For an algebraic
curvature map I’ on T}, M, the associated Jacobi operator F is the linear map on
T, M characterized by the identity

g(Fvay) :F(SL',Z,Z,y), (363)

where z € T,M and x,y € 2*. F, is a self-adjoint map and F is a spacelike

(respectively timelike) Osserman tensor if Spec{F,} is constant on the pseudo-
sphere of unit spacelike (respectively unit timelike) vectors in T,,M. These are
equivalent notions [203] and such a tensor is called an Osserman tensor. It is easy
to calculate that tr R, = Ric(z, z). Also, let # = Span{z, z} be a non-degenerate
plane in T, M. Then, the sectional curvature of 7 is given by

g(R(z,2)z, 1) g(R.x, 1)

M0 = o2 — 9527 gl g )

The basic problem is to what extent general sectional curvatures can provide
information on the curvature and metric tensors.

In general, for a semi-Riemannian case, R, may not be diagonalizable. Thus,
we state the following Osserman conditions in terms of the characteristic polyno-
mial of R, instead of the eigenvalues as in Riemannian geometry.
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Definition 3.6.2. A semi-Riemannian manifold (M, g) is called timelike (respec-
tively spacelike) Osserman at a point p € M if the characteristic polynomial of R,
is independent of z € S, (M) (respectively S,f(M)).

Theorem 3.6.3. [201] A semi-Riemannian manifold (M, g) is timelike Osserman
at p € M if and only if (M, g) is spacelike Osserman at p.

Remark 3.6.4. Tt follows from the above theorem that (M, g) is Osserman at
p € M if (M,g) is both timelike and spacelike Osserman at p. Generalization of
the above local result for a global Osserman condition was first proved in [205]
for Riemannian manifolds and then its semi-Riemannian version was presented as
follows (proof is common with the Riemannian case).

Theorem 3.6.5. [201] Let (M, g) be a connected semi-Riemannian pointwise Os-
serman manifold such that,

(i) the Jacobi operators have only one eigenvalue and dim M > 3, or

(ii) the Jacobi operators have exactly two distinct eigenvalues, which are either
complez or, real with constant multiplicities, at every p € M and dim M > 4.

Then (M, g) is globally Osserman.

Lorentzian Osserman manifolds. The solution to the Osserman condition in Lo-
rentzian geometry was originally studied separately for the timelike and the space-
like cases (see [71, 200]). However, in [201] the authors have given a simple proof
by using Theorem 3.6.5. Following are two of their main results.

Theorem 3.6.6. [201] A Lorentzian manifold (M, g) is Osserman at p € M if and
only if (M, g) is of constant sectional curvature at p.

Theorem 3.6.7. [201] If (M,g) is a connected (n > 3)-dimensional Lorentzian
pointwise Osserman manifold, then, (M, g) is a real space form.

Null Osserman condition. Let £ € T,M be a null vector of an n-dimensional
Lorentzian manifold (M, g). Then £+ = (Span{¢})* is a degenerate vector space
containing Span{¢}. Denote by £+ :ﬁl/ Span{¢} the (n—2)-dimensional quotient
space with the projection m: £+ — &+,

Definition 3.6.8. Let £ be a null vector of a Lorentzian manifold (M, g). Then, the

linear map Re : &+ — & defined by
Ry =7 (R(z, ), zel(TM), n(z)=g,
where R is the curvature tensor of a linear connection V on M, is called the Jacobi

operator with respect to &.

Remark 3.6.9. Note that, since R(£,€)¢ = 0, Re is well defined for any ¢ €
I'(RadTM). Also, Re is self-adjoint. Since g(§,£) = 0 for every null vector ¢,
there is no canonical way of determining a set of null vectors with respect to
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which the null Osserman condition can be defined. For this reason we use the
property that g(&, z) # 0 for every null £ and for every timelike z on a Lorentzian
manifold (see [317]) and define a canonical set of null vectors as follows:

Definition 3.6.10. Let (M, g) be a Lorentzian manifold with a null vector £ and a
timelike unit vector z. Then, the null congruence N(z), determined by z at p, is
defined by

N(z) ={£€T,(M):g(& &) =0 and g(&, 2) = —1}.

Definition 3.6.11. Let (M, g) be a Lorentzian manifold of dim(M) > 3. M is called
null Osserman with respect to a unit timelike vector z € T}, M if the characteristic
polynomial of Ry is independent of £ € N(z).

Theorem 3.6.12. [201] Let (M, g) be a Lorentzian manifold of dimM > 4 and
z,72 € T,M be linearly independent timelike unit vectors. A null Osserman man-
ifold (M, g), with respect to z and z’, is of constant sectional curvature at p € M.

Remark 3.6.13. See Chapters 1 through 3 of [201] for details on above introductory
notes. Also, for some special cases, such as semi-Riemannian Osserman manifolds
of signature (2,2), new classification results for higher dimensions and the affine
Osserman condition, we suggest Chapters 4 through 6 of [201].

Since any semi-Riemannian manifold has lightlike subspaces, one reasonably
expects a role for Jacobi and Szabd type operators in the study of lightlike hyper-
surfaces M. However, since these operators need the use of an inverse of a metric,
the definition of these operators is not possible in the usual way for the lightlike
case. To deal with this problem, recently Atingdogbe-Duggal [20] have used the
concept of pseudo-inverse of a degenerate metric g [21] (see details in previous
section), defined pseudo-Jacobi operators and studied the Osserman condition in
lightlike hypersurfaces. To the best of our knowledge, at the time of publishing
this book, reference [20] is the only paper on the Osserman condition in lightlike
geometry. The objective of this section is to present the results of this sole paper.

Let (M, g, S(TM)) be a lightlike hypersurface of an (m+2)-dimensional semi-
Riemannian manifold (M, ). Then, besides the problem of its degenerate metric
g, in general, induced Riemann curvature tensors on lightlike hypersurfaces are not
algebraic curvature tensors, i.e (3.6.2) does not hold. Therefore, as a first step, we
find conditions on a lightlike hypersurface to have an induced algebraic Riemann
curvature tensor so that (3.6.2) holds, using the pseudo-inverse of the degenerate
g.

Pseudo-Jacobi operators. We choose a screen distribution S(T'M) of a lightlike
manifold M for obtaining an algebraic curvature tensor for M. Later on we
choose a canonical screen for results on Osserman hypersurfaces. Consider the
non-degenerate metric § associated to g such that (3.5.1) and (3.5.2) hold. Let us
start by an intrinsic interpretation of relation (3.6.3) which in a semi-Riemannian
setting characterizes the Jacobi operator J associated to an algebraic curvature
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map R € ®4T;M, (p € M). Indeed, we have equivalently for « in the unit bundle,
Y, win T, M,

(Jr(2)y)’s (w) = R(y,z,x,w), that is, (3.6.4)
Jr(z)y = R(y, z,z, )%, (3.6.5)

where by and f, are the usual isomorphisms between T,,M and its dual Ty M, for
a non-degenerate g. As stated above, the metric g and its associated metric §
coincide if the former is non-degenerate, and equivalently, relation (3.6.5) can be
written in the form

g(JR(x)yv w) = R(y7 T,T, w)7
in which Jg(x)y is well defined. This leads to the following definitions.

Definition 3.6.14. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M,g), p € M, z € S,(M) and R € ®*T;M an algebraic
curvature map. By a pseudo-Jacobi operator of R with respect to x, we mean the
self-adjoint linear map Jg(x) of z+ defined by

JR(‘T)y = R<y’ x’ ‘T’ .)ﬁg’
where f, denotes the isomorphism on the triplet (M, g, S(T'M)).

Definition 3.6.15. We say that a lightlike hypersurface (M, g, S(T'M)) of a semi-
Riemannian manifold (M, g) is null transversally closed if its transversal lightlike
bundle tr(T'M) is parallel along the radical direction, that is

VoV etr(TM), VU €€RadTM and V € tr(TM).

Contrary to the non-null case, the induced curvature tensor of a lightlike
hypersurface (M, g, S(TM)) may not be an algebraic curvature tensor. For this
we prove the following result.

Theorem 3.6.16. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemann-
ian manifold (M, g). If the induced Riemann curvature tensor of M is an algebraic
curvature tensor, then at least one of the following holds:

(a) M is totally geodesic.
(b) M is null transversally closed.

Proof. Let V and V be the Levi-Civita connection on M and the induced con-
nection on M, with R and R their curvature tensors, respectively. We use the
following range of indices: indices 0 < «, 3,7v,... < m; 1 < 4,5,k,... < m and
0< A,B,C,... <m+1. Consider on M alocal frame {¢ = -2;, -2-, N} such that

Ou9? Out’

{£= 8%0, %} is a frame on M. Write 04 for 3%,. Using the local expressions of
R and R and Gauss-Weingarten equations, we obtain
Rijin = Rijin + CinBjr — Cit Bjn, (3.6.6)
Rijon = Rijon — CiBjn (3.6.7)
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where B;; = B(9;,0;), Cij = C(0;,0;5), Co = C(0a,&) are the components of
second fundamental forms of M and S(T'M). Thus, the tensor R € @1 M does
not have the usual symmetries of a semi-Riemannian curvature tensor. Now assume
that the induced Riemann curvature tensor R defines an algebraic curvature map.
Using (3.6.7) we obtain

Rijon = Rijon — CiBjn, = —Rjion — CiBjn, = —(Rjion + CiBjn).
Thus,
Rijon = —Rjion <= CiBjn = —C;Bip, V1<i,5,h <n.
Using the symmetry of B and (2.1.6) leads to
Cz'th = *CjBih = 7Cthi = Cthi (From (216))
=CpByj = —CiBp; = —C;Bjp, V1<4,5,h<n.
Hence,
CiBj, =0, YV i,j,h, (3.6.8)

that is, C; = 0V ¢ or Bj, = 0Vj, h. Since B(¢,e) = 0, Bj, = 0Vj, h leads to
M totally geodesic. Now, assume that in (3.6.8) there exist hg and jp such that
Bjon, # 0. Then C; = 0 Vi. This leads to the following:

Ci = C(£,0;) = §(Veds, N) = §(Vedi, N)
=—g(9;,VeN), YV1<i<n.

Hence, the null transversally closed condition (see Definition 3.6.15) is equivalent
to C; = 0 Vi and the proof is complete. O

We know from the previous chapter that a large number of lightlike hyper-
surfaces M of semi-Riemannian manifolds do have integrable screen distributions.
Moreover, we know that every screen distribution of a screen conformal M (see
Section 2 of Chapter 2) is integrable. So it seems reasonable to prove the following
characterization result.

Theorem 3.6.17. Let (M, g,S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M, g), with non-totally geodesic integrable screen distribution
S(TM). Then, the induced Riemann curvature tensor of M defines an algebraic
curvature map if and only if M is either totally geodesic or locally screen confor-
mal, with ambient holonomy condition

R(X,PY)(RadTM) C RadTM VX,Y € I(TM).

Proof. Assume the induced Riemann curvature tensor defines an algebraic curva-
ture map and consider relation (3.6.6). We have

Rijkn = Rijkn + Cin Bji, — Cirs Bjn,
= —Rjitn + CinBjr — Ci Bjn
= — (Rjixn + CitBjn — CinBijy,) .
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Thus,
Rijkn = —Rjikn <= CiBjn — CinBji, = CjnBir, — Cjr Bin.
Also,
Rijkn = Rijkn + CinBjr — Cir. B,
= Rkhij + Cithk: - Cikth-
So,

Rijkh = Rinij <= CinBjr — Cix Bjn = CiBni — CriBp;.

Then, since S(TM) is integrable, C' is symmetric and we have
Cjk:Bih = Cithja Vi7j7 k7 h.

Now, we distinguish two cases: M is totally geodesic or not. If M is totally geodesic
then M is not screen conformal since C' # 0. If M is not totally geodesic, there
exist jo and ko such that Bj,y, # 0. Then, we have

Ch
Cin = =2 By, Vi, h.
kojo
Observe that C,;, # 0, otherwise C would vanish identically at some p € M.
Also, by continuity, Bj,;, is non-zero in a neighborhood U of p in M. Define

the function ¢ on U by p(z) = SR (z). Then C(X,Y) = ¢B(X,Y) for all

Broio
X,Y in T'(S(TM|y)), which is equivalent to ANX = ¢ ;15 X, for all X, Y in
['(S(TM|y)). Finally note that ;15 & = 0. Also, since M is non-totally geodesic, it

is null transversally closed, that is Ay = 0. Thus Ay X = ¢ ;15 X for all X,V
in I'(TM]|y), that is, M is screen conformal as per (2.2.1). In addition,
_ _ (2.4.4)
(R(X,PY)E, Z) = —(R(Z,§)X, PY) =" —(R(Z,§) X, PY)
= —(R(Z,§)X,PY) = —(R(X,PY)Z,§) = 0.
Thus, R(X, PY)RadTM C RadTM.

Conversely, assume that M is either totally geodesic or screen locally con-
formal with required ambient holonomy condition. Observe that the first Bianchi
identity is straightforward. Also, if M is totally geodesic there is nothing more to
prove since R|ry = R. Now we consider M to be screen conformal with B # 0

and show that R defines an algebraic curvature map. From (2.4.4) we have for X,
Y, Zel(TM)and W € S(TM),

(R(X,Y)Z,W) = (R(X,Y)Z,W) + B(X,Z)C(Y,W) — B(Y, Z)C(X,W).
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Thus, since C(X, W) = pB(X, W), the above equation becomes

(RX,Y)Z,W)=(R(X,Y)Z, W)+ ¢ [B(X,Z)B(Y,W) - B(Y,Z)B(X,W)].

Put
We have

and it is straightforward that B has the required symmetries. So the left-hand
side of (3.6.9) has the required symmetries. For the right-hand side, first we have

(R(Z,6)X,Y) = (R(Z,§)X, PY)
= (R(Z,€)X,PY) - B(Z,X)C(£, PY) + B(§, X)C(Z, PY),
= (R(Z,)X,PY) = —(R(X,PY){, Z) =0,
by the ambient holonomy condition and the proof is complete. O
Example 6. A simple but basic example is the lightlike cone /\S‘H at the origin of
R}*2 for which the null transversal normalization

! =)
N = o _””a_xﬁ;m Dz

induces the algebraic curvature tensor

R(X,Y)Z = [9(Y,Z2)PX — g(X, Z)PY],

2(20)?

where P is the projection morphism on the screen associated to V. Its associated

pseudo-Jacobi operator is then given, for x € Sp(/\gﬂ), by

Remark 3.6.18. (a) If the screen distribution S(T'M) is integrable and for any
z € Sp(M), (p € M), Jr(x) preserves the radical distribution, then, since g and §
coincide on S(T'M), relation (3.6.4) (or equivalently (3.6.5) shows that the pseudo-
Jacobi operator Jg induces a Jacobi operator Jg on (M’,g" = g|ar), where M’
is a leaf of S(T'M) and R’ the restriction on S(T'M) of R.

(b) Let R be the induced (algebraic) Riemann curvature tensor of M, (p € M)
and £ € Rad T, M. Then, we have

Jr(z)€ = 0. (3.6.10)
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Indeed, for all x € Sp(M), z € T,M,

g(‘]R(x)fvz) = R(év'rvxaz) = g(R(Z,I)CC,g) =0,

and since g is non-degenerate on T M, we have Jr(z)¢ = 0.

(c¢) Note also that the screen subspace is preserved by Jg. For this, it suffices
to show that for all x € S,(M), z € S(T,M), n(Jr(z)z) = 0 which is equivalent
to g(J(x)z,£) = 0 using (2.5.2). But

§(r(@)2,8) = R(z.2,2,) "L g(R(&,2)z,2) "7

—g(R(w, 2)2,€) = 0.
Lightlike Osserman hypersurfaces. By the approach following [149]), the extrinsic
geometry of lightlike hypersurfaces (M, g, S(T'M)) depends on a choice of screen
distribution, or equivalently, normalization. Since the screen distribution is not
uniquely determined, a well-defined concept of the Osserman condition is not pos-
sible for an arbitrary lightlike hypersurface of a semi-Riemannian manifold. Thus,
one must look for a class of normalization for which the induced Riemann curva-
ture and associated Jacobi operator has the desired symmetries and properties.
Precisely, we introduce the following:

Definition 3.6.19. A screen distribution S(T'M) of a lightlike hypersurface M is
said to be admissible if the associated induced Riemann curvature of M is an
algebraic curvature.

Based on Theorem 3.6.17, we observe that any screen conformal lightlike
hypersurface in a semi-Euclidean space admits an admissible screen distribution
since its induced curvature tensor defines an algebraic curvature map. In particu-
lar, the canonical screens on the lightlike cones, Monge hypersurfaces and totally
geodesic lightlike hypersurface all admit admissible screens. Thus, there exists a
large class of semi-Riemannian manifolds of an arbitrary signature which admit
admissible canonical screen distributions. We make the following definition:

Definition 3.6.20. A lightlike hypersurface (M, g) of a semi-Riemannian manifold
(M, g) of constant index is called timelike (resp. spacelike) Osserman at p € M if,
for each admissible screen distribution S(TM) and associated induced algebraic
curvature R, the characteristic polynomial of Jg(z) is independent of x € S, (M)
(resp. € S;F (M) ). Moreover, if this holds at each p € M, then (M, g) is called
pointwise Osserman .

Remark 3.6.21. Based on the discussion so far, it is clear that the above defi-
nition of Osserman condition is independent of the choice of admissible screen
distribution. This conclusion is noteworthy for the entire study of the geometry of
Osserman lightlike hypersurfaces.

Example 7. Being totally umbilical is independent of the choice of screen distri-
bution. Now for a given admissible screen on the lightlike cone AJ™! of R72, the
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induced curvature tensor is given by

R(X,Y)Z = [9(Y, Z)PX — g(X, Z)PY]

1
2($0)2
n+1

with P the projection morphism of the tangent bundle T'Ag™" onto the screen
distribution and the pseudo-Jacobi operator is given for z € S,(Ap™") by

It follows that the characteristic polynomial is given by

€

fz(t) = _t[2($0)2

— "t e =sign(z) = £1,

which is independent of both admissible screen distributions and z € S (Agth

(resp. z € S;F (A§1)). The lightlike cone is then timelike (resp. spacelike) pointwise
Osserman.

An adaptation of the technique in [201, pp. 4-5] to the lightlike case and
following the same steps show that (M, g) being timelike Osserman at p € M is
equivalent to (M, g) being spacelike Osserman at p. More precisely, we have

Theorem 3.6.22. Let (M, g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M,g). Then, (M,g) is timelike Osserman at p if and only if it is spacelike
Osserman at p.

From now on we refer to Osserman at p as both timelike and spacelike. Recall
[149] that the screen distribution S(TM) is totally umbilical if and only if on any
coordinate neighborhood U € M, there exists a smooth function A\ such that
C(X,PY)=X(X,Y), VX,Y € TM|y. Then, since C is symmetric in S(TM),
it follows that any totally umbilical S(TM) is integrable. In case A = 0 there is a
totally geodesic screen foliation on M. For this latter case, the following holds:

Theorem 3.6.23. Let (M, g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M, g), whose admissible screen distributions are totally geodesic in a neigh-
borhood U of a p € M. Then, (M,g) is Osserman at p if and only if the semi-
Riemannian screen leaves are Osserman at this point. In particular, if (M,g)
has constant index v = 2, then, (M,g) is Osserman at p if and only if semi-
Riemannian admissible screen leaves are of constant sectional curvature at p.

Proof. Consider a totally geodesic admissible screen distribution S(T'M) on U C
M. Let R, R’ and R* denote the algebraic curvature tensors induced on (M, g) by
S(T'M), the restriction of R on S(T'M) and the Riemann curvature tensor given
by the Levi-Civita connection V on the screen distribution, respectively. We first
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show that under the hypothesis, we have R’ = R* at p. Let x,y,z € S(T,M). By
straightforward calculation using equations of (2.4.1) and (2.4.2), we have

R (x,y)z = R(z,y)z = R*(z,y)z + [C’(x, z)Agy — Cly, z)Aza:]
+ (V2 O)(y, 2) = (VyC)(x, 2) + 7(y)C(2, 2)
— 7(x)C(y, 2)] €.
Thus, we get R'(z,y)z = R*(z,y)z from C' = 0. Also, z € S,(M) if and only if
z* € §p(M*), with z* = Pz and M™* the leaf of S(T'M) through p. Moreover,

x+ = (Pz)t and Jg(x) = Jgr(Px). We infer that Jg-x* is the restriction of Jr(z)
to z*1s  On the other hand, observe that

1
IJ':I* S(T M) Dorth TMJ_

and from (3.6.10) we have Jg(x){ = 0 for all £ € RadT M. Then, let f,(¢) and
h.~ denote the characteristic polynomials of Jg(z) (v € S, (M)) and Jp-z* (z* €
S, (M*)) with 2* = P, respectively. We have

fa(t) =1t hy=(t)

which shows that the characteristic polynomial of Jr(z) is independent of x €
S, (M) if and only if the characteristic polynomial of Jg-2* is independent of
r* € S, (M*). Hence, (M,g) is timelike Osserman at p if and only if M* (as
a semi-Riemannian manifold) is timelike Osserman at p. Similar is the case for
SY(M) and z* € Sf(M*). Since S(T'M) is an arbitrary admissible screen, the
first part of the theorem is proved. Now, assume that (M, g) has constant index
v = 2. Then, T, M is a degenerate space of signature (0,—,+,...,+). It follows
that screen leaves through p are Lorentzian manifolds. but it is well known [201,
p-41] that the latter are Osserman at p if and only if they are constant sectional
curvature at this point. This completes our proof. ([

Theorem 3.6.24. Let (M,g) be a totally umbilical lightlike hypersurface of an
(m + 2)-dimensional semi-Riemannian manifold of constant sectional curvature
(M(c),3). The set of admissible screen distributions reduces to totally umbilical
ones. Also, M is pointwise Osserman and for each admissible S(TM), Ric%(TM)
is symmetric and M is locally Einstein.

Proof. If p # 0 then M is proper totally umbilical. Using (2.5.1), we get
R(X,Y)Z = c{g(Y, 2)X — g(X, Z2)Y'}
+p{9(Y,Z2)ANX — g(X,Z)ANY }. (3.6.11)
Now pick an admissible screen S(T'M) and let R denote the associate induced

curvature tensor. Then, under the hypothesis, g(R(X,Y)Z,V) = g(R(Z,V)X,Y)
for all X,Y, Z,V, we have

pig(Y, Z2)g(AnX, V) — g(X, Z)g(ANY, V)
—9(V, X)g(ANZ,Y) + g(Z, X)g(ANV,Y)} = 0
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VX,Y,Z,V € (TM). Since p # 0, choose a Z L X and ¢g(Y,Z) =1 to get

for all X,V € TM|y. Thus, ANX = APX with A = g(AnZ,Y), that is the screen
distribution is totally umbilical.

Conversely, suppose AyX = APX for some smooth A in C°°(M). Then,
(3.6.11) becomes

+2{g(Y, Z)PX — g(X, Z)PY}, (3.6.12)
which defines an algebraic curvature map, that is S(T'M) is admissible.
Now, let S(T'M) be an arbitrary admissible screen distribution on M. We

compute the induced Ricci curvature with respect to S(T'M) using (3.6.12). Con-
sider a quasi-orthonormal basis {£, W1,...,W,,} on T M |;. Then,

Ric(X,Y) Zg (X, W;)Y,W;) + G(R(X, €)Y, N)

=c [g(Xa Y) —ng(X,Y)] + A [9(X,Y) —ng(X,Y)] — cg(X,Y)
=[(1=n)Ap—ndg(X,Y).

Hence, the Ricci tensor is symmetric. Moreover M is locally Einstein. Finally, let
z € 8y(M),pe M, ye axt. Then,

Ja(@y = Ry, )

P elg@ g, y) ol
Ao{g(z, 2)g(-,y) —
= ( +>\P) ( >x) (>y

= (e+M)g(x,2)Py

Hence, in an adapted quasi-orthonormal basis and using Remark 3.6.18(b), the
matrix of Jr(z) has the form

\_/Q’—\

0 ... 0

(c+Ap)g(x,x) n1
0

Then, the characteristic polynomial f, of Jr(x) is given by

fa(t) = =t [(c+ Ap)g(w,x) — 1",

with g(z,z) = £1 and for arbitrary given admissible screen distribution. Thus M
is pointwise Osserman, which completes the proof. U
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Corollary 3.6.25. A lightlike surface M of a 3-dimensional Lorentz manifold M (c)
s pointwise Osserman if and only if it is null transversally closed.

Proof. Tt is well known [149, page 111] that any lightlike surface of a 3-dimensional
Lorentz manifold M is either proper totally umbilical or totally geodesic. Hence,
it remains only to find a necessary and sufficient condition for existence of an
umbilical screen line bundle S(T'M) on M. As such a S(T'M) is non-degenerate,

let A = SEE with S(TM) = Span{W}. Then C(X, PY) = A\g(X,Y) VX,Y €

TM|y if and only if C(§, W) = 0, that is M is null transversally closed. O

In the semi-Riemannian case, we know [201] that being Osserman at a point
simplifies the geometry at that point as the manifold is Einstein at that point.
Moreover, if the latter is connected and of at least dimension 3, by Schur’s lemma
in [62], it is Einstein. For lightlike hypersurface, this is not always the case as is
shown in the next theorem using the following lemma.

Lemma 3.6.26. Let (M, g, S(TM)) be a lightlike hypersurface of an (n+2)-dimen-

sional semi-Riemannian manifold (M, g), with induced algebraic Riemannian cur-
vature map R. For all x € S,M, p € M we have

tr Jr(z) = Ric(z, ) — n(R(&, z)z).

Proof. Let (eg =&, e1 = Pz, ea,...,en, N) be a g-quasi orthonormal basis of T, M
with T,M = Span{(eq,e1,e2,...,e,)} and S(T, M) = Span{(e1,e2,...,e,)}. We
have

tr Jgp(x) = E g[o‘o‘]g(JR(a;)ea,ea)
a=0
a#l

= g *G(Jr(@)ea ea) + 9 VG(Jr(2)¢,€)
a=2
n n
= Z g[aa]R(eav T,T,eq) = Z g[aa}g(R(eaa T)T,e0)
a=2 a=2

= g9 eg(R(z,2)z,2) + 3 gl g(Rlea, 2z, ea)

a=2

= Ric(z,z) — n(R(&, z)x) Ly Ric(z, x) — n(R(, x)x). O

Theorem 3.6.27. Let (M, g) be a lightlike hypersurface that is Osserman atp € M.
If for an admissible screen distribution S(TM), RSTM) (¢ @)¢ is zero for a & €
RadTM, and |n(R(§,z)z)| < p € R for every x € S, (M) (or every x € S;f (M)),
then (M, g, S(TM)) is Einstein at p € M.
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Proof. Let M be the ambient semi-Riemannian manifold of M. Denote by R’ and
g’ the restriction on S(T'M) of the induced algebraic curvature tensor R and the
metric tensor g on M, respectively. The Osserman condition at p implies that
the characteristic polynomial of Jg is the same for every x € S, (M) (or every
x € SF(M)). Then |tr Jr(z)| is bounded on S, (M) (and S (M)). Now, using
Lemma 3.6.26, we have for every = € S, (M) (or every z € S (M)),

| Ric(z, z)| < |tr Jr(z)| + [n(R(E, z))].

It follows that there exist a € R such that |Ric(z,z)| < o for every x € S, (M)
(or every x € S;f (M)). In particular, we have

| Ric'(z,7)] < «

for every x € S(T,M) N S, (M) (or every x € S(T,M) N S (M)). Therefore,
since (S(T,M), ¢') is non-degenerate, it follows from a well-known algebraic result
(see [121]) that

Ric'(z,y) = \g'(z,y) Vx,y € S(T,M), withXeR. (3.6.13)

Consider (eg = &, e1,...,en, N) a g-quasi orthonormal basis of T, M with T,M =
Span{(eo,e1,...,en)} and S(T,M) = Span{(ei,...,en)}. We show that for all
z € T,M, Ric(¢, z) = Ric(z,§) = 0. Indeed, we have

Ric(¢,2) = g5 (R(&, Oz, &) + Y g g(R(e;, O, e;)

=1
= Z gliig(R(e’h 5)1‘7 ei) = Z g/“g(R(l‘7 ei)€i7 E) = 0.
1=1

i=1

Now,

Ric(z, &) = g"G(R(&,2)8,8) + > g g(R(x, ei)€, ;)
=1
(2.4

= n(R(&,2)¢) “E” n(R(,2)¢) = 0

by hypothesis. Hence, since g(£, o) = g(e,&) = 0, the latter together with (3.6.13)
leads to Ric(z,y) = Ag(x,y), forall z,y € T,M, that is, (M,g,S(TM)) is
Einstein at p € M. O

Corollary 3.6.28. Let (M, g) be a lightlike hypersurface of a flat semi-Riemannian
manifold M. If (M, g) is Osserman at p € M then it is Finstein at p.

Proof. This is an immediate consequence of the previous theorem since the flat
condition implies R(£, )€ =0, V€ € RadTM and n(R(&,z)x) = 0. O
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Half-lightlike submanifolds

There are two cases of codimension 2 lightlike submanifolds M since for this type
the dimension of their radical distribution Rad 7'M is either one or two. A codi-
mension 2 lightlike submanifold is called half-lightlike [147] if dim(RadTM) = 1.
The objective of this chapter is to present up-to-date results of this sub-case.

4.1 Basic general results

Let (M, g) be an (m + 2)-dimensional semi-Riemannian manifold of index ¢ > 1
and (M, g) a lightlike submanifold of codimension 2 of M. Since g is degenerate,
there exists locally a vector field € € T'(T'M), & # 0, such that g (¢, X ) =0, for
any X € I'(TM). Then, for each tangent space T,, M we consider

T, M*={ueT, M: g(u,v)=0,YoeT, M}

which is a degenerate 2-dimensional subspace of T}, M. Since M is lightlike, both
T.M and T, M~ are degenerate orthogonal subspaces but no longer complemen-
tary. In this case the dimension of RadT, M = T,M T, M + depends on the
point x € M. Denote by Rad T'M a radical (null) distribution of the tangent bun-
dle space TM of M. The radical subspace Rad T, M is either a 1-dimensional or
a 2-dimensional subspace of T,, M. There exists a complementary non-degenerate
distribution S(T'M) to RadTM in TM, called a screen distribution of M, with
the orthogonal distribution

TM = RadTM @ortn S(TM).

The submanifold (M, g,S(T'M)) is called a half-lightlike submanifold [147, 154]
if dim(RadTM) = 1. The term half-lightlike has been used since for this class
(T M)+ is half lightlike. On the other hand, if dim(Rad T M) = 2, then, Rad TM =
T M~ and (M,g,S(TM)) is called a coisotropic submanifold [154]. The latter
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[147, 154] class is discussed in the next chapter. In this section, we present results
on half-lightlike submanifolds (published in [147, 154, 158]) for which there exist
&, u € T, M+ such that

g(&v)=0, g(u,u)#0, VveT,M™*.

The above relations imply that & € T, M, so £ € RadT, M. Therefore, locally
there exists a lightlike vector field £ on M such that

G, X)=g(&,u)=0, VX e(TM), uwel(TM?).

Thus, the 1-dimensional RadTM of a half-lightlike submanifold M is locally
spanned by £. In this case there exists a supplementary distribution S(7'M)
to RadTM in TM. Next, consider the orthogonal complementary distribution
S(TM*) to S(TM) in TM. Certainly ¢ and u belong to I' (S(T'M)* ). From now
on, we choose u as a unit vector field and put

glu,u)=e,

where € = + 1. Since Rad TM is a 1-dimensional vector sub-bundle of TM* we
may consider a supplementary distribution D to RadT'M such that it is locally
represented by u. We call D a screen transversal bundle of M. Hence we have the
orthogonal decomposition

S(TM)+ = D L D+,

where D+ is the orthogonal complementary distribution to D in S(T'M)*. Taking
into account that D is non-degenerate and ¢ € T'(D1), there exists a unique
locally defined vector field N € T'( D), satisfying

FIN, A0, G(N,N)=g(N,u)=0 (4.1.1)
if and only if N is given by

_ 1 Ay

N_g(ﬁ,V){V 2§(£,V)€}’ V eT(Fu) (4.1.2)

such that g(&, V) # 0. Here, F is a complementary vector bundle of Rad T M
in Dt. Hence N is a lightlike vector field which is neither tangent to M nor
collinear with u since g(u, &) = 0. If we choose £* = a £ on another neighborhood
of coordinates, then we obtain N* = %N . Thus we say that the vector bundle
tr(TM) defined over M by

tr(TM) = D Soren 1tr(TM),

where ltr(TM) is a 1-dimensional vector bundle locally represented by N, is the
lightlike transversal bundle of M with respect to the screen distribution S(T'M).
Therefore,
TM = S(TM) L. (RadTM @ tr(TM))
=S(TM) L D 1L (RadTM & ltr(TM)). (4.1.3)
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As per decomposition (4.1.3), choose the field of frames {&, Fy,...,Fy,—1} and
{&,F1,..., Fru_1,u, N} on M and M respectively, where { [}, ..., F,, 1} is an
orthonormal basis of T'(S(T'M)). Denote by P the projection of TM on S(TM)
with respect to the decomposition (4.1.3) and obtain

X =PX+n(X)¢, VX eI(TM),
where 7 is a local differential 1-form on M given by
n(X)= g(X, N). (4.1.4)
Suppose V is the metric connection on M. Using (4.1.3), we put

VxY =VxY +h(X,Y),
va =—AnX +VxN, (4.1.5)
Vxu=—A,X+ Vxu,

for any X,Y € I'(TM), where VxY , AxX and A, X belong to I' (T M), while
h(X,Y),VxN and Vxu belong to I" (¢tr (TM)). It is easy to check that V is a
torsion-free linear connection on M, h is a T' (tr (T M))-valued symmetric F(M)-
bilinear form on I' (T'M). Since {¢, N} is locally a pair of lightlike sections on Y C
M, we define symmetric F'(M)-bilinear forms D; and Dy and 1-forms py , p2, €1
and €2 on U by

Di(X,Y)=g(h(X,Y), &),

Dy(X,Y)=¢€g(h(X,Y),u),
p1(X)=g(VxN,§), p2(X)=¢€g(VxN,u),
e1(X)=g(Vxu,&), e2(X)=€g(Vxu,u),

forany X,Y € T'(TM). It follows that

hMX,Y)=D1(X,Y)N+Dy(X,Y)u, (4.1.6)
VxN =p1 (X)N +p2(X)u,
Vxu=e1(X)N +e2(X)u.

Hence, on U, equations (4.1.5) become

VxY =VxY + Dy (X,Y)N + Dy (X, Y)u, (4.1.7)
VxN =—ANX +p1 (X)N + p2 (X)) u, (4.1.8)
Vxu=—A,X+e1(X)N+e3(X)u, (4.1.9)

forany X, Y € I'(TM). We call h, D, and D3 the second fundamental form, the
lightlike second fundamental form and the screen second fundamental form of M
with respect to tr (T'M) respectively. Both Ay and A, are linear operators on
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' (TM). The first one is T (S(T'M))-valued, called the shape operator of M. Since
u is a unit vector field, (4.1.8) implies 3 (X) = 0. In a similar way, since £ and N
are lightlike vector fields, from (4.1.6)—(4.1.8) we obtain

D (X,8)=0 (4.1.10)
g(AnX, N) =0, (4.1.11)
Gg(AX,Y)=€eD2(X,Y)+e1 (X)n(Y). (4.1.12)

Next, by using (4.1.4), (4.1.7) - (4.1.8) and (4.1.12), we obtain
p1(X) =—n(Vx9), (4.1.13)
p2 (X) = en (A X), (4.1.14)
el (X) = —eDy(X,6), VX € T (TM). (4.1.15)

Since V is a metric connection, using (4.1.7) we obtain

(Vxg)(Y,Z)=Du(X,Y)n(Z)+ D1 (X, Z)n(Y) (4.1.16)

forany X, Y, Z € I'(TM). Thus, in general, the induced connection V is linear
but not a metric (Levi-Civita) connection. From (4.1.7) it follows that D; and Ds
are symmetric bilinear forms on I' (T'M) and they do not depend on the screen
distribution. In fact, we have

G(VxY &) = D (X,Y), g(VxY,u)=eDsy(X,Y),

for any X,Y € TI'(T'M). However, we note that both D; and p; depend on
the section £ € T'(RadTM). Indeed, in case we take £* = «&, it follows that
N* = éN. Hence we obtain D} = o D; and

p1(X) = p1 (X) + X (log ),

for any X € I'(T'M). Thus, using the differential 2-form

dp (X, ¥) = 3 (X (o (V) = Y((X)) = pa([X, Y]

we obtain

Theorem 4.1.1. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold (M, g) of codimension 2. Suppose p1 and pi are 1-forms on U with respect
to & and £*, respectively. Then, dp; =dp; onU.

Next, consider the decomposition (4.1.3) and obtain

VxPY = V%PY +h* (X ,PY),
Vx&=—AfX +Vx¢ (4.1.17)
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for any X,Y € I'(TM), where V3 PY and A} belong to I'(S(T'M)), while

h* (X, PY) and V£ belong to I' (Rad TM). Also V* and V+ are linear connec-
tions on the screen and radical distribution respectively, AZ is a linear operator
on I'(TM), h* is a bilinear form on I'(TM) x I' (S(TM)) and V* is a metric
connection on S(T'M). Locally, we define on U,

E (X,PY)=g(h*(X,PY),N), VXY €T (TM),

and
u (X)=g(Vx¢, N), VX e T(TM).

It follows that
' (X,PY)=E (X,PY){, VXY cI(TM),

and
Vxé=ui (X)&
Hence, on U, locally, equations (4.1.17) become
VxPY = Vi PY + B (X, PY)E, (4.1.18)
Vx&=—AIX +u (X) €. (4.1.19)

We call h* and E; the second fundamental form and the local second fundamental
form of S(T M) with respect to Rad(T' M) and AZ the shape operator of the screen
distribution. The geometric objects from Gauss and Weingarten equations (4.1.7)—
(4.1.9) on one side and (4.1.18) and (4.1.19) on the other side are related by

Ei (X, PY) = g(AxX , PY), (4.1.20)
Dy (X, PY) = g(A; X, PY), (4.1.21)
uy(X) = —p1 (X),
for any X Y € I'(TM). Hence (4.1.19) becomes
Vx€=—A; X —p1 (X)¢€
From (4.1.10) and (4.1.21) we derive
Az =0 (4.1.22)

Thus, ¢ is an eigenvector of A¢ corresponding to the zero eigenvalue. Using torsion-
free linear connection V and (4.1.18) we obtain
(X, Y] ={VXPY - V3 PX + n(X) ALY — n(Y)A; X }
+{E (X, PY) - E (Y, PX) X(n(Y))
= Y(0(X)) +n(X) pr(Y) = n(Y) pr(X) } €.
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Taking the scalar product of the last equation with PZ and N respectively and
using (4.1.21), we obtain

g(V% PY,PZ) — g(ViPX,PZ) — g([X,Y], PZ)
=n(Y)D1(X,PZ) —n(X)D1(Y,PZ),
2dn(X,Y) = Ey(Y, PX) — E1(X, PY)
+ p1(X)n(Y) — p1(Y)n(X). (4.1.23)

From the second equation in (4.1.23) and (4.1.4) we obtain
n([PX, PY]) = E, (PX, PY) — Ey (PY , PX).

From the last equation and (4.1.20) we have:

Theorem 4.1.2. [147] Let M be a half-lightlike submanifold of M. Then the follow-
ing assertions are equivalent:

(1) The screen distribution S(T'M) is integrable.
(2) The second fundamental form of S(TM) is symmetric on T (S(TM)).

(3) The shape operator Ax of the immersion of M in M is symmetric with
respect to g on T (S(TM)).

Proof. From the second equation in (4.1.23) and (4.1.4) we obtain
n([PX, PY]) = B, (PX, PY) — E; (PY , PX)
which is (1) <(2). Then, using (4.1.20) in the above equation we obtain
1 ([PX, PY]) = g(ANPX , PY) — g(PX, AN PY)
which proves (2)< (3). O
Next by using (4.1.10), (4.1.16), (4.1.19) and (4.1.21) we obtain

Theorem 4.1.3. [147] Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M. Then the following assertions are equivalent:

1

The induced connection V on M is a metric connection.

2) D; wvanishes identically on M.

4

(1)
(2)
(3) Af vanishes identically on M.
(4) & is a Killing vector field.

()

5) TM* is a parallel distribution with respect to V.
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Proof. (1)=(2): Suppose that V is a metric connection, then for Y = ¢ in (4.1.16),
we obtain

Then, 1 (£) = 1 and (4.1.10) imply that D1(X,Z) = 0 for every X, Z € T'(TM).
(2)=(3) follows from (4.1.21). (3)= (4): By direct computation, we get
("Efg)(Xa Y) = £§(X, Y) - g("nga Y) - g(Xa "€5Y)

for § € '(RadTM), X,Y € I'(TM). Since g is a semi-Riemannian metric (then
V is a metric connection), we obtain

(£c9)(X,Y) = g(Vx&,Y) = g(X, Vy ).
Then, from (4.1.7), (4.1.10) and (4.1.19), we derive

Thus, (4) =(5) and (5)= (1) follows from Theorem 1.4.2 of Chapter 1. O

Denote by R and R the curvature tensors of V and V respectively. Then,
using (4.1.7), (4.1.8), (4.1.9) and (4.1.10)—(4.1.15), we obtain

R(X,Y)Z = R(X,Y)Z
+ Di(X,2)ANY — D1 (Y, Z2)ANX
+ Dy(X,2)AY — Do(Y, Z2)A, X
+ {(VxD)(Y, Z2) = (Vy D1)(X, Z)
+ m(X)D1(Y, Z) = p1(Y) D1 (X, Z)
+ e1(X)D2(Y,Z) —e1(Y)Do(X, Z)} N
+ {(VxD:)(Y, Z) = (Vy D2)(X, Z)
+ p2(X)D1(Y, Z) — p2(Y) D1 (X, Z) }u,
R(X,Y)N = —Vx(ANY) + Vy(AnX) + AN[X,Y]
+ p1(X)ANY — p1(Y)AN X
+ p2(X)ALY — p2(Y)ALX
+ {Dy(Y, AnX) — Di(X, AyY) (4.1.25)
+ 2dp1(X,Y) + e1(X)p2(Y) — e1(Y)p2 (X)}N
+ {D2(Y, AN X) — D2(X, ANY)
+ 2dpa(X,Y) + p1(Y)p2(X) — p1(X)p2(Y)} u,
ROX,Y)u=— Vx(A,Y) + Vy (4. X) + Au[X, Y]
+ el (X)ANY — e (Y)AnX
4 {Di(Y, AuX) — Dy (X, AY)
+ 2de1(X,Y) + pr(X)er(Y) — ;o (V) er (X)}N

(4.1.24)
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+ {D2(Y, A, X) — Da2(X,AY)
+ e1(Y)p2(X) — e1(X)p2(Y)}u (4.1.26)
for any X,Y,Z € T'(TM). Consider the Riemannian curvature of type (0, 4) of

V. Using (4.1.24)—(4.1.26) and the definition of curvature tensors, we derive the
following structure equations:

G(R(X,Y)PZ, PW) = g(R(X,Y)PZ, PW) (4.1.27)
+ Di(X, PZ)E\(Y,PW)
= Di(Y,PZ)EL (X, PW)
+ e[ Do(X, PZ)Ds(Y, PW)
— Du(Y, PZ)Da(X, PW)},
G(R(X,Y)PZ,€) = g(R(X,Y)PZ,£) (4.1.28)
+ e1(X)D2(Y, PZ) — &1 (Y)D2(X, PZ)
= (VxD)(Y,PZ) = (VyD1)(X, PZ)
+ p(X)D1(Y, PZ) — p1(Y)D1(X, PZ)
4 e1(X)Do(Y, PZ) — 1(Y)Dso(X, PZ),
I(R(X,Y)PZ,u) = g(Vx(AY) = Vy(AuX) — A,[X,Y], PZ)
— e1(X)EL(Y, PZ) + &1(Y)Ey (X, PZ)
=e{(VxD2)(Y, PZ) — (VyD:)(X, PZ)
+ p2(X)D1(Y, PZ)
— (YD1 (X, PZ)}, (4.1.29)
G(R(X,Y)PZ,N) = §(R(X,Y)PZ,N)
+ e{p2(Y)D2(X, PZ) — p2(X)Do(Y, PZ)}
=9(Vx(AnY) — Vy (AN X)
— AN[X,Y], PZ) + p1(Y)EL(X, PZ)
= p1(X)EL(Y, PZ)e{p2(Y)D2(X, PZ)

— p2(X)D2(Y, PZ)}, (4.1.30)
g(R(X,Y)E,N) = g(R(X,Y)¢,N)
+ pa(X)er(Y) — pa(Y)er (X) (4.1.31)
= Di(X, ANY) — AnX)

Dy(Y, An
= 2dp1(X,Y) + p2(X)er(Y) — p2(Y)er(X),
GR(X,Y)¢, u) = e{(VxD2)(Y,€) — (VyD2) (X, )}
— Di(X, AyY) = Di(Y, AuX) (4.1.32)
— 2dz1(X,Y) + p1(Y) er(X) — pr(X) er(Y),
g(R(X,Y)N,u) = e{Da(Y, An X) — Do (X, ANY)
+ 2dp2(X,Y) + p1(Y)p2(X) — pr(X)p2(Y)}
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= Q(VX(AuY)a N) - g(vY(AuX)a N)
— ep2([X,Y)). (4.1.33)
Denote by R* the curvature tensors of V*. Similarly, using (4.1.24)- (4.1.26) and
(4.1.27)—(4.1.33), (4.1.18) and (4.1.19), we obtain
R(X,Y)PZ = R*(X,Y)PZ + E\(X, PZ)AcY (4.1.34)
— E\(Y,PZ)A¢X + {X(E\(Y,PZ))
- Y(EW(X, PZ)) - Ey([X,Y], PZ)
+ B\(X,ViPZ) — Ey(Y, V' PZ)
= n(X)ELY, PZ) + p1(Y)EL(X, PZ)}E,
R(X,Y)E =~V (AcY) + V5 (A X) + A[X, V]
— p1(X)AY + p1 (V) A X (4.1.35)
+ {EL(Y, AeX) — Ev(X, AgY) — 2dp1 (X, Y},
g(R(X,Y)PZ,PW) = g(R*(X,Y)PZ, PW)
+ E\(X, PZ)Dy (Y, PW)
— E\(Y,PZ)Dy(X, PW), (4.1.36)
G(R(X,Y)PZ,N,) = X(E\(Y, PZ)) - Y(E\(X, PZ))
+ E\([X,Y],PZ)+ E\(X,VPZ)
— Ei(Y,VPZ) - p(X)Ei(Y, PZ)
+ 1 (Y) B (X, PZ)
=g(Vx(ANY) — Vy (AnX)
— AN[X\Y], PZ) — p1(X)EL(Y, PZ)

+ m(Y)E(X,PZ), (4.1.37)
9(R(X,Y)PZ,§) = g(Vx(AcY), PZ) — g(Vy (AeX), PZ)
— Di([X,Y],PZ) (4.1.38)

+ p(X)D1(Y, PZ) — p1(Y)D:1(X, PZ)
= (VxD)(Y,PZ) - (VyD1) (X, PZ)
+ p(X)Dy(Y, PZ) — py(¥)Di (X, P2),
GR(X.Y)E NY) = Eu(Y, AcX) — By (X, AcY)
— 2dp1(X,Y)
— D1(X, AnY) — Di(Y, AxX)
— 2dpy(X,Y). (4.1.39)

4.2 Unique existence of screen distributions

The general theory of lightlike submanifolds uses a non-degenerate screen distri-
bution which (due to the degenerate induced metric) is not unique. Therefore, the
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induced objects of the submanifold depend on the choice of a screen that creates a
problem. As presented in Chapter 2, now there are large classes of lightlike hyper-
surfaces of semi-Riemannian manifolds with the choice of a canonical or unique
screen distribution. The objective of this section is to show that there exist unique
screen distributions for a large variety of half-lightlike submanifolds subject to
some reasonable geometric conditions.

Let a screen S(T'M) change to another screen S(T'M)’, where {¢, N, W,, u }
and {&, N', W/ u'} respectively are two quasi-orthonormal frame fields for the
same null section £. Following are the transformation equations due to this change:

m—1
W = AWy —e,£,6); v =u— ef€, (4.2.1)
b=1
1 m—1 m—+1
N/:N—2{Z Eaf3+€f2}f+zfaWa+fuv (422)
a=1 a=1

m—1
"“PY =VxPY + D1 (X, PY) (Z €of? —|—ef2>

+ eDy(X, PY)fE — Dy (X, PY) <Z £, W) (4.2.3)
Di(X,Y)=Di(X,Y), Dy(X,Y) = Do(X,Y) — D1(X,Y)f, (4.2.4)
E'(X, PY) = Ey(X, PY) — % (IW|[? — ef?) Dy(X, PY)
+ g(VxPY, W)+ eDy( X, PY)f, (4.2.5)
where W = >""" | £, W,. Let w be the dual 1-form of W given by

wX)=g(X, W), VX ecI(TM). (4.2.6)

Denote by S the first derivative of a screen distribution S(T'M) given by
S(x) = Span{[X,Y]., X,,Y,e€S(TM), =zeM}, (4.2.7)

where [,] denotes the Lie-bracket. If S(T'M) is integrable, then, S is a sub-bundle
of S(T'M). We state and prove the following theorem:

Theorem 4.2.1. [144] Let (M, g, S(TM)) be a half-lightlike submanifold of a semi-
Riemannian manifold M™%2 with m > 1. Suppose the sub-bundle F' of D+ admits
a covariant constant non-null vector field. Then, with respect to a section £ of
RadTM, M admits an integrable screen S(TM). Moreover, if the first derivative
S defined by (4.2.7) coincides with an integrable screen S(T'M), then, S(TM) is
a unique screen of M, up to an orthogonal transformation with a unique lightlike
transversal vector bundle and invariant screen second fundamental form.
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Proof. By hypothesis, consider along M, a unit covariant constant vector field
V € I'(Fy), that is, g(V,V) = e = £1. To satisfy the condition given in (4.1.2),
we choose a section & of Rad TM such that g(V, €) # 0. Set g(V, ¢) = 6~1. Using
this in (4.1.2), the null transversal vector bundle of M takes the form

N=0(V - %95). (4.2.8)

Then using (4.2.8) in (4.1.8) and (4.1.19) we get

(X)) =3(Vx N,©) = X(B)3(V. ©) - 5 (0 5(Vx & ©)

=X(0) (0)"" = X(log 0), (4.2.9)
p2(X) = g(VxN,u) = g (Vx(0V) = SV (6%€),u))

= —eéﬁwz(x, £). (4.2.10)

Using the above value of 7, (4.2.8) and (4.1.19) we obtain
Vx N =X(0)V — g 02Dy (X, €)u + g 6% ALX — ga X(0)¢. (4.2.11)

On the other hand, substituting the value of p; and p2 in (4.1.8), we get

2
Vx N =—AyX + X(logf)N — gaTeDQ(X, )u. (4.2.12)
Equating (4.2.11) and (4.2.12) we obtain
eh? e
ANX:fTAng§9X(9)§+X(log9)N—X(0)V (4.2.13)

for X € I'(T'M,,,). Thus, for X,Y € I'(S(T'M)), we have

e 6? .

Since Af is symmetric with respect to g on S (T'M), it follows that Ay is also self-
adjoint on M. Then Theorem 4.1.2 says that S(T'M) is integrable. This means
that S is a sub-bundle of S(T'M). Using (4.2.13) in (4.1.20) and (4.1.21), we get

92
Ey(X,PY) = —%Dl (X,Y), VX,Y eT(S(TM)y). (4.2.14)
Using (4.2.13), (4.2.5) and D} = D; we obtain

g(VxPY,W) == (|[W|* — ef?) D1(X, Y) — eD2(X,Y)f (4.2.15)

N =



168 Chapter 4. Half-lightlike submanifolds

VXY € T'(S(TM),,). Since the right-hand side of (4.2.15) is symmetric in X
and Y, we have ¢g([X,Y], W) = w([X,Y]) =0, VX,Y € ['(S(T'M),), that is, w
vanishes on S. By hypothesis, if we take S = S(T'M), then, w vanishes on this
choice of S(T'M) which implies from (4.2.6) that W = 0. Therefore, the functions
f, vanish. Finally, substituting this data in (4.2.5) it is easy to see that the function
f also vanishes. Thus, the transformation equations (4.2.1), (4.2.2) and (4.2.3)
become W/ = S "1 AW, (1 < a <m—1), N = N and E' = E where (4%)
is an orthogonal matrix of S(T'M) at any point € M. Therefore, S(T'M) is a
unique screen up to an orthogonal transformation with a unique transversal vector
field N and invariant screen fundamental form E. This completes the proof. [

To understand some examples of half-lightlike submanifolds, satisfying the
above theorem, we first need the following result.

Proposition 4.2.2. [147] Let (M, g,S(T'M)) be a half-lightlike submanifold of a
semi-Riemannian manifold M, with g of index q € {1,...,m+ 1}. Then we have
the following:

(i) If u is spacelike then S(T'M) is of index ¢ — 1. In particular S(TM) is Rie-
mannian for ¢ =1 and Lorentzian for ¢ = 2.

(il) If u is timelike then S(TM) is of index g — 2. In particular S(TM) is Rie-
mannian for ¢ = 2 and Lorentzian for ¢ = 3.

Proof. Consider the vector fields
! L

(g_N)762 \/5

It is clear that Rad TM @ltr(T M) = Span{ey, e2} and ind(Rad TM @ltr(TM) = 1.
On the other hand, we have

(E+ N).

ind(M) = ind(S(T'M)) + ind(Rad TM @ ltr(TM)) + ind(D).
Then (i) and (ii) follow, which completes the proof. O

Remark 4.2.3. Tt follows from (i) of the above proposition that M can be a half-
lightlike submanifold of a Lorentzian manifold for which g(u,u) = € = 1. Thus, it
is obvious from the structure equations that we choose g(V, V) = e = —1, a covari-
ant constant timelike unit vector field. There are many examples of n-dimensional
product Lorentzian spaces (such as warped product globally hyperbolic space-
times [34]) which possess at least one timelike covariant constant vector field and,
therefore, can satisfy the hypothesis of Theorem 4.2.1.

Example 1. Consider in R the submanifold M given by the equations

ry =3, 15 = /1 — {xF + 23}.
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Then we have
TM = Span{¢ = 0x1 + Oxs, Z1 = 25022 — X2 0 5, Zo = x50 x4 — T4 0 T5}.

It follows that M is 1-lightlike. Take the complementary sub-bundle F' spanned
by V = —dx; and observe that g(&, V) # 0. We obtain

1
N = 5(—33:1 + 0x3)

u=x20w3+ 2404 +1/1— {22+ 23} ;.

It is easy to see that V is covariant constant. Then, we have

vZ2Z1 = —X4 (3':172, ?ZIZQ = —XT2 81,4.

and

Hence
b
T5T4 T5T2

(21,25 = 1—

2

x3 + 23 x3 + 73

which implies that S(TM) is integrable, so Theorem 4.2.1 is satisfied.

4.3 Totally umbilical submanifolds

The results of this section have been taken from [154]. A half-lightlike submanifold
(M, g) of a semi-Riemannian manifold (M, g) is said to be totally umbilical in M
if there is a normal vector field Z € T (¢tr (T'M)) on M, called an affine normal
curvature vector field of M, such that

MX,Y)=25(X,Y), VX,Y e I'(TM).
In particular, (M, g) is said to be totally geodesic if its second fundamental form
h(X,Y) = 0for any X,Y € T'(T'M). By direct calculation it is easy to see
that M is totally geodesic if and only if both the lightlike and the screen second
fundamental tensors Dy and D respectively vanish on M, i.e.,

Di(X,Y)=Dy(X,Y) =0, VX,Y € T(TM).
Moreover, from (4.1.12), (4.1.14), (4.1.15) and (4.1.21) we obtain
A = Ay = €1 = p2 = 0.

A straight calculation and using (4.1.6) implies that M is totally umbilical if and
only if on each coordinate neighborhood U there exist smooth functions H; and
Hy on Itr(T'M) and D, respectively, such that

D1 (va):ng(va)a Dy (XaY):HQS_](XaY)v (431)

for any X,Y € I'(T'M). The above definition does not depend on the screen
distribution of M. On the other hand, from (4.1.12), (4.1.21) and (4.1.10), (4.1.11)
and non-degenerate S(T'M) we obtain
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Theorem 4.3.1. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M , g). Then M s totally umbilical, if and only if, on each U there exist
Hy, Hy such that

AfX =H, PX, VX eI (TM),
P(A,X)=€¢H,PX, VX €T (TM) (4.3.2)

and 1 = 0 on T'(TM).
Remark 4.3.2. Note that in case M is totally umbilical, we have

€A X = Hy PX +pa(X)E, VX eT(TM). (4.3.4)

The curvature tensors of M and M are related by the following equations:

JR(X,Y)PZ,€) = g(R(X.Y)PZ€)
— (VxD1)(Y, PZ) — (Vy D1)(X, PZ) (4.3.5)
+ p1(X)D1(Y, PZ) — p1(Y)D1(X, PZ),
J(R(X.Y)PZ,u) = g(Vx(AY) = Vy(AuX) - Au[X, Y], PZ)
— {(VxD2)(Y, PZ) — (Vy D2)(X, PZ)
+ p2(X) D1 (Y, PZ)
— p2(Y)D1(X, PZ)}, (4.3.6)
g(R(X,Y)E M) = G(R(X,Y)E, Nq)
— Di(X, AN, Y) — Di(Y, An, X)

— 2dpy(X,Y), (4.3.7)
G(R(X,Y)E, u) = e{(VxD2)(Y,§) — (VyD2)(X,€)}
— Di(X, AuY) — Dy (Y, A X) (4.3.8)

and (4.1.27), (4.1.30) and (4.1.33) are unchanged. Using these equations we obtain

Theorem 4.3.3. Let M be a totally umbilical half-lightlike submanifold of an
(m+ 2)-dimensional semi-Riemannian manifold of constant curvature (M (¢), g).
Then the functions Hy,Hs from (4.3.1) satisfy the differential equations

§(H1) = (H1)* + Hipi (§) =0,  Hi = &(log Ha), (4.3.9)
and the curvature tensor of M is given by

RX, VVZ=c{g(Y,2)X—-g(X,Z2)Y}
+ Hi{g(Y,Z2)An,X —g (X, Z)ANY }
+ H2{9(Y7 Z)AuX_g(X7 Z)AuY}a

forany X,Y € T'(T'M). Moreover, PX(H;)+ Hy p; (PX) = 0.
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Proof. Taking account of (4.3.1) in (4.3.5) and (4.3.6), and using the fact that M
is a space of constant curvature, we obtain

{X(H;) — HiHm(X) + Hipi(X) }g(Y, PZ)
={Y(H;) - HiHn(Y) + H1pi(Y)}9(X, PZ) (4.3.10)

forany X,Y,Z € T(TM). Take X = (¢ and Z = Y € T'(S(TM)) such that
g(Y,Y) # 0 on U and use (4.3.5) to obtain the first equation in (4.3.9). Next,
the second equation in (4.3.9) follows from (4.1.24) taking into account that M
is a space of constant curvature and using its first equation. Taking X = PX
and Y = PY in (4.3.10) and by using (4.1.4) and the fact that S(T'M) is non-
degenerate, we obtain

Now suppose there exists a vector field X, € TI'(T'M) such that PX, (H;) +
Hy p; (PX,) # 0 at each point u € M. Then, from the last equation it follows
that all vectors from the fiber (S(TM)), are collinear with (PX,),. This is a
contradiction as dim((S(T'M)),) = m — 1. Hence the last equation in the theorem
is true at any point of U, which completes the proof. d

From (4.3.1), (4.3.7) and M a space of constant curvature we obtain
2dp1 (X, Y) = Hi{g(X, An,Y) — g (Y, Ay, X )}

Using (4.3.1) and Theorems 4.1.2 and 4.1.3, we have
Theorem 4.3.4. Let M be a totally umbilical half-lightlike submanifold of a semi-

Riemannian manifold of constant curvature (M (¢), g). Then each 1-form py in-
duced by S(TM) is closed, i.e., dp1 = 0 on anyUd C M, if and only if, either
(1) the screen distribution S(TM) is integrable, or (2) the induced connection V
on M is a metric connection.

M is proper totally umbilical if H; # 0 and Hs # 0 on U. From the above
theorem and the equation (4.1.33) and (4.3.1) we obtain

Theorem 4.3.5. Let M be a proper totally umbilical half-lightlike submanifold of a

semi-Riemannian manifold of constant curvature (M (¢), g). Then the following
assertions are equivalent:

(1) The screen distribution S(T'M) is integrable.
(2) Each 1-form p; induced by S(TM) is closed, i.e., dpy = 0 on anyU C M.
(3) Each 1-form ps induced by S(TM) satisfies

2pa(X,Y) = pr(X)pa(Y) = pa(X)p1(Y), VX, ¥ € T (TM).
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Proof. Taking account of (4.3.1) in (4.1.33) and using the fact that M is a space
of constant curvature, we obtain
2dp2 (X, Y) = pr(X) p2 (Y) + p2 (X) p1 (Y)

which proves the assertion. O

Next, the screen distribution S(T'M) is said to be totally umbilical in M if
there is a smooth vector field W € T' (RadTM) on M, such that, h* (X, PY) =
Wy (X, PY)forall X, Y € I'(TM). A straight calculation implies that S(T'M)
is totally umbilical, if and only if, on any coordinate neighborhood Y C M, there
exists a function K such that

E\ (X,PY)=Kg(X,PY), (4.3.11)

for any X, Y € T'(TM). It follows that F; is symmetric on I' (S(TM)) and
hence according to Theorem 4.1.2, the screen space S(TM) is integrable. In case
K = 0(K # 0) on U we say that S(T'M) is totally geodesic (proper totally
umbilical). From (4.1.11), (4.1.20) and (4.3.11) we obtain

ANX =KPX, E(¢,PX)=0, ¥X e (TM). (4.3.12)
From the second equation in (4.1.23) and the fact that the screen distribution
S(TM) is totally umbilical we have

2dn(X,Y) = pr (X)n(Y) = n(X)p1 (Y).
Thus we have
Theorem 4.3.6. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M, §) with totally umbilical screen S(T'M). Then
dn =0 <= p; =0

Theorem 4.3.7. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian

manifold (M (¢), g) of constant curvature ¢, with a proper totally umbilical screen
distribution S(TM). If M is also totally umbilical, then the mean curvature vector
K of S(TM) is a solution of the differential equations
§(K) = Kpi(§) —c= K Hy,
PX(K)— K p1 (PX)=¢eHsps (PX).
Proof. Taking account of (4.3.11) and (4.3.12) into (4.1.30), and using (4.1.4),
(4.1.18), (4.1.23) and M a space of constant curvature, we obtain
{X(K) — Kp (X) —en(X)}g(Y, PZ)
—{Y(K) = Kp (V) —en(Y) }g(X, PZ)
=K{nX)D1(Y,PZ)—n(Y)D: (X, PZ)}
+ e{p2(X) D2 (Y, PZ) = p2(Y) D2 (X, PZ)}.
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This implies

{6(K) — Kpi(€) — a}g(Y, PZ)
— KDu(Y, PZ) + e{p2() Da(Y, PZ) — pa(Y)Ds(E, PZ)}.

From the last two relations and by the method of Theorem 4.3.2, (4.3.1) and
(4.3.2), the equations in the theorem hold. O

From the last two equations we have the following corollaries.

Corollary 4.3.8. Under the hypothesis of Theorem 4.3.7, the induced connection
V on M is a metric connection, if and only if, the mean curvature vector K of
S(TM) is a solution of the following equations

§(K)—Kpi(§) —c=0.

Corollary 4.3.9. Let (M, g) be a totally umbilical half-lightlike submanifold of a
semi-Riemannian manifold (M (¢), ) of constant curvature é. If the screen distri-
bution S(TM) is totally geodesic, then, ¢ = 0, i.e., the ambient semi-Riemannian
manifold M is semi-Fuclidean space.

For those who prefer to work with local coordinate systems, we find the
following local expressions of structure equations. Rad T'M being of rank 1, it is

integrable and therefore there exists an atlas of local charts {U; u®,... um™~1}
such that 820 € I'(RadTM,). Thus, the matrix of the metric g on M with
respect to the natural frame field {8%07 ce %} is

lg] = 0 0

9=1o0 gij (W0, umTt |

where g;; = g(% ) %), i,7 € {1,2,... m— 1}, and det (g;;) # 0. We use the
range of indices: 7, j, k, ... € {1,...,m — 1}. According to the general transfor-
mations on a foliated manifold (see Chapter 1), we have

2’ = a@® (W’ ut, .. umh),
at = at(ulu? . ™). (4.3.13)
It follows that P 9
—~ - B v
gw ~ BW 50
0 ; 0 0
- = B/ —+ B; —
du’ 0 (W) o ) oud’

; @ a0 e
where we put B} (u) = %7 B; = g?ﬂ . As the screen distribution is a transversal

distribution to the involutive distribution Rad T'M, there exist m — 1 differentiable
functions S; (u, ..., u™ 1) satisfying

Si (u) B(u) = S; (u) B! (u) + B;(u),
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with respect to the transformations (4.3.13). Then a local basis of I" (S(T'M)) is
given by the vector fields

] 0 7]

s = g Si(w) g (4.3.14)

Moreover, we derive

o ; ]

= B’ R
sui — B g
with respect to (4.3.13). Hence, we obtain the local field of frames {a‘zo , 6‘3” , N1, u}

on M, where {525, s>-} is a local field of frames on M with ¢ = 5%;.

Next, with respect to the metric connection V on M and using (4.1.7)-
(4.1.10) and (4.1.15), we obtain

v g o 9 k g 14 s
Vi sw ~ Vg Tligg +PulN + Dy
= 0 , 0 g O s
V$w = F()_] w —|— Foj W + Doj u, (4315)
V. g _ 10 9 k g s
Vs Sut Fio o0 Lo sub T Do,
v 9 o 9 0
Vﬁauo = Foow — €EELU,
and
v k g (4 s
Vs N=—-Af — +pi N +pju,
Sut U
v k g (4 s
Vo N=-A;— +p, N +p,u, (4.3.16)
o u0 u
v s 9 Ak 0 L
Viu = —erige A guE el
v s 9 Ak 0 £
Vit = ~Pogys — Ao gur TN
where {Ffj,Ffj,Fﬁj,Ffo,ng,Ffo,Fgo} are the coefficients of the induced linear

connection V on M with respect to the frames field {% , #}; {Ak Ak} and
{Ak | A} are the entries of the matrices of Ay, , Ay : T (T M) — T (S(TM) )
with respect to the basis {aio , 2=} and {52;} of T (T M) and T (S(TM)y)

respectively.
1) 1) 0 0
[ _ e — = _—, —
Dij = D <5uj ’ 5ui) Da <6uj ’ 3ui)’
1) ) 1) 0
ij 2 (511] ) 5%7‘) ) Dog 2 (6’(1,7 ’ auo) )

. o b , 5
Di, = D2 (ﬁ’ﬁ)’ pi = p1 (W)’
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s __ 0 ‘ 9 S — 9
pi = P2 (S'Lti ) po = pP1 auo ) po = P2 811,0 )
0 0
4 4
g, = &1 (5u2) y E, = €1 (ﬁ) .

By straightforward calculations from (4.3.14) we have

1) 1) 0
—, —| =85 =, 4.3.1
{6u“5uﬂ} SJ@uO (43.17)
1) 0 0S8; 0
— L | == = 4.3.1
{51#’ 8u0} Au® dud’ (4.3.18)
where
g — 0S; B 5Sj.
T Sud Sl
As V is torsion-free, by using (4.3.17), we obtain
k _ k o o
i =Ty, Iy =T% + S,
aS;
Ik =1k re. = 1e L
o1 10 o1 0 auo
¢ V4 s s s s
Dij - Djl7 Dz Djl7 Dio - Doi'
Further, we decompose the following Lie brackets:
5 ] 0 )
{N,W_:Ngﬁ-i-Né +NkN+Nku
0 0 1)
N. —/— | = N° h 4 s
[ ¥ 8u0+N"6 + NN + N u
5 ] o 6‘ 5 ‘ s
0 ] o 0 h 5 4 s
[U,w_[z w—f—Loé h+L0N+LOU
[N, ] e L O Mt 4+ M
T Oud Sul

Using the non-holonomic frames field {NV, u, ‘ZO, sor ) of M, the semi-Riemannian

metric g has the matrix

where



176 Chapter 4. Half-lightlike submanifolds
and ¢’ = g;; (u°, ..., u™~1). Consider the inverse matrix (g% (u)) of the invertible
matrix (gi;(w)). Then, by using the Koszul formula

29(VxY,Z) = X(9(Y, 2)) + Y (9(X, Z)) - Z(9(X.Y))
+ g([X, Y]7 Z) —i—g([Z, X]7Y) - g([Y, Z]7X)>

forany X,Y,Z € T'(T'M) and using (4.3.17) - (4.3.19), and next, by using (4.1.18),
(4.1.19), (4.3.17), we obtain

ry= %g’”‘ (ii’? + %gqu - ii",{) =TIk, (4.3.20)

Iy = % {Sji + N} gri + N giy — N1 (9i5)} = g1 A} = Eij, (4.3.21)
F?o:% {_g—s"‘Nf"’Nfgkj}:gjkA’;:Ej, (4.3.22)

i = 5 {gso Ne+ngkJ}=gjkA’“+gSO——p§, (4.3.23)
ri,=r}, = ; g" gijg = A, (4.3.24)

= *% 09 _ = g A3, (4.3.25)

Dy = %6 {L5 gri + Li gij — u(9i) } = e gin A7, (4.3.26)

Dgj =Djo = %5 {L5 + Ly grs} = egjn Ay = —e<j, (4.3.27)

o __ 0 4 l 4
Foo - No - _povLo = —€o

205 = —eM* g1 +eL?— N},
2p8 = —eM* +eL°— N?,

where {F;‘Jk, I':k} are the coefﬁ(:lents of the linear connection V* on S(T'M) with

respect to the frames field {8u0 , Mk } and A’fZ are the entries of A*, with respect

8 u0
to the bas1s{6ul}and Eﬂ—El( ), E —El( ).

an éuz

Sud? 6u1

Replacing Y and Z from (4.1.16) by 5u1 and uj respectively, and using
(4.1.4), we obtain
Gijik = (;i?] Tl gnj — F?k gin =0 (4.3.28)
and 9i )
Yijio = — Tl gnj — Ty gin = 0. (4.3.29)

ouY
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For the local expression of Gauss—Codazzi equations of a half-lightlike submanifold,
consider the frames field {% , % , N, U} on M. In the sequel we use the range
of indices: i, j, k,,...€ {1, 2, —1}A B,C,D,...€{0,1,2,...,m—
1}. Denote by {X 4} the frame ﬁelds {3%, 5%} on M ie,Xo= auOvX =52
Then consider the local components of curvature tensors R and R as follows:

Rasep =g (R(Xp, Xc) Xs, Xa),
Rapep = g(R(Xp, Xc) XB, Xa),
Ripep =g(R(Xp, X¢) X, N)
Ripecp = g(R(Xp, X¢) XB, N),
Ropep =g (R(Xp, X¢) X, U),
Rypep = g(R(Xp, X¢) X, U)

We are now concerned with local expression of a Ricci-tensor of a half-lightlike
submanifold M of an (m +2)- dlmensional semi-Riemannian manifold (M, g). By
using the frames field { 5405 TuT } on M we obtain the following local expression
for the Ricci tensor,

4] 4] 0

i = g% — - g -
Ric (X, Y) =¢" g (R(X, 55)Y, 55) + 9 (R(X, 55)

Y, N).

By using the symmetries of curvature tensor and the first Bianchi identity with
respect to R and taking into account (4.1.27) we obtain

Ric (X, Y) - Ric (Y, X)
g 0 ) ) 0
=g {E(X, 55) DiY,

GRX, Y205

N).

Replacing X and Y by ﬁ and 6% respectively and using (4.1.39) and (4.3.21),
we infer

Rin — Rpk

. i 6 é
Ah ka - Ak th + Riokh = del <W7 m>a

where we put Ry, = Rlc(ﬁuh , Mk) Similarly, replacing X and Y by 5% 0 and
a%o respectively and using (4.1.10), (4.1.39) and (4.3.22), we obtain

. 0 )
oh — o — — A DZ ooh — 2d a 0 5. h |
Ron — Ri o Din + Rioon P1 <8u0 5uh>

where R, = Rlc(éuh, 8u0) and Ry, = Rlc(aug, Mk) Therefore, from the
above last two equations and by using Theorem 4.2.1 we obtain




178 Chapter 4. Half-lightlike submanifolds

Theorem 4.3.10. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M , §). Then the Ricci tensor of the induced connection V on M is
symmetric, if and only if, each 1-form p1 induced by S(TM) is closed, i.e., dp1 =
0onanyUd C M.

Combining Theorems 4.3.5 and the above theorem, we have

Theorem 4.3.11. Let (M, g) be a proper totally umbilical half-lightlike submani-

fold of a semi-Riemannian manifold of constant curvature (M (¢), g). Then the
following assertions are equivalent:

(1) The Ricci tensor of the connection V on M is symmetric.

(2) The screen distribution S(T'M) is integrable.

(3) Each 1-form py induced by S(T M) is closed, i.e., dpy = 0 on anyUd C M.
(4) Fach 1-form ps induced by S(TM) satisfies

2dpa(X,Y) = p1(X)p2(Y) — p2(X)p1(Y), VX, YV € ['(T'M).
Example 2. Consider a surface M in R3 given by the equation

1 1
3= = (2t + 2?); zt = ilog(l + (2t — 2?)?).

V2
Then TM = Span{Uy, Uz} and TM+ = Span{¢, u} where

Uy =V2(1 + (z' — 25201 + (1 + (2! — 22)2)d5 +V2(z! — 22)0y,
Us =V2(1 + (' — 2220y + (1 + (2! — 22)2)d5 —V2(z! — 22)0y,
E=01+ 02 +\/§337
u=2(z% — 29 +V2 (2? — 2195 + (1 + (2! — 2?)) ds.
By direct calculations we check that Rad T M is a distribution on M of rank 1
spanned by &. Hence M is a half-lightlike submanifold of R3. Choose S(T'M) and

D spanned by Us and u which are timelike and spacelike respectively. We obtain
the null canonical affine normal bundle

1 1
ltr (TM) = Span{ N = —%81 + 582 + —=03},

V2

and the canonical affine normal bundle tr(7'M) = Span{ N, u }.
Denote by V the Levi-Civita connection on R3. Then by straightforward
calculations we obtain

Vu,Us =2(1 + (xl — :172)2){2(z2 — )0y —|—\/§(Jc2 — 2105+ 04},

VeUs =0,Vxé = VxN; = 0,VX € T (TM).
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Then using the Gauss and Weingarten formulae we infer
Dy =0; A =0; Ay =0; Vx& =0 pi(X) =0
Dy (X, §) =0; Dy(Us, Uz) = 2;
2\/5 (xz o xl)S
1+ (2! — 22)?
for any X = X'¢ + X2U, tangent to M. As D; = 0, by Theorem 4.1.3 it

follows that the induced connection V is a metric connection. Since g (Us, Us) =
— (1 + (2! — 2%)*) we have

VxU, = X2 Us;

2
T+ (@t = a2
Therefore, M is a totally umbilical half-lightlike submanifold of Rj.

Ds(Us, Uz) = Ho g(Uz, Us), Hy = -

As the Riemannian curvature tensor R of an arbitrary manifold, M can be
considered as an F'(M)-multilinear function on individual vector fields. If X | Y €
' (T M) the operator

Rxy :T'(TM) — T'(TM),
sending each Z to R(X,Y) Z, is called a curvature operator. From the equation
(4.1.39) we have

Theorem 4.3.12. Let (M, g) be a half-lightlike submanifold of (M, g), with its
induced connection V which is a metric connection. Then the radical distribution
RadT M of M is an eigenspace for the curvature operator Rxy , of M, with respect
to the eigenfunction —2dp1(X,Y), VXY € I'(TM).

4.4 Screen conformal submanifolds

It is well known that the second fundamental form and its shape operator of
a non-degenerate submanifold are related by means of the metric tensor field.
Contrary to this we see from equations (4.1.20) and (4.1.21) in Section 1 that in
the case of half-lightlike submanifolds M there are interrelations between these
geometric objects and those of its screen distribution. As the shape operator is
an information tool in studying the geometry of submanifolds, in this section, we
consider a class of half-lightlike submanifolds with conformal screen shape operator
defined as follows:

Definition 4.4.1. [158] A half-lightlike submanifold M, of a semi-Riemannian man-
ifold, is called screen locally (resp. globally) conformal if on any coordinate neigh-
borhood U (resp. U = M) there exists a non-zero smooth function ¢ such that for
any null vector field £ € T'(TM~) the relation

ANX = Af X, VX e T(TM|u) (4.4.1)
holds between the shape operators Ay and A of M and S (T'M) respectively.
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Remark 4.4.2. In case of a half-lightlike submanifold, since Ay X and A7 X belong
to the screen distribution for any X € I'(T'M), this definition is well defined. The
results of this section have appeared in [158].

Example 3. Consider in RJ a submanifold M given by the equations
va= (2} +23)7, wy = (1-ad)?, 25, 21, @5 > 0.
Then we have

TM = Span{¢{ = 1021 + 22022 + 24024, U = 140x1 + 1024,
V = —x50x3 + LC3(9:E5},
TM* = Span{¢, u = 2303 + 5075 }.
Thus Rad TM = Span{¢} is a distribution on M and S(TM~) = Span{u}. Hence

M is a half-lightlike submanifold of R} with S(TM) = Span{U, V'}. Also, the
lightlike transversal bundle n tr(7'M) is spanned by

1
N = —2{3716961 — x20x9 + 24024},
2x5

By direct calculations, we obtain
vUé.:[]a ?V&ZO, 656257
_ 1 _ _
VuN = —5U,VyN =0, VeN = —N.
215

Then, from (4.1.8) and (4.1.19) we obtain
AU = U, ALV =0,
1
AU = —
NU 212
ANV =0, p(V)=0, p(V)=0,
ANé-:Ou pl(g):_]-a p2(€) = 0.

Hence we derive AyX = 5 AiX, VX eD(TM). Thus M is a screen conformal
2

lightlike submanifold with ¢ = =15.

p
2z5

Ua pl(U) :Oa pQ(U) :Oa

Proposition 4.4.3. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold M. Then, M is screen conformal if and only if

Ei(X,PY)=¢Dy(X,PY), VX,Y € [(TM). (4.4.2)

Proof. Suppose M is a screen conformal half-lightlike submanifold. Then, from
(4.1.20), (4.1.21) and (4.4.1), we get

EN(X, PY) = g(ANX, PY) = pg(A; X, PY) = ¢ D1 (X, PY)



4.4. Screen conformal submanifolds 181

VX,Y € T(TM). Conversely, if E1(X,PY) = ¢ D1(X,PY),VX,Y € T(TM),
then (4.1.20) and (4.1.21) imply g(AnX, PY) = g(p A{ X, PY). Thus, we get
AnX = @AZX which completes the proof. O

Let M be screen conformal. Then, from (4.1.18) and (4.4.2) we get
VxPY =V5PY + ¢ Di(X,PY)¢, VX, Y € T(TM). (4.4.3)
Now we show that a screen conformal half-lightlike submanifold can admit a unique

screen distribution.

Theorem 4.4.4. Let (M,g,S(TM)) be a screen conformal half-lightlike subman-
ifold of a semi-Riemannian manifold (M™%2,g). Then, any screen distribution
S(TM) of M is integrable. Moreover, if the first derivative S defined by (4.2.7)
coincides with S(TM), then, S(TM) is a unique screen of M, up to an orthogo-
nal transformation with a unique lightlike transversal vector bundle and invariant
screen second fundamental form.

Proof. Using (4.1.7) and (4.4.3), we obtain
9([X,Y],N) =g(VxY,N) — g(VyX,N)
= D1(X,Y)g(§, N) — ¢D1 (Y, X)g(¢, N)
— o{D\(X,Y) — Dy(Y,X)}, ¥X,Y,Z € T (TM).
Since D; is symmetric we get §([X,Y],N) = 0. Hence S(I'M) is integrable. The
remainder of the proof follows from the proof of Theorem 4.2.1 of this chapter. [

Definition 4.4.5. Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M. Then, we say that M is a minimal half-lightlike submanifold if
tr ‘S(T]\/I) h=0ande1(§) =0.

From (4.1.7) and (4.1.12), it follows that M is minimal if and only if
n—1 n—1
Y Di(eise) =0, > Da(es,e) =0, and () =0,
i=1 i=1

where {e;}!'~}! is an orthonormal basis of S(TM).

Theorem 4.4.6. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold M, with a leaf M’ of S(TM). Then

1. M is totally geodesic,
2. M 1is totally umbilical,
3. M is minimal,

if and only if M’ is so immersed as a submanifold of M and e, vanishes on M.
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Proof. Using (4.4.2) we obtain
VxY =V5Y +¢oDi(X,Y)¢+ Di(X,Y)N + Dao( X, Y)u (4.4.4)

for any X, Y € T'(T'M’). Note that a screen conformal half-lightlike submanifold
has an integrable screen distribution. Thus a leaf of S(T'M) is a semi-Riemannian
submanifold. Therefore, we have

VxY =ViY +h(X,)Y) (4.4.5)

where fo’ and V' are second fundamental form and the Levi-Civita connection of
M’ in M. Thus, from (4.4.4) and (4.4.5) we obtain

for any X,Y € T'(T'M’). On the other hand, from (4.1.12) we have
€Dy (&, PZ) = g(Au&, PZ) and eD2(PZ,£) = —e1(PZ).

Since D5 is symmetric we obtain —e1(PZ) = g(A4,&, PZ). Similarly we get that
eD5(£,€) = £1(§). Consequently, we obtain

Ds(§,PZ) = Do(PZ,€) = Do(£,6) =0 21(Z) = 0, (4.4.7)

for all Z € T'(T'M). Thus the proof follows from equations (4.4.6) and (4.4.7). O

Definition 4.4.7. [273] A lightlike submanifold M is said to be irrotational if Vx& €
I'(TM) for any X € I'(T'M), where £ e I'(RadTM) .

For a half-lightlike M, since D1 (X, &) = 0, the above definition is equivalent
to Do(X,£) =0=¢1(X), VX € T(TM). Using this in (4.4.7) we state

Corollary 4.4.8. Let M be an irrotational screen conformal half-lightlike subman-
ifold of a semi-Riemannian manifold M. Then

1. M is totally geodesic,
2. M s totally umbilical,
3. M is minimal,
if and only if a leaf M' of any S(TM) is so immersed as a submanifold of M.

Theorem 4.4.9. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold. The following assertions are equivalent:

(1) Any leaf of S(TM) is totally geodesic in M.

(2) M is a lightlike product manifold of M' and L, where M', a leaf of S(TM),
is a non-degenerate manifold and L is a one-dimensional lightlike manifold.

(3) Dy wvanishes identically on M.
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(4) The induced connection V on M is a metric connection.

Proof. From (4.1.7) we have g(V¢&, X) = §(Veé, X) for X € T'(S(TM)) and
¢ € T(Rad(TM)). Now V a metric connection implies g(V¢&, X) = g(&, VeX).
Now using (4.1.7), (4.1.10) and (4.1.11) we obtain g(V¢&, X) = —D1(§, X)g(&, N).
Thus we get

9(Veg, X) =0. (4.4.8)

Similarly, from (4.1.8) we derive g(VxY,N) = g(AnX,Y) VX, Y € T'(S(TM))
and N € I'(Itr(T'M)). Then from (4.4.1) we obtain g(VxY,N) = ¢ g(A{X,Y).
Thus (4.1.21) implies that

g(VxY,N) =9 D(X,Y). (4.4.9)

Now, from (4.4.8) and (4.4.9), the equivalent of (1) and (2) follows. If M is a
lightlike product, then any leaf of S(T'M) is parallel. Thus from (4.4.9) D; = 0,
since D1(X,§) = 0.

Conversely, if D; = 0 then from (4.4.9) a leaf of S(T'M) is parallel and
considering (4.4.8) we obtain (2). Thus (2) < (3). Finally, the equivalent of (3)
and (4) comes from Theorem 4.1.3, which completes the proof. (|

Let M be a screen conformal half-lightlike submanifold. Consider the Rie-
mannian curvature of type (0, 4) of V, by using (4.1.24) and the definition of
curvature tensors, we derive the following structure equations:

J(R(X,Y)Z, PW) = g(R(X,Y)Z, PW)

+o{Di(X, 2)Di (¥, PIV)

— Du(Y, Z)Di(X, PW)}

+ e{Da2(X, Z) D2 (Y, PW)

— Do(Y, Z)Do(X, PW)}, (4.4.10)
G(R(X,Y)PZ,N) = §(R(X,Y)PZ,N)

+ lpa(Y)Da(X, PZ) — pa(X)Ds(Y, PZ))

=g(Vx(ANY) — Vy (AN X)
— AN[X, Y], PZ) + o{p1(Y)D:1 (X, PZ)
— p1(X)D1(Y, PZ)} + e{p2(Y) DX, PZ)

— p2(X)Do(Y, PZ)}, (4.4.11)
§(R(X,Y)E, PZ) = g(R(X,Y)§, PZ) + eD(X,€) D2 (Y, PZ)
— eDy(Y,€)Dy(X, PZ) (4.4.12)

Let R* be the curvature tensors of V*. Using (4.1.18) and (4.4.2) we obtain
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R(X,Y)PZ = R*(X,Y)PZ — o{D1(Y, PZ)A¢ X — D1(X, PZ)A;Y'}
+{(VxD1)(Y,PZ) = (Vy D1)(X, PZ)}¢
+ DY, PZ){X () — o1 (X)}¢
— Di(X, PZ)Y (¢) — omi (V) }E. (4.4.13)
Theorem 4.4.10. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian space form M (c). Then, the induced Ricci tensor of M is symmetric

if and only if
(D2 A p2)(§ X, Y) = Da(X,Y)pa(§).

Proof. The Ricci tensor of a half-lightlike submanifold is given by
m—1
Ric(X,Y) = Y eg(R(X,e))Y,e:) + g(R(X, Y, N), VX,Y € [(TM).
=1

For a space form M(c), from (4.4.2), (4.4.10) and (4.4.11), we have

Ric(X,Y)=(1—-m)eg(X,Y) + i {(=D1(X,Y)D1(ei, ;)
+ D (ei,Y)Dl ()(7 61))@
— E(DQ(_X7 Y)Dg(ei, ei) + D2(€i7 Y)DQ(X, 61))}
— e Da(X,Y)pa(§) + e D2(§,Y)p2(X).

Thus we get
Ric(X,Y) = Ric(Y, X) = e{D2(£,Y)p2(X) — D2(§, X)p2(Y)
Ric(X,Y) — Ric(Y, X) = (D2 A p2)(§, X, Y) — Da(X, Y )p2(€) (4.4.14)

which proves the theorem. O
The following result holds from Definition 4.4.7 and (4.4.14).

Corollary 4.4.11. The Ricci tensor of any irrotational screen conformal half-light-
like submanifold, of M(c), is symmetric.

Let p € M and £ be a null vector of T, M. A plane H of T),M is called a null
plane directed by ¢ if it contains &, g(§,W) = 0 for any W € H and there exits
Wy € H such that g(Wp, Wy) # 0. Then the null sectional curvature of H with
respect to ¢ and V is defined by [34, page 431]

RP(W&)&? W)

ReH) == . w)
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Theorem 4.4.12. Let M be a screen conformal half-lightlike submanifold of an
M(c). Then, the null sectional curvature of M is given by

K¢(H) = e{D2(£,§)D2(X, X) — Da(X, §) D2(&, X))}, (4.4.15)

for X e T(S(TM)) and £ € T(RadTM).
Proof. From (4.4.10) we have
Ke(H) = o{D1(X,§)D1(€, X) — D1(§,§)D1(X, X)}
+ e{D2(&, §) D2(X, X) — Da(X,€) D2 (€, X))}
Using (4.1.10) we obtain (4.4.15) which proves the theorem. O
Moreover, using (4.1.15) in (4.4.15) and Definition 4.4.5, we have

Corollary 4.4.13. The null sectional curvature of a screen conformal half-lightlike
submanifold M, of M(c), vanishes identically if and only if

(Dy Aep )(X,€,X) = —ec1 2(X), VX € T(S(TM)), € € T(RadTM).

Consequently, the null sectional curvature of any irrotational conformal half-light-
like submanifold, of M(c), vanishes identically.

Theorem 4.4.14. Let (M, g, S(T'M)) be a screen conformal half-lightlike submani-
fold of M(c) with Dy = 0. Then, M is flat if and only if a leaf M’ of S(TM) is
flat and ¢ = 0.

Proof. Suppose M is flat. For M(c), from (4.4.11) we derive

9(R(X,Y)PZ,N) = —eDa(X, PZ)p2(Y) + eD2(Y, PZ) p2(X)
+ c{g(Y, PZ)n(X) — g(X, PZ)n(Y)}
=0 VX,Y,ZeT(TM) (4.4.16)

and N € T'(tr(TM)). Since Do = 0 and M is flat, we obtain

Thus, for X = £ and Y = PZ we derive cg(PZ,PZ) = 0 hence ¢ = 0. On the
other hand, from (4.4.10) we have

9(R(X,Y)PZ,PW) = c{g(Y,PZ)g(X,PW) — g(X, PZ)g(Y,PW)}
— o{Dy(Y,PW)Dy(X,PZ)
— Dy(Y, PZ)Dy(X, PW)}
— €Dy(X, PZ)Dy(Y, PW)
+ €Dy (Y, PZ)Dy(X, PW). (4.4.17)
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Using (4.4.17) in (4.4.13) we get

29(R(X,Y)PZ,PW) = g(R*(X,Y)PZ,PW) + €(Ds(X, PW)Dy(Y, PZ)
— Do(X, PZ)Da(Y, PW) + c{g(Y, PZ)g(X, PW)
— g(X,PZ)g(Y,PW)}. (4.4.18)

Thus, from (4.4.17) we have R* = 0 due to ¢ = 0 and D2 = 0. Now suppose that
M’ is flat and ¢ = 0. Using (4.4.16) and (4.4.18)we obtain

g(R(X,Y)PZ,PW)=0, ¢g(R(X,Y)PZ,N)=0. (4.4.19)
On the other hand, since M is a space form and D1(X,€) =0, we have
J(R(X,Y){,N)=0, VX e I(TM). (4.4.20)
Moreover, since Dy = 0, from (4.4.12) we get
g(R(X,Y)¢, PZ) = 0. (4.4.21)
Thus, (4.4.19) to (4.4.21) implies R = 0 which proves the theorem. O

Example 4. Consider the screen conformal half-lightlike submanifold M of R3 given
in Example 3, and by direct calculations, we obtain

VoV =VyU=VV=Vyé=0,Vyé =T,
Vol = %§+x§N, VoV = —u, Vet = ¢,
Vou=0,Vyu=V,Veu=0.

Thus from (4.1.7)—(4.1.9), (4.1.19) and (4.1.20) we derive

1 1
VUU: 557 El(U, U): 57 AUU:OaAuV:_V7A“€:O7

Dy(U,U) =22, Dy(V,V) =0, Do(U,U) = 0, Dy(V, V) = —1,
Dy(X,€) =0, e1(X) = 0VX € T'(TM).

Hence M is irrotational with a symmetric Ricci tensor (Theorem 4.4.10) and
vanishing null sectional curvature (Corollary 4.4.13). Dy # 0 implies that V is not
a metric connection and M is not totally geodesic. Also M’ is not totally geodesic
in M (Theorem 4.4.8). Moreover, S(T'M) is not parallel in M due to E1(U,U) # 0.
Thus M is not a lightlike product (Theorem 4.4.9).

Theorem 4.4.15. Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M. Suppose S(TM) is integrable and any leaf M’ of S(TM) is totally
umbilical immersed in M as a codimension 8 non-degenerate submanifold with
af > 0. Then M is screen locally conformal if and only if E1(§,PX) = 0 for
¢ € T(RadTM) and X € T'(TM), where a and  are components of a mean

curvature vector field of the leaf, in the direction to & and N.
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Proof. Let M’ be a leaf of S(T'M). Then we have

VxY = VY + B (X,Y)é+ Dy(X,Y)N + Do(X,Y)u

for any X,Y € T'(TM’). The mean curvature vector field H*is H* = a{+ N +yu.
Since M’ is totally umbilical in M we get

Thus we have

Ei(X,Y) = ag(X,Y) (4.4.22)
Di(X,Y) =Bg(X,Y) Dy(X,Y)=ng(X,Y). (4.4.23)

(4.4.22) and (4.4.23) imply Ey (X, Y)=5D1(X,Y). Hence, E1(X,Y) =3 D1(X,Y)
for all X,Y € I'(T'M’). Since A7{ = 0 and E1(§,Y) = 0 we obtain Ay X = p Af X
for X € I'(T'M). Conversely, if M is screen conformal, then, it can be seen that
Eq(¢,X) =0, which completes the proof. O

For screen conformal M, (4.3.11) and (4.4.2) imply M’ is totally umbilical if

Di(X,PY) = X g(x, PY), vX e (@M. (4.4.24)
¢

Theorem 4.4.16. Let M be a screen conformal half-lightlike submanifold of M.
Then M is totally umbilical if and only if

P(A,X) = HyPX , e1(X) =0, X eI(TM)

and a leaf M’ of any S(T'M) is totally umbilical in M.

Proof. From (4.3.1) we obtain that Do(X,Y)=g¢(X,Y)H if and only if P(4,X)=
HyPX and €1(X) =0, VX € I'(TM). Suppose D1(X,Y) = g(X,Y)H;. Then, M
is screen conformal and (4.4.2) implies E1(X,Y) = ¢ Hig(X,Y). Hence M’ is
totally umbilical with K = ¢H;. Conversely, if M’ is totally umbilical then using
(4.4.2), (4.3.11) and (4.1.10) we obtain Dy(X,Y) = Hy g(X,Y), where Hy = £
which completes the proof.

)

Theorem 4.4.17. Let M be a screen conformal totally umbilical half-lightlike sub-
manifold of a semi-Riemannian manifold M. Then:

1. M’ is totally umbilical in M.
2. M is totally geodesic if and only if M' is totally geodesic in M.

Proof. Totally umbilical M implies D2(X,£) = 0 and (4.4.6), (4.3.1) imply
M(X,)Y) = g(X,)Y)Hi9& + HHN + Hou),VX,Y € T'(TM'), which completes
the proof. O
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Let M be a totally umbilical half-lightlike submanifold in M(c). Then, by
direct calculations, using (4.1.7), (4.1.8), (4.1.9), the definition of totally umbilical
submanifold and taking the tangential parts, we obtain

—g9(X,2)A,Y}. (4.4.25)

From (4.1.15), (4.4.25), (4.3.1) , (4.1.21), (4.4.1) and (4.4.24) we get

g(R(X,Y)Z,W) = c{g(Y, Z)g(X, W) — g(X, Z)g(Y, W)}
— (X, Z)pg(Y,W)(Hy)? + g(Y, Z)pg(X, W) (Hy)?
- g(X, Z)H26D2(Ya W) + g(Y, Z)H2€D2(Xa W),

forall X,Y,Z e T(TM) and W € I'(S(T'M)). Thus we obtain

9(R(X,Y)Z,W) = [g(Y, 2)g(X, W) = g(X, Z)g(¥, W)][e + @(H1)* + e(H2)?).
(4.4.26)
On the other hand, from (4.4.13) we obtain
+9g(X, Z)H1g(AgY, W) VX, Y e (TM)

and Z,W € T'(S(T'M)). Here, using (4.3.2) and (4.4.1) we get

g(R(X’ Y)Z7 W) = R*(Xa Y)Za W) - ¢ (Hl)Q[g(Y7 Z)g(Xa W) - g(Xa Z)g((}/7 W)])
4.4.27
Thus from (4.4.26) and (4.4.27) we obtain
g(R (X, Y)Z,W) = {g(Y, 2)9(X, Z) = g(X, Z)g(Y, W) Hc + 2¢ (H:1)
+e(Hp)?}, VX,Y €T(TM) (4.4.28)

and Z,W e T'(S(T'M)). As a result of (4.4.28) we have the following result.

Theorem 4.4.18. Let (M, g, S(T'M)) be a screen conformal totally umbilical half-
lightlike submanifold of a semi-Riemannian M (c), with a leaf M’ of S(TM). If
dim(M’) > 2, then M’ is a semi-Riemannian space form if and only if ¢ =
constant.

From the proofs of Theorems 4.4.17 and above, the following results hold:

(a) The Ricci tensor of a screen conformal totally umbilical half-lightlike sub-
manifold M of M(c) is symmetric.

(b) The null sectional curvature of a screen conformal totally umbilical half-
lightlike submanifold M of M (c) vanishes identically.
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Example 5. Consider in R} a surface M given by the equations
T =23, 22 = (1 —55421);
Then we have

TM = Span{¢ = 0x1 + Ox3, u = —x40T2 + T2014},
TM* = Span{¢ = 0z1 + Ox3, v = T20Ts + 14014}

Thus, M is a half-lightlike submanifold of R} with Rad TM = Span{¢} and

S(TM) = Span{u}, S(TM*)=Span{v},
1

ltr(TM) = Span{N = 5(—81‘1 + Oz3)}.

Hence, we obtain Agu = Ayxu = 0. Thus M is a trivial screen conformal half-
lightlike submanifold. On the other, by direct calculations, we derive

Dy =0, Dy X)=0, VX eI(TM), Ds(u,u)=—g(u,u).

Thus M is a screen conformal totally umbilical half-lightlike submanifold. More-
over, D1 = 0 implies that V is a metric connection.

Remark 4.4.19. Active research on half-lightlike submanifolds is in progress. See
some recent papers [247, 248, 249].






Chapter 5

Lightlike submanifolds

The objective of this chapter is to present an up-to-date account of the works pub-
lished on the general theory of lightlike submanifolds of semi-Riemannian mani-
folds. This includes unique existence theorems for screen distributions, geometry
of totally umbilical, minimal and warped product lightlike submanifolds.

5.1 The induced geometric objects

Let (M, g) be a real (m+n)-dimensional semi-Riemannian manifold, where m > 1,
n > 1 with g a semi-Riemannian metric on M of constant index q € {1,...,m +
n—1}. Hence M is never a Riemannian manifold. Suppose M is an m-dimensional
submanifold of M. The condition m > 1 implies that M is not a curve of M. For
p € M, we now consider

T,M*+ ={V, e T,M; gy(Vp,W,)=0, forall W,eT,M}.
For a lightlike M there exists a smooth distribution such that
Rad T,M = T,M N T,M* # {0},Yp € M.

If the rank of Rad TM is r (> 0), then, M is called an r-lightlike submanifold [149].
Following are four sub-cases with respect to the dimension and codimension of M
and rank of Rad T'M:

(A) r-lightlike submanifold, 0 < r < min{m,n}.

(B) Coisotropic submanifold, 1 <r =n < m.
(C) Isotropic submanifold, 1 < r =m < n.
(D)

Totally lightlike submanifold, 1 <r =m = n.
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We now give details for these classes of lightlike submanifolds.

Case (A) (0 < r < min{m, n}). Consider a complementary distribution S(TM)
of RadTM in T'M which is called a screen distribution. As M is supposed to be
paracompact, such a distribution always exists on M. Clearly, S(T'M) is orthogo-
nal to Rad TM and non-degenerate with respect to g. Besides, we suppose S(T M)
is of a constant index on M, i.e., g, has the same index on the fiber S(T'M),, for
any p € M. In this way S(TM) has a causal character. Thus we have the direct
orthogonal sum

TM =RadTM Soren S(T'M). (5.1.1)

Certainly, S(T'M) is not unique, however it is canonically isomorphic to the factor
vector bundle TM* = TM/RadTM [273]. Also, see the next section on existence
of unique screens. Consider the vector bundle

TM* = Upen T, M.

Notice that, for the lightlike M, TM~ is not complementary to TM in TM| M
since RadTM = TM N T M+ is now a distribution on M of rank r > 0. Consider
a complementary vector bundle S(TM*) of RadTM in TM+*. It follows that
S(T M%) is also non-degenerate with respect to g and TM~ has the orthogonal
direct decomposition

TM* =RadTM @oren S(TM™).

The vector sub-bundle S(TM*) is called a screen transversal vector bundle of
M. As S(TM) is a non-degenerate vector sub-bundle of TM‘ M, we have the
decomposition

TMy =S(TM) L S(TM)*,

where S(T'M)* is the complementary orthogonal vector bundle of S(T'M) in
TM, . Note that S(T'M™) is a vector sub-bundle of S(T'M)* and since both
are non-degenerate we have the orthogonal direct decomposition

S(TM)* = S(TM*+) L S(TM*)*.

Since the theory of lightlike submanifold M is mainly based on both S(T'M) and
S(TM+), a lightlike submanifold is denoted by (M, g, S(TM), S(TM*)).
We use the following range for indices used in this section:

ig k... e{1,...;r};a,be, .. e {r+1,....m}; o, B,y,...€ {r+1,...,n}.

It is known that for non-degenerate submanifolds, the normal bundle is a comple-
mentary orthogonal bundle to the tangent bundle of a submanifold. Contrary to
this, we have seen from the above that the normal bundle TM ' is orthogonal to
but not a complement to T'M , since it intersects the null tangent bundle Rad T'M .
This creates a problem as a vector of T, M cannot be decomposed uniquely into
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a component tangent to T, M and a component of T, M~*. Therefore, the stan-
dard text-book definition of second fundamental forms and the Gauss-Weingarten
formulas do not work, in the usual way, for lightlike submanifolds.

To deal with this problem, we use the approach in the 1996 book [149] of a
geometric technique by splitting the tangent bundle 7'M into four non-intersecting
complementary (but not orthogonal) vector bundles (two null and two non-null).
For the benefit of readers we start with proofs of some results taken from [149]
which are needed to understand new results of this book.

Theorem 5.1.1. [149] Let (M, g, S(T'M), S(TM*)) be an r-lightlike submanifold
of (M,g) with r > 1. Suppose U is a coordinate neighborhood of M and {&;},
i€ {l,...,r} is a basis of T'(RadTMy,). Then there exist smooth sections {N;}
of S(TML)‘lM such that
G(Ni, &) =i (5.1.2)
and
g(N;, N;)=0, Vi,je{l,...,r} (5.1.3)

Proof. Consider a complementary vector bundle F' of Rad TM in S(TM*)* and
choose a basis {V;}, i € {1,...,7} of I'(Fjy ). Thus the sections we are looking for
are expressed as

N; = Z {Air&k + Bir Vi),
k=1

where A;;, and B;j are smooth functions on Y. Then {N;} satisfy (5.1.2) if and
only if

T
Z Bikgjx =0ij ,
k=1

where gjr = g(&;, Vi), j, k € {1,...,r}. Observe that G = det [g; «] is everywhere
non-zero on U, otherwise S(T' ML)+ would be degenerate at least at a point of U.
It follows that the above system has the unique solution

— N\

where (gix)" is the cofactor of the element g;x in G. Finally, we see that (5.1.3) is
equivalent with

Aij + A + Z {BixBjng Vi, Vi) } =0,
kh=1

which proves the existence of A;;. O

Let tr(T'M) and ltr(T'M) be complementary (but not orthogonal) vector
bundles to TMin TM|M and to Rad T M in tr(T M) respectively. Then, we obtain
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tr(TM) = 1tr(TM) Goren S(TM™), (5.1.4)
TM|]\/[ =TM®& tr(TM)
= S(TM) L S(TM*) L (RadTM @ ltr(TM)). (5.1.5)

Consider the following local quasi-orthonormal frame of M along M:

{Ela HR) 57‘7 Nl» B NT? XT+17 ey Xm7 WT+17 ) Wn} (516)
where {&1, ..., &} is a lightlike basis of T'(RadTM), {Ny, ..., N, } a lightlike
basis of T’ (Itr(TM)), {Xr41, --- » Xm} and {W,11, ..., W, } orthonormal basis

of T'(S(TM)|U) and T (S(TM)|UU) respectively.
Example 1. [149] Consider a surface (M, g) in R3 given by the equations

1 1
3 1 2 4 1 22
z° = r +x%); x°==log(l+ (z" —x ,
@ et ot = gL+ (0~ a)?)
where (x!,...,2%) is a local coordinate system for R3. Using a simple procedure

of linear algebra, we choose a set of vectors {U,V,&, W} given by

U=vV2(1+ (z' =220 + (1 + (2 — 22)?) 35 + V2(z' — 2?) 0y,
V=v2(1+ (z' =22 00 + (1 + (2 — 22)?) 35 — V2(a! — 22) Oy,
E=01 + (924-\/533’
W =2(z? — 1)y + V2(2? —2) 93 + (1 + (2! — 22)?) 04,
so that TM and T M+ are spanned by {U, V} and {¢, W} respectively. By direct
calculations it follows that Rad T'M is a distribution on M of rank 1 and spanned

by the lightlike vector £. Choose S(T'M) and S(T M) spanned by the timelike
vector V' and the spacelike vector W, respectively. Then,

1 1 1
ltI‘(TM) = Span{N = —5 o1 + 5 O + E 63},

tr(TM) = Span{N, W},

where N is a lightlike vector such that g(N, §) = 1. Thus, M is a 1-lightlike
submanifold of Case A, with basis {¢, N, V, W} of R} along M.

For Case B, we have RadTM = TM~". Therefore, S(TM*) = {0} and
from (5.1.4) tr(TM) = ltr(T'M). Thus, (5.1.5) and (5.1.6) reduce to

TM|y =TM @ tr(TM) = (TM* & 1tr(TM)) L S(TM), (5.1.7)

(&, ... &, N, ..oy Ney Xogts o X} (5.1.8)

Example 2. Consider the unit pseudo-sphere S3 of Minkowski space R} given by
the equation —t? + 22 + y? + 22 = 1. Cut S} by the hypersurface t — z = 0
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and obtain a lightlike surface (M, g) of S? with Rad 7'M spanned by a lightlike
vector &€ = 0;+ 0,. Clearly, Rad TM = TM~ and, therefore, this example belongs
to Case B. Consider a screen distribution S(T'M) spanned by a spacelike vector
X = 20y — y 0,. Then, we obtain a lightlike transversal vector bundle tr(TM) =
Itr(TM) spanned by N = —3{(1+t?) 0, + (t* — 1) 0, + 2ty 0, + 2tz 9.} such
that g(N, €) = 1, with a basis { £, N, X } for S$ along M.

For Case C, we have Rad TM = TM. Therefore, S(TM) = {0}. Therefore,
(5.1.5) and (5.1.6) reduce to

TM|y =TM @ tr(TM) = (TM @ ltr(TM)) L S(TM™), (5.1.9)
{&, .., &, N1, .ooy Npy Wi, oo, Wil (5.1.10)
Example 3. Suppose (M, g) is a surface of R given by equations
3 = cosal, zt = sinat, z° = 22

We choose a set of vectors { &1, &, Uy, Us } given by
=0+ 05, &= al—Sil’l.’El 83—|-COS.’L‘164,
Uy =—sinz! 9, + 05, Uy =cosz! 91 + 04,

so that RadTM = TM = Span{¢,, &, }, TM* = Span{¢,, Uy, Us}. Therefore,
M belongs to Case C. Construct two null vectors

1
Ny = 5{—324- 95 },
1
Ny = 5{—81 —sinz! 93 +cosx! 9, },
such that g(N;, &) = d;; for ¢, j € {1,2} and ltr(T'M) = Span{N;, N»}. Let
W = cosz! 93 +sinz! 94 be a spacelike vector such that S(TM+) = Span{W}.
Thus, {&1, &, N1, No, W} is a basis of RS along M.
For Case D, RadTM = TM = TM*, S(TM) = S(TM*) = {0}. There-
fore, (5.1.5) and (5.1.6) reduce to

TM|y =TM @ ltr(TM), (5.1.11)
{&, ..., &, Ni, ..., N} (5.1.12)
Example 4. Suppose (M, g) is a surface of R} given by the equations
z? = L(anl + x?), rt = L(xl — z?).
V2 2
We choose a set of vectors {&1, &, U, V'} given by
1 1 1 1
&= 31-1-% 534-%347 S = 324-%53—75347
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U=+ &+V20;, V=20 — 0+V20,

so that TM and T M+ are spanned by {1, &} and {U, V'} respectively. By direct
calculations we check that Span{¢;, &} = Span{U, V}, that is, TM = TM*.
Finally, the two lightlike transversal vector fields are:

Ni= 01 +V283+V20y, No= 0y+V20d3—V2 0y,

such that g(N;, &) = di, i, § = 1, 2. Thus, M is of Case D, with a basis
{&1, &, N1, Na} of Rj along M.

From now on, we denote an m-dimensional lightlike submanifold simply by
M instead of (M, g, S(TM),S(TM*)) and (m + n)-dimensional semi-Riemannian
manifold by M. Let V be the Levi-Civita connection on M. As TM and tr(TM)
are complementary sub-bundles of 7'M, | M we set

VxY =VxY + h(X,Y), VX,Y el(TM), (5.1.13)
VxV=-AV,X) + VLV, VYW eTl(tr(TM)), (5.1.14)

where {VxY, A(V,X)}, {h(X,Y), VLV} belong to (T M) and T'(tr(T'M)) re-
spectively. It follows that V and V! are linear connections on M and on the
vector bundle tr(T'M) respectively. Besides, V is a torsion-free linear connection.
Also, h is a D'(tr(T'M))-valued symmetric F(M)-bilinear form on I'(T"M). Finally,
Ais a T'(TM)-valued F(M)-bilinear form defined on T'(tr(TM)) x T'(TM). We
call V and V¢ the induced linear connection and the transversal linear connection
on M respectively. Also h is called the second fundamental form of M with respect
to tr(T'M). For any V € I'(tr(T'M)) define the F(M)-linear operator

Ay : T(TM) —T(TM), Ay(X)=A(V,X), VX eI (TM),

and call it the shape operator of M with respect to V.

Suppose S(T'M=1) # {0}, that is, M is either in Case (A) or in Case (C).
Using the decomposition (5.1.5), consider the projection morphisms L and S of
tr(TM) on ltr(T M) and S(T M) respectively. Then (5.1.13) and (5.1.14) become

VxY =VxY + W(X,Y) + h*(X,Y), (5.1.15)
VxV =—-AyX + DYV + D%V, (5.1.16)
where we put
h'(X,Y) = L(h(X,Y)); h*(X,Y) = S(h(X,Y)),
DLV = L(VLV); D%V = S(VLV).

As h! and h® are I'(Itr(T'M))-valued and T'(S(TM+))-valued respectively, we call
them the lightlike second fundamental form and the screen second fundamental
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form of M. Also note that D' and D* do not define linear connections on tr(7'M).
In fact, they are Otsuki connections, see [149].

For any X € I'(T'M), by means of the above Otsuki connections define the

following differential operators:

Vs Ttr(TM)) — T(tr(TM)); Vi (LV) = DY (LV), (5.1.17)

Vs :T(S(TM*Y)) — T(S(TM™Y)); V(SV) = D%(SV), (5.1.18)

for any V € I'(tr(TM)). It is easy to check that both V! and V* are linear

connections on ltr(TM) and S(T' M=) respectively. We call V! and V ¢ the lightlike

connection and the screen transversal connection on M, respectively. Besides, we
define the following F(M)-bilinear mappings:

D' : T(TM) x D(S(T'M*)) — T(ltr(TM)),
(X SV)=DL(SV), (5.1.19)
t D(TM) x T(itr(TM)) — T(S(TM™)),
D* (X LV) = D%(LV), VX € (TM) (5.1.20)
and V € T'(tr(TM)). Due to (5.1.17)—(5.1.20), the equation (5.1.16) becomes
VxV =—-AyX + V&(LV) + V5(SV) + DY(X, SV) + D*(X, LV). (5.1.21)
In particular, from (5.1.21) we derive

VxN =—-AxyX + VKN + D*(X,N), (5.1.22)
VxW = —AwX + DYX, W) + V5W, (5.1.23)
for any X € I(TM), N € T'(ltr(TM)) and W € T'(S(TM™)).

Next, suppose M is coisotropic or totally lightlike. Since in these cases there
is no screen vector bundle, (5.1.15) and (5.1.22) become

VxY =VxY + h(X,Y), (5.1.24)
VxN=—-AnX + V&N, VX,Y €T(TM) (5.1.25)

and N € T'(ltr(TM)). As in the case of non-degenerate submanifolds we call
(5.1.13), (5.1.15), (5.1.24) the Gauss formulae and (5.1.14), (5.1.16), (5.1.22),
(5.1.23), (5.1.25) the Weingarten formulae for the lightlike submanifold M.

Suppose M is either r-lightlike with » < min{m,n} or coisotropic. Then
according to (5.1.1) and (5.1.9) we set

VxPY = V%PY + h*(X,PY), (5.1.26)
Vxé=— A" X) + Vi, (5.1.27)

for any X, Y € I'(TM) and £ € T'(RadTM), where {V%PY, A*(¢, X)} and
{h*(X,PY), Vil } belong to T'(S(T'M)) and I'(Rad(T' M)) respectively. It follows



198 Chapter 5. Lightlike submanifolds

that V* and V*! are linear connections on S(7T'M) and Rad T'M respectively. On
the other hand, h* and A* are I'(Rad T M)-valued and T'(S(TM))-valued F(M)-
bilinear forms on I'(T'M) x T'(S(T'M)) and T'(Rad T M) x T'(T M) respectively. Call
h* and A* the second fundamental forms of distributions S(TM) and Rad(T M)
respectively. For any £ € I'(Rad T'M) consider the F (M )-linear operator

Ae : T(TM) — T(S(TM)); AiX = A*(§, X), VX eI(TM),

and call it the shape operator of S(TM) with respect to £. Also, call V* and V*!
the induced connections on S(T'M) and Rad T M respectively. It is important to
note that both V* and V*? are metric linear connections.

By using the above and V a metric connection we obtain

G(h*(X,Y), W) + g(Y, D{(X,W)) = g(Aw X, Y), (5.1.28)
g (X,Y), &) + g(YV,h'(X, €)) + g(Y,Vx &) =0 (5.1.29)
g(h*(X,PY),N) = g(ANX, PY), (5.1.30)
g(h (X, PY),&) = g(A X, PY), (5.1.31)
G(ANX,PY) = (N VxPY), (5.1.32)
g(h'(X,€),6) =0, A =0, (5.1.33)

VX, Y € (TM), ¢ € T(RadTM), W € T'(S(TM*1)), N, N' € T(Itr(T M)).

Next, consider a coordinate neighborhood U of M and let {N;, W,} be a
basis of T'(tr(T'M)| ) where N; € T(ltr(T'M)| ), @ € {1,...,7} and W, €
D(S(TM*Y) ), a € {r+1,...,n}. Then (5.1.15) becomes

VxY =VxY + Y (X, YN + > (X, Y)W, (5.1.34)
i=1 a=r+1
and
m<n
VxY =VxY + ) (X, Y)N; + Z he (X, Y)W, (5.1.35)
i=1 a=m-+1

for an r-lightlike submanifold with » < min{m, n} and for an isotropic submanifold
respectively. Similarly, (5.1.24) becomes

n<m

VxY =VxY + Y hi(X,Y)N; (5.1.36)
1=1

VxY =VxY + Y KX Y)N; (5.1.37)

=1

for a coisotropic submanifold and a totally lightlike submanifold respectively. We
call {ht} and {h3} the local lightlike second fundamental forms and the local screen
second fundamental forms of M on U.



5.1. The induced geometric objects 199

Since the screen distributions are not unique, the following two results are
very important for the entire study of lightlike submanifolds.

Theorem 5.1.2. [149] The local lightlike second fundamental forms of a lightlike
submanifold M do not depend on S(TM), S(TM=) and ltr(TM).

Proof. Consider the basis {;}, i € {1,...,7} of I'(RadT'My) with respect to
which we constructed the basis {N;} of I'(ltr(T'M)), (see Theorem 5.1.1.) Then
from (5.1.34)—(5.1.37) and taking into account (5.1.2), we get

WX, Y)=g(VxY, &), VX, Y el(TM),
which proves our assertion. 0O

Proposition 5.1.3. [41] Let M be a lightlike submanifold of a semi-Riemannian
manifold M. Then, h! =0 on Rad(TM).

Proof. Since V is a metric connection, using the Koszul formula we have

(Ve K)=¢g(€" K)+£"g(¢, K) — Kg(¢',¢") (5.1.38)
+9([K,¢,¢") = g([¢", K1,€') + g([¢', "], K),

for any ¢,¢” € T'(Rad(TM)) and K € T'(TM|yr). Suppose h' is not identically
zero on Rad(T M) and let &', ¢€2 € I'(Rad(TM)) such that h!(£1,€2) # 0. As the
direct sum Rad(TM) @ ltr(T'M) is semi-Riemannian and h'(¢!,£2) is a non-zero
section of the lightlike vector bundle ltr(T'M), there exists £ € I'(Rad(T'M)) such
that g(h!(&t,€2),¢) = 1. If we substitute K = ¢, ¢ = ¢!, ¢ = ¢2 in (5.1.38), then
from (5.1.15) we obtain

g(hl(€17 52)7 5) = g(vﬁléev g) =0,
which is a contradiction. O

From the geometry of Riemannian submanifolds [97] and non-degenerate
submanifolds [317], it is known that the induced connection on a non-degenerate
submanifold is a Levi-Civita connection. Unfortunately, in general, this is not true
for a lightlike submanifold. Indeed, considering that V is a metric connection and
by using (5.1.15), (5.1.24) and (5.1.14), we obtain

(Vxg) (Y, 2) = g(h"(X,Y), Z) + g(h' (X, Z),Y), (5.1.39)
(Vi) (V, V') = = {g(Av X, V') + g(Av. X, V)} (5.1.40)

for any X,Y, Z € T'(TM) and V,V' € T(tr(TM)). Thus, it follows that the
induced connection V is not a Levi-Civita connection. From (5.1.39), it also follows
that the induced connection on an r-lightlike submanifold with r < min{m, n} or
a coisotropic submanifold of (M, g) is a metric connection if and only if h! vanishes
identically on M. However, the induced connection V on an isotropic submanifold
and on a totally lightlike submanifold is a Levi-Civita connection. We now quote
the following characterization theorem on the existence of an induced Levi-Civita
connection on M.
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Theorem 5.1.4. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a cotisotropic submanifold of M. Then the induced linear connection V on M is a
metric connection if and only if one of the following conditions is fulfilled:

(i) Af vanish on T'(T'M) for any § € I'(Rad T'M).
(ii) RadTM is a Killing distribution.
(iii) RadTM is a parallel distribution with respect to V.

Proof. From Proposition 5.1.3 and (5.1.39), by using (5.1.31) we obtain that V is
a metric connection if and only if (i) is satisfied. Next, the equivalence of (i) and
(iii) follows from (5.1.27). Finally, by using (1.2.23) of Chapter 1 and (5.1.27) we
conclude that Rad T M is a Killing distribution if and only if

g(ALX,PY) + g(A;Y,PX) =0, VX,Y €D(TM). (5.1.41)

Thus clearly (i) implies (ii). Conversely, suppose (5.1.41) is satisfied. Then replace
X by ¢’ € I'(RadTM) and obtain Af{’ = 0. Replace X and YV by PX and
PY respectively and taking into account that A is a self-adjoint operator, obtain
A{PX = 0. Hence (ii) implies (i), which completes the proof. O

In general, S(T'M) is not necessarily integrable. The following result gives
equivalent conditions for the integrability of a S(T'M):

Theorem 5.1.5. [149] Let M be an r-lightlike submanifold with v < min{m,n} or
a coisotropic submanifold of M. Then the following assertions are equivalent:

(i) S(T'M) is integrable.
(ii) h* is symmetric on T'(S(TM)).
(iil) An s self-adjoint on T'(S(TM)) with respect to g.

Proof. First, note that S(T'M) is integrable if and only if, locally on each U C M
we have §([X,Y],N) = 0 for X,Y € I'(TM) and N € I'(ltr(TM)). By using
(5.1.15) and (5.1.26) we obtain

g([X, Y], N) = g(h*(X,Y) = h*(Y, X), N),
which implies the equivalence of (i) and (ii). The equivalence of (ii) and (iii) follows
from (5.1.30), which completes the proof. a
Also, from (5.1.26) and (5.1.30) we obtain

Theorem 5.1.6. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M. Then the following assertions are equivalent:

(1) S(TM) is a parallel distribution with respect to V.

(ii) h* wvanishes identically on M.
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(iii) An is I'(Rad T'M)-valued operator.
For integrability of Rad(T'M), we have the following.

Theorem 5.1.7. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M. Then the following assertions are equivalent:

(i) RadTM is integrable.

(ii) The lightlike second fundamental form of M satisfies

R(PX,£)=0, V¢éeT(RadTM), X € T(TM).

(iii) For any & € I'(RadTM) the shape operator A; of S(T'M) vanishes identically
on I'(RadTM).

Proof. Taking into account that V is both metric and torsion-free and by using
(5.1.15) we obtain

g([&, €', PX)=g(& (', PX)) — g (&' h!(¢, PX)) (5.1.42)

for any &, ¢’ e T(RadTM) and X € T'(T'M). On the other hand, replace Y by &’
in (5.1.29) and derive

g (h'(&, PX),€¢") +g(h(&', PX),) =0. (5.1.43)

Thus the equivalence of (i) and (ii) follows from (5.1.42) and (5.1.43). As a con-
sequence of (5.1.31) we deduce the equivalence of (ii) and (iii), since A} is a
I'(S(TM) )-valued linear operator. O

5.2 Unique screen distributions

Coisotropoic submanifolds. We have seen in the previous two chapters that there
do exist large classes of lightlike hypersurfaces and half-lightlike submanifolds
which admit unique screen distribution. A next step in this direction is to de-
termine whether the same is true for coisotropic submanifolds. The objective of
this section is to present an affirmative answer to this important question.

Let (M, g,S(TM)) be an m-dimensional coisotropic submanifold of a semi-
Riemannian manifold (M, g) of codimension n. Then, RadTM = TM* and
S(TM+) = {0}. Therefore, the frame (5.1.6) reduces to

{517"'a§n7 N17 "'7Nn> Xn+1a 7Xm}
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We need the following three Gauss and Weingarten type equations:
VxY =VxY+ Y hi(X,Y)N,
i=1

vai = —AN,iX + ZTij (X) Nj (5.2.1)

=1

Vxéi=—A¢g, X =) m;(X)g, ¥YX,Y el (TM),
j=1

Vi=1,...,n. Let a screen S(T'M) change to another screen S(T'M)’, where
{&o & N N XL X )

m—n?

is another quasi-orthonormal frame for the same set of null sections {&1,...,&,}.
Following are the transformation equations due to this change:

X,=> A (Xb e > fa gl-) , (5.2.2)
b=1 =1

NZ/ =N, + Zngj + Z f;0Xa, (523)
j=1 a=1
with the conditions
m—n m—n
2Nii = — Z ea(fia)2a Nij + le + Z Eafiafja == 07 Vi 7& j7 (524)
a=1 a=1
WY(X,Y) = hi(X,Y), VX,Y el (TM), (5.2.5)

VxPY =VxPY =) (Z hi(X, PY)Ni]) 3

j=1 \i=1

_ f (zn: hi(X, PY)f; ) Xa. (5.2.6)

a=1 =1

Lemma 5.2.1. The second fundamental forms h* and h'* of the screen distributions
S(TM) and S(TM)' respectively are related as follows:

WE(X, PY) = BE(X, PY) 4+ 511Zi] (X, PY) 4 g(Vx PY, Z)

— {9(Z;,Z;) - Nij} hj(X, PY) (5.2.7)
i

for a fized i and j summed from 1 to n and each Z; =Y, _|" fia Xo are n char-

acteristic vector fields of the screen change.
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Proof. Using (5.2.6) and then (5.2.3) we obtain

9(Vx PY,N}) = g(VxPY,N;) + g(Vx PY, Y f;aX,)

a=1

- Z (Z hi(X, PY)NZ-]) 9(&5, Ni)
_ g&" <Zn: hi(X, PY)fm> X, 3 fi0Xo).

Hence, we get

§(VxPY,N]) = g(VxPY,N;) + §(Vx PY, Z;)

— WYX, PY)(Nii + > £2)
a=1
- Z hé»(X, Y)[N;i + Z fiofjal.
i#£] a=1

Thus, from (5.2.5) we get

§(Vx PY,N;) = g(VxPY,N;) + §g(Vx PY,Z;)
1 ' m—n

a=1

— ) BY(X,Y)N;;.
i#j

Finally, using (5.1.26) we get (5.2.7), which completes the proof. O
Let w; be the respective n dual 1-forms of Z; given by
wi(X)=9(X,Z;), VXel(TM), 1<i<n. (5.2.8)
Denote by S the first derivative of a screen distribution S(T'M) given by
S(z) = Span{[X,Y],, X..Y, € S(TM), ze€M}. (5.2.9)

If S(TM) is integrable, then, S is a sub-bundle of S(T'M).

It is known that the second fundamental forms and their respective shape
operators of a non-degenerate submanifold are related by means of the metric
tensor. Contrary to this we see from equations (5.1.25) and (5.1.26) that there
are interrelations between the lightlike and the second fundamental forms of the
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lightlike M and its screen distribution and their respective shape operators. This
interrelation indicates that the lightlike geometry depends on a choice of screen
distribution. While we know from equation (5.2.5) that the second fundamental
forms of the lightlike M are independent of a screen, the same is not true for
the fundamental forms of S(TM) (see equation (5.2.6)), which is the root of non-
uniqueness anomaly in the lightlike geometry. Since, in general, it is impossible to
remove this anomaly, in two previous cases (i.e., hypersurfaces and half-lightlike
submanifolds) we used the conditions (2.2.1) and (4.4.1). However, this condition
can not be used for the case of general submanifolds for the following reason.

In a lightlike hypersurface and a half-lightlike submanifold, the equations
(2.1.26) and (4.1.11) imply that Ay is S(TM)-valued. Thus, it is meaningful to
use the conditions (2.2.1) and (4.4.1). However, for a general lightlike submanifold,
there is no guarantee that Ayx is S(TM)-valued. Thus, we can not use shape
operators to define the notion ‘screen conformal’ for the general case.

For the above reason we use a new geometric condition as follows: Consider a
class of coisotropic submanifolds M such that the respective fundamental forms of
M and the screen distribution S(T M) are related by conformal smooth functions
in F(M). The motivation for this geometric restriction comes from the classical
geometry of non-degenerate submanifolds for which there are only one type of
fundamental forms with their one type of respective shape operators. Thus, we
make the following definition.

Definition 5.2.2. [145]. A coisotropic submanifold (M, g, S(TM)) of a semi-Rie-
mannian manifold (M, g) is called a screen locally conformal submanifold if the
fundamental forms hf of S(T'M) are conformally related to the corresponding
lightlike fundamental forms h; of M by

KX, PY) = 0;ihi(X,Y), VX,Y,T(TMly), iec{l,...,r}, (5.2.10)

where ¢}s are smooth functions on a neighborhood U in M.

In order to avoid trivial ambiguities, we will consider U to be connected and
maximal in the sense that there is no larger domain U’ D U on which (5.2.10)
holds. In case Y = M the screen conformality is said to be global.

Theorem 5.2.3. [145] Let (M, g, S(T'M)) be an m-dimensional coisotropic screen
conformal submanifold of a semi-Riemannian manifold M™*™. Then:

(a) Any choice of a screen distribution of M satisfying (5.2.10) is integrable.

(b) All the n-forms w; in (5.2.8) vanish identically on the first derivative S given
by (5.2.9).

(¢) If § = S(T'M), then, there exists a set of n null sections {&1,...,&,} of
['(Rad TM) with respect to which S(TM) is a unique screen distribution of
M, up to an orthogonal transformation with a unique set {Ny,...,Np} of
lightlike transversal vector bundles and the screen fundamental forms h} are
independent of a screen distribution.
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Proof. Substituting (5.2.10) in (5.1.25) and then using (5.1.26) we get
9(An, X, PY) = pig(Ae, X, PY) VX € T(TM,,). (5.2.11)

Since each Ag, is symmetric with respect to g, equation (5.2.11) implies that each
Ay, is self-adjoint on I'(S(T'M)) with respect to g, which further follows from
Theorem 5.1.5 that any choice of a screen distribution of M, satisfying (5.2.10) is
integrable. Thus, (a) holds. Choose an integrable screen S(T'M). This means that
S is a sub-bundle of S(T'M). Using (5.2.10) in (5.2.7) and h} = h; we obtain

1
9(VxPY, Z:) = 5|1Z|*hi(X, PY)

+_{9(Z5,25) = Njs} 1y (X, PY) (5:2.12)
J#i

VX,Y € I'(T'M,,) and for each fixed i. Since the right-hand side of (5.2.12)
is symmetric in X and Y, we have ¢([X,Y],Z;) = wi([X,Y]) = 0, VXY €
I'(S(T'M)y,), that is, w; vanishes on S. Similarly, repeating above steps n-times
for each ¢ we claim that each w; vanishes on S which proves (b). If we take
S = S(TM), then, each w; vanish on this choice of S(T'M) which implies that all
the n characteristic vector fields Z; vanish. Therefore, all the functions f;, vanish.
Finally, substituting this data in (5.2.4) and (5.2.6) it is easy to see that all the
functions N;; also vanish. Thus, the transformation equations (5.2.2), (5.2.3) and
(5.2.6) become X! =S " A X}, (1 <a <m—n), N/ = N; and h}* = h} where
(A%) is an orthogonal matrix of S(T'M) at any point € M. Therefore, S(T'M)
is a unique screen up to an orthogonal transformation with unique transversal
vector fields N; and the screen fundamental forms h} are independent of a screen
distribution. This completes the proof. O

Example 5. Consider the following example of a coisotropic submanifold of co-
dimension two. )
xy = (22 +22)2, x4 = x1, 23 > 0, x5 > 0.

Then, we have

S(TM) =Span{X = x5 0xs + 22025},
Rad(TM) = Span{&; = 0x1 + 0xq, o = ko 0o + 13023 + x5 D 5},

Itr(TM) = Span{N; = %(—azl + 0x4),
1
Ny = —2{—332 0w + 23013 — 5 8375}}
2x%

Then, by direct calculations, we get

?&X = 0,?52X =X, vglﬁz =0,
?XX:x28x2+;v563:5.
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Then, using Gauss’ formula, we obtain

vXX:%&, h(X, X) =0, Di(&, X) = hs(&, X) =0,
Wi (62, X) = h3 (62, X) = ha(€, X) = ha(€2, X) =0, 1 =0,
ha(X, X) = —(a), 3(X, X) = L

Thus, M is screen conformal with ¢, arbitrary and s = —ﬁ.

Now one may ask whether there exists another class of coisotropic light-
like submanifolds of semi-Riemannian manifolds of an arbitrary signature which
admits an integrable unique screen distribution. We answer this question in the
affirmative, subject to the following geometric condition (different from the screen
conformal condition) on the embedding.

Consider a complementary vector bundle F of RadTM in S(TM)* and
choose a basis {V;}, i € {1,...,n} of I'(Fj; ). Thus the sections we are looking for
are expressed as

Ni=Y {Aix& + BirVi} (5.2.13)
k=1
where A;; and B;j, are smooth functions on Y. Then {N;} satisfy (5.1.2) if and
only if Y7, Bikgjr = 0ij , where g = (&, Vi), j, k € {1,...,n}. Observe
that G = det [g; ] is everywhere non-zero on U, otherwise S(TM)+ would be
degenerate at least at a point of /. Assume that F' is parallel along the tangent
direction.

Theorem 5.2.4. [145]. Let (M, g, S(T M), F') be a coisotropic submanifold of a semi-
Riemannian manifold M such that the complementary vector bundle F' of Rad T M
in S(TM)* is parallel along the tangent direction. Then all the assertions from
(a) through (c) of Theorem 5.2.3 will hold.

Proof. Taking the covariant derivative of N; (given by (5.2.13)) with respect to
X eT(TM), we get

VxN; = Z {X (Ai)ék + X (Aix)Vx € + X (Bir)Vi + Bir Vx Vi )
k=1

Using the three equations of (5.2.1) we obtain

AN, X = Z (Air AL, X — Aig) &k + ZTkj (X)&; + X (Bir) Vi + Bt Vx Vi,
k=1

j=1

+ ZTZ](X)N]
j=1
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Since F is parallel, VxVj € T'(F). Thus for Y € I'(S(T'M)), we get
gANX,Y) = Aig(A; X,Y).

k=1

Then using (5.1.31) we get

g(h*(X,Y), ZAlkg (X,Y), &). (5.2.14)

Since the right side of (5.2.14) is symmetric, it follows that each h} is symmetric
on S(T'M). This implies from Theorem 5.1.5 that any choice of S(T'M) of M,
with parallel vector bundle F, is integrable. Thus, (a) holds. Choose an integrable
screen S(TM) so that S is a sub-bundle of S(T'M). Now using (5.2.14) in (5.2.7)
and h; = h}, we obtain

9(VxPY,Z;) = > hj(X,PY)[Nj; + 9(Zi, Z;)]

i#j
1
+ 5m(x, PY) || Z; |?, (5.2.15)
Then the rest of the proof is similar to the proof of Theorem 5.2.3. g

r-lightlike submanifolds. Let (M,g) be an r-lightlike submanifold of (m + n)-
dimensional semi-Riemannian manifold (M, g) of codimension n. Consider two
quasi-orthonormal frames {&;, N;, X,, W, } and {&;, N/, X/, W/} induced on U by
{S(TM),S(TM*), F} and {S'(TM),S'(TM=), F'}, respectively. Here F' and F’
are the complementary vector bundles of Rad TM in S(TM~+)t and S'(TM~+)*,
respectively. By direct calculations, using (5.1.5), (5.1.2) we obtain

Xo= > {Xﬁ(Xb - Gbifibgi)}y (5.2.16)

b=r+1 1=1
W = Z {Wﬁ( 5 — €3 ZQZB& } (5.2.17)
B=r+1 i=1
N?,/ = N’L —|— Z Nl]f] + Z fiaXa + Z QiaWa b (5218)
j=1 a=r+1 a=r+1

where {¢€,} and {e,} are signatures of basis {X,} and {W,,} respectively, X°, W/,
N, fia, Qia are smooth functions on U such that [X?] and [W ] are (m —r) x
(m—r) and (n —r) x (n — r) semi-orthogonal matrices, and

Nij + Nji + Y afiafja + Y. €aQiaQja=0. (5.2.19)
a=r+1 a=r+1
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Using (5.1.5), we have

n

VxY =ViY + Y SN X YN — Y eshi(X,V)WLQj5 0

j=1|i=1 . Bt 1
i {ihﬁ(X’ Y)fia}Xm (5.2.20)
a=r+1 \i=1
and
ha(X,Y) Zh X, Y)Qia + Z WE(X, Y)W (5.2.21)
i=1 B=r+1

Also note that, from Theorem 5.1.2, we get
WYX, Y) = WYX, Y),VX,Y € I(TM). (5.2.22)

Lemma 5.2.5. The second fundamental forms h* and h'* of the screen distributions
S(TM) and S(TM)', respectively, in an r-lightlike submanifold M are related as
follows:

W (X, PY)=hi(X,PY)+g(VxPY,Z;) = > hi(X, PY)[Nj; + g(Z:, Z;)]
i#]
1
+ S hi(X PY)[| Wi |2 = | Zi |7

+ Z Ea WP (X, PY) Qia, (5.2.23)
a=r-+1

where Z; = ZT:TH fiaXo and W; = ZZ:rJrl QiaW.

Proof. From (5.2.20), we have

g(V'xPY,N}) = g(VxPY,N}) = Y {D_ hi(X,PY)N;;

j=1i=1

+ Y eshls (X, PYYWIQ;}3(85, N))

a, B=r+1

_ i {Z hL(X, PY)fm}g(Xa,N{)~

a=r+1 \i=1
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Then, using (5.1.26) and (5.2.18), we obtain
n'(X,PY) = h}(X,PY)+ g(VxPY,Z;)
— hi(X, PY)Ny; = Y hi(X, PY)Ny;
i

+) sl (X, PY)WEQis
B

o Z Z hé (X’ PY)g(fiaXa, PjaXa)
J a

— WYX, PY)g(Zi,Z;). (5.2.24)

On the other hand, from (5.2.19), we have

n

Nm::*%{ Y ca(fi)’+ Y £a(@Qia)’} (5.2.25)

a=r+1 a=r+1
Then, using (5.2.25) in (5.2.24), we get
(X, PY) = hi(X,PY) + g(Vx PY, Z;)
1
+ M (X PY){ 2 |7 + | Wi |17}
= X, PY)Nji + Y eph’s (X, PY)WEQis
i#j a,

153
SO R, PY)g(Zi, Z;) — BUX,PY) | Zi || .
7 a

Finally, using (5.2.21), we obtain (5.2.23). O

Let w; be the respective n dual 1-forms of Z; given by
wi(X)=9(X,Z;), VX eI(TM), (5.2.26)

where 1 < i < n. At a point z € M let N'!(x) be the space spanned by all vectors
h(X,Y), X, Y, € T, M e,

NY(z) = Span{h*(X,Y), ; X, Y, € T, M}.

We call N'! a first screen transversal space.

Theorem 5.2.6. Let (M, g, S(TM)) be an m-dimensional r-lightlike screen confor-
mal submanifold of a semi-Riemannian manifold M™*™. Then:

(a) Any choice of a screen distribution of M, satisfying (5.2.10), is integrable.

(b) All the n-forms w; in (5.2.26) vanish identically on the first derivative S
given by (5.2.9).
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(c) If S and N'* coincide with S(TM) and S(TM*1), respectively, then, there ex-
ists a set of r null sections {&1,...,&} of T(Rad T M) with respect to which
S(TM) is a unique screen distribution of M, up to an orthogonal transforma-
tion with a unique set {N1, ..., Ny} of lightlike transversal vector bundles and
the screen fundamental forms h} are independent of a screen distribution.

Proof. (a) follows as in Theorem 5.2.3(a). To prove (b), take S = S(T'M). Then
one can obtain that all f;, = 0. From (5.2.24) we obtain

1 S s
> hL(X, PY)Nj; — 5hﬁ(X, PY) [ Wi |? = > WX, PY)W!Qis=0.
i#] a,f=r+1

On the other hand, by direct computations, we have
> (X, PY)N; = g((X, PY),&)g(N}, Ny).
i#j i#j

Adding and subtracting g(h"' (X, PY),&)g(N/, N;) to the above, we get

> (X, PY)N; = g(W' (X, PY),&)3(N;, Ni) — g(h'"(X, PY),&)g(N/, Ny).
i) k

Hence we have

> (X, PY)N; = g(g(h"' (X, PY),&)N;., Ni) — g(h'"(X, PY),&)g(N/, Ny).
ij k

Thus we obtain
> (X, PY)N;; = g(W" (X, PY), N;) — g(h" (X, PY),&)3(N/, Ny).
i#j
Since A! is invariant, we arrive at
Z WL (X, PY)Nj; = —hi(X, PY)Ny.
i#]

Since [X?], [W#] and [N;;] are semi-orthogonal matrices, without any lose of gen-
erality, we can assume that these matrices are diagonal. Then the above equation
implies that N;; = 0. Using this in (5.2.24), we derive

n
§ : 2
Ea ia:()
a=r+1

which shows that
| W, [|?= 0. (5.2.27)
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Moreover, (5.2.19) and N;; = 0 implies that

Z Ea Qiana =0

a=r+1

which means that
G(Wi, W,) = 0. (5.2.28)
Then, using (5.2.23), (5.2.27) and (5.2.28) we obtain

> eahi (X, PY)Qia = g(h*(X, PY),W;) = 0. (5.2.29)

a=r—+1

Then (5.2.29) implies that W; = 0, on Aj. Similarly, repeating n-times above
steps for each i we claim that each W; vanishes on N'' which proves (b). If we
take N1 = S(T M), then, each W; vanishes on this choice. Therefore, all the
functions @;, vanish. Thus the proof is complete. O

Example 6. Let M = (RI, ), where RY is a semi-Euclidean space of signature
(=, —,+,+,+,+,+) with respect to the canonical basis

{0x1,0x2,0 23,0 24,0 5,0 26,0 T7}.

Let M be a submanifold of R given by

u . u
! = ul, z? = u27 2= — smuS, = — cosu37
V2 V2
1 1
. u
2% = —sinu?, 2° —cosu4, T u2,

where u® € R — {k%} and u* € R — {km, k € Z}. Then TM is spanned by

1 . 1 1 1
71 = 01, + —=sinu® 0z + —— cosu® Ozy + —— sinu® Ozs + —— cosu’ dzg

V2 V2 V2 V2

Zo = 0xg + Ouy

1 1
Zs = —u'cosu® Oz — —u' sinu’dx
T2 V2 !
1
Zy = —ut cosu® Oxy — —u' sinu? 9 xg.

V2 V2

Thus M is 2-lightlike with RadTM = Span{Z;, Z3}. Choose S(T'M) =
Span{Zs, Z4}. Then a screen transversal bundle S(T' M) is spanned by

W = sinu® Oxs + cosu® dxy — sinu® dzs — cosu dxg,
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and a lightlike transversal bundle ltr(T'M) is spanned by
1
N, = m{—ﬁ@xl + sinu® dxs + cosu® dxy + sinu? dxs + cosu’ dag}

1
Ny = 5{—81‘2 —+ (9.%‘7}
Then by direct computations, we have

vng = vlel = 52222 = vZZZ;g = ?Zzz4 =0,

V2,71 =23, Nz, Z1=24, Vg Zs=u'Zs, Vg Zs=u'Zy,

_ 1
Vg, 723 = —§u1 {sinu® 0 w3 + cosu’ Dy},
— 1
V2,24 = —§u1 {sinu* 95 + cosu48z6}.

Thus, we obtain

R(Zy,2,) =0, h*(Z1,Z:)=0
W (Za, Zy) =0, h*(Zy,Z2) =0
W(Z1,Z2) =0, h*(Z1,Z2) = h*(Z2,Z1) =0
W' (Z3,Z4) =0, h*(Zs, Z4) = h*(Z4,Z3) =0
W(Z1,23) =0, h*(Zy,Z3) =h*(Z3,Z,) =0
h'(Z3,25) =0, h*(Zs, Zo) = h*(Za, Z3) =0
WN(Z1,24) =0, h*(Z1,Z4) = h*(Z4,7Z,) =0
W (Z4,Z3) =0, h*(Zs, Za) = h*(Z2, Z2) = 0
hao(Zs, Z3) =0, h3(Zs, Z3)
ho(Zy, Z4) =0, hi(Z4,Zs) =0
1 1
W (Zs, Z3) = ———=ut, ht(Z4,Z R—e
1(Z3, Z3) 2\/§U 1(Z4, Z4) 2“
1 1
hi(Zs, Z. ———ut, Wi (24, Z -t
1( 3 3) 4\/5’(,& 1( 4 4) 4\/§u
Hence ¢ = % and (o is an arbitrary function on M. Thus M is locally screen

conformal and satisfies the hypothesis of the above theorem.

Just as in the coisotropic case, we show that there exists another class of
r-lightlike submanifolds of semi-Riemannian manifolds of an arbitrary signature
which admit integrable unique screen distributions, subject to a geometric condi-
tion (different from the screen conformal condition).

Consider a complementary vector bundle F' of RadTM in S(TM+)+ and
choose a basis {V;}, i € {1,...,7} of I'(Fjy ). Thus the sections we are looking for
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are expressed as
Ni=> {Aix& + BirVi}, (5.2.30)
k=1

where A;, and B;j are smooth functions on Y. Then {N;} satisfy (5.1.2) if and

only if
Z Bikgjx=0ij ,
k=1

where gjr = g(&;, Vi), j, k € {1,...,r}. Observe that G = det [g; x] is everywhere
non-zero on U, otherwise S(T M)+ would be degenerate at least at a point of .
Assume that F' is parallel along the tangent direction.

Theorem 5.2.7. Let M be an r-lightlike submanifold of a semi-Riemannian mani-
fold M such that the complementary vector bundle F of Rad T M in S(T M=)+
parallel along the tangent direction. Then, all the assertions from (a) through (c)
of Theorem 5.2.6 will hold.

Proof. The covariant derivative of (5.2.30) provides

T

VxNi =3 (X (Air)ék + AV x& + X (Bix)Vi + Bir Vx V).
k=1

Using (5.1.15), (5.1.22) and (5.1.27), we obtain

k=1
+ A{—AL X + V& + RH(X, &)
+ h*(X, &)} + X (Bir) Vi + Bie Vx Vil.

Since F is parallel, VxVj € T'(F). Thus for Y € T'(S(TM)), we get
gANX,Y) = Aig(A; X,Y).
k=1
Then using (5.1.31) we get

g(h*(X,Y), ZAzkg (X,Y), &) (5.2.31)

Since the right side of (5.2.31) is symmetric, it follows that h* is symmetric on
S(TM). Thus Theorem 5.1.5 implies that S(T'M) is integrable. On the other hand,
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using (5.2.31) in (5.2.23) and h! = &', we obtain
9(VxPY,Z;) = hi(X, PY)[Nji + g(Zi, Z;)]
i#j
1
= M PY)| Wi || = | 24 |
+ Z a P a(X, PY) Qia.
a=r+1
The rest of the proof is similar to the proofs of Theorems 5.2.4 and 5.2.6. O

Remark 5.2.8. Observe from Example 6 that the screen conformal condition does
not necessarily imply that F is parallel along the tangent direction. Indeed, in this
example Vz,Z; does not belong to F.

5.3 Totally umbilical submanifolds

Let {N;, W,} be a basis of I'(tr (T M)|y) on a coordinate neighborhood U of M,
where N; € T(ltr(TM)|y) and W, € T(S(TM*)|y). Then (5.1.15) becomes

VxY = VxV + Y WX, V)N + > hi(X, Y)Wa, (5.3.1)
=1 a=r+1

B m<n

VxY = VxY + > Rhi(X,Y)N; + Z he (X, Y)Wy, (5.3.2)
=1 a=m-+1

for an r-lightlike or an isotropic submanifold respectively. (5.1.24) becomes

n<m

VxY =VxY + ) hi(X, Y)N;, (5.3.3)
=1

VxY =VxY + ) KX, Y)N;, (5.3.4)
=1

for a coisotropic and a totally lightlike submanifold respectively. {h} and {h2}
are the local lightlike second fundamental forms and the local screen second fun-
damental forms of M. Also (5.1.22) and (5.1.23) become

vai = _AN,;X + Z pij(X) Nj + Z Tia(X)W
j=1 a=r+1

VixWa = —Aw, X + > vai(X)N; + Z 0o (X) W,
1=1 B=r+1
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m<n

n
vXNi:_AN,;X + Z pij(X)Nj + Z Tia(X W,

j=1 a=m-+1
m<n

VxWqy = _AWQX + Z Vai( N + Z eaﬁ Wﬁa
i=1 B=m+1

for an r-lightlike and an isotropic submanifold respectively, where
pii(X) = g(Vi Ni, &), €aTia(X) = g(D*(X, Ni), W), (5.3.5)
Vai(X):g(Dl(X7 Wa)? &)7 Gﬁeag(X)Zg(V§<Wa, W5)7
and €, is the signature of W,. Similarly, (5.1.26) and (5.1.27) become
VxPY =VYPY + > hi(X, PY)g,
i=1

Vx&=— A5X+Zum )5,

j=1
where b} (X, PY) = g(h*(X, PY), N;) and p;;(X) = g(Vi&, N;). Using the
above equations we obtain u;;(X) = — p;;(X). Thus,
Vx& = —ALX = > pii(X)g. (5.3.6)
j=1

Definition 5.3.1. [155] A lightlike submanifold (M, g) of a semi-Riemannian man-
ifold (M, g) is said to be totally umbilical in M if there is a smooth transversal
vector field H € T'(tr(T'M)) on M, called the transversal curvature vector field of
M, such that, for all X, Y € T'(TM),

WX, Y) = HG(X,Y). (5.3.7)

Using (5.1.15) and (5.3.7) it is easy to see that M is totally umbilical, if and
only if on each coordinate neighborhood U there exist smooth vector fields H' €
[(ltr(TM)) and H* € T(S(TM+1)), and smooth functions H! € F(ltr(TM)) and

Hf € F(S(TM*1)) such that
RH(X,Y)=H'G(X,Y), RS(X,Y)=H*G(X,Y),
hL(X,Y)=H!g(X,Y), Re(X,Y)=H:3(X,Y) (5.3.8)

for any X, Y € T'(TM). The above definition does not depend on the screen
distribution and the screen transversal vector bundle of M. On the other hand,
from the equation (5.1.29) we obtain

g Aw, X, Y) = e B3 (X, Y) + i Di(Xa Wa) ni(Y). (5.3.9)

i=1
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Now replace Y by &; and obtain
DU(X, Wa) = — €a hj (&, X). (5.3.10)

Using (5.1.28), (5.1.29), (5.3.8) and (5.3.10), we state (the relations (5.3.8) trivially
hold in case S(TM) or S(T M=) vanish) the following:

Theorem 5.3.2. [155]. A lightlike submanifold (M, g), of a semi-Riemannian man-
ifold (M, g), is totally umbilical if and only if on each coordinate neighborhood U
there exist smooth vector fields H* and H® such that

DY(X, W) =0, A{X = H'PX, P(AwX) = e HPX,
DY(X, W,) =0, A{ X = H/PX, P(Aw,X) = eo H:PX,
for any X € T(TM), where € is the signature of W € T'(S(TM™).
Example 8. Let M be a surface of R%, of Example 1, given by

1 1
3 1, .2 4 1_.2\2
= —(x +2°); z°==log(l+(z" —x ,
et ot = Jlogll 4+ (@ —a)?)
where (2!, ..., 2%) is a local coordinate system for R3. As explained in Example 1,
M is a 1-lightlike surface of Case A, having a local quasi-orthonormal field of

frames {¢, N, V, W} along M. Denote by V the Levi-Civita connection on R3.
Then, by straightforward calculations, we obtain

VvV =2(1+ (' — 2?)?) {2(962 — 218y +V2(2? — )03 + 4 } )

Ve, V=0,Vx& = VxN =0,VX € I'(TM).
For this example, the equations (5.3.8) reduce to
RYX,Y)=H'g(X,Y); R*(X,Y)=H?§(X,Y)
where h! and h? are T'(Itr(T M))-valued and T'(S(T'M*)-valued bilinear forms (see
equation (5.1.15). Using the Gauss and Weingarten formulae we infer
ht =0, Ag =0 Ay =0; Vx& =05 py;(X) = 0;
where for the symbol p;; see the equation (5.3.5). h? (X, £) = 0;

2\/5 (x2 o xl)S

2
1+ (1171 _ I2)2X V’

H*(V,V) =2, VxV =

VX = X1& + X2V e(TM). Since g(V,V) = — (1 + (21 — 2?)%) we get

2

BV V)= B2V, V), H ==y
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Therefore, M is a totally umbilical 1-lightlike submanifold of R3.

In particular, just like the case of hypersurfaces, we say that M is a totally
geodesic lightlike submanifold of M if any geodesic of M with respect to the Levi-
Civita connection V is a geodesic of M. For this we recall the following result:

Theorem 5.3.3. [149]. Let M be a lightlike submanifold of a semi-Riemannian
manifold M. Then the following assertions are equivalent:

(i) M is totally geodesic.
(i) h! and h® vanish identically on M.

(iii) Af vanishes identically on M, for any { € I'(RadTM), Aw is I'(RadTM)-
valued for any W € T'(S(TM)) and D'(X,SV) =0 for any X € (T M) and
V e (tr(TM)).

Proof. (i) = (ii). Consider u, € M, v, € Ty, M and T’ : u® = u*(t), o €
{1,...,m}, the unique geodesic of M such that u*(0) = u, and dg: (0) = v,. AsT
is a geodesic of M too, from (5.1.15) it follows that h’(v,v) = h*(v,v) = 0, for any
v tangent to I'. Thus (ii) follows by polarization. (ii) = (i). It is a consequence
of (5.1.15). From Theorem 5.1.4 it follows that h* = 0 if and only if A¢ =0 for
any £ € I'(RadTM). Finally, from (5.1.28) we obtain that 2® = 0, if and only if,
Ay is T(RadTM) and D*(X,SV) = 0. Thus (ii) and (iii) are equivalent too. [

Curvature equations. Denote by R, R and R' the curvature tensors of V, V and
V! respectively. We obtain

R(X,Y)Z=R(X,Y)Z
+Anx, 2)Y — Apy, X
+ Apex, Y — Apey, 9 X (5.3.11)
+(Vxh)(Y, Z) = (Vyh)(X, 2)
+ DY(X, h*(Y, Z)) — DY(Y, h*(X, Z))
+ (Vxh)(Y, Z) — (Vyh*)(X, Z)
+ D*(X, h\(Y, 2)) — D*(Y, h\(X, Z)),

for any X, Y, Z € T'(TM). For the curvature tensor R of type (0, 4), we have

R(X,Y,PZ,PU) = g(R(X,Y)PZ,PU) + g (h*(Y, PU), L' (X, PZ))
(h* (X, PU),h\(Y,PZ)) + g (h*(Y, PU), h*(X,PZ))
(h*(X, PU),h*(Y, PZ)), (5.3.12)
(R(X Y)¢, PU)

(R*(Y, PU), (X, €)) — g (h*(X, PU), h'(Y, €))
(h*(Y, PU), *(X, €)) — g (h°(X, PU), h*(Y, £))

Q W

R(X,Y, & PU)=g
+3
+37
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(Vyh')(X, PU) — (Vxh')(Y, PU), €)

=9
+g(°(Y, PU), i*(X, £)) — g(h*(X, PU), (Y, £)),

(
R(X,Y, N, PU) = —g(R(X, Y)PU, N)
+ G (ANY, BI(X, PU)) — g(AnX, hI(Y, PU))
+ g (h*(Y, PU), D*(X, N)) — g(h*(X, PU), D*(Y, N))
=g ((VyA)(N, X) = (VxA)(N,Y), PU)
+g(h*(Y, PU), D*(X, N)) — g (h*(X, PU), D*(Y, N)),
R(X,Y, W, PU) = g((VyA)(W, X) — (VxA)(W,Y), PU)
+g (h*(Y, PU), D'(X, W)) — (h*(X PU), D'(Y, W))
=g ((Vyh*)(X, PU) — (Vxh*)(Y, PU), W)
+ g (WX, PU), AwY) — g (h (X, PU), AwX),
R(X,Y, N, &) =g(R(X,Y)N,¢) (5.3.13)
+g (W'Y, ANX), &) — g (B'(X, ANY), §)
+g(D*(X, N), p°(Y, €)) — g(D*(Y, N), h*(X, §))
=—g(R(X, Y)& N)
+g(ANY, B(X, €)) — (ANY, (Y, €))
+g(D*(X, N), h*(Y, §)) — g(D*(Y, N), h*(X, §)),

X,Y,U € T(TM). Let R* be the curvature tensor of V*!. Then,

g(R(X, Y)E, PU) = g((Vy A%)(§, X) = (Vx A%)(§, V), PU),

g(R(X,Y)¢, N =g(R*"(X,Y)¢, N) (5.3.14)
+g(ANY, A{X) — g(AnX, A7Y),
G(R(X,Y)PU,N)=g((VxA)(N,Y) - (VyA)(N, X), PU) (5.3.15)

+ g (hY(X,PU), ANY) — g (R'(Y,PU),AxX)
= g((Vxh")(Y,PU) — (Vyh")(X,PU),N),
g(R(X, V)&, N) 4+ g(R(X, Y)N, &) = g(A; X, ANY)
— g(ALY, ANX). (5.3.16)

For structure equations of Case B, delete all the components of S(T'M~). Similarly,
one can find equations for the other two cases.

Induced Ricci Tensor. First note that hb pij and T;, depend on the section § €
I'(RadTM). Indeed, take £ = Z§=1 a;; &5, where o are smooth functions with
A = det(a;;) # 0 and let A;; be the co-factors of ay; in the determinant of
A. It follows that N} = % Z;Zl A;i;j N;. Hence by straightforward calculation

r

and using (5.3.1)(5.3.5) we obtain hl* = D i1 Qi h’;. Denote by pj; and 7, the
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affine combinations of p;; and 7, with coefficients a;, A;; and X (A;;). Moreover,
tr(pig)(X) = tr(p)(X) + X(logA), VX € T(TM).

Thus, using the formula dp (X,Y) = L {X(p(Y)) — Y(p(X)) — p([X, Y])} of

a differential 2-form, we obtain:

Proposition 5.3.4. Let (M, g) be a lightlike submanifold of a semi-Riemannian
manifold (M, g). Suppose tr(pij) and tr(p;;) are 1-forms on U with respect to &;
and &. Then d(tr(p};)) = d(tr(pij)) on U.

To find a local expression of a Ricci tensor of M, consider the frames field

{617 3y 67‘7 va sy NTa XT+1a aX’mv W’r+17 sy Wn}
on M, with {Fa}=1{&,,..., &, Xr11, ..., X;m } the frame on M. Then,
Rapep = §(R(Fp, Fo)Fp, Fa), Rapep = g(R(Fp, Fc)Fs, Fa),
Ripcp = §(R(Fp, Fo)Fp, Ny), Ripcp = g (R (Fp, Fo)Fs, Ni),
Rosep = §(R(Fp, Fo)Fp, Wa),  Rapcep = (R (Fp, Fo)Fp, Wa),
Riacp = G (R (Fp, Fo)Wa, Ny), Riacp = g (R (Fp, Fc)Wa, Ni).
Using the above we have the following expression for a (0,2) tensor:
ROY(X,Y) = Y ¢"g(R(X, Xa)Y, X3) + > §(R(X, &)Y, Ny).
ab=r+1 i=1

Note. As we discussed in Chapter 2, since the induced connection V on M is
not a metric connection, in general, R(>2) is not symmetric. Indeed, using the
symmetries of curvature tensor and the first Bianchi identity and taking into
account (5.3.11) and (5.3.12) we obtain

ROY (X, V) - R"? (v, X)
= Y ¢ {g(h (X, X), h(Y, Xa)) = G(R"(Y. X), h(X, Xa))}
a,b=r+1

T
+ > {9(ALX, ANY) — g(ALY, AnX) + g(R7(X, Y)&, Ni) }.
i=1
Replacing X, Y by X4, Xp respectively, using (5.1.33), (5.3.6) and

T

D G(RMX, V)&, N;) = —2 Z d (pji)(X, Y)&, N;)

=1 ,7=1

= —2d (tr(pi)(X, Y),
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we have

Rap — Rpa =2d(tr(pij)) (Xa, Xp)

where Ryp = Ric(Xp, Xa). Thus, R©:2) jg not symmetric and has no geometric
meaning similar to the symmetric Ricci tensor. Thus, as per Definition 2.4.3 in
Chapter 2, a symmetric R(®?) is called the induced Ricci tensor of M. We conclude
from the above that the following holds:

Theorem 5.3.5. Let (M, g, S(TM)) be an r-lightlike or a coisotropic submani-
fold of a semi-Riemannian manifold (M, §). Then the Ricci tensor of the induced
connection V on M is symmetric, if and only if, each 1-form tr(p;;) induced by

S(TM) is closed, i.e., on anyU C M,
d (tr(pi;)) = 0.

Relating the above theorem with Theorem 5.1.5 of integrability conditions
for a screen distribution, we quote the following result:

Theorem 5.3.6. [155] Let (M, g, S(T'M) ) be a proper totally umbilical r-lightlike or
a coisotropic submanifold of a semi-Riemannian manifold (M (c), g) of a constant
curvature €. Then, the induced Ricci tensor on M is symmetric, if and only if its

screen distribution S(T'M) is integrable.
Proof. From (5.3.13), (5.3.14), (5.3.16) and (1.2.16), we get

i=1
The proof follows from the above equation. ([

Remark 5.3.7. We know from Theorems 5.2.4 and 5.2.6 that the geometric condi-
tion of a screen conformal or parallel vector field F' provides an integrable screen
distribution, which is the root requirement for an r-lightlike or coisotropic sub-
manifold to admit a canonical screen. We also know that, in general, the induced
Ricci tensor of any lightlike submanifold is not symmetric. Since a symmetric in-
duced Ricci tensor is also a desirable property (along with a canonical or unique
screen) the above Theorem 5.3.6 tells us that a large class of totally umbilical
r-lightlike or coisotropic lightlike submanifolds of (M (), g) are candidates for the
existence of an integrable canonical or unique screen distribution and an induced
symmetric Ricci tensor.

5.4 Minimal lightlike submanifolds

Let (M, gn) and (IV,gn) be semi-Riemannian manifolds and suppose that ¢ :
M — N is a smooth mapping between them. Then the differential dy of ¢ can be
viewed as a section of the bundle Hom(T'M, ¢~ 'T'N) — M, where ¢~ !T'N is the
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pullback bundle which has fibers (¢ ™' TN), = T, N, p € M. Hom(TM, o 'TN)
has a connection V induced from the Levi-Civita connection V* and the pullback
connection. Then the second fundamental form of ¢ is given by

Vdp(X,Y) = Vidp(Y) —dp(VYY), VXY e I(TM).

It is known that the second fundamental form is symmetric. A smooth map ¢ :
(M, gn) — (N, gn) is said to be harmonic if tr Vdp = 0. On the other hand, the
tension field of ¢ is the section 7(y) of T'(¢ T N) defined by

T(p) =divdy = ZVdgo €i,€;), (5.4.1)

where {ey,...,en} is the orthonormal frame on M. Then it follows that ¢ is
harmonic if and only if 7(¢) = 0; for more information on harmonic maps and
morphisms, see [25]. In the semi-Riemannian context, a minimal isometric immer-
sion is a particular harmonic map. In [323], a harmonic map ¢ between lightlike
manifolds is defined with the assumption that ¢ is radical preserving (i.e., ¢ maps
the radical of the domain into the radical of the target). This does not apply
here to define minimality, since an isometric immersion from M to M is not radi-
cal preserving. In [141], harmonic maps from a semi-Riemannian manifold into a
lightlike manifold are defined only when the target is a Riemannian hypersurface
of a globally null manifold. This also does not apply here to define minimality,
since our domain M is lightlike. In [149], a minimal lightlike submanifold is de-
fined only in the particular case when M is a hypersurface of the Minkowski space
M = R{. Recently, a general notion of minimal lightlike submanifolds M of a
semi-Riemannian manifold M was introduced in [41] as follows:

Definition 5.4.1. [41] We say that a lightlike submanifold (M, g, S(T'M)) of a semi-
Riemannian manifold (M, g) is minimal if:

(i) h* =0 on Rad(T'M) and
(ii) tr h = 0, where trace is written w.r.t. g restricted to S(TM).

In the case B, the condition (i) is trivial. It has been shown in [41] that
the above definition is independent of S(T'M) and S(T M=), but it depends on
tr(T'M). As in the semi-Riemannian case, any lightlike totally geodesic M is min-
imal. Thus, it follows that any totally lightlike M (case D) is minimal.

Example 9. Let (R}, <,>) be the Minkowski space with signature (+,+,+, —)
and the canonical basis 0i,...,0s. Let S = {p € R} |< p,p >= 1} be the
3-dimensional pseudo-sphere of index 1 which is a Lorentzian hypersurface of
(R}, <,>). Consider (M = S} x R?, g) the semi-Riemannian cross product, where
R? is semi-Euclidean space with signature (+, —) with respect to the canonical
basis {05, 0s} and g is the inner product of R§ = R} x R? restricted to M. Then
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the submanifold (M, g |ar, S(TM),S(TM>)) is a minimal lightlike submanifold
of M given by

M=S'xHxR ={(p,t,t) € $} x R} | { € R}

2 )
p = g(cos 6,sin 6, cosh ¢, sinh ¢) € 53,

where 0 € [0,27], 9 € R}, H is the hyperbola and
S(TM) = Span{e; = —sin 0 9y + cos 6 02, ea = —sinh ¢ J5 + cosh p d,}.

Here &1 = g(e1,e1) = 1, &2 = g(ea,€2) = —1, Rad(T'M) = Span{¢ = 05 + O},
Itr(TM) = Span{N = (95 — 0s)} and

2
S(TM™*) = Span{W = %_(cos 0 01 + sin 0 05 — cosh ¢ J5 — sinh ¢ 0y)}

where {eq,ez,05,05, W} is an orthonormal basis of M. Let p = g(cos 00: +
sin 0 05 + cosh ¢ 93 + sinh ¢ d4) be the position vector of an arbitrary point p of
S which is normal to S} in Rf. Since the Levi-Civita connection M of R} satisfies
Ve, €1 = —%(W +p) and V,eo = %(—W + p), it follows that h(eq,e;) = —%VV,
h(e1,e2) =0 and h(ez,e2) = —3W. Hence, we get

tr h =eih(e1,e1) +eah(ez,e2) = h(ey,e1) — h(ez,e2) = 0.

g\S(TM)

We also have h(£, &) = 0. Therefore, M is a non-totally geodesic minimal lightlike
submanifold of M.

The classical notion of minimality is connected to the geometric interpreta-
tion of being an extremal of the volume functional [168]. Here we relate the classical
minimality (in the semi-Riemannian case) with the minimality introduced in the
lightlike case by Definition 5.4.1, as follows:

Theorem 5.4.2. [41] Let (M, g, S(TM),S(TM™1Y)) be a lightlike submanifold of a
semi-Riemannian manifold (M, g), with S(T M) integrable. If its leaves are min-
imal (semi-Riemannian) submanifolds of (M,g) and h®* = 0 on Rad(T'M), then,
M is a minimal lightlike submanifold of M. Conversely, if M is a minimal lightlike
submanifold of M, then Rad(T M) contains the mean curvature vector field of any
leaf of S(TM).

Proof. Let i : ¥ — M denote the inclusion map of any leaf ¥ of S(T'M). The
tension field 7(7) of ¥ can be decomposed from (5.1.15) into:

(i) = 77(i) + g seran) h,

where 7*(i) € Rad(TM) . Since ¥ is minimal in M iff the map i is harmonic,
which means 7(i) = 0, the statement follows from Definition 5.4.1. O
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We observe that Example 9 satisfies Theorem 5.4.2 with respect to the leaves
S'x H of S(TM). Let A = {z € R}/ <z, >= 0} be the lightlike cone in the
semi-Euclidean space (RZ"H, < >). Related to the non-existence result of compact
minimal spacelike submanifolds isometrically immersed in semi-Euclidean spaces,
we have the following:

Proposition 5.4.3. There are no minimal lightlike isometric immersions
¢ (M, <>, S(TM), s(TM™)) — (RyH, <>)

with ¢(M) C A.

Proof. Suppose there exists such a map ¢. Then, the function p given by
1
peM— 5 <4 o) >cR

is identically zero and hence,

0= 3X < 9lp), 6lp) > =< X, 9(p) > and

0= JX(X < 0(p), 6p) >) =< V5 X, 6(p) > + < X, X >,
Vpe M, X e (TM),

where V¢ is the canonical Levi-Civita connection of (Ry*!, < >). If we replace X

consecutively by e,, where {e,} is the orthonormal basis of S(T'M), then from the
minimality condition we have:

0 =< tres giay P 0(p) >= =D €a < earea >) <0,

a

where ¢, =< €4, €, >, Va. This contradiction completes the proof. ]

In support of Proposition 5.4.3, we give the following example:

Example 10. Let (R}, <>) be the Minkowski space with signature (+,+,+, —)
w.r.t. the canonical basis (01, ..., 0s). Then the manifold (M, <>, ,S(TM)) is a
lightlike hypersurface, given by an open subset of the lightlike cone

M = {t(cos ucos v, cos usin v,sin u,1) € R}/t >0, u € (0, 7/2), v € [0,27]},

where

S(T'M) = Span{e; = — sin u cos vd; — sin usin vdz + cos uds,

e = —sin vy + cos Vs }.
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We note that e; and ey are orthonormal,

Rad(T'M) = Span{€ = cos ucos vd; + cos usin vdy + sin uds + da},

1
ltr(TM) = Span {N = 5(008 wcos vy + cos usin vy + sin uds — 04)},

and < {,N >= 1. We have h(ey,e1) = —(7—==) N, h(ez,e2) = —(;7==—) N and
h(ei,e2) = 0. It turns out that the open subset of the lightlike cone (M, <>,,)
is globally null, since £ is globally defined and S(TM) is a spacelike integrable
distribution.

Thus, the above example of the lightlike submanifold M, which is an open
subset of the lightlike cone A of (R}, <>), is never minimal.

Since A is a proper totally umbilical lightlike submanifold of (Rf, < >),
Proposition 5.4.3 can be generalized, by using the definition of totally umbilical
lightlike submanifolds, as follows:

Theorem 5.4.4. There are no minimal lightlike submanifolds contained in a proper
totally umbilical lightlike submanifold of a semi-Riemannian manifold.

Theorem 5.4.5. [160] Let M be a lightlike submanifold of a semi-Riemannian man-
ifold M. Then M is minimal if and only if

tr AL, s(ran= 0, tr Aw; |s(ran=0,

g(Y,D(X,W)) =0, VX,Y € T(RadTM),
where W € T(S(TM*1), ke {1,...,r} andj € {1,...,(n—7)}.
Proof. Since trh |siran= Y iv1 €i(h'(ei,e;) + h*(ei, €;)) we have

m—r

1 1

trh |seran= ZEZ—Z “eise §k)Nk+—Zg (€3 €i), W;)Wj,
1=1 k=1

ﬁ

where {Wy,...,W,_,} is an orthonormal basis of S(TM~'). Using (5.1.28) and
(5.1.31) we get

m-—r 1 T . 1 n—r
trh |san= gl > g(Af i ei) Ny + — > 9(Aw,ei, )W),
i=1 k=1 j=1

On the other hand, from (5.1.14) and (5.1.28) we have
g(h* (X, Y), W) = (¥, D'(X,W)), ¥VX,Y € [(Rad T'M)

and YW € I'(S(TM+)). Thus our assertion follows from the above two equations
and Proposition 5.1.3. O
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Theorem 5.4.6. [160] Let M be a totally umbilical lightlike submanifold of a semi-
Riemannian manifold. Then M is minimal if and only if M is totally geodesic.

Proof. Suppose M is minimal , then h*(X,Y) = 0, VX,Y € T'(RadTM) and,
from Proposition 5.1.3, h' = 0 on RadTM. Now choose an orthonormal basis
{e1,...,em—r} of ([(S(T'M)). Then, from (5.3.8) we obtain

trh(ei,e;) = > eigles, ei)H' +eigleq, ;) H.
i=1

Hence we have tr h(e;, e;) = (m — r)H' + (m — r)H?®. Then, since M is minimal
and ltr(TM) N S(TM*) = {0} we get H = 0 and H* = 0. Hence M is totally
geodesic. The converse is clear. 0

5.5 Warped product lightlike submanifolds

For basic information on Riemannian (semi-Riemannian), Lorentzian and lightlike
warped products see Chapter 1. In this section we first present a new class of
lightlike submanifold of semi-Riemannian manifold and investigate the geometry
of this class by using warped products.

First of all, we briefly review the notion of lifting which is crucially important
for computations on product manifolds; details can be found in [317]. Consider a
product manifold M x N. If f € C*°(M,R) the lift of f to M x N is f=fore
C®(M,R). If x € T,(M),p € M and g € N then the lift Z to (p, ¢) is the unique
vector in T(;, ;)M such that m.(Z) = z. If X € T'(T'M) the lift of X to M x N is
the vector field X whose value at each (p,q) is the lift of X, to (p,q). Product
coordinate systems show that X is smooth. Let us denote vector fields on M
(resp.N), lifted to M x N, by (M) (resp. S(IV).) Then we have:

Lemma 5.5.1. [317]
(1) If X,Y € (M) then [X,Y] = [X,Y] € S(M), and similarly for S(N).
(2) If X € (M) and V € S(N), then [X,V] = 0.

Definition 5.5.2. Let (M7, g1) be a totally lightlike submanifold of dimension r and
(M3, g2) be a semi-Riemannian submanifold of dimension m of a semi-Riemann
manifold (M, g). Then the product manifold M = M; x s My is said to be a warped
product lightlike submanifold of M with the degenerate metric g defined by

9(X,Y) = g1(m X, 1Y) + (for)* g2 (n. X, 1.Y) (5.5.1)

for every X, Y € T'(T M) and # is the symbol for the tangent map. Here, 7 : M x
My — My and n : M; x My — Ms> denote the projection maps given by
w(w,y) = = and n(z,y) = y for (z,y) € My x M.
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It follows that the radical distribution Rad 7'M of M has rank r and its screen
S(TM) has rank m. Thus M is an r-lightlike submanifold of M. From now on we
consider warped product lightlike submanifolds in the form M; X ¢ My, where M;
is a totally lightlike submanifold and Mj is a semi-Riemannian submanifold of M.
We say that M is a proper warped product lightlike submanifold if M; # {0},
M5 # {0} and f is non-constant on M.

Example 11. Let M = (R3,g), where R} is a semi-Euclidean space of signature
(—,—,+,+,+,+,+) with respect to the canonical basis

{3%1,31’2,3z3,3x4,8x5,8x6,3x7}.

Let M be a submanifold of R} presented in Example 7 and, keeping the notation,
we obtain that RadTM and S(T'M) are integrable. Now, we denote the leaves
of RadTM and S(T'M) by M; and Ms, respectively. Then, the induced metric
tensor of M is given by

(ul)Q
2

ds® = 0(du3 + du?) + (du3 + du?)
1y2
=3 (du? + du?).

Hence M = My x; My with f = -

Proposition 5.5.3. There exist no proper isotropic or totally lightlike warped prod-
uct submanifolds of a semi-Riemannian manifold M.

Proof. Let M be an isotropic warped product lightlike submanifold. Then S(T'M)
= {0}, so M3 = 0. The proof of the other assertion is similar. O

Proposition 5.5.4. Let M = My Xy My be a proper warped product lightlike sub-
manifold of a semi-Riemannian manifold M. Then M; is totally geodesic in M
as well as in M.

Proof. Let V be a linear connection on M induced from V. We know that V is
not a metric connection. From the Kozsul formula we have

29(VxY,2) = Xg(Y,2) + Y9(X, Z) - Zg(X,Y)
for X, Y € T'(TM,) and Z € T'(S(TM)). On the other hand, from Lemma 5.5.1,
we have [X,Z] =0 for X e I'(RadTM) and Z € T'(S(T'M)). Thus we get

Using again Lemma 5.5.1, we get [X,Y] € I'(RadTM). Hence we derive
29(VxY,Z) = 0. Thus, from (5.1.15) we have g(VxY, Z) = 0. This shows that
M is totally geodesic in M. On the other hand, from Proposition 5.1.3 of this
chapter we conclude that any totally lightlike submanifold of a semi-Riemannian
manifold M is totally geodesic in M. Thus the proof is complete. O
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Corollary 5.5.5. Let M = My x ¢ Ma be a proper warped product lightlike subman-
ifold of a semi-Riemannian manifold M. Then we have

WX, Z) =0, h*(X,Z) =0,¥X € T(RadTM), Z € T(S(TM)). (5.5.2)

Proof. From (5.1.15) we have g(h!'(X, Z2),Y) = g(Vx Z,Y) for X,Y € T(RadTM)
and Z € T'(S(T'M)). Hence, g(h!(X,Z),Y) = —g(VxY, Z) = —g(VxY, Z). From
Proposition 5.5.4, we have known that M; is totally geodesic in M. Hence we get
g(h'(X,Z),Y) = 0, thus we obtain the first assertion of (5.5.2). In a similar way,
we obtain the second assertion. 0

Proposition 5.5.6. Let M = M; Xy My be a proper warped product lightlike sub-
manifold of a semi-Riemannian manifold M. Then M is totally umbilical in M
if and only if h*(X,Y) = g(X,Y)H® for X,Y € T(TM), where H® is a smooth
vector field on coordinate neighborhood U C M.

Proof. Let us suppose that VxZ € I'(RadTM)) for X € I'(RadTM) and Z €
I'(S(TM)). Then from the Kozsul formula we have

for W € T(S(TM)). Since by assumption VxZ € I'(Rad TM) and the definition
of a warped metric tensor, using (5.1.15) we get
9(VxZ, W) =0.
Hence we derive
X (for)?g2(Z, W) = 0.

Since go is constant on M; we obtain

X
Xy z,w) = o,
f
here we have put f for for. Thus X(f) = 0 or g2(Z,W) = 0. Since go is non-
degenerate and f is not constant, we get a contradiction, so Vx Z does not belong
to Rad T M. Now, since V is a metric connection, we have

g(vZWaX) = _g(Wa ?ZX)
for X e T'(RadTM) and Z,W € T'(S(T'M)). Using (5.1.15) we have
g(h'(Z,W), X) = —g(W,VzX) = —g(W,VxZ).

Hence e
g(h' (2. W), X) = J(f)g(z, w). (5.5.3)
Thus the proof follows from (5.5.3), Corollary 5.5.5 and the definition of a totally

umbilical lightlike submanifold. O
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Theorem 5.5.7. Let M = My Xy Mz be a proper warped product lightlike subman-
ifold of a semi-Riemannian manifold M. Then the induced connection V is never
a metric connection.

Proof. Let us suppose that V is a metric connection on M. Then h! = 0. Thus
from (5.5.3) we obtain #g(Z, W) =0 for X € T'(RadTM) and Z,W €
I'(S(TM). Hence X(f)fg2(Z,W) = 0. Thus, f # 0 implies that X(f) = 0 or
92(Z,W) = 0. Since M is a proper warped product lightlike submanifold and go

is non-degenerate, this is a contradiction. O

Corollary 5.5.8. There exist no totally geodesic proper warped product lightlike
submanifolds of a semi-Riemannian manifold M.

It follows from Lemma 5.5.1 that the radical distribution and the screen
distribution of M are integrable.

Theorem 5.5.9. Let M = M x5 Ma be a proper warped product lightlike submani-
fold of a semi-Riemannian manifold M. Then M is totally umbilical if any leaf of
screen distribution is so immersed as a submanifold of M and g(D'(Z,W),X) =0
forX e T'(RadTM),Z € T'(S(TM) and W € T'(S(TM™).

Proof. We note that from (5.5.1), we get g(X,Y) = (for)%g2(PX, PY) for X,Y €
I'(TM) From Proposition 5.5.4 we know that Rad T'M defines a totally geodesic
foliation in M, hence h!(X,Y) = h*(X,Y) = 0 for X,Y € I'(Rad T M). Moreover
from Corollary 5.5.5, we have h!(X, Z) = 0 and h*(X, Z) = 0 for X € I'(RadTM)
and Z € I'(S(TM)). Now, from (5.1.15) and (5.1.23) we obtain

g(h* (X, 2),W) = g(X,D"(Z,W)) (5.5.4)

for X € T'(RadTM),Z € T'(S(TM) and W € T'(S(TM*). On the other hand,
from (5.1.15) we write

?zv = V/ZV + h/(Z, V)

for Z,V € D(S(T'M)), where h' is the second fundamental form of My in M and
V' is the metric connection of My in M. Hence we have

W(Z,V)=h"(Z,V)+h(Z,V)+h(Z,V). (5.5.5)
Thus the proof follows (5.5.4) and (5.5.5). O

Theorem 5.5.10. Let M = My x5 My be a coisotropic warped product lightlike
submanifold of a semi-Riemannian manifold M. Then M is totally umbilical if
any leaf of screen distribution is so immersed as a submanifold of M.

Proof. If M is coisotropic, then S(TM+) = {0}. Thus, h* = 0 on M. Then the
proof follows from Proposition 5.5.4, Corollary 5.5.5 and (5.5.5). O
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Example 12. Let M = (RS, g) be a semi-Riemannian manifold, where R is a
semi-Euclidean space of signature (—, —, —, 4, +, +) with respect to the canonical

basis
{(91?1,(9%2,61,‘3,8$4,6l‘5,8$6}.

Let M be a submanifold of RS given by

b=t 2= 23 = u' cosu® sinh u?,

4 = ! cosu® coshu?, z° = u?, 2% = ulsinu?,

I
8
|

S

x
x
where u® € R — {k% k € Z}. Then TM is spanned by

71 =0z + cosu®sinhu? @ z3 + cosu® coshu® @ zy + sinu® dxg
Z2 = 81’2 + 8955
Zs = —u'sinu® sinh u* @ x5 — u' sinu® cosh u* @ 24 + u' cosu® d xg

74 = u' cosu® coshu® O xg + u' cosu? sinh u? 9 z4.

Thus M is 2-lightlike. Choose S(T'M) = Span{Zs, Z,}, then it follows that a
lightlike transversal vector bundle ltr(T'M) is spanned by

1

N, = 5{—8:101 + cosu® sinhu* x5 + cos u® coshu® 9 x4 + sinu® dxe}
1

Ny = 5{—81‘2 +8$5}.

Hence M is a coisotropic submanifold. By direct calculations, we conclude that
RadT'M and S(T'M) are integrable in M. Now denote the leaves of Rad T M and
S(TM) by M; and M. We also obtain that the induced metric tensor is

ds® = (u')?(du? — cos® u® du?).

Thus M is a coisotropic warped product submanifold of RS with f = u!. By direct
calculations, using Gauss formulas (5.1.15) and (5.1.26) we obtain

(X, Z,) = hM(X, Z5) = hX(Z3, Z4) = 0,¥X € T(T M),
W (Zs3, Z3) = —u'Ny, h'(Zs, Zs) = u' cos®> u> Ny (5.5.6)

and
(X, Z1) = h'(X, Z2) = h*(Z3, Zs) = h*(Z4, Z3) = 0,VX € [(TM),
1 1
h*(Zg,Zg> = 7§u1 Zl, h*(Z4,Z4) = §u1 COSQ’UJ?)Zl.
Denote the second fundamental form of My in M by h’. Then,

W(Zs, Z3) =0
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and
1 1
W(Z3, Z3) = —(u")?(Ny + 521), W (Zy, Z4) = (u")? cos® ud (N, + 5Zl).

Hence we have
R(X,Y)=g(X,Y)H',

where H' = =Ny — $7; for X, Y € T(S(TM)). Thus, it follows that My is totally
umbilical in M. On the other hand, from (5.5.6) we have

B(X,Y) = g(X,Y)H,

where H! = —U%Nl for X, Y € T'(T'M). Thus, it follows that M is also totally
umbilical in M.



Chapter 6

Submanifolds of indefinite
Kahler manifolds

In the 1996 book [149] there is a brief discussion on Cauchy-Riemann(CR) lightlike
submanifolds of an indefinite Kahler manifold. Contrary to the non-degenerate
case [45, 133, 373], CR-lightlike submanifolds are non-trivial (i.e., they do not
include invariant (complex) and real parts). Since then considerable work has
been done on new concepts to obtain a variety of classes of lightlike submanifolds.
In this chapter we present up-to-date new results on all possible (complex, screen
real and totally real) lightlike submanifolds of an indefinite Ké&hler manifold.

6.1 Introduction

In this section, we review indefinite Kéhler manifolds and CR-submanifolds of
Kaéhlerian manifolds needed for the lightlike submanifolds.

Definition 6.1.1. Let V be a real vector space on R. Then its complezification is
the complex vector space VC, denoted by (V©,C), where

(i) Z=X+iY e VO <= X, Y €V,
(11) (Xl + 23/1) + (XQ + iYg) = (X1 + Xz) + Z(}/l + }/2), VX1,X2,}/1,Y2 S V,
(ifi) (o +iB8)(X +iY) = (X — BY) +i(BX + aY)VX,Y € V, o, B € R.

On the other hand, complex conjugation in V¢ is defined by Z = X —iY.
Also note that V¢ satisfies the axioms for a complex vector space [309)].

Definition 6.1.2. Let V be a real vector space and J : V. — V be an endomor-
phism such that J2 = —I, where I denotes the identity endomorphism. Then, J
is called a complex structure on V.
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Denote a real vector space with complex structure by (V, R, J). It is known
that (V, R, J) is even-dimensional. Define complex scalar multiplication as (a +
ib)v = av+bJv, v € V. Then, it is obvious that an R-linear operator commutes
with J and is C-linear. Thus, a complex structure on V gives a complex vector
space structure. Note that if dim(V, R) = n = 2m, then dim(V,C,J) = m. Thus
it follows that (V,C,.J) can not be the same as (V¢ C). However, we show that
there is a natural relation between these two vector spaces. For this, we need the
following. Let (V, R, J) be a real vector space with a complex structure J. Define
the following subsets of V'

W(J)={Z|Z=X—iJ(X) and X €V},
W(J)={Z|Z=X+iJ(X) and X €V}

It is easy to verify that W(J) and W (J) are subspaces of the complexificiation
V¢ of V. Also, W(J) and W (J) are complex conjugate to each other.

Theorem 6.1.3. [190] If (V, R, J) is a real vector space with a complex structure J,
then, V€ = W (J) @ W(J). Conversely, given (V,R), U and U such that U and
U are subspaces of (VC,C) as complex conjugate to each other and V€ = U @ U,
then there exists a complex structure J for V such that W(J) =U and W(J) = U.

It follows from the above theorem that a complex structure J on V is equiv-
alent to a choice of complex conjugate subspaces W (.J) and W (.J) of the complex-
ification V¢ with the property V¢ = W (J)@® W (J). We also note that a complex
structure J determines an orientation of V.

Let V be a complex vector space and V' be the underlying real vector space
of V, that is, V is a real vector space when we consider V as a real vector space
by forgetting about multiplication with i [273]. Then, the induced isomorphism J
on V by V as defined by Ja = i« is a complex structure on V', called the induced
complex structure on V' by V. For example, the underlying real vector space of
C" is identified with R?™ by (21 + 191, .-+, Tn + 1Yn) — (T1,- s Tn, Y1y -+ Yn)-
Thus, the induced complex structure, say J,, on the underlying real vector space
of C” is said to be the canonical complex structure of R?".

Definition 6.1.4. A Hermitian structure on a real vector space V with a complex
structure J is a linear map A : V x V — C with the properties
(a) R(JX,Y) =ih(X,)Y),

(b) W(X,Y)=h(Y,X), VX,YeV.

Let h be a Hermitian scalar product on V. Then, from [309], it is known that
there exists an ordered basis {v1,...,v,} of V such that

(1) hlvi,v;) =0 for i £,
(2) h(vi,v;) =0, for 1 <i<r,
(3) h(vi,v;)) ==1forr+1<i<r+gq,
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(4) h(vi,v;) =1forr+q+1<i<n=r+4q+p,

where r = dim(Rad V), ¢ is the index of V and p is the number of unit spacelike
vectors. In this case, (V, h) is called a Hermitian inner product.

Let (V,h) be an inner product space and let h = g 4 i), where g = Re(h)
and Q = Im(h). If V is a real vector space then J is a complex structure on V.
By using (b), we have

9(X,Y) —iQ(X,Y) = g(Y. X) +iQ(Y, X).
Equating real and imaginary parts, we get

It follows that ¢ is symmetric, Q is a skew form on V such that g(JX,JY) =
g(X,Y), QJX,JY) =QX,Y) and Q(X,Y) = g(X,JY) for all X,Y € V. Con-
versely, let (V. J) be a complex vector space and g be an inner product on V' with
g(JX,JY) = g(X,Y) for every X,Y € V. By setting Q(X,Y) = g(X,JY), we
obtain h = g 4 2 which is a Hermitian inner product on V = (V,J). Also it
is easy to see that h is non-degenerate on V if and only if ¢ is non-degenerate
on V. Note that, on C™ the dot product is a positive definite Hermitian product
u-v =Y ug¥s. Thus, the real part of a Hermitian scalar product h is a real scalar
product.

Let M be a C*° real 2n-dimensional manifold, covered by coordinate neigh-
borhoods with coordinates (), where i runs over 1,2,...,n,1,2,...,7 and the
index a runs over 1,2,...,n. M can be considered as a complex manifold of di-
mension n if we define complex coordinates (2% = x® 4 iy®) on a neighborhood
of z € M such that the intersection of any two such coordinate neighborhoods is
regular. During the 1950s it was popular to construct complex manifolds in this
sense, as real manifolds with an additional differential geometric structure, since
such approach was amenable to the fiber bundle theory. We explain this additional
structure as follows:

Let there exist an endomorphism J (a tensor field J of type (1, 1)) of the
tangent space Tp,(M), at each point p of M, such that

J0)9z%) =0 /9y,  J(O/dy") = — (D /dz").

Hence J? = — I, where [ is the identity morphism of T'(M). Alternatively, M taken
as an n-dimensional complex manifold admits a globally defined tensor field,

J=1i0/02"®dz" —i0 /02 ® dz°

which retains the property J? = — I and remains as a real tensor with respect to
any of the z*-coordinate charts. Moreover, the tensor field J (expressed as above)
reminds the real manifold that it has a complex structure.
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Now the question is whether the above property is sufficient for the existence
of a complex structure on M. Fukami-Ishihara [195], in 1955, answered this ques-
tion in the negative by proving that a 6-dimensional sphere S has no complex
structure but its tangent bundle admits such an endomorphism J. Therefore, we
call a real 2n-dimensional M, endowed with J satisfying J2 = — I, an almost com-
plex manifold and J its almost complex structure tensor. It is known that an almost
complex manifold is even-dimensional. A tensor field N of type (1, 2) defined by

Ny (X,Y)=[JX, JY] = J2[X, Y] - J(IX, JY] + [JX, Y]), (6.1.1)

for any X,Y € I'(T'M), is called the Nijenhuis tensor field of J. Then, J defines a
complex structure [305] on M if and only if N vanishes on M.

From a mathematical standpoint, the purpose of introducing complex mani-
folds is to study holomorphic functions. In fact, a complex structure for a manifold
can be thought as a consistent rule for deciding which complex-valued functions
on the manifold are holomorphic. In this perspective, it is important to show the
relationship between a holomorphic map and a complex manifold. To see this
relationship, we give the following definition.

Definition 6.1.5. Let M and M’ be almost complex manifolds with almost complex
structures J and J’, respectively. A mapping f : M — M’ is said to be almost
complex if J' f, = foJ.

Proposition 6.1.6. [413] Let M and M’ be complex manifolds. A mapping f :
M — M’ is holomorphic if and only if [ is almost complex with respect to the
complex structures of M and M’.

From the point of differential geometry (which is the focus of study in this
book), it is desirable to define a metric on M. Therefore, consider a Riemannian
metric g on an almost complex manifold (M, J). We say that the pair (J, g) is an
almost Hermitian structure on M, and M is an almost Hermitian manifold if

g(JX,JY)=g(X,Y), VX, Y eT(M). (6.1.2)

Moreover, if J defines a complex structure on M, then (J, g) and M are called
Hermitian structure and Hermitian manifold, respectively. The fundamental 2-
form 2 of an almost Hermitian manifold is defined by

QX,Y) =g(X, JY), VX,Y eD(M). (6.1.3)

A Hermitian metric on an almost complex M is called a Kdhler metric and then
M is called a Kdahler manifold if Q is closed, i.e.,

dQX,Y, Z) =0, VX,Y e (M), (6.1.4)

where V is the Riemannian connection of g. It is known (see Kobayashi-Nomizu
[263]) that the Kéahlerian condition (6.1.4) is equivalent to

(VxJ)Y =0,¥X,Y € T(M). (6.1.5)
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For a Kéhler manifold, the following identities hold:
RX,Y)JZ=JR(X,Y)Z, QJ=JQ,
Ric(X, Y) = % {te(J) o R(X, JY)},
where @ is the Ricci operator. Now we deal with the question of why we impose a
Kahlerian structure on M. For this purpose, we prefer using a complex coordinate

system and express the 2-form (2 from the Hermitian metric as follows: Consider
the existence of a smooth metric of the form

ds? = g,5(2¢, 2% )dz% dzb + gap(2°, 2°) dz*dz"

such that the Hermitian property ga» = g, is satisfied to assure that the metric
is real-valued with respect to the underlying real coordinates. Then,

O =ig,pdz® A dzb — igay dz® Adz’

which is closed if and only if M is Kéahlerian. The following is another way of
characterizing a Kéahlerian manifold. A Hermitian manifold is K&hlerian if and
only if its Hermitian metric g is locally derivable from a real scalar potential K (
called, the Kdhler scalar) according to

9?°K
029920

Yab =

Then, the Riemann curvature tensor is locally given by

'K 4 K K
92002002020 Y 025 020020 02029 Da°

Rabcd =

together with those components (Rpyazd, Rabde, Rbadz) which can be obtained from
these by using the symmetries of the curvature tensor. All other components van-
ish. The Ricci tensor is given by

2

R[l e
b 9002

(log(det gr5)) = Rpa, Rap=0= Rg;.
Consequently, it is useful to have a Kahlerian manifold since for this case the Ricci
tensor, like the metric tensor, is derivable from a local scalar potential K. Also,
just like the metric tensor, the Ricci tensor has its uniquely associated real closed
2-form, called the Q' form, given by

Q' = iRd2" A dzb —iRapdz® Adz®,  d(Q) = 0.

Theorem 6.1.7. [413] Let M be a real 2n-dimensional Kdhlerian manifold. If M
s of constant curvature, then, M is flat provided n > 1.
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The above theorem tells us that the notion of constant curvature for Kahler-
ian manifolds is not essential. Therefore, the notion of constant holomorphic sec-
tional curvature was introduced for Kéhlerian manifolds. For this purpose, we first
state the notion of holomorphic section as follows:

Consider a vector U at a point p of a Kahler manifold M. Then, the pair
(U, JU) determines a plane 7 (since JU is obviously orthogonal to U) element
called a holomorphic section, whose curvature K is given by
g(R(U, JU)JU, U)

g, u)? 7
and is called the holomorphic sectional curvature with respect to U. If K is inde-
pendent of the choice of U at each point, then K = ¢, an absolute constant. A
simply connected complete Kéhler manifold of constant sectional curvature c is
called a complex space-form, denoted by M/(c), which can be identified with the
complex projective space P, (¢), the open ball D,, in C™ or C" according as ¢ > 0,
¢ < 0 or ¢ = 0. The curvature tensor of M(c) is

K =

R(X,Y)Z = [g(Y, Z)X =g (X, 2)Y +g(JY. 2)JX
—g(JX, Z)JY +2¢(X, JY)JZ]. (6.1.6)
A contraction of the above equation shows that M (c) is Einstein, that is

Ric(X, Y) = ”TH cg(X,Y).

The above results also hold for a class of semi-Riemannian manifolds (see Barros-
Romero [28]), subject to the following restrictions on the signature of its indefinite
metric g. For the endomorphism .J, satisfying J? = — I, the eigenvalues of J are
i = +/—1 and —i each one of multiplicity n. As J is real, and satisfies J? = —1,
the only possible signatures of g are (2p, 2¢) with p + ¢ = n. For example, g
can not be a Lorentz metric and therefore, for real J, a spacetime can not be
almost Hermitian, and therefore, can not be Hermitian or Kéhlerian. Subject to
this restriction, according to Barros and Romero [28], (J, g) and M are called
indefinite Hermitian (or Kdhler) structure and indefinite Kahler, respectively.

The sectional curvature function K is defined for a non-degenerate plane w
of T, M the same as in Riemannian geometry. The restriction of K to the non-
degenerate holomorphic (respectively totally real) planes is called the holomorphic
(respectively totally real) curvature of M. We quote the following result on holo-
morphic sectional curvature:

Proposition 6.1.8. [28] Let (M,g,J) be an indefinite Kdihler manifold. Then all
the non-degenerate holomorphic planes, for every p € M, have the same sectional
curvature ¢ € R iff R = cR°, where R° is defined by

1
R°(u,v)w = Z{g(v, w)u — glu,w)v + g(Jv, w)Ju
— g(Ju,w)Jv + 2g(u, Jv)Jw}, Yu,v,w € T,M.
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Proof. Assume H, = c for all u € TpM with g(u,u) # 0, where H, is the
restriction of K to the non-degenerate holomorphic planes. Then the tensor R’ =
R — cRy satisfies

g(R(u, Ju)Ju,u) =0,Vu € T,M with g(u,u) # 0. (6.1.7)

Since {u € T,M | g(u,u) # 0} is dense in T, M, (6.1.7) holds without restriction
on u. But R’ satisfies the curvature identities defined in chapter 1 and therefore
(6.1.7) implies by the well-known argument R’ = 0. The converse is trivial O

From Proposition 6.1.8, we have the following result:

Corollary 6.1.9. [28] If the connected complex n-dimensional indefinite Kdhler
manifold M with n > 2 admits a function f: M — R such that K(7) = f(p) for
all non-degenerate holomorphic planes of T,M, then, f must be of constant value
c € R, that is, M is an indefinite complex space form of constant holomorphic
sectional curvature c.

Barros and Romero [28] constructed Cg, CPy (c) and CHF (c) as examples
of simply connected indefinite complex space-forms according as ¢ = 0, ¢ > 0 and
c < 0, respectively. Here, 2 ¢ is the index of g. In the following we reproduce the
details on these examples:

Example 1. The complex manifold C™, with the real part of the Hermitian form

n

q
byn(z,w) = — Zikwk + Z Zjwj, Vz,we C" (6.1.8)
k=1 Jj=q+1

defines a flat indefinite complex space form of index 2¢, denoted by C¢'. In fact,
Cy can be identified with (R%g , J, g) where J and g are given by

=1
q
+ ) (@tut+ ),

Example 2. Define a complex n-dimensional indefinite space form CPg(c), with
index 2¢ and a constant holomorphic sectional curvature c. Its underlying complex
manifold is the open submanifold

{2€ O™ /by ia(2,2) > 0} /C" of CP™ = {C™H — {0}} /",

the ordinary complex projective space. Now consider the semi-Riemannian sub-
manifold



238 Chapter 6. Submanifolds of indefinite Kadhler manifolds

S50 e/4) = {z € C*" /b, ny1(2,2) = (4/c)} C CpT,
which is of constant curvature ¢/4 [317, 2.4.5a]. Evidently

¢ : S (¢/4) — CPA(z s 2 - C¥) (6.1.9)

is a submersion which is the indefinite Hopf fibration of S§Z+1(c/4) with spacelike

fibers z-S! for z € S%Z*l(c/ 4). Then there exists a unique indefinite K&hler metric
of index 2¢ on CPg(c) such that (3.1.8) becomes its semi-Riemannian subman-
ifold. As in the case for CP", it follows analogously that CPg(c) endowed with
this metric becomes an indefinite complex space form of index 2¢ with constant

holomorphic sectional curvature c.

Example 3. Similarly, the indefinite hyperbolic space form CHZ (c) of complex
dimension n with index 2¢ and of constant holomorphic sectional curvature ¢ < 0
can be obtained from CP},_,(—c) by replacing its metric by its negative.

Thus, we state (the proof is same as in the Riemannian case):

Theorem 6.1.10. [28] Every connected, simply-connected, complete indefinite Kdih-
ler manifold of complex dimension n, of index 2q, and of constant holomorphic
sectional curvature ¢ is holomorphically isometric to Cy, CPg(c) or CHg (c)
according as ¢ =0, ¢ > 0 and ¢ < 0, respectively.

Finally, we know from a lemma of Bishop-Goldberg [64] that the holomorphic
sectional curvature defined on the unit bundle of an almost Hermitian manifold
(M, g,J), with positive definite metric g, is bounded at each point of M. This
is not true for an indefinite metric as it is known that its holomorphic sectional
curvature is bounded (above or below) if and only if it is constant [28].

Cauchy Riemann Submanifolds of Kédhler Manifolds. According to the behavior of
the tangent bundle of a submanifold with respect to the action of the almost com-
plex structure .J of the ambient manifold, there are four popular classes of subman-
ifolds, namely, Kéhler submanifolds, totally real submanifolds, CR-submanifolds
and slant submanifolds. A submanifold of a Kéhler manifold is called a complex
submanifold if each of its tangent spaces is invariant under the almost complex
structure of the ambient manifold. A complex submanifold of a Kdhler manifold is
a Kéahler manifold with induced metric structure, called a K&hler submanifold. It is
well known that a Kéhler submanifold of a Kéhler manifold is always minimal[413]
and [313]. A totally real submanifold M is a submanifold such that the almost
complex structure J of the ambient manifold M carries a tangent space of M
into the corresponding normal space of M. A totally real submanifold is called
Lagrangian if dimr M = dimc M. Real curves of Kihler manifolds are examples
of totally real submanifolds. The first contribution to the geometry of totally real
submanifolds was given in the early 1970s [111]. For details, see [410].

In 1978, generalizing these two types of submanifolds, Bejancu [45] defined
Cauchy-Riemann (CR) submanifolds as follows: By a CR submanifold we mean
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a real submanifold M of an almost Hermitian manifold (M, J, g), carrying a J-
invariant distribution D (i.e., JD = D) and whose g-orthogonal complement is J-
anti-invariant (i.e., JD+ C T(M)1), where T(M)+ — M is the normal bundle of
M in M. The CR submanifolds serve as an umbrella of a variety (such as invariant
(complex), anti-invariant (totally real), semi-invariant, generic) of submanifolds.
Basic details on these may be seen in [45, 412, 413]. Here we only briefly present
the following needed to understand the sections on lightlike submanifolds.

It is easy to see that a CR-submanifold is holomorphic or totally real ac-
cording as D+ = {0} or D = {0} respectively, otherwise it is called a proper
CR-submanifold. Every real hypersurface of an almost Hermitian manifold is an
example of a proper CR-submanifold [45].

On the other hand, a CR manifold (independent of its landing space) is a C*°
differentiable manifold M with a holomorphic sub-bundle H of its complexified
tangent bundle T(M) ® C, such that H N H = {0} and H is involutive (i.e.,
[X,Y] € H for every X,Y € H). For an update on CR manifolds (out of the scope
of this book) we refer [73] and two recent books [132] by Dragomir and Tomassini
and [26] by Barletta, Dragomir and Duggal. Here we recall that a CR-manifold
can be characterized by means of the real invariant distribution D as follows:

Theorem 6.1.11. [45] A smooth manifold L is a CR manifold, if and only if, it is
endowed with an almost complex distribution (D, J) such that

[JX, JY]—[X, Y] eT(D), (6.1.10)

N, (X,Y)=0, (6.1.11)

for all X, Y € T'(D), where Ny is the operator for the Nijenhuis tensor field of J.

Blair and Chen [69] were the first to interrelate these two concepts by proving
that proper CR submanifolds, of a Hermitian manifold, are CR manifolds. They
obtained the following result for CR-submanifolds of complex space forms:

Theorem 6.1.12. [69] Let M be a submanifold of a complex space form M (c) with
c#0. Then M is a CR-submanifold of M if and only if the mazimal holomorphic
subspace D, = T,MNJT,M, p € M, defines a non-trivial differentiable distribution
D on M such that

g(R(X,Y)Z,W)=0,YX,Y € T(D) and VZ,W €T'(D")
where D+ denotes the orthogonal complementary distribution of D in M.
On the integrability of two distributions we recall the following:
(i) The totally real distribution D+ on M is always integrable[99)].

(ii) The holomorphic distribution D is integrable if and only if the second funda-
mental form of M satisfies [45]

WX, JY)=h(JX,Y),VX,Y € (D).
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Thus, from (i), it follows that every proper CR-submanifold of a Kahler manifold
is foliated by totally real submanifolds. Note that Chen’s integrability theorem was
extended to CR-submanifolds of several other Riemannian manifolds. For example,
this theorem was used for CR-submanifolds of locally conformal Kahler manifolds
[131]. Although, in general, the holomorphic distribution is not integrable, Chen
proved the following:

Proposition 6.1.13. [99] The holomorphic distribution of a CR-submanifold of a
Kdhler manifold is always minimal.

On totally umbilical CR-submanifolds we need the following:

Theorem 6.1.14. [45] Let M be a totally umbilical CR-submanifold of a Kdhler
manifold M. Then either

(a) M is totally geodesic, or
(b) M is totally real, or
(c) the totally real distribution is 1-dimensional.

A CR-submanifold M of a Kéhler manifold is called a mized geodesic CR-
submanifold if its second fundamental form satisfies h(X,Y) = 0 for X € I'(D)
and Y € I'(D1). On this class, we quote the following:

Theorem 6.1.15. [45] A CR-submanifold M of a Kdhler manifold is mized totally
geodesic if and only if each of the totally real distributions is totally geodesic in
M.

A CR-submanifold M, of a Kihler manifold M, is called a CR-product [99]
if it is locally a Riemannian product of a Kéhler submanifold M7 and a totally
real submanifold M, of M. We quote the following three results:

Proposition 6.1.16. [69] A totally geodesic CR-submanifold, of a Kdhler manifold,
is a CR-product.

Theorem 6.1.17. [99] A proper CR-submanifold, of a Kdihler manifold M, is a
CR-product if and only if VP = 0, where P is the endomorphism on T'M induced
from the almost complex structure J of M.

Theorem 6.1.18. [99] A CR-product of a complex hyperbolic space is either a Kaihler
submanifold or totally real submanifold. A CR-product complex Fuclidean space
C™ is a product submanifold of a complex linear space C" and totally real sub-
manifold in a complex subspace C™~" of C™. If M is a CR-product of complex
space form C'P™, then:

(i) m > h+p+ hp, where dim(D) = 2h and dim(D+) = p.

(ii) The square length || h ||* of the second fundamental form satisfies || h ||*>
4hp.
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A CR-submanifold M is called a mized foliate CR-submanifold if M is mixed
geodesic and its holomorphic distribution is integrable. Mixed foliate CR-submani-
folds of complex space forms were studied by many authors and are completely
determined. We quote the following main results:

(i) [57]. A complex projective space admits no mized foliate proper CR-submani-
folds.

(ii) [99]. A CR-submanifold in C™ is mized foliate if and only if it is a CR-
product.

(iil) [30], [113]. A CR-submanifold in a complex hyperbolic space CH™ is mized
foliate if and only if it is either a Kdhler submanifold or a totally real sub-
manifold.

Another generalization of holomorphic and totally real submanifolds, named
slant submanifolds, introduced by Chen is as follows:

Definition 6.1.19. [102] Let M be a Kiihler manifold and M be a real submanifold
of M. For any non-zero vector X tangent to M at a point p € M, the angle (X))
between JX and the tangent space T, M is called the Wirtinger angle of X. A
submanifold M of M is called a slant submanifold if the Wirtinger angle 6(X)
is constant, i.e., it is independent of the choice of p € M and X € T,M. This
Wirtinger angle is called the slant angle of the slant submanifold.

By the above definition, it follows that holomorphic (resp. totally real) sub-
manifolds are slant submanifolds with § = 0 (resp., § = 7). A slant submanifold is
called proper if it is neither totally real nor a holomorphic submanifold of M. It is
known that every proper slant submanifold is even-dimensional. We highlight that
there is no inclusion relation between CR-submanifolds and slant submanifolds.

Let M be a submanifold of a Kihler manifold M. Then, for any vector field
X tangent to M, we write

JX =TX + FX,

where T X and F X denote the tangential and normal components of JX. Then T
is an endomorphism of the tangent bundle. Using the endomorphism 7', we obtain
the following simple characterization for slant submanifolds.

Theorem 6.1.20. [102] Let M be a real submanifold of a Kihler manifold M. Then
M is a slant submanifold if and only if T>X = AX where X\ € [—1,0] is a fized
number and X is a vector field tangent to M.

It is easy to see that any holomorphic or totally real submanifold satisfies the
condition VT = 0. If any proper slant submanifold satisfies V1" = 0, it is called
Kdéhlerian slant submanifold of M. It follows that the Kéhlerian slant submanifolds
are Kéhler manifolds with respect to the induced metric and the almost complex
structure defined by J = (sec )T, [102].
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Theorem 6.1.21. [102] Let M be a submanifold of a Kdihler manifold M. Then
M satisfies condition VI = 0 if and only if M is locally the Riemannian product
My x ....x My, where each M; is a Kdahler submanifold, a totally real submanifold
or a Kdihlerian slant submanifold of M.

It is known [102] that totally umbilical slant surfaces and Kéhlerian slant
submanifolds are totally geodesic. Following is a recent general result:

Theorem 6.1.22. [358] Every totally umbilical proper slant submanifold of a Kdhler
manifold is totally geodesic.

This opens a research problem as to the validity of the above general result
for slant lightlike submanifolds. There are a large number of papers (and some
books) where detailed information on the above quoted results, related results and
other classes (such as semi-slant, generic and skew CR-submanifolds, Lorentzian
CR-submanifolds, semi-Riemannian CR~submanifolds etc) is available. For those
interested see [11, 29, 30, 42, 43, 45, 52, 57, 69, 75, 81, 97, 99, 100, 101, 102, 104,
105, 106, 107, 113, 109, 128, 133, 147, 226, 256, 262, 278, 299, 303, 306, 312, 324,
356, 349, 368, 373, 383, 384, 385, 391, 392, 410, 412, 413].

6.2 Invariant lightlike submanifolds

Let (M, J, g) be a real 2m-dimensional, m > 1, indefinite Kihler manifold,
where g is a semi-Riemannian metric of index v = 2¢, 0 < ¢ < m. Suppose
(M, g, S(TM)) is a lightlike submanifold of M, where g is the degenerate induced
metric on M. As a part of our objective in presenting all possible lightlike subman-
ifolds, in this section we collect up-to-date results on invariant (complex) lightlike
submanifolds of Kahler manifolds. Later on these results will be related with the
results on various types of Cauchy-Riemann (CR) lightlike submanifolds discussed
in Sections 5 and 6.

Following the classical Riemannian definition of invariant submanifolds [413],
we say that M is an invariant (complex) lightlike submanifold of M if

JRad(TM) =RadTM, J(S(TM))=S(TM).

It is easy to see that for an invariant M, J(tr(TM)) = tr(T M) and these distri-
butions are even-dimensional. Thus, the dimension of an invariant M is > 4.

Example 4. Let M be a submanifold of R given by
Ts = X1 COS @ — T2 Sin @, g = 1 sin a + X2 oS Q.
Then, the tangent bundle TM of M is spanned by

Uy = 0x1 + cos adxs + sin adxg,
Us = dxo — sin adxs + cos adxg,
U3 = 61637 U4 = 6,@4.
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Therefore, M is a 2-lightlike submanifold with RadTM = Span {U;,Us}. More-
over, using the canonical complex structure of R§ we have J (Rad TM)=Rad TM.
Choose the complementary vector bundle to TM in S(T M=)+ which is spanned
by {Vi = 0z1,V2 = Oza}. Then, ltr(T'M) is spanned by

1 0
Ny == | —0x1 + cosa—— +sinadxg |,
2 8:65

1
Ni = 3 (—0x9 — sinadxs + cos adxg) .

It is easy to check that J(ltr(T'M)) = ltr(TM). Thus M is an invariant lightlike
submanifold of RS.

We start by discussing the integrability conditions of the radical distribution
RadTM and the screen distribution S(T'M) of M.

Proposition 6.2.1. Let M be an invariant lightlike submanifold of an indefinite
Kahler manifold M. Then Rad T M is integrable if and only if

ALTE = JALE, V&€ €T (Rad(TM)).

Proof. RadTM is integrable if and only if g([§,¢],X) = 0 for any £,& €
I' RadTM) and X € T'(S(TM)). Using the Kéhler character of M, from (5.1.25)
and (5.1.27) we obtain

g([€7 ng] 7X) :g(Angl - jAZ/gvX)

which proves our assertion. ([

Proposition 6.2.2. Let (M, g, S(T'M)) be an invariant lightlike submanifold of an
indefinite Kdhler manifold M. Then, its screen distribution S(T'M) is integrable
if and only if

Jh*(X,Y) = h*(JY,X), VX,Y eT (S(TM)).

Proof. By the definition of invariant lightlike submanifolds, a screen distribution
S(T'M) is integrable if and only if

g(X,Y],N)=0, VX,Y eI (S(TM)), NcT (lte(TM)).
Since M is indefinite Kéhlerian, from (6.1.5) and (5.1.25) we obtain
g([X,JY],N) =g (Jh*(X,Y) — h*(JY,X),N). O

Consider a lightlike submanifold (M, g, S(T'M)) whose screen distribution S(7T'M)
is integrable. Let (M’,¢') be an integral manifold of S(T'M), where ¢’ is the in-
duced non-degenerate semi-Riemannian metric on M’. We say that (M, g, S(TM))
is a screen Kdhlerian manifold if (M’,g’, J') has a Kéhlerian structure induced by
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the almost complex operator J' on M’. We need above sub-structure on M to
relate the next theorem with the following result of non-degenerate submanifolds:

It is known that invariant (complex) submanifolds of Kéhler [314] (resp., of
indefinite Kéahler) manifolds [336]) are Kéahler manifolds (resp, indefinite Ké&hler
manifolds). For the lightlike case, we have:

Theorem 6.2.3. Let (M, g,S(TM)) be an invariant lightlike submanifold of an
indefinite Kdahler manifold such that M admits an integrable screen distribution
S(TM). Then M is a screen Kdhlerian manifold.

Proof. For an invariant lightlike submanifold M, we have

JS(TM) = S(TM), JRadTM =RadTM.

Let M’ be a integral manifold of a screen distribution S(7'M). Denote by J’ the
induced operator of J on M’. Consider an immersion f as follows:

f:M — M;
JS(TM) = S(TM) implies M’ is an invariant submanifold of M. Thus,
Jfe=fJ (6.2.1)

where f, is the differential of immersion f. Since M’ is non-degenerate, it has a
semi-Riemannian metric. We denote this metric by ¢’ and obtain
g=rg or
J(X,Y) = fg(X,Y) =g(f X, f.Y), Ve (TM"). (6.2.2)
Since g is Hermitian we have ¢/(X,Y) = g(J f. X, Jf.Y). Using (6.2.1) we obtain
J(X,)Y)=g(f.J' X, fJ'Y). From (6.2.2) we get ¢'(X,Y) = ¢/(J' X, J'Y), which

shows that ¢’ is Hermitian. Let the fundamental 2-forms of M and M’ be © and
', respectively. Then from (6.2.1) and (6.2.2) we obtain

Qf.X, £.Y) = Q(X,Y).

Q closed and V* a metric connection on M’ imply that Q' is closed, which proves
that M’ is Kahlerian. Thus, M is screen Kihlerian. (]

Denote by V and V semi-Riemann connection on M and induced connection
on M, respectively. Using the Kahler structure of M, for an invariant M we have

VxJY =VxJY +h(X,JY) + h*(X,JY),
JVxY = JVxY + JhN(X,Y) + Jh*(X,Y).

From the above two results the following three relations hold:
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Lemma 6.2.4. Let M be an indefinite Kahler manifold and M be a complex -
lightlike submanifold of M. Then we have

VxJY = JVxY, (6.2.3)
RH(X,JY) = Jh'(X,Y), (6.2.4)
R (X,JY) = Jh*(X,Y), VX,Y T (TM). (6.2.5)

It is well known that every invariant submanifold of a Riemannian Ké&hler
(or non-degenerate submanifold of indefinite Kéhler) manifold is minimal [314],
[336]. The following proposition shows that this classical result is not true for any
invariant lightlike submanifold:
Proposition 6.2.5. An invariant lightlike submanifold M of M is minimal if and
only if
DY(X,W)=0, VX eT(RadTM), W € T(S(TM™).

Proof. Let M be an invariant lightlike submanifold of M, with a quasi-orthonormal
basis

{51,...,fk,jfh...,jfk,el,...,e(m,r),jel,...,jem,r}
of TM such that {&1,...,&, &, ..., J& ) € RadTM and

{61, ce e €m—r), jel, Cey je(m,,«)} S S(TM)

Since ' =0 on Rad T M, we have

2(m—r) (m—r)
trh = Z h*(ei, i) = Z he(e;,e;) + h*(Jei, Je;).
i=1 i=1

On the other hand, (6.2.5) implies that h*(JX,JY) = —h*(X,Y). Using this
in the above equation, we have trh = 0 on S(T'M). On the other hand, from
(5.1.28) we have g(h*(X,Y),W) = g(D{(X,W),Y) for X,Y € I'(RadTM) and
W € T(S(TM+), which completes the proof. O

However, there are classes of invariant lightlike submanifolds for which the
classical result holds. To show this, we first recall (see Definition 4.4.7 of Chapter 4)
that M is irrotational if

Vx¢ €N(RadTM), VX € T(TM), ¢ €T (RadTM).

Considering (5.1.15), it follows that M is irrotational if and only if the following
is satisfied:
RI(X,€) =0 and h%(X,€) =0. (6.2.6)

Based on the above definition, we have the following result on minimal M:

Corollary 6.2.6. [160] Any irrotational or totally umbilical invariant lightlike sub-
manifold of an indefinite Kdhler manifold is minimal.
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Complex lightlike hypersurfaces. An invariant lightlike submanifold M of M can
be seen as a complezx hypersurface if TM+ = Rad TM = Span{¢, J¢}. We know
from Chapter 5 that such a complex hypersurface is a coisotropic submanifold.
Following is our first result:

Theorem 6.2.7. [159] Let (M, g, S(TM)) be a complex lightlike hypersurface of an
indefinite Kahler manifold M. Then, radical distribution Rad T M defines a totally
geodesic foliation on M. Moreover, M = Mi x My is a product manifold if and

only if h* vanishes, where My is a 1-dimensional complex leaf of TM~* and My
is a leaf of S(TM).

Proof. Let M be a complex lightlike hypersurface of M and X,Y € I(RadTM).
Since Rad T'M is spanned by £ and J¢ we can write

X = 0415 + Bl jé-a

Y = axé + (2 J £.

Since V is a linear connection we obtain
9(VxY,PZ) = a1009(Ve&, PZ) + a1 829(Ve JE, PZ)
+ Bra2g(V je&, PZ) + B1829(V je JE, PZ).
From (5.1.33) we get
9(VxY,PZ) = a1 29(VeJE, PZ) + Braag(V 5¢€, PZ).
Thus using (6.1.2), (5.1.14), (6.2.3) and (5.1.33) we have

9(VxY,PZ) = a1§(VeJE, PZ) + f1a2g(V 7€, PZ)
= —139(J¢, Ve PZ) — frazg (€, V 5. PZ)
= —a1$g(JE B (€, PZ)) — Brasg (&, b (JE, PZ))
= a1029(&, b1 (&, TPZ)) — Prasg(&, b (€, JPZ))
=0.

Thus, Rad T'M is a totally geodesic foliation in M. The proof follows from the fact
(see Chapter 5) that a screen distribution S(T'M) of a lightlike submanifold of M
defines a totally geodesic foliation in M if and only if A* vanishes. Thus, proof is
complete. O

Let D1,D2,01,02,¢1, ¢2 be F(M)-bilinear symmetric forms on U C M, defined

by
Dl(XaY) :g(hl(X,Y),f), DQ(va) :g(hl(X7Y)7j£)a
91(X) :g(vXN7£)a HQ(X) :g(?XNaj§)7
¢1(X) = §(Vx N, ), $2(X) = g(Vx N, JE),
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for any X, Y €e T(TM),§ € T(RadTM) and N € T'(Itr(TM). Then from (5.1.14)
and (5.1.20) we have

VxY =VxY + Di(X,Y)N + Dy(X,Y)JN, (6.2.7)
VxN=—-AnyX +6:(X)N + 05(X)JN, (6.2.8)
VxJN = —AjnX + ¢1(X)N + ¢2(X)JN. (6.2.9)
On the other hand, using (6.1.2) and (6.1.5) we obtain
Dy(X,Y) = —Dy(X, JY). (6.2.10)
In a similar way, we get
P1(X) = —02(X), p2(X) = 01(X). (6.2.11)
Thus, from (6.2.10) and (6.2.11), on U, (6.2.7)—(6.2.9) become
VxY =VxY + D{(X,Y)N — D{(X,JY)JN, (6.2.12)
VxN = —AnX + 0, (X)N + 05(X)JN, (6.2.13)
VxJN = —A;yX — 05(X)N + 61(X)JN. (6.2.14)
Now locally define
Ey(X,PY) =g(VxPY,N), By (X, PY) = g(VxPY,JN),
$1(X) = gV, V), Ya(X) = g(V&, IN),
n(X) =g(VxJ¢ N), 72(X) = g(Vx JE, JN).
Then, (5.1.15), (5.1.26) and (5.1.27) become
VxPY =V5Y + E (X, PY)N + E3(X, PY)JN, (6.2.15)
Vx€ = —A;X + 1 (X)E + 1o (X) JE, (6.2.16)
VxJE = —A7.X + 1 (X)E +m(X)JE. (6.2.17)
Using (6.1.2) and (6.1.5) we get
Ey(X,PY) = —FE1(X,JPY), 71(X) = —a(X), (6.2.18)
T72(X) = 1(X). (6.2.19)
Now, since g(&, JN) =0 and g(¢, N) = 1, from (6.1.5) we have
P2 (X) = 02(X), (6.2.20)
P1(X) = —01(X). (6.2.21)
Thus (6.2.15)—(6.2.17) become
VxPY =V%Y + E1(X,PY)N — E1(X,JPY)JN, (6.2.22)
Vx€ = —A{X — 01(X)E + 05(X) JE, (6.2.23)

VxJE = —A5X — 02(X)E — 01(X) JE. (6.2.24)
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Theorem 6.2.8. [159] Let M be a complex lightlike hypersurface of an indefi-
nite Kdhler manifold with an integrable screen S(T'M). Suppose (M', g') is a
non-degenerate submanifold of M, with M’ a leaf of S(T'M). Then M is totally

geodesic, with an induced metric connection if M’ is an immersed submanifold of
M.

Proof. We denote the second fundamental form of M’ by h’. Since M is a complex
lightlike hypersurface, dim(ltr(TM)) = 2. Thus we can write

R{(X,Y)=aN + 3JN
where o and 8 are functions on M. Thus h'(X, €) = 0 if and only if g(h'(X, €), &) =
g(h'(X,€),J€¢) =0 for X € T(Rad TM). From (5.1.33) we have g(h!(X,¢),£) = 0.
Using (6.2.4) we get
g(h'(X.€), 7€) = —g(Jh'(X.€).€) = ~g(h'(JX,€),€) = 0.
In a similar way we have h'(X, J¢) = 0. From (5.1.15) we get
VxY =ViY +h(X,Y)

for X, Y € T(S(TM)), where V' is a metric connection on M’. Thus from (6.2.12)
and (6.2.22) we obtain

h’/(Xv Y) = El(X7 Y)f - El(X7 Y)jé. =+ Dl(X7 Y)N - Dl(Xa jY)jN
=E(X,Y)f - B (X,Y)JE+h(X,Y) (6.2.25)

for any X,Y € I'(S(T'M)). On the other hand we have

g(X,Y) = g(X, ) eg(Y, X)X + g(Y, N)¢ + g(Y, TN) J€)
=1
=Y &q(Y, X)g(X, X,)
=1

which implies
g(X,Y) =g (X,Y) (6.2.26)

for any X,Y € I'(T'M). Thus from (6.2.25) and (5.1.27) the proof is complete. [

Example 5. Let (M, g) be a 4-dimensional real lightlike submanifold of a 6-dimen-
sional Kihler manifold M with Rad TM of rank 2. Thus dim(S(T'M)) = 2 and
M is coisotropic. Let S, be a fiber of S(T'M) at € M. Then, the complexified
tangent subspace T¢(S) admits a canonical endomorphism Jy, satisfying J2 = —I,
which defines a complex structure on S¢, induced from .J, such that

TE(S) = Tu(S9) 4 ® Tu(S%)_, To(S9)Et = {z € T(S) : Jyz = +iz}.
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Let (K§ C TS(M) be defined by a canonical map: (K§), — (S%)z. Using the
above equation and the onto projection (K§), — (S%)s, one can show that each
(K$ )z is a complex 1-dimensional lightlike holomorphic sub-bundle of T M. Choose
K$ = H and let Rad TM = Re(H+H). It is easy to see that Rad T'M is involutive
and has a complex structure Jg.qra satisfied by Jlg{ad rm = —IRad TMm, Which
is induced from the complex structure J, with H = {X — iJraarmX : X €
RadTM}. Thus M is an invariant (complex) coisotropic submanifold of M.

Null sectional curvature and induced Ricci tensor. Let M be a complex light-
like hypersurface of an indefinite complex space form M (c). We denote the null
sectional curvature of M by K¢(M) given by

g(R(X,§)¢, X)

ReM) === % %)

where X is a non-null vector field on M. From(6.1.6) and (5.3.11) we have
9(R(X,6)E,X) = —g(h* (¢, X), 1" (X, €)) + g(h' (&, €), h* (X, X))
Since rank of Rad T'M is two we can write
h*(Y,PZ) = h*1(Y,PZ)¢ + h*y(Y, PZ)J¢
where h*1(Y, PZ) and h*y(Y, PZ) are functions on M. Thus we obtain
g(R(X,6)€,X) = —h*1(& X)g(¢, (X@%—*( X)g(J&, h'(X, €))
+h*1 (X, X)g(&, hH (&, €)) + b2 (X, X)g(J. M@s»
Using (6.2.4) we have
g(R(X,6)€,X) = —h"1(&, X)g(&, h' (X e»—-*( X)g(&, h'(JX,£))
+ (X, X)g(E P&, €)) + B2 (X, X)g(€, b (€, TE)).
Thus from (5.1.33) we obtain K¢(M) = 0. This proves the following:

Corollary 6.2.9. [159] There exist no complex lightlike hypersurface with positive
or negative null sectional curvature in an indefinite M(c).

For geometric reasons, we assume that the tensor R(*:?) (introduced in Sec-
tion 2) is symmetric and, therefore, it is the Ricci tensor (denoted by Ric) of a
complex lightlike hypersurface of an indefinite complex space form. Then we have

Ric(X,Y) =Y eig(R(X, €)Y, ;) + g(R(X, )Y, N) + g(R(X, JE)Y, JN).

=1
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Using (6.1.6), (5.1.28) and (5.3.11) we obtain

m

Rie(X.Y) = —3 (0 +2)g(PX. PY) + 3~ ei{~g(h’ (ei.ei). (X, 1)
g(h* (X, e;), bl (e;, Y))} + g(AnE MH(X,Y))
— g(ANJE RH(TX,Y)). (6.2.27)

Corollary 6.2.10. [159] Let M be a complex lightlike hypersurface of an indefinite
complez space form. Then the Ricci tensor of M is degenerate.

Proof. Setting Y = £ in (6.2.27) we obtain

Ric(X,§) = +Zel{ g(h* (e, e0), W' (X, €)) + g(h* (X, e3), h' (e, €))}

Q(ANS h'(X,€)) — g(AnJE R (T X, €)). 0

Thus, the same way as in the proof of the previous corollary, from (6.1.2),
(5.1.33) and (6.2.3) we obtain Ric(X, £) = 0. Hence we have the following corollary.

Corollary 6.2.11. [159] There exists no complex lightlike hypersurface with positive
or negative Ricci tensor in an indefinite complex space form.

Finally, we note that invariant lightlike submanifolds have been studied in
[180] and [272], by using a different method.

6.3 Screen real submanifolds

In this section, we study a class of submanifolds which may be considered as
a lightlike version of totally real (non-invariant) submanifolds of Riemannian
Kéhler manifolds [410]. We look for those lightlike submanifolds for which the non-
degenerate screen distribution is totally real with respect to the complex structure
operator J. Such submanifolds are called screen real submanifolds, defined as fol-
lows:

Let (M, g,S(TM)) be a lightlike submanifold of an indefinite Kéhler manifold
(M,g). Then, M is called a screen real submanifold of M [159] if RadTM is
invariant and S(T'M) is anti-invariant with respect to J, i.e.,

J(RadTM) = Rad T M, (6.3.1)
J(S(TM)) C S(TM™4). (6.3.2)

It follows from the above definition that,

J(r(TM) =ltr(TM) and J(pu) = p,
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p is the complementary orthogonal vector sub-bundle to J(S(TM)) in S(TM™).
Moreover, any screen real lightlike 3-dimensional submanifold must be 2-lightlike.

Example 6. Consider in RS the submanifold M given by the equations

r1 = x5 tanh o — xg sech a,
T9 = x5 secha — xg tanh «,

Ir3 = X4.
Then tangent bundle TM and normal bundle TM+ of M are spanned by

74 = tanh adxy + sech adxy + Oxs,
Zy = —sech adxy — tanh adxs + Oxg,
Z3 = 0x3 + Ozy,

&1 = tanh adxq + sech adxo + Oxs,
&5 = —sech adxry — tanh adxs + dxg,
W = —0x3 + Oxy.

Then we can easily see that M is a 2-lightlike submanifold with RadTM =
Span{&1, &2 }. Moreover Rad T'M is invariant with respect to canonical complex
structure J of RS. On the other hand S(TM) is spanned by Z3 and JZ3 = W.
We obtain the lightlike transversal bundle spanned by

1
N, = —E(tanh adzy 4 sech adxs — ),

1
Ny = —5(— sech «dzq + tanh adxs — dxg).

Hence we obtain that ltr(T'M) is also invariant with respect to J. Thus, M is a
screen real lightlike submanifold of RS.

For a screen real lightlike submanifold M, using (5.1.15), (5.1.23), (6.3.1) and
(6.3.2) we obtain
~Ajy X + V5 JY + DX, JY) = fVxY +wVxY + Bh¥(X,Y)
+Ch*(X,Y) + JhY(X,Y)

for X, Y € I'(S(T'M)). Comparing the tangential and transversal parts of both
sides of this equation, we find

—AjvX = fVxY + Bh(X,Y), (6.3.3)

V%JY =wVxY + Ch*(X,Y), (6.3.4)

DY(X,JY)=Jh(X,Y), VX,Y eT(S(TM)). (6.3.5)
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In a similar way, from (5.1.22) we have
(&1, J6) = —JAL &, V&,& € T(Rad TM). (6.3.6)

Now we deal with the integrability conditions of two distributions.

Proposition 6.3.1. Let (M, 9, S(TM)) be a screen real lightlike submanifold of an
indefinite Kdahler manifold M. Then the screen distribution S(TM) of M is inte-
grable if and only if

AjxY — Ajy X € T(S(TM)), VX,Y € T(S(TM)). (6.3.7)
Proof. Interchanging X and Y in (6.3.3) and subtracting we have

—Ajn X+ AjxY = fIX,Y], VX,Y eT(S(TM)). (6.3.8)
Thus [X,Y] € T'(S(T'M)) if and only if (6.3.7) is satisfied. O
Proposition 6.3.2. Let (M, g, S(TM)) be a screen real lightlike submanifold of an

indefinite Kahler manifold M. Then, the radical distribution RadTM of M is
integrable if and only if

Af b= AL, V&, & € T(RadTM). (6.3.9)

Proof of above is similar to the case of invariant lightlike submanifolds.

We know from previous sections that the induced connection V on M is not
a metric connection in general. Thus it is important to find which class of lightlike
submanifolds have induced metric connection. In this respect, the following the-
orem is important because it shows that the induced connection on irrotational
screen real submanifolds of indefinite Kahler manifolds is a metric connection.

Theorem 6.3.3. There exists a Levi-Civita metric induced connection on an irro-
tational screen real lightlike submanifold M of a Kdhler manifold. Consequently,
the radical distribution of M is Killing.

Proof. From (6.2.6), an irrotational M implies h!(¢, X) = h*(X,¢) = 0 for any
X € I(TM) and ¢ € T(RadTM). From (5.1.15) g(h'(X,Y),€) = §(VxY,£).
Thus, from (6.1.5) we obtain g(h!(X,Y),€) = g(Vx JY, J¢). V being a metric con-
nection, we have g(h'(X,Y),€) = —g(JY, Vx J¢). (5.1.15) implies g(h! (X, Y), &) =
g(JY,hi(X, J€)). Since M is irrotational, we have g(h!(X,Y),&) = 0. Hence,
hY(X,Y) = 0 Then our first assertion follows from (6.2.6). The second assertion is
then immediate, which completes the proof. O

Due to geometric and physical importance of the existence of a metric connec-
tion, we now focus on the study of irrotational screen real lightlike submanifolds.
See [159, 160] on this topic, which also have some more general results.

Proposition 6.3.4. The radical distribution of an irrotational lightlike submanifold
M, of an indefinite Kahler manifold M, defines a totally geodesic foliation on M.
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Proof. The radical distribution defines a totally geodesic foliation if and only if
9(Ve &2, W) = 0 for &,& € I'(RadTM) and W € I'(S(T'M)). From (5.1.15)
we have g(Ve, &, W) = g(Ve, &, W). Since V is a metric connection, we have

9(Ve, 6o, W) = —G(&, Ve, W). Using (5.1.15) here, we obtain g(Ve, &, W) =
—g(&2, hH (&1, W)). Since M is irrotational, h!(¢;, W) = 0. Thus, we conclude that
9(Ve, &, W) = 0 which proves our assertion. O

Theorem 6.3.5. Let (M, g, S(T'M)) be an irrotational screen real lightlike subman-
ifold of an indefinite Kdhler manifold M with an integrable screen distribution
S(TM) and M’ be a leaf of S(TM). Then,
o M’ is totally umbilical in M if and only if M' and M are totally umbilical
m M and M respectively.

o IfM'isa totally geodesic submanifold of M, then M is also a totally geodesic
submanifold of M.

Proof. Let X,Y € I'(TM). Then, we have
g(X,Y)=g Zm )& + PX,Y) = g(PX,PY) = ¢'(X,Y)

where ¢’ is the semi-Riemannian metric of M’. On the other hand for irrotational
M we have h! = 0, h*(£,X) = 0 for ¢ € T(RadTM) and X € T'(TM). From
(5.1.15) we have VxY = V4 Y + ' (X,Y), VX,Y € ['(S(T'M)), where V' and h/
are the metric connection of M’ and second fundamental form of M’, respectively.
Thus we have b/(X,Y) = h*(X,Y) + h¥(X,Y), for X,Y € I'(S(T'M)), which
completes the proof. O

Theorem 6.3.6. An irrotational screen real lightlike submanifold M of M is mini-
mal if and only if tr Aw, = 0 on S(TM), W; € T(S(TM™1).

Proof. Theorem 6.3.3 tells that an irrotational screen real lightlike submanifold M
admits an induced metric connection, so h' = 0. Moreover, M irrotational implies
h*(X,€) =0 for X € T(TM) and £ € T'(RadTM). Thus, h* = 0 on RadTM.
Hence, M is minimal if and only if tr h®(e;, e;) = 0, where {e;} is an orthonormal
basis of S(T'M). It follows from (5.1.28) that

n—rm-—r
1

g E AW 61762 Js
Y. _

J: :

which completes the proof. O

tr hs(ei, 61') =
n

Curvature properties. Suppose that the ambient manifold M is of constant holo-
morphic sectional curvature ¢. Then from (6.1.6) and (5.3.11) we have

R(X,Y)Z = g{g(Y, 2)X = g(X, )YV} + Ay X (6.3.10)
— Ahl(Xﬁz)Y + Ahs(yyZ)X — AhS(X,Z)Y
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for any X, Y € T(TM). Using (5.1.22) and (6.3.10) we obtain

9(R(X,Y)Z,N) = {g(Y Z2)g(X,N) — g(X, Z)g(Y,N)}

+ G(ANX,RN(Y, Z)) — G(ANY, W (X, Z))
+g(D*(X,N),h*(Y, 2))
—g(D*(Y,N),h*(X,Z)), X,Y € (T M) (6.3.11)

and N € I'(ltr(T'M)). From (5.1.28) and (5.1.31) we derive

3(R(X.Y)Z,T) = Hg(Y, 2)g(X,T) - g(X, Z)g(Y.T)}
—g(h*(Y,T),h' (X, 2)) +

+g(h* (X, T), h*(Y, 2))Y

—g(h*(Y,T),h’ (X, 2)), (6.3.12)

g(h*"(X,T), h'(Y, 2))

for any Y, T € T'(S(T'M)). From (6.3.12) we have the null sectional curvature of a
screen real lightlike submanifold as follows:

Ke(M) = ||X||{ g(h* (&, X), h'(X, ) + g(h* (X, X), B (€, £))

g(r*(&, X), h*(X,€)) + g(h* (X, X), h*(£,€))} (6.3.13)
where X is a non-null vector field on S(T'M). Thus we have the following:

Theorem 6.3.7. There exist no irrotational screen real lightlike submanifolds of an
indefinite M (c) with positive or negative null sectional curvature.

As we have seen from section 1 of Chapter 5, the induced connection on a
lightlike submanifold is not a metric Levi-Civita connection in general. As a result
of this, the (0,2) type R(®? tensor (deduced from the curvature tensor) is not
symmetric. For an irrotational M we prove the following:

Theorem 6.3.8. An irrotational screen real lightlike submanifold of M(c) admits a
symmetric Ricci tensor.

Proof. From the definition of screen real lightlike submanifold, we have

ROD(X Y) = Zelg (X, X))V, X)) —i—Zg (X,&)Y,N;)

i=1 j=1
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for any X,Y € I'(T'M). Thus, from (6.3.12) and (6.3.13) we have

RO2(X,Y) = Zg (AN, &, 1 (X,Y))
_g(ANanh (gj’ )) (Dé(gjv ) hé(X Y))
— g(D*(X, Nj), h*(&;,Y)) + Z ei{g(h* (X, Xi),h'(X,Y))

—g(h* (X, Xy), W (Y, X;) + g(hs(Xi,Xi), r(X,Y))
—g(h°* (X, X;), b (X;, )} (6.3.14)

h! = 0 for an irrotational M screen real lightlike submanifold, hence,

ROD(X)Y) = ( 9(X,Y) +Zg °(&,N;), p°(X,Y))

+Zez{g (X4, X3), 1 (X, Y) = g(h* (X, X3), h* (X3, )}

Thus, the proof is complete from above equation. O

6.4 Screen CR-lightlike submanifolds

In two previous sections we have seen that, just like the initial development of Rie-
mannian submanifolds [314, 410], we have two main sub-classes, namely, invariant
and screen real lightlike submanifolds of Kéhlerian manifolds. We also know that
Bejancu [45] introduced a generalized concept of Riemannian submanifolds, called
Cauchy-Riemann (CR) submanifolds, which is an umbrella of a variety of sub-
manifolds including invariant and totally real submanifolds. On the other hand,
we know from Duggal-Bejancu’s book [149] that CR-lightlike submanifolds do not
include invariant and screen real submanifolds. For this reason the authors of this
book introduced a new class, called Screen Cauchy-Riemann lightlike submanifolds
(briefly, SCR) of an indefinite K&hler manifold [159], which includes invariant and
screen real as its two sub-cases. In this section, the objective is to collect all the
results published in [159].

Definition 6.4.1. [159] Let (M, g, S(T'M)) be a lightlike submanifold of an indefinite
Kéhler manifold (M, g). We say that M is a SCR-lightlike submanifold of M if the
following conditions are satisfied:

(1) There exist a real non-degenerate distribution D C S(T'M) such that
S(TM)=D LD+, DnD*+ = {0},
J(D) =D, JD* C S(TM™), (6.4.1)
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where D+ is orthogonal complementary to D in S(T'M).
(2) RadT'M is invariant with respect to J.
It follows that ltr(7°M) is invariant with respect to J, that is,

Jltr(TM) = ltr(TM). (6.4.2)
Thus, the tangent bundle of M is decomposed as
TM =D Goren D, (6.4.3)

where
D' =D Bopen Rad T M. (6.4.4)

Denote the orthogonal complement to the JD* in S(T M=) by Dy. Then,
tr(TM) = 1tr(TM) ®oren JD L Dy. (6.4.5)

We say that M is a proper SCR-lightlike submanifold of M if D # {0} and D+ #
{0}, that is, M is an r-lightlike submanifold of Case A. Note the following special
features:

(a) Condition (2) implies that dim(Rad T M) = 2p > 2.

(b) For a proper M, dim(D) = 2s > 2 and dim(ltr(TM)) = dim(RadTM) =

2p > 2. Thus, dim(M) > 5, dim(M) =2k > 8.
(¢) There exist no proper SCR-lightlike hypersurfaces.
(d) Any proper SCR-lightlike 5-dimensional submanifold must be 2-lightlike.
Example 7. Let M be a submanifold of R§ given by equations
L1 =uUup —uUz, T5=—U2— U3,
Ty = ur +uz, Te= Ty = U1,
T3 = U4, T4 =Us, T = Uz — U3.

Then the tangent bundle of M is spanned by

Zy = 0x1 + Oxg + Oxg + Oxr, Zy = —0x1 + Oxg — Ox5 + Oxs,
Zg :6335—6:58,24 :(933‘3, Zs :8:1:4.

Thus M is a 2-lightlike submanifold with RadTM = Span{Z;, Z>}. By using the
canonical complex structure of RS, we see that JZ; = Z, and JZ, = Zs, that
is RadTM and Dy = Span{Z,, Zs} are invariant with respect to .J. Moreover,
S(TM+*) is spanned by W = —0xg + Oz7. Hence, a lightlike transversal vector
bundle ltr(T'M) is spanned by

N, = %(—6901 — Oy 4 Oz + Oa7), Ny = i(axl — 0wy — Ows + Oug).
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It is easy to check that ltr(T'M) is invariant with respect to J. Moreover, W = J Z3.
Thus, D = Span{Z1, Z», Z4, Z5} and D' = Span{Zs}, i.e., M is a SCR-lightlike
submanifold of RS.

We denote by n; the complex dimension of the distribution D and by ny the
real dimension of the distribution D+. Then for n; = 0, we get D' = RadTM
which is invariant with respect to J. In this case, a SCR-lightlike submanifold
becomes a screen real submanifold. For ny = 0, we have TM = D’ which is
invariant. Thus, in this case, a SCR-lightlike submanifold becomes an invariant
lightlike submanifold. Hence, we conclude that SCR-lightlike submanifolds contain
invariant and screen real submanifolds as particular subspaces. We say that M is an
anti-holomorphic SCR-lightlike submanifold if no = dim S(T ML), i.e, Dy = {0}.

Let M be a coisotropic SCR-lightlike submanifold of an indefinite Kahler
manifold M. Then, S(TM~1) = {0} which implies that D+ = {0}. Hence, TM =
D', so M is invariant. Similarly, if M is an isotropic or totally lightlike submanifold,
then, M is invariant. Hence, the proper and screen real SCR-lightlike submanifolds
must be r-lightlike. Thus we have

Proposition 6.4.2. There exist no screen real SCR coisotropic or isotropic or totally
lightlike submanifolds of a Kdhler manifold.

On existence of a SCR-lightlike submanifold, we prove the following:

Theorem 6.4.3. Let M be a 2r-lightlike submanifold of a real 2k-dimensional in-
definite almost Hermitian manifold M such that dim(S(TM*)) = 1. If RadTM

is invariant with respect to J and r < 5 then M is a proper SCR-lightlike sub-
manifold of M, where m = dim M

Proof. Since Rad T'M is invariant with respect to J, ltr(T'M) is also invariant with
respect to J. We take a screen transversal vector bundle S(T'M~*) = Span{W}.
Then from (6.1.2) we have

gIW, &) = g(W, J&) = 0,§(JW, W) = 0.

Since S(TM+) is one-dimensional, we deduce that JS(TM*) is a distribution on
M. Thus we can choose a screen vector bundle containing J(S(TM=1). Then there
exists a vector bundle D of rank m — (2r + 1) such that

S(TM)=J(S(TM*))®D (6.4.6)

where D is a non-degenerate distribution; otherwise S(7T'M) would be degenerate.
Moreover, from (6.1.2) and (6.4.6) we obtain

g(JX,JW) = g(X,W) =0,
GIX, W) = —g(X,JW) =0,
g(JX,N)=—g(X,JN)=0.

Since ltr(TM) is invariant with respect to J, we conclude that D is an almost
complex distribution on M, which completes the proof. U
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Now we prove a characterization theorem which is the lightlike version of
Blair-Chen’s characterization Theorem 6.1.12 for the Riemannian case.

Theorem 6.4.4. Let M be a lightlike submanifold of an indefinite complex space
form with ¢ # 0. Then M is a SCR-lightlike submanifold with D # {0} if and only
if the following conditions are fulfilled:

(a) The mazimal complex subspaces of T,M, p € M define a distribution D' =
Rad TM ®ortn D, where D is a non-degenerate almost complex distribution.

() g(R(X,Y)Z,W) =0, VX,Y € (D) and Z,W € T'(D+), where D+ is the
orthogonal complementary distribution to D in S(TM).

Proof. If M is a SCR-lightlike submanifold, then D' = RadTM @opn D. If X €
I(TM) and Y € T'(Rad T M), then from (6.1.2) we have (b). If X, Y € I'(D) then
since D+ is orthogonal to D, using (6.1.2) we obtain (b). Conversely, from (a)
JRad T'M is a distribution on M and D holomorphic implies J Rad TMND = {0}.
From (b), (6.1.2) and (6.1.6) we derive

9(R(§,Y)Z,JZ) = —24(JE,Y)(Z,Z) =0,

foré e T(RadTM),Y € I'(D+) and Z € T'(D). Since D is a non-degenerate almost
complex distribution on S(7T'M) there exists at least a non-null vector field. Hence
g(JE,Y) = 0. Thus RadT M is invariant with respect to J. Similarly, we have

G(R(JX,X)Z,W)=—2g(X,X)g(JZ,W) =0

for X € I'(D) and Z,W € I'(D+). Hence JD;- is orthogonal to Dj-. Since D is
holomorphic, ijl is also orthogonal to D. Moreover, since ltr(T'M) is invariant
with respect to J, we obtain JD, € T(S(TM™))],. O

As studied in previous sections, it is desirable to find conditions for an inte-
grable screen distribution of M. For this let M be a SCR-lightlike submanifold of
an indefinite Kéahler manifold M. For each vector field X tangent to M, we put

JX = PX +wX (6.4.7)

where PX and wX are respectively the tangential and the transversal parts of
JX. From (6.4.4)—(6.4.5) we obtain PX € I'(D’') and wX € I'(JD1). Also, for
each vector field V transversal to M, we put

JV =BV +CV (6.4.8)

where BV and CV are respectively the tangential and the transversal parts of JV .
From (6.4.3) and (6.4.5) we have BV € I'(D+) and CV € T'(Itr(TM) L Dy). We
note, if V€ T'(S(TM+1) then CV € T'(Dy). Now applying J to (6.4.7) we obtain
—X = P%2X. Hence we have

P’ + P =0,
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that is, P is an f-structure ([413]). Using (6.1.5), (5.1.15), (5.1.22), (5.1.23),
(6.4.7), (6.4.8), we obtain

(VxP)Y = A,y X + Bh*(X, PY), (6.4.9)
hl(X,PY) = —DY(X,wY) + Jh'(X,Y), (6.4.10)
(Vxw)Y = —h*(X, PY) + Ch*(X,Y) (6.4.11)

for any X, Y € I'(TM), where (VxP)Y = VxPY — PVxY and (Vxw)Y =
ViwY —wVxY. P is called parallel if (VxP)Y =0 for any X,Y € I'(T'M).

Theorem 6.4.5. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then, the screen distribution of M 1is integrable if and only if the
following three conditions are satisfied:

g(ANY,JX) = g(ANX,JY), VX,Y €I'(D), (6.4.12)
g(D* (X, N)jY) = g(D*(Y, N)JX), VX,Y ¢ F(DJ‘) (6.4.13)

and
g(ANY,JX) = —g(D*(X,N)JY), ¥X cI(D), VY ¢ F(Dl). (6.4.14)

Proof. Since M is a Kihler manifold we have df) = 0, where d is the exterior
derivative and €2 is the fundamental 2-form of M. Hence we have dQ(X,Y,N) =0
for X, Y e T(S(T'M) and N € T'(Iltr(T'M)). Thus we get

0= Ng(X, JY) — §([X, Y], JN) — §([¥, N], TX) — g(IN, X], JY).  (6.4.15)
Using (6.1.2), (6.1.5), (5.1.22) and V and V torsion free, we obtain
31X, Y], JN) = (ANY. JX) — (D" (Y. N), JX)
—g(ANX,JY) —g(D*(X,N),JY)
for X,Y € I'(S(TM) and N € T'(Itr(T'M)). Since S(TM) =D L D+, for X,Y €

['(D) we have (6.4.12), for X € I'(D) and Y € I'(D) we have (6.4.13) and for
X,Y € T(D+) we get (6.4.14), which completes the proof. O

Theorem 6.4.6. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then, the screen distribution of M defines a totally geodesic foliation
on M if and only if:

1. A7y X has no components in RadT M.
2. ANX has no components in D, VX € T(TM) and Y € T'(D%).
Proof. From (6.1.2),(6.1.5) and (5.1.23) we get
§(VxY,N)=—g(As;yX,JN)

for any X € I'(TM) and Y € I'(D1). On the other hand from (5.1.15) and
(5.1.31) we obtain g(VxY,N) = g(h*(X,Y),N) = g(AnX,Y), for X € T'(TM)
and Y € I'(D). Since S(TM) = D L D=+, the proof is complete. O
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Theorem 6.4.7. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. The distribution D’ is integrable if and only if
h(X,JY)=h(JX,Y), VX,Y €T (Dy). (6.4.16)
Proof. From (6.1.5),(5.1.15),(6.4.7) and (6.4.8) we obtain
h(X,JY) =wVxY + Ch(X,Y)

for any X,Y € I'(Dp). Then taking into account that h is symmetric and V is
torsion free, we obtain

h(X,JY) — h(JX,Y) = w[X,Y]

which completes the proof. O

In [159], we have already obtained necessary and sufficient conditions for
integrable distribution D+. Here, we prove a stronger result.

Theorem 6.4.8. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then the following assertions are equivalent:

1. g(D*(W,N),JZ) = g(D*(Z,N), JW),VZ, W € I'(D*), N cTI'(Itx(TM)).
2. Ap is self-adjoint on D' with respect to g.
3. Dt is integrable.

Proof. First, we notice that D1 is integrable if and only if g([Z, W],JX) =
9([Z,W],JN) = 0 for Z,W € I'(D*), X € I'(D) and N € I'(ltr(T'M)). Since
M is a K&hler manifold, we have dQ2 = 0, hence we obtain dQ(X,Z, W) = 0 for
X €I'(D) and Z,W € I'(D1). Then, we get

3dO(X, Z, W) = —Q(|Z, W], X) = ¢([Z, W], JX) = 0. (6.4.17)

Thus, it is enough to investigate the condition g([Z, W], JN) = 0.
(1)=(2): From (5.1.22), we have

g(D*(W,N),JZ) = g(VwN, J Z).
Using (6.1.2) and (6.1.5) we get
§(D*(W,N), Z)) = —g(Vw JN, Z).
Then, from (5.1.22), we obtain, g(D*(W, N),JZ) = g(AjxyW, Z). Hence, we have
g(D*(W.N), JZ) = g(D*(Z,N), JW)

which implies g(A;yW, Z) = g(AjnZ, W).
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(2)=(3): Since V is a metric connection, from (5.1.14), we have
G2, W), IN) = g(W, A1y Z) — g(A;x W, Z).
Since A jy is self-adjoint on D+ we derive
3(12, W], JN) = 0. (6.4.18)

Then, from (6.4.17) and (6.4.18) we conclude that D+ is integrable.

(3)=(1): From V a metric connection, integrable D+ and (6.1.2), we get
9([Z,W],JN) = —g(VzN,JW) + g(VwN, JZ).
Using (5.1.22) we get
g(D*(W.N), JZ) — g(D*(Z,N), JW) =0
which completes the proof. 0

Corollary 6.4.9. Let M be a SCR-lightlike submanifold of an indefinite Kdihler
manifold M .Then Radical distribution is integrable if and only if

g(h'(&. 2),¢) = g(h' (€. 2),9), (6.4.19)
g(h*(&, 7€), JW) = g(h*(JE, &), JW) (6.4.20)

for any £,&' € T(RadTM), Z €T(D) and W € T'(D1).
Proof. By Definition 6.4.1, Rad T M is integrable if and only if
9(:€'),2) = g([§, €, W) =0, V¢ & €T(RadTM)

for any Z € I'(D) and W € T'(D+). Thus from (6.1.5) and (5.1.13) we have

9([¢,€'),T2) = g(h'(&, 2), &) — g(h' (€, 2),€). (6.4.21)

Using (6.1.2) and (5.1.13) we obtain
9([6, €] W) = g(h*(&, JE), JW) — g(h*(JE, &), JW). (6.4.22)
Thus from (6.4.21) and (6.4.22) the proof of the corollary is complete. 0

Similarly, we have the following corollary.

Corollary 6.4.10. Let M be a SCR-lightlike submanifold of an indefinite Kahler
manifold M. Then the distribution D is integrable if and only if Ay is self adjoint
on D and

9(Asw X, JY) = g(Ajw Y. JX) (6.4.23)

for any X, Y € T(D), N € T(ltr(TM)) and W € T(D+).
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Theorem 6.4.11. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then, the following assertions are equivalent:

(1) h%(X,JY) has no components in JD+ for X,Y € I'(D’).

(2) g(J¢,DN(X,JZ)) = 0 and Aj,X has no components in D for X € T'(D'),
€ e "(RadTM) and Z € (D).

(3) D’ defines a totally geodesic foliation on M.
Proof. (1) = (2). From (5.1.28) we have

for any X,Y € I'(D') and Z € T'(D+). Taking Y = ¢ € T(RadTM) in this

equation we have

g(h*(X,JY),JZ) = —g(JY, D' (X, W)).

Hence we have g(J¢, DX, JZ)) = 0 for X € ['(D'), ¢ € T(RadTM) and Z €
[(D1). If we take Y € T'(D) we obtain

g(h‘é(Xa jY)a jZ) = g(AjZX7 jY)

Hence A ;X has no components in D.
(2) = (3). V is a metric connection and from (5.1.15), (5.1.23) we have

9(VxY,Z)=g(JY,A;,X) — g(D"(X,JZ),]JY) =0

for any X,Y € T(D') and Z € T(D"). Hence we have VxY € I'(D').
(3) = (1). From (6.1.2) and (5.1.15) we get g(VxY, Z) = g(h*(X,JY), JZ),
for any X,Y € I'(D’) and Z € I'(D4). Since VxY € I'(D’), (1) holds. O

Theorem 6.4.12. Let M be a SCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then, the following assertions are equivalent:

(1) Ajy X has no components in D' for X,Y € T'(D4).

(2) h*(X,JZ) and D*(X,JN) have no components in JD+ for X € I'(D+) and
Z e T(D).

(3) D+ defines a totally geodesic foliation on M.

Proof. (1) = (2). Suppose that Aj-X has no components in D’. Then from
(5.1.28) we obtain

0=g(ApnX,JZ)=g(h*(X,JZ),JY)

for X,Y € I'(D+) and Z € (D). Hence h*(X,JZ) has no components in JD+.
On the other hand using (6.1.2),(5.1.15) and (5.1.22) we obtain

0=g(AjyX,JN) =g(JY,D*(X,JN)), VX,Y eT(D}).
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Hence, D*(X, JN) has no components in JD>.
(2) = (3). By definition, a SCR-lightlike submanifold, D+ is parallel if and
only if ¢(VxY,Z) = g(VxY,N) = 0 for X,Y € I'(D!), Z € I'(D) and N €

I'(ltr(TM). Using (6.1.2), (6.1.5), (5.1.15) and taking account that V is a metric
connection we have

9(VxY,2) = —g(JY,h*(X,JZ)) = 0
for X, Y € T(D1) and Z € T(D). In a similar way we get
§(VxY,N)=g(JY,D*(X,JN)) = 0.

Thus D+ defines a totally geodesic foliation on M.
(3) = (1) Suppose that D+ is parallel, then from (5.1.15), (6.1.2), (6.1.5)
and (5.1.23) we obtain

9(VxY,Z) = g(A;y X, JZ) =0
for X,V € T(D1) and Z € T'(D). In a similar way we have
9(VxY,N) = —g(A;y X, JN) = 0.
Hence the proof is complete. O

We say that M is a mized geodesic SCR-lightlike submanifold if its second
fundamental form h satisfies h(X,U) = 0 for X € I'(D’) and U € I'(D1). From
(5.1.14), it is easy to see, if M is mixed geodesic then we have

(X, U)=0 and hY(X,U)=0.

Corollary 6.4.13. Let M be a mized geodesic anti-holomorphic SCR-lightlike sub-
manifold of an indefinite Kahler manifold M. Then DL defines a totally geodesic
foliation on M if and only if D*(Z,JN) =0 for Z € I'(D*) and N € T'(tr(TM)).

Proof. From (5.1.23), (5.1.15) and (6.1.2) we have
9(VzW, X) = g(VzJW, JX)
for X € I'(D) and Z, W € I'(D*). Then, using again (5.1.15) we get
9(V W, X) = —g(h* (JX, 2), JW).

Since M is mixed geodesic anti-holomorphic, we get g(VzW, X) = 0. In a similar
way, from (6.1.2), (6.1.5), (5.1.15) and (5.1.23) we obtain

9(VzW,N) = —g(JW, D*(Z, JN))

which proves the assertion. O
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We say that a SCR-lightlike submanifold M of a Kihler manifold M is a
SCR-lightlike product if both distributions D’ and D+ are integrable and their
leaves are totally geodesic, i.e., M is locally a product manifold (M; x My, g) with

g =91+ 92

where g; is the degenerate metric tensor of the leaf M of D' and g9 is the non-
degenerate metric tensor of the leaf My of D+. For a mixed geodesic SCR-lightlike
submanifold, we have the following;:

Theorem 6.4.14. A mized geodesic SCR-lightlike submanifold M of an indefinite
Kdhler manifold M is a SCR-lightlike product if and only if:

(1) Aj;X has no components in D for X € T(D'), Z € T(D1),
(2) For X e T(D') and Z € T(D+), DY(X,JZ) = 0,
(3) Az W has no components in RadTM for W, Z € T'(D4).

Proof. From (6.1.2) and (6.1.5), we have g(VxY,Z2) = g(VxJY,JZ) for X €
(D), Y € T(D) and Z € T(D). Then using (5.1.15), we get g(VxY,Z) =
g(h*(X,JY),JZ). Thus, (5.1.28) implies that g(VxY,Z) = g(Aj,X,JY) which
implies (1). In a similar way, for X € I'(D') and Y € T'(RadTM), we have
9(VxY,Z)=g(VxJY,JZ). Hence, we get g(VxY, Z) = g(h*(X, JY), JZ). Then,
from (5.1.28), we derive

g(vaa Z) :g(jval(Xa jZ))

which implies (2). Considering the definition of a SCR-lightlike product, it is
enough to prove that the third condition is satisfied if and only if D defines a to-
tally geodesic foliation on M. We note that D+ defines a totally geodesic foliation
if and only if g(VzW, X) = g(VzW, N) = 0. The first equation can be seen from
the proof of Corollary 6.4.13. On the other hand, from (6.1.2), (6.1.5) and (5.1.15),
we obtain g(VzW,N) = g(VzJW,JN) for Z,W € T(D+) and N € T'(itr(TM)).
Hence, using (5.1.23), we have g(VzW, N) = —g(A;,W, JN) which completes the
proof. O

Theorem 6.4.15. The induced connection V of a mized geodesic SCR-lightlike sub-
manifold M of an indefinite Kahler manifold M is a metric connection if and only

if A{X has no components in D for X € I'(D) and § € I'(RadT'M).

Proof. Since M is mixed geodesic, it follows that h!(X,Z) = 0 for X € T'(D) and
Z € T(D'). From Proposition 5.1.3, we have h!(£1,&) = 0 for &1, & € T'(Rad T M).
On the other hand, from (5.1.29) we get

g(A2X7 Y) = g(hl(Xv Y)vg)

for any X,Y € I'(D) and ¢ € I'(Rad T'M). Then, it is easy to see from the above
equation that h!(X,Y) = 0 if and only if A¢X has no components in D. Thus, it
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is enough to show that h!(Z, W) = 0 for Z,V € I'(D*). From (6.1.5) and (5.1.15)
we obtain g(ht(Z,W),€) = g(VzJW,JE). Since V is a metric connection and
J(DF) @oren Rad T M, we arrive at g(h'(Z, W), &) = —g(JW, VzJE). Then, using
(5.1.15), we derive

g(M(Z,W),€) = —g(JW, h*(Z, J¢)).
Then, mixed geodesic M implies that h*(Z, J¢) = 0. Hence, we get
g(h' (2. W),6) =0
which proves our assertion. O

If M is totally umbilical, then we have the following important result:

Theorem 6.4.16. The induced connection on a totally umbilical proper SCR-light-
like submanifold is a metric connection.

Proof. Using (5.1.14),(6.4.7), (6.4.8) and taking account that ltr(7'M) is invariant
with respect to J we have

PYX,JY) = Jh(X,Y)
for any X,Y € I'(T'M). Since M is umbilical we get
(X, JYYH' = g(X,Y)JH'.
Interchanging X and Y in this equation and subtracting we derive
g(X, JY)H' = 0.
Taking X,Y € I'(D) we have H! = 0. Then our assertion follows (5.1.39). O

Theorem 6.4.17. Let M be a proper SCR-lightlike submanifold of an indefinite
Kahler manifold. Then M is proper totally umbilical only if its anti-invariant
distribution D+ is one-dimensional. Moreover, J induces an almost contact metric
structure on S(T'M).

Proof. Let M be a totally umbilical proper SCR- lightlike submanifold. Then using
(5.1.13), (6.4.7) (6.4.8) and taking the screen transversal part we obtain

(X, JX)+wVxX+=Ch*(X,X)
for X € T'(D). Since M is totally umbilical we get
wVxX =0,9(X,X)CH® =0.
Hence we obtain

VxX € T(D), (6.4.24)
H® e T(JD). (6.4.25)
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Now using (5.1.15), (5.1.23), (6.4.7), (6.4.8) and taking the tangent part we obtain
—AswZ = fVzW + Bh*(Z,W)
for any Z, W € I'(D+). Hence we have
9(AjwZ,2) = —g(h*(Z,W), ] Z).
Since M is umbilical, using (5.1.28) we obtain
9(Z,Z)g(H®, JW) = g(Z,W)g(H*, JZ). (6.4.26)
Interchanging Z and W we get
gW,W)g(H®, JZ) = g(Z,W)g(H®, JW). (6.4.27)
Thus from (6.4.26) and (6.4.27) we have

9(Z,W)?

I ) = o DWW

g(H®,JZ). (6.4.28)

Since D+ is non-degenerate we can choose non-null vector fields Z and W. Thus us-
ing (6.4.25) in (6.4.28) we obtain either H* = 0 or Z and W is linearly dependent.
Now assume that D+ = Span{T'}. Let JT = W. For each vector field X tangent to
M, from (6.4.7) we obtain wX = n(X)W,VX € I'(T'M), where n(X) = eg(X,T).
Thus, from the above two equations, we have JX = ¢X +n(X)W. Applying J to
the last equation we get

P*X = =X +n(X)T, n(T) = 1.

Thus, ¢ defines an almost contact structure [66] on M. Suppose (M’,g’) is the
integral manifold of S(T'M), where ¢’ is the non-degenerate metric on M’. Then,
from (6.4.7) we obtain

9'(0X,0Y) = ¢'(X,Y) —en(X)n(Y),vX,Y € I(TM).

Thus (¢,T,g’,¢) defines a Riemannian [66] or Lorentzian [134] almost contact
structure on M’ according as € is +1 or —1, which proves the theorem. 0

Theorem 6.4.18. There is no totally umbilical proper SCR-lightlike submanifold in
a positively or negatively curved indefinite Kdhler manifold.

Proof. Suppose M is a totally umbilical proper SCR-lightlike submanifold of an
indefinite Kéhler manifold M with K; # 0. Taking into account (6.1.2) and
(5.3.11), we have

R(X,Z,Z,X)=R(X,Z,JZ,JX)
R(X,Z,JX,JZ)
—-3((Vxh*)(Z,JX), JZ)+ §(Vzh*)(JX,Z),JZ)
+3(D*(X,hN(2,JX),JZ) — g(D*(X,h(2,TX), ] Z)
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for any X € I'(D) and Z € r(ph). Since M is a totally umbilical proper SCR~
lightlike, we have h!(Z, JX) = 0,h!(X, JX) = 0. Thus we obtain

R(X, 72,2, X)=g((Vxh®)(Z, jX), jZ) + g((VZhS)(jX7 Z), jZ).
Hence we have

Ky (X,2)=-{9(VxZ,JX)+g(VxJX,Z)}g(H*,JZ)
+ {g(VZX, jX) + g(ijX, X)}g(HS7 jZ)

9(Z,X) = 0 and g(JX,X) = 0 imply g(VxZ,JX) = —g(Z,VxJX) and
9(VzX,JX)=—g(X,VzJX). Thus, K;;(X, Z) = 0 which is a contradiction. 0

Theorem 6.4.19. There exist no totally umbilical proper SCR-lightlike submanifolds
in any positively or negatively null sectional curved indefinite Kahler manifold M .

Proof. The proof is similar to that of Theorem 6.4.18. ]

Corollary 6.4.20. Let M be a totally umbilical proper SCR-lightlike submanifold of
an indefinite Kdahler manifold M. Then the radical distribution defines a totally
geodesic foliation on M.

Proof. By the definition of a SCR-lightlike submanifold RadT'M defines a to-
tally geodesic foliation if and only if g(VxY,U) = ¢(VxY,Z) = 0 for X,Y €
I'(RadTM), U € I'(D) and Z € T(D+) From (5.1.14) we have

g(VxY,U) =g(VxY,U) = —g(Y,VxU)

= _g(Yv hl(X’ U))
=0.

In a similar way we obtain g(VxY, Z) = 0 which proves our assertion. g

Theorem 6.4.21. Let M be a totally umbilical proper SCR-lightlike submanifold of
an indefinite Kihler manifold M with integrable screen distribution. Let M' be a
leaf of S(TM). If M’ is a totally geodesic submanifold of M, then M is also a
totally geodesic submanifold of M.

Proof. Let X, Y € T'(TM). Then we have
9(X,Y) = g ni(X)& + PX,Y) = g(PX,PY) = ¢(X,Y)
=1

where ¢’ is the semi-Riemannian metric of M’. On the other hand, since M is
umbilical, we have h! = 0, h*(£,X) = 0 for £ € T'(Rad(TM)) and X € T'(TM).
From (5.1.14) we have

VxY =VyY +1(X,Y)



268 Chapter 6. Submanifolds of indefinite Kadhler manifolds

for X,Y € I'(S(T'M)), where V' and h' are the metric connection of M’ and
second fundamental form of M’ respectively. Thus we have

W(X,Y)=h*(X,Y) + h(X,Y)
for any X,Y € I'(S(T'M)). Hence the proof is complete. O

Example 8. Consider a submanifold M, in RS with the equations

r1 = Tg, T2 = —X5, T3 = \/171‘2.

The tangent bundle of M is spanned by
& =0x1+0xg, & =0x0 —0ws, Z = —x40x3 + 230 24.

We see that M is a SCR-lightlike submanifold with RadTM = Span{&;,&}.
JRadTM = RadTM.Dy = {0} and D’ = Span{Z}. On the other hand, S(TM~')
is spanned by W = x3 0 x3 + 23 0 x4 and the lightlike transversal bundle ltr(7T'M)
is spanned by

1 1
Ni = 5{8931 + (91‘6}, Ny = 5{8@ — 81‘5},
is invariant. By direct calculations we get
Vxé =Vx& =V, Z=0

and VzZ = —W for any X € I'(TM). Hence, h*(Z,Z) = g(Z,Z)H®, where
H?® = —W. Thus, M is a totally umbilical submanifold.

6.5 Generalized CR-lightlike submanifolds

We have seen in the previous section that SCR-lightlike submanifolds include
invariant and screen real cases, but, unfortunately, they exclude real lightlike hy-
persurfaces, which are extensively used in mathematical physics. Also, since the
dimension of such submanifolds must be > 5, they also exclude 2-, 3- and 4-
dimensional lightlike submanifolds which have uses in mathematics and physics.
Moreover, we will soon see that there is another class, called Cauchy-Riemann
(CR) lightlike submanifolds, introduced in the book [149], which has no intersec-
tion with the SCR-lightlike submanifolds.

In this section we present the latest results on a new class, called Generalized
CR-lightlike submanifolds which is an umbrella of lightlike submanifolds, including
above sub-cases. Consequently, with the material of this last section, we fulfill
the main purpose for which CR~submanifolds were designed by Bejancu [45] and
extended by Sharma [373] and Duggal [133, 135, 136], for semi-Riemannian and
Lorentzian cases respectively. For easy understanding of our presentation, we first
need the following definition of CR-lightlike submanifolds.
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Definition 6.5.1. [149] A real lightlike submanifold M of an indefinite almost Her-
mitian manifold M is called a CR-lightlike submanifold of M if the following two
conditions hold:

(A) J(RadTM) is a distribution on M such that

RadTM N J(RadTM) = {0}.

(B) There exist vector bundles S(TM), S(TM>), ltr(TM), D, and D’ over M,
such that

S(TM)={J(RadTM) & D'} L D,,

J(D,) =Dy, and J(D')=Ly L Lo,

where D, is a non-degenerate distribution on M, £, is a vector subbundle S(T'M )
and £y = ltr(T'M), respectively.

From the above definition and (5.1.1) of Section 1 of Chapter 5, the tangent
bundle of a C' R-lightlike submanifold is decomposed as follows:

TM =D ® D', where (6.5.1)
D = Rad TM Boren J(Rad TM) Goren Do (6.5.2)

If M is a real hypersurface (r = 1), then, TM+ = RadTM and S(TM+) = {0}.
Therefore, Lo = {0} and tr(TM) = ltr(T'M). Thus, we say that M is a real
lightlike hypersurface of M if the condition (B) and (6.5.1) reduce to

S(TM) = {J(Rad TM) & J(1tr(TM))} L D,,
TM = {J(RadTM)) & J(Itx(TM))} L Dy Bortn RadTM,
TMy = {J(TM*) & J(tr(TM))} L D,
1 {1tx(TM) & RadTM}.

Thus, any 3-dimensional CR-lightlike submanifold is a 1-lightlike submanifold. In
order not to repeat, we refer to [149, Chapter 6] for details on the above classes.
We also refer to [361, 363, 360] for some work after the publication of [149].

Suppose M is an invariant lightlike submanifold of M. This means that
J(RadTM) =RadTM and J(S(TM)) = S(TM). Hence M is not a CR-lightlike
submanifold since condition (A) does not hold. Similarly, the real (non-invariant)
case is not possible. Therefore, we conclude that CR-lightlike submanifolds are
always non-trivial, that is, D and D’ from (6.5.1) are at least of rank 1.

It is quite clear from the above analysis that there is no inclusion relation
between SCR and CR lightlike submanifolds. Now we are ready to define and
study the following new concept:
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Definition 6.5.2. [160] Let (M, g,S(T'M)) be a real lightlike submanifold of an
indefinite Kéhler manifold (M, g, J). We say that M is a generalized Cauchy-Rie-
mann (GCR)-lightlike submanifold if the following holds:

(A) There exist two sub-bundles D; and Dy of Rad T'M such that

(B) There exist two sub-bundles Dy and D’ of S(T'M) such that
S(TM)={JDy®D'} LDy, J(Dy) =Dy, J(D') =Ly L Ly (6.5.4)
where Dy is a non-degenerate distribution on M, £ and L5 are vector sub-
bundles of ltr(TM) and S(T M), respectively.
The tangent bundle T'M of M is decomposed as

TM=D&D, D =RadTM Born Do Bortn JDs. (6.5.5)

M is called a proper GCR-lightlike submanifold if Dy # {0}, Do # {0}, Dy # {0}
and Ly # {0}, which has the following features:

1. The condition (A) implies that dim(Rad T M) > 3.
2. The condition (B) implies that dim(D) = 2s > 6, dim(D’) > 2 and dim(Ds) =

dim(£L3). Thus dim(M) > 8 and dim(M) > 12.
3. Any proper 8-dimensional GCR-lightlike submanifold is 3-lightlike.
4. M Kihler and (1) imply that ind(M) > 4.

We denote by m; the complex dimension of the distribution D; and by ms
the real dimension of the distribution Dsy. Then, for m; = 0 we have J(D3) =

J(RadTM) C S(TM). Thus, a GCR-lightlike submanifold with m; = 0 becomes
a CR-lightlike submanifold. For my = 0, we have J(Ds) = J(Rad TM) = Rad T M.
Thus, a GCR-lightlike submanifold with my = 0 is a SCR-lightlike submanifold.
Consequently, we conclude that GCR-lightlike submanifolds serve as an umbrella
of real hypersurfaces, invariant, screen real and CR-lightlike submanifolds.

Example 9. Let M be a submanifold of R}* given by

_ _ _ _ 2
Ty =T14 T2 = —T13, T3 =T12, T7=4/1—x§.

Then T'M is spanned by Zl, ZQ, Z3, Z47 Z5, Z6, Z7, Zg, Zg7 Z107 where

Zy = awl + 6I147 Zy = 8962 - 6I13a Z3 = 8963 + 690127
Z4:az47 Z5:aa757 ZG :82267 Z7:_‘T8 8%7 +x78187
Z8 :aw&_)? Zg:aw107 ZlO :8Z11‘
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Hence M is 3-lightlike with RadTM = Span{Zi, Z>, Z3} and JZ; = Z,. Thus,
Dy = Span{Zi,Z;}. On the other hand, JZ3 = Z4 — Z19 € T(S(TM)) im-
plies that Dy = Span{Z3}. Moreover, JZ5 = Zs and JZg = Zy. Hence Dy =
Span{Zs, Zs, Zs, Zy }. By direct calculations, we get S(TM~) = Span{W = z7 0.,
+ g Oz }. Thus, JZ; = —W. Hence, Lo = S(TM~). On the other hand, the light-
like transversal bundle ltr(7T'M) is spanned by

1 1 1
{Nl = 5(76I1 + 8r14); Ny = 5(76962 - 89613)5 N3 = 5(76963 +8$12}'
From this we have Span{ N1, Na} is invariant with respect to J and JN3 = 75247
%Zw- Hence, £; = Span{N3} and D’ = Span{JN3, JW}. Thus, M is a proper
GCR-lightlike submanifold of R}*.

Let M be a GCR-lightlike submanifold of an indefinite Kéhler manifold M.
If M is isotropic then S(TM) = {0} implies Dy = {0}, JDy = 0 (so Dy = {0})
and J(L2) = 0 implies £5 = {0}. Thus we get TM = D; which is invariant with
respect to J. If M is totally lightlike, since RadTM = TM = TM~, we have
Dy = Dy = JLy = {0}. Thus TM = D; and, therefore, M is invariant. Hence,
we conclude that there exist no isotropic or totally lightlike proper GCR-lightlike
submanifolds. Now, let M be coisotropic GCR-lightlike. Since S(TM*1) = {0},
JLy = {0}, therefore, L3 = {0}. Moreover Dy = {0} if and only if M is invariant.

Let Q, Py and P, be the projection morphisms on Rad TM, JL£; = M; and
JLo = Ma, respectively . Then we have

X=QX+PX+PX (6.5.6)
for X € T'(T'M). On the other hand, for X € I'(TM), we write
JX =TX + wX, (6.5.7)

where TX and wX are its tangential and transversal parts. Then, from (6.5.6) we
obtain

JX=TX +wP X +wPX (6.5.8)
where TX € I'(D), wP X € I'(£1) and wP> X € I'(L2). Similarly,
JV =BV +CV, Vel (tr(TM)) (6.5.9)

where BV and CV are sections of TM and tr(T M), respectively. Now, differenti-
ating (6.5.6) and using (5.1.15)—(5.1.23) and (6.5.9), we have:

(VxT)Y = A,pvX + Aup,vy X + Bh(X,Y), (6.5.10)
D*(X,wPY) = —-V%wPRY + wP,VxY (6.5.11)
- (X, TY) + Ch*(X,Y),
DYX,wPY) = —VywPY + wP,VxY — WYX, TY)
+ CRY(X,Y), VX,Y € T(TM). (6.5.12)
We now study integrability conditions of the distributions D and D’.
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Theorem 6.5.3. Let M be a GCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then:

(i) The distribution D is integrable if and only if

h(X,JY)=h(JX,Y),VX,Y € (D).

(ii) The distribution D' is integrable if and only if

Proof. From (6.5.11) and (6.5.12) we have wPVxY = h(X,TY) — Ch(X,Y), for
X,Y € I'(D). Hence, wP[X,Y] = h(X,TY) — h(TX,Y) which proves (i). From
(6.5.10) we get —~TV ,V = AupiyZ+Aup,y Z+Bh(V, Z), for Z,V € I(D'). Then
we obtain T[Z,V] = Aj,V — Aj,Z, which completes the proof. O

Theorem 6.5.4. Let M be a GCR-lightlike submanifold of M. The distribution D
defines a totally geodesic foliation in M if and only if

Bh(X,Y)=0, VYX,Y eI(D).

Proof. From Definition 6.5.2, D defines a totally geodesic foliation if and only if
g(VxY, JE) = g(VxY,JW) = 0 for X,Y € T(D), £ € T'(Dy) and W € I'(Ls).
From (5.1.15) and (6.1.5) we obtain ¢g(VxY,J¢) = —g(VxJY,&). Again using
(5.1.15) we get

9(VxY, JE§) = —g(h'(X,JY),§) VX,Y eT(D), £ € I(Dy). (6.5.13)

Similarly, using (5.1.15) and (6.1.5) we derive g(VxY,JW) = —g(VxJY,W).
Then, we have

g(VxY,JW) = —g(h*(X,JY), W) (6.5.14)
for X, Y € I'(D) and W € T'(L3). It follows from (6.5.13) and (6.5.14) that
h*(X,JY) has no components in Lo and h'(X,.JY) has no components in L£;
for X, Y € T'(D) if and only if D defines a totally geodesic foliation in M. Thus,
our assertion follows by using these last results and (6.5.9). g

Theorem 6.5.5. Let M be a GCR-lightlike submanifold of M. The distribution D’
defines a totally geodesic foliation in M if and only if

Auy X €T(D),VX,Y € (D).

Proof. (6.5.11) implies TVxY = A,y X + Bh(X,Y) for X,Y € I'(D’). Then, D’
being a totally geodesic foliation implies A,y X = —Bh(X,Y). Hence, A,y X €
(D), for all X, Y € I'(D’). Conversely, A,y X € I'(D’), for X,Y € I'(D’) implies
TVxY = 0. Hence, VxY € I'(D’) which completes the proof. O
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Combining the results of Theorems 6.5.4 and 6.5.5, we say that M is a GCR-
lightlike product if D and D’ are its totally geodesic foliations.

As in the Riemannian [45] and the CR-lightlike cases [361], we say that M is
a D-geodesic GCR-lightlike submanifold if its second fundamental form h satisfies

h(X,Y)=0,VX,Y € T'(D). (6.5.15)
It is easy to see that M is a D-geodesic GCR-lightlike submanifold if
RH(X,Y) =0, h*(X,Y) =0, VX,YcT(D). (6.5.16)

Lemma 6.5.6. The distribution D of a GCR-lightlike submanifold M of M is a
totally geodesic foliation in M if and only if M is D-geodesic
Proof. Let D define a totally geodesic foliation in M. Then, VxY € T'(D) for
X,Y € I'(D). Using (5.1.15) we obtain
g(h'(X,Y),€) = g(VxY,€) = 0, ¢ € T(Rad TM),
g (X,Y), W) =g(VxY,W) =0, VW € T\(S(TM™1)).
Hence, h'(X,Y) = h*(X,Y) = 0 which means M is D-geodesic. Conversely,
assume M is D-geodesic. Then, from (5.1.15) we derive VxY € TI'(T'M), for
X,Y € (D). Using (6.1.5) and (5.1.15) we get
g(VxY, JE) = —g(Vx JY,€) = —g(h'(X, JY),€) = 0,
g(?X}CZ) = g(vXjYa jZ) = g(h* (X, jY)ij) =0,
Z € T(JLs) and & € (D). Thus, VxY € I'(D), which completes the proof. [0

We say that M is a mized geodesic GCR-lightlike submanifold (see [45] [361]
for the Riemannian and the CR-lightlike cases respectively), if its second funda-
mental form h satisfies

h(X,Y)=0, VX el(D), Y el(D). (6.5.17)
It is easy to see that M is a mixed geodesic GCR-lightlike submanifold if
RU(X,Y)=0,h*(X,Y)=0, VX ecTI(D),Y el(D). (6.5.18)

Proposition 6.5.7. Let M be a GCR-lightlike submanifold of an indefinite Kdhler
manifold M. Then, M is mized geodesic if and only if

Aj;X €T(D) and V%JZeT(Ly L Ly), VZeT(D), X €e(D).

Proof. We have h(X,Z) =V xZ—VxZ for X € (D) and Z € T(D'). Then from
(6.1.5) we obtain h(X,Z) = —JVxJZ — VxZ. Using (5.1.13), (6.5.8), (6.5.9)
and taking the transversal part we obtain h(X,Z) = —wP1 A7, X —wPA;,X —
CV JZ, which proves the assertion. O
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GCR-lightlike submanifolds of M (c). We start with the following characterization
theorem in terms of the curvature tensor field of M (c):

Theorem 6.5.8. A lightlike submanifold M, of an indefinite complex space form

M(c) with ¢ # 0, is GCR-lightlike, with Dy # 0, if and only if:
(i) The mazimal complex subspaces of T,M, p € M define a distribution

D=D1 Dy P JDs Bortn Do, where RadTM =Dy & Dy

and Dy is a non-degenerate complex distribution.

(ii) There exists a lightlike transversal vector bundle ltr(T' M) such that

g(R(X,Y)N,N') =0, VX,Y €I(D).

(iii) There exists a vector sub-bundle Mo on M such that

GRX,Y)W,W) =0, VX,Y eI (D), W,W € T(My),

where My is orthogonal to D and R is the curvature tensor of M(c).

Proof. Suppose M is a GCR-lightlike submanifold of M(c),c # 0. Then D =
D1 ® Dy ® JD3 @oren Do is a maximal subspace. Thus () is satisfied. From (6.1.6)
we have

G(R(X,Y)N,N') = 2g(X, JY)g(JN,N'), VXY € [(D)

and N, N’ € T'(ltr(T'M)). By the definition of a GCR-lightlike submanifold we
have g(JN, N') = 0. Hence, (ii) holds. Similarly, from (6.1.6) we obtain

FR(X, JY)W,W') = S{g(X. JY)g(IW, W)} =0

for X,Y € I'(D) and W,W' € I'(JL2 = Ms), which proves (iii). Conversely,
assume (i), (ii) and (iii). Then, from (i) we see that a part, Dy, of RadTM is
a distribution on M such that JD; N RadTM = {0}. It also shows that the
other part of RadT'M is invariant. Thus (A) of the definition of GCR-lightlike
submanifold is satisfied. Therefore, we can choose a screen distribution containing
JDy and Dy, (since Dy is non-degenerate). ltr(TM) orthogonal to S(T M) implies
that g(JN, &) = —g(N, JE) = 0 for € € T'(Ds). Hence we conclude that some part
of Jltr(T' M) defines a distribution on M, say M;j. On the other hand, from (ii)
we derive £g(X,JY)g(JN,N’) = 0 for X,Y € I'(Dy) and N,N’ € T'(ltr(TM)).
Since ¢ # 0 and Dy is non-degenerate we conclude that g(JN, N’) = 0, that is
Jltr(TM) N RadTM = {0}. Moreover, if G(N,£) = 1 for £ € T(D2) and N €
I'(JM;) then we have g(JN, J¢) = 1. This shows that M; is not orthogonal to
D5 and, hence, it is not orthogonal to D. Now, consider a distribution Ms which is
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orthogonal to D. Then Ms N M; = {0} which is orthogonal to M;. Furthermore,
from (iii) we have

900 TY)g(JW, W) =0, VXY € D(Do), W, W' € D(Mo).

Since ¢ # 0 and Dy is non-degenerate we have g(JW,W’) = 0. This implies
JMsy L Ms. On the other hand, since M is orthogonal to D, we obtain

g(JW,X)=—g(W,JX)=0, VX cTI(D), WecT(Ms,).

Hence J M, L D. Thus since JMy L D, JMy L My and JMs L Moy, we
conclude that JMy C S(T M), which completes the proof. O

Theorem 6.5.9. Let M be a mized geodesic proper GCR-lightlike submanifold of
an indefinite complex space form M(c), whose distribution D is a totally geodesic
foliation in M. Then, M is a complex semi-Fuclidean space.

Proof. From (6.1.6) we obtain
HR(X,JX)Z,JZ) = fgg(X,X)g(Z, Z), VX € [(Dy), (6.5.19)
for Z € T'(JLz). On the other hand, M mixed geodesic and (5.3.11) imply
I(R(X,JX)Z,JZ) = g((Vxh*)(JX,Z) - (Vixh*)(X,Z),]Z) (6.5.20)
for X € T'(Dy) and Z € I'(JLz). Thus from (6.5.19) and (6.5.20) we derive
fgg(X,X)g(Z, Z)=g((Vxh*)(JX,Z) — (Vixh*)(X,Z),]Z). (6.5.21)

M mixed geodesic implies (Vxh*)(JX,Z) = —h*(VxJX,Z) — h*(JX,VxZ).
Similarly, (V;xh®)(X,Z) = =h*(VjxX,Z) — h*(X,V jx Z). Hence
)

(Vxh®)(JX,Z)—(Vixh*) (X, Z)=h*([JX, X), Z)—h*(JX,Vx Z)+h*(X,V 1x Z).
Moreover, the totally geodesic foliation in M and mixed geodesic M imply
(Vxh*)(JX,Z) - (Vixh*) (X, Z) = —h*(JX,VxZ)+ h*(X,VixZ).
Now using (6.5.14) and mixed geodesic M we have
(Vxh®*)(JX,Z) — (Vixh*)(X,2) = h*(JX, TAwX) — h*(X, TAw JX),

where JW = Z. On the other hand, from the assumption of theorem and Lemma
6.5.6, it follows that M is D-geodesic. Thus we arrive at

(Vxh*)(JX, Z) — (Vxh*)(X, Z) = 0.

Then (6.5.21) becomes $g(X, X)g(Z,Z) = 0. Since Dy and JL; are non-degener-
ate, we have ¢ = 0, which completes the proof. O
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Corollary 6.5.10. There exist no totally geodesic proper GCR-lightlike submanifolds
in M (c) with ¢ # 0.

Theorem 6.5.11. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kahler manifold M. If Dy is integrable, then, the induced connection
V is a metric connection. Moreover, h® = 0.

Proof. (6.5.12) implies h'(X,JY) = wP,VxY + ChY(X,Y) for X,Y € T'(Dy).
From the first equation of (5.3.8) we have g(X, JY)H! = wP,VxY +g(X,Y)CH'.
Hence, g(X,JY)H' — g(Y,JX)H' + wP;[X,Y] = 0. Since Dy is integrable, for
X = JY, from (6.1.5) we get 2¢g(Y,Y)H' = 0. Now Dy non-degenerate implies
H' = 0. Then, using (5.3.8) we obtain h' = 0 which implies from (5.1.39) that V
is a metric connection. h® = 0 is immediate. O

Lemma 6.5.12. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kdihler manifold M. Then H® € T'(Ls).

Proof. From (6.5.11) we obtain h*(X,JY) = Ch*(X,Y) + wP,VxY for X|Y €
I'(Dy). From M totally umbilical we get ¢(X, X)CH® + wP,VxX = 0. Hence,
non-degenerate Dy implies CH® =0, i.e., H® € T'(L2). O

Theorem 6.5.13. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kdahler manifold M. One of the following holds:

(a) M is totally geodesic.

(b) h* =0 or dim(L2) =1 and Dy is not integrable.
Proof. 1f Dy # {0} and integrable, from Theorem 6.5.11 we obtain that h! = h* =
0 which is case (a). Now suppose that Dy is not integrable. From(5.1.15), (5.1.23),
(6.5.7), (6.5.9) and taking the tangential part we have

~AsjwZ =TV zW + Bh(Z, W)
for Z,W € T'(JL3). Hence, using (6.1.5), (5.1.28) and (6.5.9) we get
G(h*(2,2),TW) = §(V 2 W, Z) + g(h*(Z, W), T 2)

which implies
§(h°(2,2),IJW) = g(h*(Z, W), J Z).

Since M is totally umbilical we derive
92, 2)g(H*, TW) = g(2,W)g(H", ] Z). (6.5.22)
Interchanging the roles of Z and W in this equation we have

gW,W)g(H*®, JZ) = g(Z,W)g(H*, JW). (6.5.23)
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Thus from (6.5.22) and (6.5.23) we obtain

9(Z,W)°

N AT VA

g(H*, JZ). (6.5.24)

Since JL» is non-degenerate, choosing non-null vector fields Z and W and using
Lemma 6.5.12 in (6.5.24) we conclude that either H* = 0 or Z and W are linearly
dependent. This proves (b), which completes the proof. O

Theorem 6.5.14. There exists no totally umbilical proper GCR-lightlike submani-
fold of an indefinite complex space form M(c), ¢ # 0.

Proof. Suppose M is a totally umbilical proper GCR-lightlike submanifold of
M(c), ¢ # 0. Then from (6.1.6) we obtain

R(X,TX)Z = —gg(X, X)JZ, VX €T(Do), Z € T(JLs). (6.5.25)
On the other hand, from (5.3.8) and (5.3.11) we get
R(X,JX)Z = (Vxh*)(JX,Z) — (Vixh®)(X, Z). (6.5.26)
Thus from (6.5.25) and (6.5.26) we obtain
—%g(X,X)jZ = (Vxh*)(JX, Z) — (V5 h*)(X, Z). (6.5.27)
Since M is totally umbilical, from (5.3.7) we have
(Vxh*)(JX,Z) = —g(VxJX, Z)H® — g(JX,VxZ)H".

Since g(JX,Z) = 0,VX € I'(Dy) and Z € T'(JLz), differentiating this equation
wrt. X we get g(VxJX,Z)=—g(JX,VxZ). Thus, (Vxh*)(JX,Z) =0, VX €
['(Dy) and VZ € T'(JLy). Similarly, (Vjxh*)(X,Z) = 0. Hence (6.5.27) becomes
—gg(X,X)jZ = 0. Since M is proper and Dy is non-degenerate, we get ¢ = 0.
This contradiction completes the proof. O

Example 10. Consider a GCR-lightlike submanifold of R}* presented in Example 9.
By direct calculations we obtain

vle = ?XZQ = ?XZ;g = ?XZ4 = ?XZg, =0,
VxZs=VxZs=VNxZy=NxZy =0,
V2. Z: = W, VX eT(TM).

Hence we have h! = 0 which shows that the induced connection V is a metric
connection. Also we obtain

hS(X7 Zl) = hs(Xv ZQ) =
h(X,Zs) = h*(X, Zg) =

hW(X,Zs) =h*(X,Zy) = h*(X, Z5) =0,

0,
0, W (X, Zy) = h*(X, Z10) =0,
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h(Zz, Z7) = -W, VX e T(TM).

Thus, h®(Z7, Z7) = g(Z7, Z7)H?, where H® = —W . Hence, M is a totally umbilical
proper GCR-lightlike submanifold. Moreover, we see that M is not totally geodesic
and dim £, = 1.

Finally, we prove a characterization theorem for minimal GCR-lightlike sub-
manifolds. First recall that (as in the non-degenerate case) a totally geodesic light-

<

like submanifold is minimal. Thus, it follows from Theorem 6.5.13 (a) that “a
proper GCR-lightlike submanifold of an indefinite Kdihler manifold, with an inte-
grable distribution Dy, is minimal”.

Theorem 6.5.15. A totally umbilical proper GCR-lightlike submanifold M, of an
indefinite Kdhler manifold M, is minimal if and only if

tr Aw, =0 on Dy L JL2, and trAz, =0o0n Dy L JLo

for W; € T(S(TM?1)), where k € {1,...,r} and j € {1,...,(n —1)}.
Proof. By Definition 6.5.2, a GCR-lightlike submanifold is minimal if and only if
a b B B b B B c B B
> W(Zi, Z) + Y h(TE, TG) + > h(ING, TN + Y h(JW, JWi) =0
i=1

j=1 j=1 =1

and h* = 0 on Rad(TM), a = dim(Dy), b = dim(D2) and ¢ = dim(Ls). M is
totally umbilical and (5.3.7) implies h(JE;, J€;) = h(JN;, JN;) = 0. Similarly,
h® =0 on Rad(T'M). Then follow the proof of Theorem 5.4.5 in Chapter 5. O

It is known that the holomorphic distribution of a CR-submanifold of a
Kaéahler manifold is minimal. The next theorem shows that this is not valid for
the holomorphic distribution Dj in a GCR-lightlike submanifold.

Theorem 6.5.16. Let M be a GCR-lightlike submanifold of an indefinite Kahler
manifold M. Then the distribution Dy is minimal if and only if

Av X —JAN'JX and AnJX +JANX  have no components in Do,

for X e I(Dy), N € I'(£1) and N' € T'(ltr(TM)).

Proof. D, being almost complex, using (5.1.15), (6.1.5) and (5.1.27) we have

9(VxX,J§) = —g(JX, A; X) and g(V ;5 JX, JE) = g(A;JX, X) for X € T'(Dy)

and £ € I'(Dy). Since the shape operator of S(T'M) is self-adjoint, we get
g(VxX +VjxJX,JE) =0, VX el(Dy), &eT(Da). (6.5.28)

In a similar way we obtain

IJ(VxX +VixJX,JW)=0, VX el (Dy), W eT(Ls). (6.5.29)
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Also, from (5.1.15),(6.1.5) and (5.1.22) we have g(VxX,JN) = —g(JX, Ay X)
and ¢(VixJX,JN) = g(X,AnJX), VX € I'(Dy) and N € T'(L1). Hence,

9g(VxX +VixJX,JN)=g(X,ANJX + JANX). (6.5.30)

In a similar way we derive
9(VxX +VixJX,N')=g(X,AnX — JAN/JX), VX €T(Dy)  (6.5.31)
and N’ € T'(Itr(TM)). Thus, the assertion follows from (6.5.28)—(6.5.31). O

Example 11. Let M = (R}’ x R*, g) be a semi-Riemannian cross product mani-
fold, where R* is Euclidean space and R1° is a semi-Euclidean space of signature
(—,——,—+,+,+,+,+,+) with respect to the canonical basis

{8951,8952,8x3,8x4,81:5,6m6,8x7,8378,8379,6:510}
and g is the inner product of R}*. Let M be a submanifold of R}* given by

r1 =up cosh a, x9 = ug cosh o, x3=wu3z, T4 =uy4, T5=1us, Tg=us,
T7 = cOS ug coshuy, xg=-sinug sinhuy;, x9 = uy sinh o — uo,
T19 = Ug sinh @ + w1, x11 = cosug coshug, x12 = cosug sinh ug,

r13 = sinug coshug, w14 = sinug sinh ug
where sinug # 0, cosug # 0, sinug # 0 and cosug # 0. T'M is spanned by

Z1 = cosh w9 x1 + sinh o dxg + Ox19, Zo = cosh adxo — dxg + sinh a Oz,
Z3 = 0x3 + 0xs, L4 = 0x4, Zs5= Oxg,
Zg = —sinug coshuy Ox7 + cosug sinh uy dxg,
Z7 = cosug sinhuy Ox7 + sinug cosh ur dzsg,
Zg = —sinug coshug 0x11 — sinug sinh ug 912
+ cosug cosh ug Ox13 + cosug sinh ug 9x14,
Zg = cosug sinh ug 0x11 + cosug coshug 0r1a

+ sin ug sinh ug dx13 + sinug cosh ug 0x14.

Hence M is 3-lightlike with Rad TM = Span{Zi, Z>, Z3} and JZ; = Z» and
Dy = {Z1,Z5}. On the other hand, JZ3 = Z4 + Zs € T'(S(T'M)) implies that
Dy = Span{Z3}. Moreover, JZs = —Z implies Dy = Span{Zs, Z7}. Also, JZs
and JZg are orthogonal to TM and {ng,ng} is not lightlike. Thus we can
choose Lo = S(TM™*) = {JZs,JZy}. Hence {Zs, Zo} is a screen real sub-bundle.
As a result we conclude that M is a proper GCR-lightlike submanifold of R}*,
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with lightlike transversal bundle ltr(7'M) spanned by
N, = %{— cosh adz1 — sinh o Oxg + Ox10},
Ny = %{f cosh adze — Oxg — sinh awOx10},
Ny = %{faxg + O},
Span{Ny, N} is invariant with respect to J and JN3 = ,%24 + %Z5. Hence

Ly = Span{N3} and JD' = Span{.JZs,JZg, N3}. Now by direct calculations,
using Gauss and Weingarten formulas, we have

Rt =0, h¥(X,Z1) = h*(X, Zy) = 0, h*(X, Z3) = h*(X, Z4),
hS(XaZE')):hS(XaZﬁ):O? hS(XaZ7):OaVX€F(TM)a
s 1 T s 1 T
h*(Zs, Zs) = ( VI Zo, h*(Zg, Zg) = —( )J Zy.

1 + 2sinh? ug 1+ 2sinh? ug

Hence, the induced connection is a metric connection and M is not totally geodesic,
but, it is a proper minimal GCR-lightlike submanifold of R}*.

6.6 Totally real lightlike submanifolds

It is important to note that J Rad T'M is a distribution on a lightlike submanifold
of an indefinite Kéhler manifold M, in all previous sections discussed so far. This
means that (contrary to the Riemannian case of CR-submanifolds) so far we do
not have any totally real (also called anti-invariant) lightlike submanifolds M of
an indefinite Kihler manifold M, since in all those cases JRadTM is always
tangent to M. For an extensive study of Riemannian totally real submanifolds,
see Yano-Kon [410] and many references therein. In particular, so far the collection
of lightlike submanifolds excludes the important subcase of real lightlike curves of
Hermitian or Kéhler manifolds. For an up-to date study of all types of null curves
of semi-Riemannian manifolds and their applications in mathematical physics, see
a recent book [156]. In order to add the above two subcases in the variety of
submanifolds, we present in this section recent work of Sahin [346, 356]. This will
complete our objective of discussing all possible lightlike submanifolds of Kéahler
manifolds.

Definition 6.6.1. [346] Let M be a lightlike submanifold of an indefinite Kahler
manifold M such that Rad T'M is transversal with respect to .J, i.e., J(Rad TM) =
Itr(TM). Then we say that M is a totally real lightlike submanifold if S(TM) is
also transversal with respect to J, i.e, J(S(TM)) C S(TM™).

~ The above definition implies that Itr(7T'M) is also transversal with respect to
J. Moreover, we have the following result.
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Proposition 6.6.2. There do not exist 1-lightlike totally real lightlike submanifolds
of an indefinite Kdhler manifold M .

Proof. Let us suppose that M is a 1-lightlike totally real lightlike submanifold of
an indefinite Kiihler manifold M. In this case Rad TM = Span{¢}. This implies
that rank(ltr(TM)) = 1, say ltr(T'M) = Span{N}. Then, Definition 6.6.1 implies
that J¢ = aN for some differentiable function . On the other hand, we have
(&, N) =1 and g(J¢,€) = 0. Hence, we get

0=3(J&,&) = ag(§, N) = a.

Then, we have o = 0. Thus, we obtain J¢ = 0. Since J is non-singular, we
derive & = 0, which is a contradiction. Thus, we conclude that M can not be
1-lightlike. O

From Definition 6.6.1 and Proposition 6.6.2, we note the following:
1. dim(RadTM) > 2.

2. There exist no totally real lightlike hypersurfaces and totally real half-light-
like submanifolds of a Kéhler manifold.

3. Any 3-dimensional totally real lightlike submanifold must be 2-lightlike.
Example 12. Consider a plane in Rj given by
T1 = T4,T2 = T3.
Then T'M is spanned by
Z1=0x1 +0x4, Zo = O0xg+ 0x3.
Thus M is a totally lightlike submanifold of R3. Moreover, the lightlike transversal
bundle ltr(T'M) is spanned by
N, = %{789:1 +0mx4}, N1 = —%{3@ —Juxs}.

Then it is easy to see that JZ; = —2N and JZ, = 2N;. Hence, J(RadTM) =
ltr(T M) which implies that M is a totally real lightlike submanifold.

Suppose M is a totally real lightlike submanifold of an indefinite Kéhler
manifold M, with g a complementary orthogonal distribution to J(S(T'M)) in
S(TMH™). Then, for V € T(S(TM*)), we can write

JV =BV +CV, BV eTl(S(TM)), CV eT(n). (6.6.1)

Theorem 6.6.3. Let M be a totally real lightlike submanifold of an indefinite Kihler
manifold M. Then, the induced connection V on M is a metric connection if and

only if D*(X,JY) € T(u) for X e T(TM), Y € T(RadTM).
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Proof. By Definition 6.6.1, VxY € I'(RadTM) <= g¢g(VxY,Z) =0 for X €
D(TM),Y e '(RadTM) and Z € I'(S(T'M)). From (5.1.15) we have g(Vx Y, Z) =

3(VxY, Z). Using (6.1.5) we get g(VxY,Z) = 3(VxJY,JZ). From (5.1.22) we
derive ¢(VxY, Z) = g(D*(X, JY'), JZ) which proves the assertion. O

Remark 6.6.4. The study of totally real lightlike submanifolds of an indefinite
Kahler manifold is a good topic of further investigation for which nothing is known
more than what we have presented in this book. The classical Riemannian study
of Yano-Kon [410] may be followed in the study of this new area of research.

Now we discuss another class of lightlike subspaces of indefinite Kéhler man-
ifolds. It will be seen that this new class includes real lightlike curves which are
missing in previous sections.

Definition 6.6.5. [356] Let M be an r-lightlike submanifold of an indefinite Kéhler
manifold M. Then, we say that M is a screen transversal(ST) lightlike submanifold
of M if there exists a screen transversal bundle S(T'M*) such that

J(RadTM) c S(TM™). (6.6.2)

Lemma 6.6.6. Let M be an r-lightlike submanifold of an indefinite Kdahler manifold
M. Suppose that JRadTM is a vector sub-bundle of S(TM=). Then, Jltr(TM)
is also a vector sub-bundle of the screen transversal bundle S(TM™*). Moreover,
JRadTM N Jltr(TM) = {0}.

Proof. Let us assume that Itr(T M) is invariant with respect to J, i.e., J(Itr(T M) =
ltr(TM). By the definition of a lightlike submanifold, there exist vector fields
£ e'(RadTM) and N € I'(Itr(TM)) such that g(§, N) = 1. Also from (6.1.5) we
get o
9§, N) =g(J&, JN) = 1.

However, if JN € T'(Itr(T'M)) then by hypothesis, we get g(JN,JE) = 0. Hence,
we obtain a contradiction which implies that JN does not belong to ltr(7'M).
Now, suppose that JN € T'(S(TM)). Then, in a similar way, we have

1=g(§,N)=g(JN,J§) =0

since J¢ € T(S(T'M*1)) and JN € T'(S(TM)). Thus, JN does not belong to
S(TM). We can also obtain that JN does not belong to Rad T M. Then, from
the decomposition of a lightlike submanifold, we conclude that JN € T'(S(TM™').
Now, suppose that there exists a vector field X € I'(J Rad TMNJ ltr(TM)). Then,
we have X € I'(J(RadTM)). Hence, g(X,JN) = 0 since X € T'(J(1tr(TM)).
However, for an r-lightlike submanifold there exists some vector fields JX €
I'(Rad T M) such that g(JX, N) # 0. Then, from (6.1.5), we get 0 # g(JX,N) =
—g(X, JN) = 0 which is a contradiction. Thus, the proof is complete. O

From the above definition and Lemma 6.6.6, it follows that Jltr(TM) C
S(TM™). Also it is obvious that there is no coisotropic and totally lightlike
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screen transversal lightlike submanifolds of indefinite Kahler manifolds due to
S(TM+) = {0}. Tt is important to emphasize that J(RadTM) and J(ltr(TM))
are not orthogonal. If they were orthogonal, then S(TM~) would be degenerate.

Definition 6.6.7. Let M be screen transversal lightlike submanifold of an indefinite
Kéhler manifold M. Then We say that M is a screen transversal totally real
lightlike submanifold if S(T'M) is screen transversal with respect to J, that is,

J(S(TM)) c S(TM™*). (6.6.3)

From Definition 6.6.7, if M is a screen transversal totally real lightlike sub-
manifold then we have

S(TM™*) = J(Rad TM) @ J(Itx(TM)) L J(S(TM)) L Dy (6.6.4)

where Dy is a non-degenerate orthogonal complementary distribution to
J(RadTM) @ J(ltr(TM)) L J(S(TM))) in S(TM™*).

Proposition 6.6.8. Let M be a screen transversal totally real lightlike submanifold
of an indefinite Kdhler manifold M. Then the distribution Dy is invariant with
respect to J.

Proof. For X € T'(Dy), £ e T'(RadTM) and N € I'(ltr(T'M)), we have

which imply that J(Dy) N RadTM = {0} and J(Dy) N ltr(TM) = {0}. From
(6.1.5) we get

9(JX,JE) = g(X,§) =0 and g(JX,JN)=g(X,N)=0
)

which show that J(Dg) N J(RadTM) = {0} and J(Dy) N J(ltr(TM)) = {0}.
Moreover, for Z € T'(S(TM)), since JZ € T'(J(S(TM)), J(S(TM)) and Dy are
orthogonal, we obtain g(JX,Z) = —g(X,JZ) = 0 which shows that J(Dy) N
S(TM) = {0}. Hence, we also have J(Dg) N J(S(TM)) = {0}. Thus, we arrive at

J(Do)NTM = {0}, J(Do) Nltr(TM) = {0}

and
J(Do) N {J(S(TM)) L J(ltr(TM)) ® J(RadTM)} = {0}

which show that Dy is invariant. O

If M is an isotropic ST-lightlike submanifold of an indefinite Kahler manifold,
from Definition 6.6.5 and Lemma 6.6.6, we have the decomposition

TM =RadTM
and

TM = {TM & te(TM)} L {J(RadTM) @ J(ltx(TM)) L Dy} (6.6.5)
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Proposition 6.6.9. [356] A real lightlike (null) curve M of an indefinite Kdhler
manifold M is an isotropic screen transversal lightlike submanifold.

Proof. Since M is a real lightlike curve, we have
TM = RadTM = Span{{}

where ¢ is the tangent vector field to M. Then, from (6.1.5), we have g(J¢,¢) =0
which implies that J¢ does not belong to ltr(T'M). Since dim(T'M) = 1, J¢ and &
are linearly independent and J¢ does not belong to 7M. Hence, we conclude that
JE € T(S(TMH)). In a similar way, from (6.1.5) we get g(JN, N) = 0 which shows
that JN does not belong to Rad TM. Also, we have g(JN, &) = g(N, J¢) = 0 due
to J¢ € T(S(TM™)). This implies that JN does not belong to ltr(T'M). Hence
JN € T(S(TM+). Moreover, we get

g(JN,J€) = g(&, N) = L.
Thus, we conclude that S(TM>) is expressed as
S(TM*') = JRadTM) @ J(1tr(TM)) L Dy

where Dy is a non-degenerate almost complex distribution. Considering the defi-
nition of an isotropic ST- lightlike submanifold of an indefinite K&hler manifold,
the proof is complete. O

Observe that Proposition 6.6.9 gives us a new viewpoint for the theory of
lightlike curves. For instance, lightlike curves of R3 can now be studied.

6.7 Slant lightlike submanifolds

In this section we present a lightlike version of slant submanifolds which have
been studied widely in the Riemannian case [102]. We start with the following two
lemmas which will be useful later on.

Lemma 6.7.1. Let M be an r-lightlike submanifold of an indefinite Hermitian man-
ifold M of index 2q. Suppose that JRadTM is a distribution on M such that
RadTM NJRadTM = {0}. Then Jltr(T M) is a sub-bundle of the screen distri-
bution S(TM) and JRadTM N Jltr(TM) = {0}.

Proof. Since by hypothesis J Rad T'M is a distribution on M such that J Rad T M
NRadTM = {0}, we have JRadTM C S(TM). Now we claim that ltr(TM) is
not invariant with respect to J. Let us suppose that ltr(TM) is invariant with
respect to J. Choose ¢ € T'(RadTM) and N € T'(ltr(T'M)) such that g(N, &) = 1.
Then from (6.1.2) we have 1 = g(£, N) = g(J&,JN) = 0 due to J¢ € T'(S(T'M))
and JN € ['(ltr(TM)). This is a contradiction, so ltr(TM) is not invariant with
respect to J. Also JN does not belong to S(T'M 1), since S(T M) is orthogonal to
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S(TM),g(JN, J¢) must be zero, but from (6.1.2) we have g(JN, J¢) = g(N, &) #0
for some ¢ € T'(RadT M), this is again a contradiction. Thus we conclude that
Jltr(TM) is a distribution on M. Moreover,JN does not belong to Rad T M.
Indeed, if JN € T'(RadTM), we would have J2N = —N € I'(JRadTM), but
this is impossible. Similarly, JN does not belong to .J Rad M. Thus we conclude
that J1tr(TM) C S(TM) and JRadTM N Jltr(TM) = {0}. O

Remark 6.7.2. Lemma 6.7.1 shows that behavior of the lightlike transversal bundle
ltr(T M) is exactly same as the radical distribution Rad T'M.

Lemma 6.7.3. Under the hypothesis of Lemma 6.7.1, if r = q, then any comple-
mentary distribution to J(RadTM) @ Jltr(TM) in S(TM) is Riemannian.

Proof. Let dim(M) = m + n and dim(M) = m. Lemma 6.7.1 implies that
Jltr(TM) ® JRadTM C S(TM). We denote the complementary distribution to
JlItr(TM)® JRadTM in S(TM) by D'. Then we have a local quasi-orthonormal
field of frames on M along M,

{&, Niy J&, INi, Xoy Wobi€{1,...,r}, a € {3r+1,...,m},a € {r+1,...,n},

where {¢;} and {N;} are the basis of Rad T'M and ltr(T'M ), respectively whereas
{J&, JN;, X0} and {W,} are orthonormal bases of S(T'M) and S(TM*), re-
spectively. From the basis {¢1,...,&, J&, ..., J&, JNy, ..., JN,, Ny,...,N,} of
Itr(TM)®RadTM @& JRadTM & jltr(TM), we construct an orthonormal basis
{U1,...,Usp, V1,..., Vo, } as follows.

Ulz%(fl + N1) %(fl Ni)
USZ%(ETFNz) Ua :%(52—]\72)
U2r—1: %(§T+N) UQT*%(ST Nr)
Vi = L(J& + TN Vo = L (J6 — TN)
Vs = J5(J&2 + IN2) Vi = J5(J& — JN2)
V2r—1=%(j§r+er) ‘ér:%(jgr_er)

Hence, Span{&;, N;, J&;, JN;} is a non-degenerate space of constant index 2r.
Thus we conclude that RadTM @ JRadTM @ Itr(TM) @ J1tr(T'M) is non-
degenerate and of constant index 2r on M. Since

ind(TM) = ind(Rad TM & ltr(TM)) + ind(J RadTM @ J ltr(T M)
+ ind(D' L S(TM™))
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we have 2¢ = 2r + ind(D’ L S(TM*1)). Thus, if » = ¢, then D’ 1 S(TM%) is
Riemannian, i.e., ind(D’ L (S(TM)=+)) = 0. Hence D’ is Riemannian. O

Remark 6.7.4. To define the notion of a slant lightlike submanifold, one needs to
consider angle between two vector fields. As we can see from Chapter 5, a lightlike
submanifold has two (radical and screen) distributions: The radical distribution
is totally lightlike and therefore it is not possible to define the angle between two
vector fields of radical distribution. On the other hand, the screen distribution is
non-degenerate. Although there are some definitions for the angle between two
vector fields in Lorentzian vector space (See: [317], Proposition 30, P:144 ), that is
not appropriate for our goal, because a manifold with a metric of Lorentz signature
cannot admit an almost Hermitian structure (See: [190], Theorem VIIIL.3, P: 184).
Thus one way to define slant notion is to choose a Riemannian screen distribution
on a lightlike submanifold, for which we use Lemma 6.7.3.

Definition 6.7.5. [355] Let M be a g-lightlike submanifold of an indefinite Hermi-
tian manifold M of index 2g. Then we say that M is a slant lightlike submanifold
of M if the following conditions are satisfied:

(A) RadTM is a distribution on M such that

JRadTM N Rad TM = {0}. (6.7.1)

(B) For each non-zero vector field tangent to D at € U C M, the angle 6(X)
between JX and the vector space D, is constant, that is, it is independent
of the choice of x € U C M and X € D,, where D is complementary
distribution to J RadTM & Jltr(T M) in the screen distribution S(TM).

This constant angle (X)) is called a slant angle of the distribution D. A slant
lightlike submanifold is said to be proper if D # {0} and 6 # 0, 7.

From Definition 6.7.5, we have the decomposition

TM = RadTM @open, S(TM) (6.7.2)
= RadTM @oren (JRadTM @ Jltr(TM)) L D. (6.7.3)

Proposition 6.7.6. There exist no proper slant totally lightlike or isotropic subman-
ifolds in indefinite Hermitian manifolds.

Proof. We suppose that M is a totally lightlike submanifold of M. Then TM =
RadT M, hence D = {0}. The other assertion follows similarly. O

Remark 6.7.7. As per Proposition 6.7.6, Definition 6.7.5 does not depend on
S(TM) and S(TM+), but, it depends on the transformation equations (5.2.12)-
(5.2.18), with respect to the screen second fundamental forms h®.
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Example 13. Let M = (R$,g) be a semi-Euclidean space, with R§ of signature
(=, —,+,+,+,+,+,+) with respect to the canonical basis

{0x1,0x9,0x3,0 24,0 25,0 26,0x7,0 18}
Let M be a submanifold of R§ given by
X(u,v,0,t,8) = (u,v,sin 0, cos 6, —0 sint, —0 cost,u,s).
Then the tangent bundle T'M is spanned by
Z1=0x1+0x7 Zy= 0o,

Z3=cosf@O0x3 —sinf0xy —sintdxs — cost O xg,
Zy=—0costdxs + 0 sintdxg, L5 =0xs.

It follows that M is a 1-lightlike submanifold of RS with Rad TM = Span{Z}.
Moreover we obtain J RadTM = Span{Z, + Zs} and therefore it is a distribution
on M. Choose D = Span{Zs, Z4} which is Riemannian. Then M is a slant distri-

bution with slant angle T, with the screen transversal bundle S(T'M~) spanned

)
by
Wi = —cscO0xy+sintdxs + costoxg,
Wy = (2sect — cosf) O xz +sinf dxy + sint d x5 + cost O xg,

which is also Riemannian. Finally, ltr(T'M) is spanned by

1
N = =

5 (
Hence we have JN = —Zy + Zs € I'(S(TM) and g(JN,JZ;) = 1. Thus we
conclude that M is a proper slant lightlike submanifold of RS.

—0x1 + 0wry).

Proposition 6.7.8. Slant lightlike submanifolds do not include invariant and screen
real lightlike submanifolds of an indefinite Hermitian manifold.

Proof. Let M be an invariant or screen real lightlike submanifold of an indefinite
Hermitian manifold M. Then, since J RadTM = RadT M, the first condition of
slant lightlike submanifold is not satisfied which proves our assertion. O

It is known that CR-lightlike submanifolds also do not include invariant and
screen real lightlike submanifolds. Thus we may expect some relations between
CR-lightlike submanifolds and slant lightlike submanifolds. Indeed we have:

Proposition 6.7.9. Let M be a g-lightlike submanifold of an indefinite Kahler man-
ifold M of index 2q. Then any coisotropic CR-lightlike submanifold is a slant
lightlike submanifold with 8 = 0. In particular, a lightlike real hypersurface of an
indefinite Hermitian manifold M of index 2 is a slant lightlike submanifold with
0 = 0. Moreover, any CR-lightlike submanifold of M with D, = {0} is a slant
lightlike submanifold with 6 = 3.
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Proof. Let M be a g-lightlike CR-lightlike submanifold of an indefinite Hermitian
manifold M. By definition of a CR-lightlike submanifold, J RadTM is a distri-
bution on M such that RadTM N JRadTM = {0}. If M is coisotropic, then
S(TM*) = {0}. Thus Ly = 0. The complementary distribution to JRad TM @&
JItr(TM) is D,, which by Lemma 6.7.3 is Riemannian. Since D, is invariant with
respect to J, it follows that & = 0. The second assertion is clear as a lightlike real
hypersurface of M is coisotropic. Now, if M is a CR-lightlike submanifold with
D, = {0}, then the complementary distribution to JRadTM @ J ltr(T M) is D'.

D' being anti-invariant with respect to .J, it follows that = 5, which completes

the proof. 0

From Proposition 6.7.9, coisotropic CR-lightlike submanifolds, lightlike real
hypersurfaces and CR-lightlike submanifolds with D, = {0} are some of the many
more examples of slant lightlike submanifolds. For any X € T'(T'M) we write

JX=TX+FX (6.7.4)

where T'X is the tangential component of JX and FX is the transversal compo-
nent of JX. Similarly, for V € I'(tr(T'M)) we write

JV =BV +CV (6.7.5)

where BV is the tangential component of JV and CV is the transversal compo-
nent of JV. Given a slant lightlike submanifold, we denote by P;, P, Q; and
Q)2 the projections on the distributions Rad 7'M, JRad TM, Jltr(TM) and D,
respectively. Then we can write

X =P X +PX+Q1X +QuX (6.7.6)
for X € T(TM). By applying J to (6.7.6) we obtain
JX = JPIX + JPX +TQ2X + FQ1 X + FQ2X (6.7.7)
for X € T'(TM). By direct calculations we have

JPX €eT(JRadTM), JP,X =TP,X € '(RadTM) (6.7.8)
FPX =0, FP,X =0, TQ:X €T(D) (6.7.9)

and
FQ1 X e T(tr(TM)).

Moreover, (6.7.7)—(6.7.9) imply
TX = TP X + TP, X + TQ,X. (6.7.10)

Now we prove two characterization theorems for slant lightlike submanifolds.
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Theorem 6.7.10. Let M be a q-lightlike submanifold of an indefinite Hermitian
manifold M of index 2q. Then M is a slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) Jitr(TM) is a distribution on M.
(2) There exists a constant \ € [—1,0] such that

(Q27)*X = \X, VX € [(TM). (6.7.11)

Moreover, in such a case, A\ = — cos? 0.

Proof. Let M be a g-lightlike submanifold of an indefinite Hermitian manifold
M of index 2q. If M is a slant lightlike submanifold of M, then JRadTM is a
distribution on S(TM), thus from Lemma 6.7.1, it follows that J1tr(TM) is also
a distribution on M and Jltr(TM) C S(TM). Thus (1) is satisfied. Moreover, the
angle between JQ»X and D, is constant. Hence we have

gJQ2X,TQ:X)  —g(Q2X,JTQ2X)

cos 0 X)= "= =
Q2 X) = 110,X 1 TQuX | = 1QaX | TQ2X |
—g(Q2X, TQ2TQ2X)
= 6.7.12
| QX [| TQ2X | ( )
On the other hand, we have
| TQ2X |
cosf(QaX) = ————. 6.7.13
(922 = ] (0119

Thus from (6.7.12) and (6.7.13) we get

Q2X,TQ2TQ2X)
| QX |2

Since 0(Q2X) is constant on D, we conclude that

(Q27)°X = \Q2X, A € [-1,0].

cos? 0(Q2X) = 4l

Furthermore, in this case A = — cos? 6(Q2X). Conversely, suppose that (1) and (2)
are satisfied. Then (1) implies that .J Rad T M is a distribution on M. From Lemma
6.7.2, it follows that the complementary distribution to J RadTM & J Itr(TM) is
a Riemannian distribution. The rest of the proof is clear. O

Corollary 6.7.11. Let M be a slant lightlike submanifold of an indefinite Hermitian
manifold M. Then we have

9(TQ2X,TQ2Y) = cos” 0g(Q2X, Q2Y) (6.7.14)
and

g(FQuX,FQoY) =sin 0g(Q2X,Q,Y), VX,Y € I(TM). (6.7.15)
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Proof. From (6.1.2) and (6.7.4) we have
9(TQ2X,TQY) = —g(Q2X,T?Q2Y), VX,Y € T(TM).
From Theorem 6.7.10, we get (6.7.14) and (6.7.15) follows from (6.7.14). O

Theorem 6.7.12. Let M be a q-lightlike submanifold of an indefinite Hermitian
manifold M of index 2q. Then M 1is a slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) Jltr(TM) is a distribution on M.
(2) There exists a constant p € [—1,0] such that

In this case p = —sin® 6, where 0 is the slant angle of M and Q)2 the projection
on D which is complementary to JRadTM @ Jltr(TM).

Proof. From Lemma 6.7.1, we conclude that JRadTM N Jltr(TM) = {0} and
Jltr(T M) is a sub-bundle of S(T'M). Moreover, the complementary distribution
to J1tr(TM)® JRadTM in S(TM) is Riemannian. Furthermore, from the proof
of Lemma 6.7.2, S(T M=) is also Riemannian. Thus condition (A) in the definition
of slant lightlike submanifold is satisfied. On the other hand, applying .J to (6.7.7)
and using (6.7.4) and (6.7.7) we obtain

~X =P X — PX +T?Q2X + FTQ2X + JFQ1X + BFQ2X + CFQ>X.
Since JFQ1 X = —Q1 X € I'(S(T'M), taking the tangential parts we have
—X=-P X -PX+T?Q:X —Q:X + BFQ,X.
Then considering (6.7.6) we get
—Q2X =T?Q2X + BFQ2X. (6.7.16)

Now, if M is slant lightlike, then from Theorem 6.7.10 we have T2Q.X =
—cos? 0Q>X, hence we derive

BFQ,X = —sin?0 Q2 X.

Conversely, suppose that BF QX = pQ2X, p € [—1,0], then from (6.7.16) we
obtain
T?Q2X = —(1+ p)Q2X.

Put —(14px) = A so that A € [—1,0]. Then the proof follows from Theorem 6.7.10.
U
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Example 14. Let M = R§ be a semi-Euclidean space of signature (—, —, +, +,
+,4,+,+) with respect to the canonical basis

{0x1, Oxg, Oxs, D24, Dx5, D6, D7, OT8}.
Consider a complex structure J; defined by
Ji(w1, w2, T3, T4, 5, T6, T7, T8) = (—T2, T1, —T4, T3, —T7 COSQ — T SN,
—xgcosa + x5 sina, x5 cosa + xg sin a,
Zg CcOS v — X7 sin ).
for a € (0,%). Let M be a submanifold of (RS, J;) given by

x1 = uy cosh@, o = uy cosh @, r3 = —uz + uq sinh 6, x4 = uy + uzsinh 6,
T5 = cosuy coshus, xg = cosuy sinhus, r7 = sinuy sinh us,

rg = sinuy coshus,
uy € (0,%). Then T'M is spanned by

Z1 = cosh@ O xy + sinh 00 x5 + 0 x4,
Zy =cosh@0xy, Z3 = —0x3+sinhf 9 xy,
Z4 = —sinuy coshus Oxs — sinuy sinh us 0xg + cos ug sinh us Oz
+ cosuy coshus dxs,
Zs = cosuy sinhus 0xs + cos uy cosh us Oxg + sinuy cosh us Oxry
+ sin uy sinh ug 0xg.
Hence M is 1-lightlike with RadTM = Span{Z;} and J;(Rad T M) spanned by
J1Z1 = Zy + Z3. Thus J; RadT M is a distribution on M. Then it is easy to see
that D = {Z4, Zs} is a slant distribution with respect to J; with slant angle a.
The screen transversal bundle S(T'M*) is spanned by
W1 = — coshus 0 x5 + sinh us 0 x¢ + tan uy sinh usd x7
— tanwuy coshus O xs,
Wy = — tanuy sinh us x5 + tanuy cosh us 9 xg — coshus 0 w7

+ sinh us 0 xg.
On the other hand, ltr(T'M) is spanned by
N =tanh 0 sinh0 0 x1 + sinh 0 x5 + 0 z4.

Hence J1 N = tanh? 0 Zy + Z5. Thus we conclude that M is a slant lightlike sub-
manifold of (RS, J1). Now by direct computations, using Gauss and Weingarten
formulas, we have

bl =0,h%(X, Z)) = h*(X,J1Z1) = 0, h*(X, J1N) = 0,¥X € T(TM),

COS Uy — COS Uy

ho(Zy, Z4) = Wh, h*(Zs, Zs) = Wi.

sinh? us + cosh? us sinh? us + cosh? us
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Hence, the induced connection is a metric connection and M is not totally geodesic,
but, it is a proper minimal slant lightlike submanifold of (RS, Jy).

Remark 6.7.13. We note that the method established in Example 14 can be gener-
alized. Namely, let M be a 1-lightlike submanifold of RS. If an integral manifold M,
of the distribution D complementary to the distribution JRad TM @& Jltr(T M)
in S(T'M) is an invariant submanifold of M with respect to J, defined by

Jo(x1713271‘3,174) = (_‘T35 —$47I1,«I2),

then M is a slant lightlike submanifold with respect to Ji. Thus, there are many
examples of minimal slant lightlike submanifolds of RS.

Lemma 6.7.14. Let M be a proper slant lightlike submanifold of an indefinite
Kdihler manifold M such that dim(D) = dim(S(TM?1). If {e1,...,em} is a lo-
cal orthonormal basis of T'(D), then {cscOFey, ..., cscO Fep,} is an orthonormal
basis of S(TM™*).

Proof. Since eq,..., e, is a local orthonormal basis of D and D is Riemannian,
from Corollary 6.7.11, we obtain

glescOFe;, cscOF ej) = csc® 0 sin® 0 g(e;, e5) = 6ij,
which proves the assertion. O

Theorem 6.7.15. Let M be a proper slant lightlike submanifold of an indefinite
Kahler manifold M. Then M is minimal if and only if

tr Az |scrar = 0, tr Aw, |seran=0,
g(D'(X,W),Y) = 0,¥X,Y € [(RaDTM),

where {&;}5_; is a basis of RadT'M and {Wo}i; is a basis of S(TM™).

Proof. From Proposition 5.1.3 of Chapter 5, we have h! = 0 on Rad T M. Thus M
is minimal if and only if

i=1 i=1 k=1
Using (5.1.28) we obtain

T

o 1
izzlhugi,m =D~ D (4, J&, J&)N

i=1 Jj=1

3

%Zg AW quJ&) a- (6717)
a=1
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In a similar way we obtain

ih(JN,», JN;) =

=1 i=1

1 & o
= Aw. JN;, JN;\W,, 7.1
+ng( wa JN;, JN)W, (6.7.18)

k=1 k=1 j=1
1 m
— A W, 6.7.19
+— ;g( W Cks €F) (6.7.19)
Thus our assertion follows from (6.7.17), (6.7.18) and (6.7.19). O

Theorem 6.7.16. Let M be a proper slant lightlike submanifold of an indefinite
Kdihler manifold M such that dim(D) = dim(S(TM*). Then M is minimal if
and only if

tr A [seran =0, tr Ape, |s(ran= 0,
G(D'(X,Fe;),Y)=0,YX,Y € I'(Rad T M),
where {e1,...,em} is a basis of D.

Proof. From Lemma 6.7.14, {cscOFey,...,csc Fe,,} is an orthonormal basis of
S(TM). Thus we can write

h*(X,X) =) A cscOFe;, VX € T(TM)

i=1

for some functions A;, i € {1,...,m}. Hence we obtain

he(X,X) = csclg(Ape, X, X)Fe;, VX € T(JRad M & Jltr(TM) L D).
i=1

Then the assertion of the theorem comes from Theorem 6.7.15. O

6.8 Screen slant lightlike submanifolds

From Proposition 6.7.8, it follows that slant lightlike submanifolds do not contain
invariant and screen real submanifolds. However, a slant submanifold in Rieman-
nian complex geometry is a generalization of invariant and totally real submani-
folds. Thus it is desirable to investigate a new class of lightlike submanifolds which
includes invariant lightlike submanifolds as well as screen real lightlike submani-
folds. In this section we present such lightlike submanifolds of indefinite Hermitian
manifolds.
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Lemma 6.8.1. Let M be a 2q-lightlike submanifold of an indefinite Kdihler manifold
M with index 2q. The screen distribution S(TM) of lightlike submanifold M is
Riemannian.

Proof. Let M be a real 2k = m+n-dimensional indefinite K&hler manifold and g be
a semi-Riemannian metric on M of index 2¢. Assume that M is an m-dimensional
and 2¢q(< m)-lightlike submanifold of M. Then we have a local quasi orthonormal
field of frames on M along M

{&, Niy Xo, Woti€{1,...,2q}, a€{2¢+1,....,m},ace{(m—2¢)+1,...,n},

where {{;} and {N;} are lightlike bases of Rad TM and ltr(T'M ), respectively and
{X,} and {W,} are orthonormal bases of S(TM) and S(T M), respectively. From
the null basis {&1,..., &y, N1,..., Nog} of Itr(T'M) & RadT M, we can construct

an orthonormal basis {U1, ..., U} as follows.
Uliﬁ(fl + Ny) U2:%(€1*N1)
Us = J5(& + N2) Us = J5(&2— N2)

Usq—1 = 5 (€2 + N2g)  Usg = J5(&2g — N2g)
Thus, Rad TM @ 1tr(T M) is non-degenerate and of constant index 2q on M. Since
ind(TM) = ind(Rad TM @ ltr(TM)) + ind(S(T M) L S(TM)),

we obtain that S(TM) L S(T M%) is of constant index zero, that is, S(T'M) and
S(TM+*) are Riemannian vector bundles. Thus the proof is complete. (]

Thus Lemma 6.8.1 enables us to give the following definition.

Definition 6.8.2. [359] Let (M, g, S(T'M)) be a 2¢g-lightlike submanifold of an in-
definite Kahler manifold M with index 2g. We say that M is a screen slant lightlike
submanifold of M if the following conditions are satisfied:

(i) RadTM is invariant with respect to J, i.e., J(RadTM) = Rad T M.

(ii) For each non-zero vector field X tangent to S(T'M) at x € U C M, the angle
0(X) between JX and S(T'M) is constant, i.e., it is independent of the choice
of z and X € T'(S(TM)).

We note that 6(X) is called the slant angle and (a) Rad TM is even-dimen-
sional, (b) screen slant lightlike submanifolds do not include a real hypersurface.

From now on suppose that (M, g, S(T'M)) is a 2¢-lightlike submanifold of an
indefinite K&hler manifold with constant index 2¢ and denote it by M.

Proposition 6.8.3. Let M be a screen slant lightlike submanifold of M. Then M is
invariant (resp. screen real) if and only if 0 =0 (resp. 0 = 7).
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Proof. If M is invariant, then J(RadTM) = Rad TM and J(S(TM)) = S(TM),
thus 8 = 0. Conversely, if M is screen slant lightlike with § = 0 then it is clear
that J(S(TM)) = S(TM). Since Rad T'M is invariant with respect to .J, the proof
is complete. The other assertion is similar. (Il

Thus it follows that a screen slant lightlike submanifold M is a natural gener-
alization of invariant and screen real lightlike submanifolds. M is said to be proper
if it is neither invariant nor a screen real lightlike submanifold.

Proposition 6.8.4. There exists no proper screen slant totally lightlike or isotropic
submanifold.

Proof. We suppose that M is a totally lightlike submanifold, then TM = Rad T'M
= TM+'. Hence M is an invariant lightlike submanifold. If M is an isotropic
submanifold, then S(T'M) = {0}, thus TM = Rad T'M which is invariant. O

For any vector field X € T'(S(T'M)), we write
JX =TX +wX, (6.8.1)

where TX € T(TM) and wX € T'(tr(TM)).

Corollary 6.8.5. Let M be a screen slant lightlike submanifold of an indefinite
Kahler manifold M. Then, for any X € T(TM), we have

(i) If X € T(S(TM)), then wX € T'(S(TM™*).
(ii) If X e T(RadTM), then wX = 0.

Proof. It is easy to see that ltr(T'M) is invariant w.r.t. J due to J(RadTM) =
RadTM. (ii) is clear. O

Proposition 6.8.6. There exists no coisotropic proper screen slant lightlike subman-
ifold in an indefinite Kdhler manifold M .

Proof. We suppose that M is a coisotropic submanifold, then S(TM*) = {o}.
Thus we have JX = TX, for X € I'(S(TM)). Hence we can see that M is an
invariant lightlike submanifold. (I

Proposition 6.8.3 implies that invariant and screen real lightlike submanifolds
are examples of screen slant lightlike submanifolds. Now, we want to present some
examples of proper screen slant lightlike submanifolds.

Example 15. For any « > 0, we consider the immersion
z(u,v,t,8) = (¢, s, u cosa, —v cosq, u sina, v sinq, t, s,)
in R§. Then Rad T'M is spanned by

§1 =021 +0x7, & =0x2 + 0wg
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and S(TM) is spanned by
X1 =cosadxrz+sinadxs, Xo = —cosadxry+sinadxs.

Then we can see that Rad TM is invariant with respect to J and S(T'M) is a
slant distribution with slant angle 2. Thus M is a screen slant hyperplane in RS.
Moreover, we obtain that the screen transversal vector bundle S(TM~) is spanned
by

Wi =sinadxy +cosadxg, Wo = —sinadxs + cosadxs

and the lightlike transversal bundle ltr(T'M) is spanned by
1 1
N1:§{—8m1+8x7}, N2:§{—8I2 +8m8}

Example 16. Consider in R§ the submanifold M given by
x(u,v,t,8) = (u,v, s sint, s cost, sin s, coss, u cosa — v sina, u sina + v cos a)
for a, t,5 € (0,%). Then T'M is spanned by

& = 0x1 + cosadxr + sinad xs,
& = 0xo —sinadxr + cosald xs,
X, =scostdxrs — s sintduxy,

X, =sintdxz + costdxy + cossdxs — sinsdxg.

It follows that Rad TM = Span{&;, &2}, hence M is a 2-lightlike submanifold. Since
JRadTM = RadTM, Rad TM is invariant. Moreover, we can choose S(TM) =
Span{ X7, X5} which is a Riemannian vector sub-bundle and it can be easily proved
that S(T'M) is a slant distribution with slant angle § = T. Finally, the screen
transversal vector bundle S(T'M*) is spanned by

W1 = sinsd x5 + cos s 0 xg

Wy =sintdxz +costdxy — cossdxs +sinsdxg
and the lightlike transversal bundle ltr(7TM) is spanned by
1 .
N, = 5{—8301 +cosadxy +sinad rs},
1
Ny = 5{—8302 —sinadxy + cosad xg}.

Example 17. For any k,« > 0, let M C Ri? be given by

z(u,v,t,8) = (ucosha, veosha,u,v, t, s, kcost, ksint, kcoss, ksins, usinh a,

vsinh a).
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Then T'M is spanned by

& =coshadxy + dxg +sinhad 211,
& =coshadxg + dxy + sinhad xio,
X, =0x5 — ksintdxz; + k costdxg,

Xo =0xg — k sinsdxg + k cos s 0x1p.

Then we see that RadTM = Span{{;,&}. Thus M is a 2-lightlike submanifold.
It is easy to see JRadTM = RadTM, that is, RadTM is invariant. Choose
S(TM) = Span{ Xy, X»} and obtain that S(T'M) is a slant distribution with slant
angle 6 = cos™ ' (754 )- Thus M is a screen slant lightlike submanifold of R3?.

Chen [102] studied the following important problem in complex geometry:
Given a surface M of a Kéhler manifold M, when is M slant in M? Based on
the above problem, there are several interesting results on the geometry of a slant
surface of a Euclidean space R* in [102]. For the screen slant lightlike case, we
have the following result.

Proposition 6.8.7. There exists no screen slant lightlike surface of an indefinite
Hermitian (or Kdhler) manifold with index 2.

Proof. Let M be a screen slant lightlike surface of an indefinite Hermitian manifold
M with index 2. Then M is 2-lightlike or 1-lightlike. If M is 2-lightlike then
S(TM) =0 and M is totally lightlike. Hence M is invariant. Now, suppose M is
1-lightlike. Then, Rad T M = Span{¢}. This is not possible, because Rad T M is
invariant with respect to .J. g

~ Let M be ascreen slant lightlike submanifold of an indefinite Kéhler manifold
M. We denote the projection morphisms on the distributions Rad 7'M and S(T'M)
by @ and P, respectively. Then we have

X =QX +PX, VX eI(TM), (6.8.2)

where QX denotes the component of X in RadT'M and PX denotes the compo-
nent of X in S(T'M). Applying J on (6.8.2) we obtain

JX =JQX +JPX =TQX +TPX +wPX. (6.8.3)
Thus we derive
JOQX =TQX, wQX =0 (6.8.4)
and
TPX e T'(S(TM)). (6.8.5)

On the other hand, the screen transversal bundle S(T'M~) has the decomposition

S(TM*) =wP(S(TM)) L v. (6.8.6)
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Then, for any W € T'(S(TM~)) we write
JW = BW + CW (6.8.7)
where BW € I'(S(TM) and CW € I'(v).

Next, we give a characterization of screen slant lightlike submanifolds:

Theorem 6.8.8. Let M be a 2q-lightlike submanifold of an indefinite Kdahler man-
ifold M with constant index 2q. Then M is a screen slant lightlike submanifold if
and only if

(i) tr(TM) is invariant with respect to J.
(ii) There exists a constant A € [—1,0] such that
(PoT)’X = \X (6.8.8)
for any X € T(S(T'M)). Moreover, in this case X = —cos 0 |g(rar)-

Proof. Let M be a 2¢-lightlike submanifold of an indefinite Kéhler manifold M
with index 2¢. Then Lemma 6.8.1 guarantees that S(TM) is a Riemannian vector
bundle. Let M be a screen slant lightlike submanifold. Then its radical distribution
is invariant with respect to J and from Corollary 6.8.5, we have wPX € I'(S(TM)).
Thus, using (6.1.5) and (6.8.3) we have

g(JN,X) = —g(N,JX) = —g(N,TPX) — g(N,wPX) =0

for X € T'(S(TM)). Hence we conclude that JN does not belong to S(T'M). On
the other hand, from (6.1.5) and (6.8.7) we obtain

for W € T(S(I'M*)). Thus JN is not belong to S(T'M*). Now suppose that
JN € I'(RadTM). Then we obtain JJN = —N € I'(ltr TM), since Rad T'M is
invariant with respect to J we get a contradiction which proves (i). With regards

to statement (ii), since M is a screen slant lightlike submanifold, there is a constant
angle 6 which is independent of X € I'(STM) and € U C M. Thus we derive

§(JX,TPX) §(X,JTPX)  §(X,(PoT)X)
0(X) =75 =—3 = - . (689
cos0X) = X TPx |~ [JX | TPX] xrex] (89
On the other hand,we have
cos(X) = ||T1;.X||. (6.8.10)

Thus, from (6.8.9) and (6.8.10) we obtain
9(X, (PoT)*X)
| X2
Since #(X) is a constant, we conclude that (PoT)?X = AX,\ € [—1,0], which
proves (ii). The converse can be obtained in a similar way. t

cos? (X)) = —
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From Theorem 6.8.8 we obtain the following corollary:

Corollary 6.8.9. Let M be a screen slant lightlike submanifold of M. Then

g(TPX,TPY) = cos® 0 |srary 9(X,Y), (6.8.11)
G§(wPX,wPY) =sin®0 |gru) 9(X,Y), VXY € (TM). (6.8.12)

Proof. From (6.1.5) and (6.8.3) we obtain
g(TPX,TPY) = —g(X, (PoT)?Y)
for any X,Y € T'(S(T'M)). Then from Theorem 6.8.8 we derive
g(TPX,TPY) = cos®0g(X,Y),

which proves (6.8.11). In a similar way we obtain (6.8.12). O

Differentiating (6.8.3) and comparing the tangent and transversal parts we
have

(VxT)Y =A,py X + Bhs(X,Y), (6.8.13)
Jh'(X,Y) = (X, JQY) + h'(X,TPY) + D'(X,wPY), (6.8.14)
(Vxw)Y = —h*(X,JQY) — h*(X,TPY) + Ch*(X,Y) (6.8.15)

for X,Y € D(TM), where (VxT)Y = VxJQY + VxTPY — JQVxY — TPV xY
and (Vxw)Y = VSwPY —wPVxY.

Theorem 6.8.10. Let M be a screen slant lightlike submanifold of an indefinite
Kahler manifold M. Then:

(i) The radical distribution Rad T M is integrable if and only if the screen trans-
versal second fundamental form of M satisfies

h¥(X,JY) =h*(JX,Y),¥YX,Y € T(Rad TM).

(ii) The screen distribution S(T M) is integrable if and only if

Q(VxTPY — VyTPX) = Q(Aupy X — AupxY),VX,Y € T(S(TM)).

Proof. From (6.8.15) we obtain
h*(X,JY) - Ch*(X,Y) =wVxY,VX,Y € I'(Rad T M).

Thus we obtain h*(X,JY) — h*(JX,Y) = wP[X,Y] which proves assertion (i).
From (6.8.13) we derive

VxTPY — Aupy X = JQVxY + TPVxY + Bh*(X,Y)
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for any X,Y € I'(STM)). Hence we get
VxTPY — VyTPX + AupxY — Aupy X = JQ[X,Y] + TP[X,Y].
Thus we obtain
Q(VxTPY — VyTPX) + Q(AupxY — Aupy X) = JQ[X, Y],
which proves (ii). O

Theorem 6.8.11. Let M be a screen slant lightlike submanifold of an indefinite
Kéhler manifold M. Then the screen distribution defines a totally geodesic foliation
if and only if JA,py X — Auprpy X has no components in RadTM for X,Y €
L(S(TM)).

Proof. Using (6.1.5) and (5.1.31) we have g(VxY, N) = g(VxJY, JN), for X,Y €
I'(S(TM)) and N € T(ltr(TM)). Thus from (6.8.3) and (5.1.23), we obtain
9(VxY,N) = g(VxTPY,JN) — g(Aupy X, JN). Using again (6.1.5), (5.1.15),
(6.8.3) and (5.1.23) in the first expression in the above equation we derive

g(VxY,N)=g(Vx(P o T)’Y,N) — g(Auprry X, N) — §(Aupy X, JN).
Thus from Theorem 6.8.8 we get
§(VxY,N) = cos’ 05(VxY,N) + §(Auprpy X, N) — G(Aupy X, JN).
Hence we obtain
sin?0g(VxY,N) = —g(Auprpy X, N) — g(Au,py X, JN).
This completes the proof. ([

Next we investigate VxT = 0 on a screen slant lightlike submanifold. In
the non-degenerate complex geometry, if a slant submanifold satisfies the above
property, it is called a K&hlerian slant submanifold (see section 6.1).

Theorem 6.8.12. Let M be a screen slant lightlike submanifold of an indefinite
Kahler manifold M. Then T is parallel if and only if D5(X,N) € T'(v) and

g(hg(Xa Y)’WPZ) :g(hg(Xa Z),wPY)
for X e T(TM) and Y, Z € T(S(TM)).

Proof. From (6.8.13) we obtain g((VxT)Y,N) = 0, for Y € I'(RadTM) and
X eT(TM). For Y e I'(S(T'M)), we get g((VxT)Y,N) = g(Aupy X, N). Using
(5.1.22) we derive

§g((VxT)Y,N)=g(D*(X,N),wPY) (6.8.16)

for any X € I'(S(T'M)). On the other hand, from (5.1.31), (6.7.1) and (6.1.5) we
obtain
g(VxT)Y,Z) = g(Aupy X, Z) — g(h*(X,Y),wPZ)
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for any X, Y e T'(TM) and Z € T'(S(T'M)). By using (5.1.28) we get
J(VXT)Y, Z) = g(h*(X, Z),wPY) — g(h*(X,Y),wPZ) (6.8.17)

for any X,Y € I'(TM) and Z € T'(S(T'M)). Thus from (6.8.16) and (6.8.17) we
obtain our assertion. (]

Theorem 6.8.13. Let M be a screen slant lightlike submanifold of an indefinite
Kahler manifold M. If (VxT)Y =0 for X e T(TM) and Y € T(RadTM), then
the induced connection V is a metric connection.

Proof. If (VxT)Y =0for X e T(TM) and Y € I'(Rad T M), then from (6.8.13)
we have Bh*(X,Y) = 0, hence g(Bh*(X,Y),Z) = 0 for X € I'(TM), Y €
I'(RadTM) and Z € T(TM). Thus we obtain

g(jhs(X’ Y)7Z) =0, (6.8.18)
g(hs(X, Y)vw‘PZ) =0. (6.8.19)

Now, by using (5.1.15) we get
G(WPVxY, Jh*(X,Y)) = gwPVxY,JVxY) — JVxY — Jh'(X,Y))

for X e I(TM), Y € T'(RadTM), since ltr(T'M) is invariant, from (6.1.5) and
(6.8.3) we get

GWPVxY, Jh*(X,Y)) = §wPVxY,VxJY) — gwPVxY,wPVxY).
Then using (5.1.15) we derive
GWPVxY, Jh*(X,Y)) = GwPVxY, h*(X,JY)) — GwPVxY,wPVxY).
Thus from (6.8.19) we have
§(WPVxY,Jh*(X,Y)) = —g(wPVxY,wPVxY).
Then using (6.8.12) we obtain
GWPV Y, Jh*(X,Y)) = —sin? 8g(PVxY, PVxY) (6.8.20)

for any X € T'(TM) and Y € I'(Rad TM). On the other hand, from (6.1.5) and
(6.8.3) we have

§(WwPVxY,Jh*(X,Y)) = —g(TPVxY,Jh*(X,Y))
for any X e I'(TM) and Y € T'(Rad TM). Then, from (6.8.19) we derive

G(wPVxY,Jh*(X,Y)) = 0. (6.8.21)
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Then (6.8.20) and (6.8.21) imply
sin? 0g(PVxY, PVxY) =0.

Since M is a proper screen slant lightlike submanifold and S(7'M) is Riemannian
we obtain PVxY = 0, hence VxY € I'(RadTM), i.e., the radical distribution
Rad T M is parallel. Thus the assertion of the theorem follows from Theorem 5.1.4.

O

Remark 6.8.14. It is clear that radical distribution and screen distribution are
orthogonal. However, we note that if RadT M is parallel, then it doesn’t imply
that the screen distribution S(T'M) is parallel, contrary to the non-degenerate
case.

Example 18. Let M = R be a semi-Euclidean space of signature (—, —, +, +,
+,+,+,+) with respect to the canonical basis {0 x1, dxa, Oxs, x4, Oxs5, 06,
Owr, Oxg}. Consider a complex structure J; defined by

Jl(xla X2, T3, T4, T5, T6, T7, Z‘g) = (_ T2, X1, —T4, T3, —T7 COSO{, —T6 Sinoz,
—xgcosa + x5 sina, x5 cosa + xg sin a,

Ze COS v, —x7 Sinq)
for a € (0,%). Let M be a submanifold of (RS, J1) given by

T1 = U1, Ty = Uz, T3 = Uy COSO — usg sinf, x4 = uy sinf + uy cosd

T5 = ug, Tg = sinug sinh uyg, 7 = uyg, xg = cosug cosh ug.
Then T'M is spanned by

Z1=0x1 +cosfOx3+sinh0xy
Zoy=0x9 —sinf0x3+ coshOxy
Zi3 = 0 x5 + cosug sinh uy O xg + sinusz coshuy 0 28

Z3 = sinug coshuy 0 160 xg + O x7 + cosug sinh uy 0 xg.

Then M is a 2-lightlike submanifold and RadTM = {Zi, Z>}. It follows that
RadTM is Jy-invariant. It is easy to see that S(T'M) = Span{Zs, Z4} is a slant
distribution with respect to J; with slant angle o. The screen transversal bundle
is spanned by

W1 = —coshuy sinhuyg O x5 + cosug coshuy O xg — sinuz cosugz 0 x7
— sinug sinh uy 0 xg,
W5 = sinus cosusz 0 x5 + sinug sinh uy O xg — coshuy sinh ug 0 x7

+ cosus coshuy O xg
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and the lightlike transversal bundle is spanned by

N, = %{—8951 +cosfOxs +sinfday}
Ny = %{—8952 —sinfdxs + cosf Dy}

Now, by direct calculations, using Gauss formulas we get

Rt =0, h*(X,Z,) =0, h*(X, Zy) = 0,YX € T'(TM)

and
—(sinh? uy + cos? us sinh? uy + cos? us
h'(Zs3, Z3) = ( 1 1 )W27 h*(Zy, Zs) = 1 ——Wa
cosh™ uy — sin™ us cosh™ uy — sin™ ug
sinh? u cos?u
B (Zy, Z4) = S A COS Uy,

cosh* uy — sin? ug

Hence the induced connection is a metric connection, M is not totally geodesic
and it is also not totally umbilical, but it is a minimal proper screen slant lightlike
submanifold of RS.

Next, we prove two characterization results for minimal slant lightlike sub-
manifolds. First we give the following lemma which will be useful later.

Lemma 6.8.15. Let M be a proper screen slant lightlike submanifold of an indefinite
Kdhler manifold M such that w(S(TM)) = S(TM™*Y). If {e1,...,en} is a local
orthonormal basis of S(TM), then {cscOwey, ..., cscOwen,} is an orthonormal
basis of S(TM™L).

Proof. Since e, ...., ey is a local orthonormal basis of S(T'M) and S(T'M) is
Riemannian , from Corollary 6.8.9, we obtain

g(csc Owe;, cscBwe;) = csc? 0 sin 0 g(e;, e5) = 4,
which proves the assertion. O

Theorem 6.8.16. Let M be a proper screen slant lightlike submanifold of an indef-
inite Kahler manifold M. Then M is minimal if and only if

tr A [s(ran=0, tr Aw,, |s(ra)=0

and

g(D'(X,W),Y) =0,VX,Y € T(RaDTM),
where {&;}5_, is a basis of Rad TM and {Wo}7, is a basis of S(TM™).
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Proof. In Proposition 5.1.3, we have h! = 0 on Rad7TM. Thus M is minimal if
and only if

m

Z ek,ek) = 0

k=1
and h® = 0 on Rad T M. Using (5.1.28) and (5.1.31) we obtain

h(6k7€k 1 Ag ek,ek)N
2 ; :
k=1 k=1 =

j=1

Ms

(AW ek,ek)W (6.8.22)

1
4+ —
m

Il
—

[e3

From (5.1.28) we obtain g(h*(X,Y), W)=g(D'(X,W),Y) for X,Y €I'(Rad TM).
Thus our assertion follows from (6.8.22). O

Theorem 6.8.17. Let M be a proper slant lightlike submanifold of an indefinite
Kdhler manifold M such that w(S(TM)) = S(TM*). Then M is minimal if and
only if

tr AL [s(ran=20, tr Ape, [s(ran=0
and

G(D'(X,we;),Y) =0,YX,Y € I'(RadTM)
where {e1,...,em} is a basis of S(TM).

Proof. From Lemma 6.8.15, {csclweq,...,csclwey,} is an orthonormal basis of
S(TM*). Thus we can write

h*(X,X) = A; cscbwe;, VX € T(TM).
=1

for some functions A;, i € {1,...,m}. Hence we obtain

W (X, X) =Y esclg(Aue, X, X)we;, VX € T(S(TM)).
i=1
Then the assertion of the theorem comes from Proposition 5.1.3 and Theorem
6.8.16. m

Remark 6.8.18. Observe that between slant lightlike and screen slant lightlike
submanifolds there exists no inclusion relation because a lightlike real hypersurface
is a slant lightlike submanifold and it is not a screen slant lightlike submanifold.
Moreover, invariant and screen real lightlike submanifolds are screen slant lightlike
submanifolds, but they are not slant lightlike submanifolds. Notice that it follows
from Proposition 6.8.7 that the screen slant lightlike geometry is different from
its counterpart of Chen’s Riemannian case. For example, there does not exist any
screen slant lightlike surface of a semi-Euclidean space Rj.



Chapter 7

Submanifolds of indefinite
Sasakian manifolds

In this chapter, we first give a review of indefinite Sasakian manifolds, contact
CR-submanifolds and a variety of other submanifolds of Sasakian manifolds. Then,
similar to the case of the previous chapter, we focus on up-to-date published results
(with complete proofs) on the geometry of invariant, contact Cauchy-Riemann
(CR) and contact screen Cauchy-Riemann (SCR) lightlike submanifolds of indef-
inite Sasakian manifolds.

7.1 Introduction

Indefinite Sasakian manifolds. A (2n + 1)-dimensional differentiable manifold M
is said to have an almost contact structure (¢,€&,n) if it admits a vector field £, a
1-form 7 and a field ¢ of endomorphism of the tangent vector space satisfying

PP=—I+n®¢ n(E) =1 (7.1.1)

It follows that ¢(£) = 0, no ¢ = 0 and rank(¢) = 2n. Then, the manifold M, with
a (¢,&,n)-structure is called an almost contact manifold and the following holds
(also see Blair [67] and Gray [211]):

Theorem 7.1.1. (Sasaki [367]) A (2n + 1)-dimensional manifold M 1is an almost
contact manifold if and only if the structure group of its tangent bundle is reducible
to U(n) x {I}.

From the point of view of differential geometry it is desirable to define a

metric on a paracompact manifold M. We say that a Riemannian metric g is an
associated metric of an almost contact structure (¢, &,n) of M if

96X, 0Y)=9g(X,Y)—n(X)nY), VX, Yel(TM). (7.1.2)
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It is always possible to choose such a Riemannian metric on M, although such
a metric is not unique. (M, g), with g satisfying (7.1.2), is called an almost con-
tact metric manifold with a (¢, &, n, g)-structure and ¢ is called its compatible (or
associated) metric, whose fundamental 2-form  is defined by

QX,Y)=g(X,9Y), VX, Y eI (TM). (7.1.3)

Since €, satisfying (7.1.3), also satisfies n A Q™ # 0, this almost contact metric
manifold M is orientable. A (2n + 1)-dimensional manifold M is called a contact
manifold if there exists a 1-form 1 on M such that nA(dn)™ # 0 everywhere. When
Q =dn (ie., Qis closed), then, (M, $,&,n,g) is called a contact metric manifold.
These metrics can be constructed by the polarization of ) = dn evaluated on a
local orthonormal basis of the tangent space with respect to an arbitrary metric,
on the contact sub-bundle D. Thus, a contact metric manifold is an analogue of
an almost Kéhler manifold, in odd dimensions.

Now we recall the concept of normal almost contact structures whose con-
dition is an analogue of the integrability condition in almost complex structures.
To understand this we let (M, ¢,&,n) be an almost contact manifold. Construct
the product manifold M = M x R such that (X, f0;) is any vector field on M,
where X € T(T'M) and f is a smooth function on M. Define an almost complex
structure J on M by

J(X, f0r) (0X = f€, (X)) .

Then, the almost contact structure (¢,£,71) on M is said to be normal if J is
integrable. It is known (see Blair [66, page 49] for details) that M has a normal
contact structure if

Ng+2dn®¢& =0, (7.1.4)

where Ny = [@, ¢] is the Nijenhuis tensor field of ¢. A normal contact metric
manifold is called a Sasakian manifold. The following is well known.

Theorem 7.1.2. (Sasaki [367]) An almost contact metric manifold (M, ¢,&,n,9) is
Sasakian if and only if

(Vx9)Y = g(X,Y)§ —n(Y)X

where V is the metric connection on M.

Sasakian space forms. A plane section S in T, M of a Sasakian manifold M is
called a ¢-section if it is spanned by a unit vector X orthogonal to £ and ¢ X,
where X is a non-null vector field on M. The sectional curvature K (X, ¢ X) of
a ¢-section is called a ¢-sectional curvature. If M has a ¢-sectional curvature c
which does not depend on the ¢-section at each point, then, ¢ is constant in M
and M is called a Sasakian space form, denoted by M (c). Well-known examples
are: the unit sphere in C"*! and R?"*!. See some more examples in Blair [66].
Finally, we state the following result on the curvature tensor R of M (c).
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Theorem 7.1.3. (Ogiue [313]) If the ¢-sectional curvature ¢ at any point of a
Sasakian manifold M (dim(M) > 5) is independent of the choice of ¢-section at
the point, then c is constant on M and its curvature tensor is

(c+3)
4

(v 2)x — o(X, 27} + C D pomz)y

—n(Y)(2)X +g(X, Z2)n(Y)V = g(Y, Z)n(X)V
+9(Y, 2)p X +9(¢ Z,X)pY —29(¢ X,Y )9 Z} (7.1.5)

for any XY and Z wvector fields on M.

R(X,Y)Z =

In 1990, Duggal [134] introduced a larger class of contact manifolds as follows.
Let (M, g) be a semi-Riemannian manifold of a constant index. We use the same
notation of geometric objects as in the Riemannian case. A (2n + 1)-dimensional
smooth semi-Riemannian manifold (M, g) is called an (e)-almost contact metric
manifold with a (¢, &, n, g)-structure if

¢° = —I+n®¢ ) =1,
96,8 = ¢ g(oX,0Y)=g(X,Y)—en(X)n(), (7.1.6)

where € = 1 or — 1 according as ¢ is spacelike or timelike and rank(¢) = 2n. It
is important to mention that in the above definition £ is never a null vector field.
The index q of g is an odd or even number according as ¢ is timelike or spacelike.
This holds since on M one can consider an orthonormal field of frame {F1, ..., E,,
QEN, ..., 9L, {} with E; € T'(D) and g(E;, E;) = g(¢LE;, dE;).

Unfortunately, contrary to the Riemannian case ( € = 1,¢q = 0) for which
there always exists a Riemannian metric satisfying (7.1.6), there is no such guar-
antee for a non-degenerate metric satisfying (7.1.6) for a proper semi-Riemannian
manifold M. At best the following is known.

Theorem 7.1.4. [149] Let (¢,&,m) be an almost contact structure and hg a metric
on a semi-Riemannian manifold M such that & is non-null. Then there exists on
M a (1,2) type symmetric tensor field g satisfying (7.1.6).

Proof. Define two semi-Riemannian metrics hy = £ho where a = h,(&,€) and h
such that

h(X,Y) = h1(6*X,6*Y) + en(X)n(Y), VX,Y € T(TM).

To prove that h is semi-Riemannian we first note that n(X) = eh(X,{) and
h(€,€) = e. Secondly, let L be the distribution spanned by £ on M and D the
complementary orthogonal distribution to L with respect to hy. Then, it is easy to
show that h(X, X) = h1 (X, X), VX € (D), since h1(X,€) = 0and hy(§,&) = —e.
Thus h is a semi-Riemannian metric on M of the same index as h; is on D. Finally,
by defining a symmetric tensor field

90 Y) = SO Y) +R(6X, 6 ) + en(X)n(Y)},
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we obtain

96X, 6Y) = S {h(@X, 6Y) + h(=X +n(X)&,n(¥)€)}
= 9(X,Y) —en(X)n(Y),

which proves the theorem. O

However, on the brighter side, we now prove that there always exists a
Lorentzian metric g on a M satisfying (7.1.6).

Corollary 7.1.5. Under the hypothesis of Theorem 7.1.4, there exists a Lorentzian
metric g on M satisfying (7.1.6).

Proof. Since M is paracompact there exists a Riemannian metric say hg on M.

Define three metrics hq, h and ¢ as in Theorem 7.1.4 with ¢ = —1. Then it is
easy to see that both h and g are Lorentzian metrics on M, which completes the
proof. O

Moreover, there are restrictions on the signature of g as follows. For an al-
most contact metric manifold M, its 2n-dimensional distribution (D, g/D) has an
indefinite Hermitian structure, defined by J = ¢/D, i.e., we have

g(JX,JY) = g(X,Y),VX,Y € (D).

For the endomorphism J, satisfying J2 = — I on D, as explained in the previous
section, the only possible signatures of g/D are (2p, 2s) with p+ s = n. In partic-
ular, (D, g/D, J) satisfying the above condition, can not carry a Lorentz metric,
if J is real. Subject to these restrictions on g, we have the following two classes of
(e)-almost contact metric manifolds.

e=1, ¢=2r. M is a spacelike almost contact metric manifold.
1 1 2r. M i like al t tact metri ifold
(2) e=—1, g=2r+1. M is a timelike almost contact metric manifold.

A subcase of the second class is the Lorentz almost contact manifold for which
e=—landg=1.

Now consider the fundamental 2-form 2 of M exactly as in the Riemannian
case and defined by the equation (7.1.3) and its normality condition as defined by
the equation (7.1.4). Then, we say that (¢, &,n, g) is an (€)-contact metric structure
if Q@ = dn and M is, then, called an (€)-contact metric manifold. Moreover, if M
is also normal, then, M is called an indefinite Sasakian manifold [134, 386]. As in
the Riemannian case, we have:

Theorem 7.1.6. An (¢)-almost contact metric manifold M is an indefinite Sasakian
manifold if only if

(Vx )Y =g(X,Y)¢é—en(Y)X, VX,Y eD(TM). (7.1.7)
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By replacing Y by £ in (7.1.7) we get
Vi€ = —epX, VX eD(TM) (7.1.8)
which implies that V¢£ = 0. Thus , we have:

Corollary 7.1.7. The characteristic vector field & on an indefinite Sasakian mani-
fold is a Killing vector field.

Finally, we present some examples of (¢)-Sasakian structures on a semi-
Euclidean manifold Rg”“ of index g. We need the following notation: 0, = px k
null matrix; I = k x k unit matrix. For any non-negative integer s < n we put

o J -1 for ae{l,... s},
€= 1 for a€{s+1,...,n},

in case s # 0 and €* = 1 in case s = 0. Consider (z%,y’, ) as Cartesian coordinates
on R2"*! and define with respect to the natural field of frames {8,:,9,:,0.} a
(1,1) tensor field ¢ by its matrix

Omn In On7 1

(d)) = _In On,n On71
01, €%y°

)

The 1-form 7 is defined by

€ ~ - il g :
77:§<dz+;ydac— Z y dac), if s#0

i'=r+1

and n = 3 (dz -3y dsci)7 if s = 0. The characteristic vector field is & = 2¢0,.
It is easy to check that (¢,&,n) is an (e)-almost contact structure on RZ"*! for
each s. Define a semi-Riemannian metric g by the matrix

=0ty Yy Oag Osn-s Y
€ _ylyj 6i’j’ + yi y'] On—s,s On—s,n—s - yi
(g) = Z Os,s Os,n—s _Is Os,n—s Os,l
On—s,s O’I’L—S,T/L—S On—s,s I, On—s,l
yi _yi Ol,s OLnfs 1

for s £ 0, and for s = 0 we get

i *51']' + yiyj On,n yi
(g) = Z On]n In On,l
y’ Ol,n I
An orthonormal field of frames with respect to the above metric is
E; = 204, Ey=2 8y,~/,
OB =  2(0 —y'0.),

¢Ei’ = 2 (8zl + yl 8z)a€
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It is easy to check that the above data provides an (e)-Sasakian structure on Ri”“

for any s € {0,...,n}. In case s = 0 and € = 1 we get the classical Sasakian
structure on R?"*1. If s #£ 0, then, we either get a spacelike Sasakian structure
on R3" for € = 1 or a timelike Sasakian structure on Rg?;ils)ﬂ fore = —1. In
particular, for s = n and € = —1 we get a Lorentzian Sasakian structure.

Contact CR-submanifolds. By using the contact metric structure on a Sasakian
manifold, one may define invariant and anti-invariant submanifolds, contact CR-
submanifolds and slant submanifolds of Sasakian manifolds corresponding to com-
plex submanifolds, totally real submanifolds, CR-submanifolds and slant subman-
ifolds of Kéhlerian manifolds. In [411], Yano and Kon introduced the notion of
a contact CR-submanifold of a Sasakian manifold which is closely similar to the
one of a CR-submanifold of a Kéhlerian manifold defined by Bejancu. Note that
contact CR-submanifolds were also defined by Bejancu and Papaghiuc [54], under
the name of semi-invariant submanifolds.

Let (M,g) be a (2m + 1)-dimensional Sasakian manifold with structure ten-
sors (¢, V,7,g). Consider a submanifold M of M with induced metric tensor field
g. First of all, we have:

Proposition 7.1.8. [412] Let M be an n-dimensional submanifold of a (2m + 1)-
dimensional Sasakian manifold M. If the structure vector field V is normal to M,
then, M is anti-invariant with respect to ¢, that is, ¢(Ty M) C Tp(M)* for each
point x of M, and m > n.

It follows from the above proposition that to study a variety of submanifolds
of contact manifolds one must assume that M is an n-dimensional submanifold,
tangent to the structure vector field V, of a (2m++1)-dimensional Sasakian manifold
M. Then, for any vector field X tangent to M, we put

$X = PX + FX, (7.1.9)

where PX is the tangential part of X and FX is the normal part of X . Similarly,
for any vector field N normal to M, we put

®N =tN + fN, (7.1.10)

where tN is the tangential part of ¢N and fN is the normal part of ¢N.

Definition 7.1.9. [411] Let M be a submanifold tangent to the structure vector field
V and isometrically immersed in a Sasakian manifold M. Then M is a contact CR-
submanifold of M if there exists a differentiable distribution D : & — D, C T, M
on M satisfying the following conditions:

1. D is invariant with respect to ¢, i.e., ¢(D,) C D, for each x € M,

2. the complementary orthogonal distribution D+ : 2 — D;- C T, M is anti-
invariant with respect to ¢, i.e., (D) C T,M~* for each x € M.
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Set dim(M) = 2m + 1, dim(M) = 2n + 1, dim(D) = h, dim(D+) = p
and codim(M) = q. If p = 0, then, a contact CR-submanifold is an invariant
submanifold of M. If h = 0, then, M is an anti-invariant submanifold of M tangent
to the structure vector field V. If ¢ = p, then, a contact CR-submanifold is called
a generic submanifold of M. In this case, ¢(T,M+) C T, M for every point x of
M.If h >0 and p > 0, then a contact CR-submanifold is said to be proper. Yano
and Kon obtained the following characterization:

Theorem 7.1.10. [411] In order for a submanifold M, tangent to the structure
vector field V., of a Sasakian manifold M to be contact CR-submanifold, it is
necessary and sufficient that FP = 0.

They also proved the following:

Theorem 7.1.11. [411] Let M be an (n + 1)-dimensional contact CR-submanifold
of a (2m + 1)-dimensional Sasakian manifold M. Then:

1. The distribution D+ is completely integrable and its mazimal integral sub-
manifold is a q-dimensional anti-invariant submanifold of M normal to V
or a (q + 1)-dimensional anti-invariant submanifold of M tangent to V.

2. The distribution D is completely integrable if and only if
hX,PY)=hn(Y,PX), VXY eI(D).

Then £ € T'(D), where h is the second fundamental form of M. Moreover, the
mazimal integral submanifold of D is an (n + 1 — q)-dimensional invariant
submanifold of M.

It is known that every odd-dimensional sphere S?™*! has Sasakian structure.
In this case, we have the following:

Theorem 7.1.12. [411] Let M be an (n + 1)-dimensional contact CR-submanifold
of a S?™t1 with flat normal connection. If the mean curvature vector of M is
parallel and PAyx = ANP for any vector field N normal to M, then M is S™*1
or

S™(ry) X o x ST () n A 1= mi, Y 17,2<k<n+1

in some S"TITP where mq, ..., my are odd numbers

Let M be an (n + 1)-dimensional contact CR-submanifold of a Sasakian
manifold M. Then, M has mazimal contact CR-dimension in M if dim(D,) =
n — 1. In this case, if there is a non-zero vector U which is orthogonal to V' and
contained in D3}, then N = ¢U must be normal to M. In the case of M =
S§2m+1(1), we have the following:

Theorem 7.1.13. [320] Let M be an (n + 1)-dimensional contact CR-submanifold
of (n — 1) contact CR-dimension immersed in a (2m + 1)-unit sphere S*™T1.



312 Chapter 7. Submanifolds of indefinite Sasakian manifolds

If the distinguished normal vector field N is parallel with respect to the normal
connection and the following equality h(X, PY) = —h(PX,Y) holds on M, then

M is locally isometric to S*™ 1 (ry) x S22+l (ry) (rf + 73 = 1) for some integers

ni, g with ny +mno = @

If n > 3, the above result was improved as follows:

Theorem 7.1.14. [260] Let M be an (n + 1)-dimensional (n > 3) contact CR-
submanifold of (n —1)-contact CR-dimension immersed in a (2m+ 1)-unit sphere
S2m+LIf the equality h(X, PY) = —h(PX,Y) holds on M, then M is locally
isometric to S*MFL(ry) x S?2Fl(ry) (rf 4+ 13 = 1) for some integers ny,ngy with
ny+ng = _(n;l) .

~ As in the complex case, a contact CR-submanifold of a Sasakian manifold
M is called a contact CR-product, if it is locally a product of M” and M*, where
M7T and M+ are the integral submanifolds of D @ {V'} and D+.

Theorem 7.1.15. [297] A contact CR-submanifold of a Sasakian manifold is a
contact CR-product if and only if

AswX = (X)W, VX eT(D&{V}) and W eT(D").

If M is a Sasakian space form, we have the following non-existence result.

Theorem 7.1.16. [297] There exists no contact CR-product of a Sasakian space
form M (c) with ¢ < —3.

On totally umbilical submanifolds we quote the following result:

Proposition 7.1.17. [412] Let M be a submanifold, tangent to the structure vector
field V', of a Sasakian manifold M. If M is totally umbilical, then M is totally
geodesic.

In fact, the above result tells us that the usual definition of totally umbilical
submanifolds does not work for submanifolds of Sasakian manifolds. Therefore,
we need the following definition.

Definition 7.1.18. [412] Let M be a submanifold, tangent to the structure vector
field V, of a Sasakian manifold M. If the second fundamental form of a submanifold
is of the form

B(X,Y) = [g(X,Y) = 5CORY )+ (XY, V) + 7YX, V) (T.111)

for any vector fields X and Y tangent to M, « being a vector field normal to M,
then, M is called a totally contact umbilical manifold.

It is easy to show that o = %trh = "THH, where H denotes the mean
curvature vector of M. The notion of a totally contact umbilical submanifold
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of Sasakian manifolds corresponds to that of totally umbilical submanifolds of
Kahlerian manifolds. If o = 0, that is, if h is of the form

WX,Y) = G(X)h(Y,V) + 7(Y)h(X, V) (7.1.12)

then M is said to be totally contact geodesic.

Proposition 7.1.19. Let M be a totally contact umbilical submanifold, tangent to
the structure vector field V', of a Sasakian manifold M. Then M is totally contact
geodesic if and only if M is minimal.

In particular, we have the next result for contact CR~-submanifolds.

Theorem 7.1.20. [412] Let M be a totally contact umbilical proper contact CR-
submanifold of a Sasakian manifold. If dim(D+) > 2, then, M is totally contact
geodesic in M.

There are many results on contact CR~-submanifolds (also slant submanifolds)
of Sasakian manifolds (and other almost contact manifolds). We have quoted some
main results for such submanifolds in Riemannian Sasakian manifolds which are
needed to compare and understand their counterparts of lightlike geometry. For
those interested in knowing more about almost contact manifolds and their non-
degenerate contact CR-submanifolds, we recommend the following references: [7,
9, 11, 55, 56, 54, 65, 66, 67, 68, 69, 70, 78, 79, 84, 85, 86, 87, 88, 89, 117, 134, 184,
201, 209, 211, 226, 255, 258, 259, 265, 266, 271, 275, 277, 292, 299, 301, 303, 304,
313, 315, 338, 367, 374, 377, 386, 388, 399, 404, 413].

7.2 Lightlike hypersurfaces

In this section we present up-to-date results on lightlike hypersurfaces of almost
contact metric manifolds and indefinite Sasakian manifolds.

Let (M, ¢,V,n,g) be a (2m+1)-dimensional almost contact metric manifold,
where g is a semi-Riemannian metric of index ¢, 0 < ¢ < 2m + 1. Let (M, g) be a
lightlike hypersurface of (M, g). Then, for each &, € T(T M=) at p € M, we have
9(&p,&p) = 0. This implies that &, € I'(T,M). On the other hand, (7.1.2) implies
that g(&,, ¢&,) = 0. Hence ¢¢, is tangent to M. Thus, ¢(T M=) is a distribution
on M of rank 1. Choose a screen distribution S(TM) of M such that it contains
#¢ and V. Using (7.1.2), we have

where N € I'(tr(T'M)). This implies that ¢N is also tangent to M and belongs to
S(TM). Moreover, from (7.1.2) we get

G(ON, ¢€) = 1.
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Thus ¢(TM*) @ ¢(tr(TM)) is a non-degenerate vector sub-bundle of S(T'M) of

rank 2. Then, there exists a non-degenerate distribution D, on M such that
S(TM) = {$(TM*) & $(tx(TM))} L D, (7.2.1)

where D, is an invariant distribution with respect to ¢. Summing up the above
information, we obtain the decompositions

TM = {¢(TM*) ® ¢(tr(TM))} L D, L {V} Bopen TM~ (7.2.2)
and
TM = {$(TM*) ® ¢(tr(TM))} LD, L{V} L{TM* @tr(TM)}. (7.2.3)
At this point let (M, ¢, V,7,3) be an indefinite Sasakian manifold. Set
D =TM" Goren $(TM™) Goren Do (7.2.4)

and

D' = $(tr(TM)). (7.2.5)

Then, it is obvious that D is invariant with respect to ¢. Thus, we have the

decomposition:
TM=DoD. (7.2.6)

Now, consider local vector fields U = —¢N and W = —¢¢. Then, any vector field
on M is expressed as

X = 85X + QX, QX = u(X)U, (7.2.7)

where S and @ are the projection morphisms of TM to D and D', respectively. u
is a 1-form locally defined on M by

w(X) =g(X,W). (7.2.8)
Applying ¢ to (7.2.7) and using (7.1.2) we get
6X = ¢X +u(X)N, (7.2.9)
where ¢ is a tensor field of type (1,1) defined on M by
pX = ¢SX. (7.2.10)
Then, applying ¢ to (7.2.9) and using (7.1.2) we obtain
P*X = —X +n(X)V +u(X)U. (7.2.11)
Using Sasakian M, from (7.2.8),(7.2.9), (2.1.14) and (2.1.15) we derive

(Vx3)Y =n(Y)X — g(X,Y)V — B(X,Y)U +u(Y)AnX, (7.2.12)
(Vxu)Y = —B(X,¢Y) —u(Y)r(X), VX,Y € T(TM). (7.2.13)
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Lemma 7.2.1. [254] Let M be a lightlike real hypersurface of an indefinite Sasakian
manifold M .

1. If the vector field U is parallel, then, for X € T(TM) we have
AnX = (AN X)V + u(AxX)U, 7(X) = 0. (7.2.14)

2. If the vector field W is parallel, then
A X = (A X))V +u(Ag X)U, 7(X) = 0. (7.2.15)
Proof. Taking U instead of Y in (7.2.12), we get
ANX = —§(VxU) + g(X, V)¢ — BX,U)U. (7.2.16)
Applying ¢ to this equation and using (7.2.11), we have
P(ANX) = VxU —n(VxU)V —u(VxU)U

for every X € T'(T'M). Thus, if U is parallel, we obtain ¢(AxX) = 0. Then from
(7.2.9), we get

Applying ¢ and using (7.1.1) we obtain the first equation of (7.2.14). Replacing
Y in (7.2.13) by U, we have (Vxu)U = —u(U)7(X). Then u(U) = 1 implies that
(Vxu)U = —7(X). Since (Vxu)U = —u(VxU) = 0, we get 7(X) = 0. Now
suppose that W is parallel. Replacing Y by & in (7.2.12) and using (2.1.16) we
obtain (Vx¢)¢ = 0. Hence, we have

Vxé(§) — o(VxE) =0.
Then, from (2.1.24) we derive
—VxW + ¢(Ai X + 7(X)§) = 0.
Since W is parallel, we arrive at
P(AFX + 7(X)E) = 0.

Hence we derive
qﬁAzX =T7(X)W.

Now, applying ¢ to this equation and using (7.2.11), we obtain
—ALX + (A X))V +u(Ag X)U = 7(X)p(W).
On the other hand, since p(W) = ¢(W) = —¢2(£) = £, we derive
—AX + (A X)V +u(A; X)U = 7(X)E.

Taking the screen and radical parts of this equation, we obtain (7.2.15). 0
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From Lemma 7.2.1, we have the following result.

Corollary 7.2.2. [254] Let M be a lightlike real hypersurface of an indefinite Sasak-
ian manifold M such that U and W are parallel vector fields with respect to V.
Then for any point p € M the type numbers of M and S(TM) satisfy t(p) < 2
and t*(p) < 2, respectively.

The next result indicates that the integrability of all distributions involved
in the study of lightlike real hypersurfaces is characterized by both second funda-
mental forms of M and S(TM).

Proposition 7.2.3. Let M be a lightlike hypersurface of an indefinite Sasakian man-
ifold M. Then:

() TM* @oren d(T ML) is integrable if and only if
B(X,Y) = 0,9X € D(B(TM1)), Y € NGHTMY) ©oun D). (7.2.17)
(i) TM~* @ortn @(TM™L) Soren {V'} is integrable if and only if (7.2.17) holds.
(iii) @(tr(TM)) ® ¢(TM™*) is integrable if and only if
C(U,W)=C(W,U) (7.2.18)

and
B(U,¢X) = C(W,¢X),VX € T(D,). (7.2.19)

(iv) D, is integrable if and only if

C(X,Y)=C(Y,X), (7.2.20)
C(X,0Y) = C(Y,9X), (7.2.21)
B(X,¢Y) = B(Y,¢X), (7.2.22)

for any X, Y € T(D,).
(v) TM* @oren D, is integrable if and only if (7.2.21) and (7.2.22) hold,

B(X,W)=0,YX € T(D,) (7.2.23)

and
C(&,¢X)+ B(X,U)=0. (7.2.24)

(vi) @(TM™L) Goren D, is integrable if and only if (7.2.20) and (7.2.21) hold,
CU,¢X)=0 (7.2.25)

and
C(X,U)=C(U,X),VX e (D,). (7.2.26)
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(vii) ¢(tr(TM)) ®ortn D, is integrable if and only if (7.2.20) and (7.2.21) hold,
CU,pX)=0 (7.2.27)
and
O(X,U) = O(U, X),¥X € I(D,). (7.2.28)
(viii) D is integrable if and only if (7.2.22) and (7.2.23) hold and
B(W, W) = 0. (7.2.29)

(iz) ¢(tr(TM)) orth TML Doren D, is integrable if and only if (7.2.21), (7.2.24)
and (7.2.25) hold and

B(U,U) = 0. (7.2.30)

For totally umbilical lightlike hypersurfaces we first have the following result:

Theorem 7.2.4. [254] Let M be a totally umbilical lightlike hypersurface of an indef-
inite Sasakian space form M(c). Then ¢ = 1 and p satisfies the partial differential
equations

&(p) +p7(€) —p* =0 (7.2.31)
and
PX(p) + pr(PX) = 0,YX € I(TM). (7.2.32)

Proof. From (7.1.5), we have
49(R(X,Y)Z,€) = (c = D){a(6Y, 2)5(6 X, €) + §(62, X)g(#Y€)
—9(¢X,Y)g(¢Z,8)}
for any X,Y,Z € I'(TM). Then from (2.4.6) and using (7.2.8), we obtain

c—

1 {6(6Y. 2)u(X) + (62, Xpu(Y)
—2g(¢X, Y)u(Z)} +7(Y)B(X, Z)
- 7(X)B(Y, 2). (7.2.33)

(VxB)(Y,Z) = (Vy B)(X, Z) =

Replacing X,Y, Z in (7.2.33) by PX, ¢, PZ, respectively, we deduce

(VexB)(E PZ) - (VeB)(PX, PZ) = (36 PZ)u(PX)

—2G(¢P X, E)u(PZ2)} + 7(£)B(PX, PZ)
—717(PX)B(,PZ).

Since M is umbilical, we get

—pg(Vex§& PZ) = &(pg(PX,PZ)) + pg(VePX, PZ) 4 pg(PX,VePZ)
o

. L 3u(PZ2)u(PX)} + 7()pg(PX, P2).
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Then, by direct calculations, using (2.1.24) and (2.5.1), we get
c—1
(0)? = €(p) — pr(€)g(PX, PZ) = =
Now, taking PX = PZ = U, we obtain ¢ = 1. On the other hand, substituting
X =¢( Y =PY and Z = PY in (7.2.33) with ¢ = 1, we derive
{€(p) = p* + pr(PX)}g(PY, PY) =0

which is (7.2.31) due to g(PY,PY) # 0 for at least one Y € I'(T'M). Finally,
substituting X = PX, Y = PY and Z = PZ into (7.2.33) with ¢ = 1 and taking
into account that S(T'M) is non-degenerate, we get

{PX(p) + pr(PX)}PY = {PY (p) + p7(PY)}PX. (7.2.34)

{—3u(PZ)u(PX)}.

Suppose there exists a vector field X’ on some neighborhood of M such that
PX'(p)+ pT(PX’) # 0 at some point p in the neighborhood. Then, from (7.2.34)
it follows that all vectors of the fiber S(7,M) are collinear with (PX"),. This
contradicts dim S(T, M) > 1. Therefore, (7.2.32) holds which completes the proof.

O

From Theorem 7.2.4, we obtain the following result.

Corollary 7.2.5. There exists no totally umbilical lightlike hypersurface of indefinite
Sasakian space forms M (c) with ¢ # 1.

7.3 Invariant submanifolds
Let (M,g,S(T'M),S(TM*)) be a lightlike submanifold of an indefinite almost
metric manifold (M, g). We put

¢X = PX + FX, VX € [(TM), (7.3.1)

where PX and F'X are the tangential and the transversal parts of ¢.X respectively.
Moreover, P is skew symmetric on S(T'M).

Lemma 7.3.1. Let M be a lightlike submanifold of an indefinite almost metric
manifold M. If V' is tangent to M, then the structure vector field V' does not
belong to Rad T M.

Proof. Suppose M is a lightlike submanifold and V' € T'(Rad TM). Then, there
exists a vector field N € T'(Itr(TM)) such that g(IV,V) = 1( or at least # 0). On
the other hand, from (7.1.6) we have

g(@N, V) =g(V.N) = n(V)n(N).
Since V is null and ¢V = 0 we obtain
g(V,N) =0.

This is a contradiction which proves our assertion. O
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The above lemma (also see [88]) implies that if M is tangent to the structure
vector field V', then, V' belongs to S(T'M). Using this, we say that M is an invariant
submanifold of M if M is tangent to the structure vector field V' and

#(RadTM) =RadTM, ¢(STM))=S(TM). (7.3.2)
From (7.1.7), (7.1.8), (7.3.2) and (5.1.15) we get

M(X,V)=0, h*(X,V)=0, VxV=PX, (7.3.3)
h(X,¢Y) = oh(X,Y) = h(¢X,Y), VX,Y € D(TM). (7.3.4)

Proposition 7.3.2. Let (M, g, S(T'M),S(TM™)) be an invariant lightlike subman-
ifold of an indefinite Sasakian manifold. If the second fundamental forms h' and
h® of M are parallel then M 1is totally geodesic.

Proof. Suppose h' is parallel. Then, we have
(Vxh)(Y,V) = Vxh' (Y, V) = h(VxY,V) = b (Y,VxV) =0.

Thus, using (7.3.3) we have h!(Y, PX) = 0. Similarly, we have h*(Y, PX) = 0,
which completes the proof. O

Theorem 7.3.3. Let (M, g,S(TM),S(TM™)) be an invariant lightlike submanifold
of codimension two of an indefinite Sasakian manifold. Then, RadTM defines a
totally geodesic foliation on M. Moreover, M = M x My is a lightlike product
manifold if and only if h* = 0, where My is a leaf of the radical distribution and
Ms is a semi-Riemannian manifold.

Proof. Since rank(RadTM) = 2, VX, Y € T'(RadTM) we can write X, Y as
linear combinations of £ and ¢&, i.e., X = A1+ B1¢&, Y = Az 4+ Bagé. Thus by
direct calculations, using (5.1.15) we obtain

9(VxY,PZ) = —AyA1g(§,h! (¢, PZ)) — Ay Big(h! (¢¢, PZ), €)
— BoA1g(¢€, ' (&, PZ)) — BoB1g(h'(¢€, PZ), ¢€).

Now, by using (5.1.33) and (7.3.4) we derive g(VxY, PZ) = 0. This shows that
Rad T'M defines a totally geodesic foliation. Then, the proof of the theorem follows
from Theorem 5.1.6. O

Theorem 7.3.4. Let (M, g,S(TM),S(TM™)) be an invariant lightlike submanifold
of codimension two of an indefinite Sasakian manifold M. Suppose (M, g') is a
non-degenerate submanifold of M such that M’ is a leaf of integrable S(T'M). Then

M s totally geodesic, with an induced metric connection if M’ is so immersed as
a submanifold of M.
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Proof. Since dim(Rad T M) = dim(ltr(TM)) = 2, h'(X,Y) = A; N+ B1$N, where
Ay and B are functions on M. Thus h'(X,¢) = 0 iff g(h!(X,€),£) = 0 and
g(h (X, 6),¢0¢) = 0,¥YX € I'(TM) and ¢ € T'(RadTM). From (5.1.33) we have

g(h'(X,€),€) = 0. Using (7.3.4) we get g(h'(X,€),¢¢) = —g(h'(¢X,€),€) = 0.
Similarly, h!(X, ¢€) = 0. For M, we write

VxY = V4Y +1/(X,Y), VX,Y € I(TM),

where V' is a metric connection on M’ and &' is the second fundamental form of
M. Thus, M'(X,Y) = h*(X,Y) + B{(X,Y), VX,Y € [(TM’). Also, g(X,Y) =
g (X,Y),VX,Y € T'(TM), which completes the proof. O

Theorem 7.3.5. Let (M, g, S(TM),S(TM*)) be a lightlike submanifold, tangent
to the structure vector field V', of an indefinite Sasakian manifold (M,g). If M is
totally umbilical, then, M is totally geodesic.

Proof. Using (7.1.8), (5.1.15), (7.3.1) and the transversal parts we get
(X, V) +RN(X,V)=~-FX, VX ecT(TM). (7.3.5)

#V = 0 implies PV = 0 and FV = 0. Thus from (7.3.5) we have h/(V,V) = 0
and h*(V,V) = 0. Now M totally umbilical, V' non-null and (5.3.7), (5.3.8) imply
ht =0 and h* = 0. Thus, M is totally geodesic which completes the proof. O

Theorem 7.3.6. Let M be an invariant lightlike submanifold of an indefinite Sasak-
ian manifold M. Then M is minimal in M if and only if D'(X,W) = 0 for
X eT(RadTM) and W € T(S(TM)).

Proof. If M is invariant, then ¢ RadTM = RadTM and ¢S(TM) = S(T'M),
hence ¢(ltr(TM)) = ltr TM and ¢S(TM~+) = STM~. Then using (7.3.2), (5.1.15)
and taking transversal parts, we obtain

hoX,Y) = oh(X,Y)

for X,Y € I'(T'M). Hence we get h(¢X,¢Y) = —h(X,Y). Thus

m—2r

trh |seran = Z ei{h(ei, e;) + hidei, dei)}

m—2r

- Z ei{h(ei,ei) — h(ei,e;)} = 0.

i=1

On the other hand, from (5.1.28) we get g(h*(X,Y),W) = g(D'(X,W),Y) for
X,Y € T(RadTM) and W € I'(S(TM+). The proof follows from Definition 5.4.1
and Proposition 5.1.3. |
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7.4 Contact CR-lightlike submanifolds

Let (M,S(TM),S(TM*)) be a lightlike submanifold of an indefinite Sasakian
manifold M. The next definition is a generalization of lightlike real hypersurfaces
of indefinite Sasakian manifolds.

Definition 7.4.1. Let (M,g,S(TM),S(TM*)) be a lightlike submanifold, tan-
gent to the structure vector field V', immersed in an indefinite Sasakian manifold
(M, g). We say that M is a contact CR-lightlike submanifold of M if the following
conditions are satisfied:

(A) RadTM is a distribution on M such that Rad TM N ¢(RadTM) = {0}.
(B) There exist vector bundles Dy and D’ over M such that

S(TM) = {¢(RadTM)® D'} L D, LV,
¢Dy = Do, $(D’) = Ly Goren Itx(TM),

where Dy is non-degenerate and L; is a vector sub-bundle of S(T'M™).

Thus, we have the decomposition
TM={D®D'} LV, D=RadTM ®oren ¢(Rad T M) Goren Do- (7.4.1)

A contact CR-lightlike submanifold is proper if D, # {0} and L; # {0}. It follows
that any contact CR-lightlike 3-dimensional submanifold is 1-lightlike.

Example 1. Let M be a lightlike hypersurface of an indefinite Sasakian manifold
M. For ¢ € T(RadTM), we have g(¢&,£) = 0. Hence, ¢& € T'(TM). Thus,
we get a rank 1 distribution ¢(TM~*) on M such that ¢(TM*) N TM*+ = {0}.
This enables us to choose a screen S(TM) such that it contains ¢(T ML) as a
vector sub-bundle. Consider N € T'(ltr(T'M)) to obtain g(¢N, &) = —g(N,¢&) =0
and g(¢ N,N) = 0. Thus, ¢N € I'(STM). Taking D' = ¢(tr(T'M)), we obtain
S(TM) = {¢(TM+) ® D'} L D,, where D, is a non-degenerate distribution.
Moreover ¢(D’) = tr(TM). Hence M is a Contact CR-lightlike hypersurface.

From now on, (RZ™*!, ¢,,V,n,7) will denote the manifold R2"! with its
usual Sasakian structure given by

1 S i 7
n:§(dz—zlydm),V:282,
= 1 % 7 7 7 7 < 7 7 7 7
g:n®n+1(—2da¢ ®dz’ + dy' ® dy +_Z da' @ da'* + dy* @ dy'),
=1 1=q+1
$o(Y_(Xi0a' +Y;0y") + Z02) =Y (Vida' — X;0y') + »_Yiy' 0z,

i=1 i=1 =1
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where (z°;y; 2) are the Cartesian coordinates. The above construction will help in
understanding how the contact structure is recovered in the next three examples.

Example 2. Let M = (RJ,g) be a semi-Euclidean space, where g is of signature
(=, +,+,+,—,+,+,+,+) with respect to the canonical basis

{0x1, 0xg, 0x3, Oy, OYy1, Y2, Dys, Oya, 0z }.
Suppose M is a submanifold of RJ defined by
dt=yt P =VT-(PPR Y £ L
It is easy to see that a local frame of T'M is given by

Z1 =20z +0ys +9y'02), Zo=2(0x4 — 0y +y*02),

2\2
(y*) 9,
€2

2
Z3=0x3+y302, Zy=0ys, Zsz—%azg—kayg—
Z6:8x4+8y1+y482, Zr =V =20z.

Hence Rad TM = Span{Z1}, ¢, RadTM = Span{Z2} and RadTMN¢, Rad T M
= {0}. Thus (A) holds. Next, ¢o(Z3) = —Z4 implies Dy = {Z3, Z4} is invariant
with respect to ¢,. By direct calculations, we get

2
S(TM*) = Span{W = dxz + %8312 +4%02} such that ¢, (W)= —Zs

and ltr(T'M) is spanned by N = —9x1 + Oyy — y*0 2 such that ¢, (N) = Zs.
Hence M is a contact CR-lightlike submanifold.

Let M be isotropic or totally lightlike. Then, S(T'M) = {0}. Hence conditions
(A) and (B) of Definition 7.4.1 are not satisfied. Thus it follows that there exist
no isotropic or totally lightlike contact CR-lightlike submanifolds.

Proposition 7.4.2. Let M be a proper contact CR-lightlike submanifold of an in-
definite Sasakian manifold M. Then, D and D' ® D are not integrable.

Proof. Suppose D is integrable. Then g([X,Y],V) =0, for X,Y € I'(D). On the
other hand, from (5.1.23) we derive

g([Xa Y]a V) = g(vXY7 V) - g(va, V)

Then, V is a metric connection and using (7.1.8), we have g([X,Y],V) = g(Y, $X)
—9(9Y, X). Hence, g([X,Y],V) = —2¢(¢Y, X). Since M is proper and D, is non-
degenerate we can choose non-null vector fields X ,Y € I'(D) such that g(Y, ¢X) #
0, which is a contradiction so D is not integrable. Similarly, D’@® D is not integrable
which completes the proof. O
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Denote the orthogonal complement sub-bundle to the vector sub-bundle L,
in S(TM~) by Li. For a contact CR-lightlike submanifold M we put

pX =fX+wX, VX el (TM), (7.4.2)
where fX € I'(D) and w X € I'(L1 ®oren tr(TM)). Similarly, we have
oW =BW +CW, YW e T(S(TM™*) (7.4.3)

where BW € I'(¢L1) and CW € I'(L{).

Proposition 7.4.3. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M. Then, D @own V is integrable if and only if

MX,0Y)=h(¢X,Y), YX,Y €T(D @on V).

Proof. From (5.1.21), (7.4.2), (7.4.3), (7.1.7) and transversal parts, we get that
w(VxY) =Chr(X,Y)+ h(X,9Y), VX,Y € I'(D @oren V). Thus, w[X,Y] =
MX,0Y)—h(¢p X,Y), VX,Y € T'(D ®oren V') which completes the proof. |

Proposition 7.4.4. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M. Then D @qen V' is a totally geodesic foliation if and only if

h{(X,pY)=0, and h*(X,Y) has no components in L. (7.4.4)

Proof. By Definition 7.4.1, D ®o4n V is a totally geodesic foliation if and only if
9(VxY,98) = g(VxY, W) =0 for X,Y € I'(D @open V) and W € I'(¢ L1). From
(5.1.15) we have g(VxY, ¢¢) = —g(¢VxY,&). Using (7.1.7) and (5.1.15) we get

9(VxY,¢€) = —g(h'(X,¢Y),€). (7.4.5)
In a similar way, we derive
9g(VxoY, W) = —g(h*(X,Y),o W). (7.4.6)

Thus, from (7.4.5) and (7.4.6) we obtain (7.4.4) which completes the proof. [

Proposition 7.4.5. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M. Then, D' is a totally geodesic foliation if and only if Ay Z
has no components in L1 L ¢(RadTM) and Ayw Z has no components in D, L
RadTM for Z, W € T'(D").

Proof. Note that D’ defines a totally geodesic foliation if and only if
g(VzW,N) = g(VzW,¢N) = g(VzW, X) = g(VW,V) =0,
Z,WeT(D), NeT'(ltr(T'M)) and X € I'(D,,). From (7.1.8) and (5.1.21) we get

g(VZzW, V) =0. (7.4.7)
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On the other hand, V is a metric connection and (5.1.21) implies
g(VZzW,N) =g(W,AnZ). (7.4.8)
By using (7.1.8), (7.1.7), (5.1.28) and (7.4.1) we obtain
9(V2W,6N) = g(AswZ, N). (7.4.9)
In a similar way we have
9(V2W.6 X) = g(Agw Z,X). (7.4.10)
Thus the proof follows from(7.4.8)- (7.4.10). O

We say that M is a contact CR-lightlike product if D ®on V and D’ de-
fine totally geodesic foliations in M. This concept is consistent with the classical
definition of product manifolds.

Theorem 7.4.6. Let M be an irrotational contact CR-lightlike submanifold of an
indefinite Sasakian manifold M. Then, M is a contact CR-lightlike product if the
following conditions are satisfied:

(1) VxU € T(S(TM*Y)), VX € T(TM) and U € T'(tr(TM)).
(2) AFY has no components in D, @ ¢(Itr(T'M)), Y € I'(D).

Proof. 1f (1) holds, then from (5.1.21) and (5.1.23) we have Ay X =0, Ayp X =0
and DY(X,W) = 0, for X € ['(TM), W € T'(S(TM+1)). These equations imply
that D’ defines a totally geodesic foliation. From (5.1.28) we get g(h*(X,Y), W) =
—g(Y, DY{(X,W)) = 0. Hence, h*(X,Y) has no components in L;. Then, from
(5.1.32) and M irrotational we have g(h!(X,¢Y),&) = —g(¢Y, A X) for X €
[(TM) and Y € T(D). Hence, if (2) holds then h!(X,#Y) = 0. Thus, using
Propositions 7.4.4 and 7.4.5 we conclude that M is a contact CR-lightlike product,
which completes the proof. O

From Theorem 7.3.5, it follows that any totally umbilical lightlike subman-
ifold, tangent to the structure vector field V, of an indefinite Sasakian manifold
is always invariant and totally geodesic. This tells that there are no totally um-
bilical lightlike submanifolds of indefinite Sasakian manifolds other than invariant
lightlike submanifolds. Hence, the usual definition of totally umbilical lightlike
submanifolds does not work for submanifolds of indefinite Sasakian manifolds.
Therefore, as in Section 1, we give the following definition.

Definition 7.4.7. If the second fundamental form £ of a submanifold, tangent to
the structure vector field V, of an indefinite Sasakian manifold M is of the form

BX,Y) = [9(X,Y) = (X))o + n(XORY, V) + n(¥)R(X, V), (7.4.11)

for any X,Y € I'(TM), where « is a vector field transversal to M, then M is
called totally contact umbilical and totally contact geodesic if o = 0.
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The above definition also holds for a lightlike submanifold M. For a totally
contact umbilical M we have

HXY) =[g(X,Y) = n(X)n(Y)]or

+ R, V) + (¥R (X, V), (7.4.12)
B (X,Y) = [g(X,Y) = n(X)n(Y)]as
+ (XY, V) + (Y )R (X, V), (7.4.13)

where ag € T(S(TM™)) and ay, € T'(Itr(TM)).

Lemma 7.4.8. Let M be a totally contact umbilical proper contact CR-lightlike
submanifold of an indefinite Sasakian manifold M. Then oy = 0.

Proof. Let M be a totally contact umbilical proper contact CR-lightlike subman-
ifold. Then, by direct calculations, using (5.1.15),(5.1.23), (7.1.7) and taking the
tangential parts we have

Ay 22+ [N2Z+hHZ,Z)+ Bh*(2,2) = g(Z, Z)V (7.4.14)

for Z € T'(¢L1). Hence, we obtain g(Ay zZ, &) +g(h'(Z, Z),&) = 0. Using (5.1.28)
we get g(h*(Z,6€),0Z) + g(h'(Z, Z),€) = 0. Thus, from (7.4.12) and (7.4.13) we
derive —g(Z, Z)g(ar,€&) = 0. Since ¢ Ly is non-degenerate we get ay, = 0, which
completes the proof. O

Theorem 7.4.9. Let M be a totally contact umbilical proper contact CR-lightlike
submanifold of an indefinite Sasakian manifold M. Then either M is totally con-
tact geodesic or dim(¢L1) = 1.

Proof. Assume M proper totally contact umbilical. (7.1.7), (5.1.15), (7.4.3) and
(7.4.4) imply wVxX + Ch*(X,X) =0 for X € I'(D,). Hence,

W (X, X) €T (Ly). (7.4.15)

From (7.4.14) and (5.1.28) we have g(h*(Z, Z), W) = g(h*(Z, W), ¢ Z) for Z,W €
T'(¢Ly). Since M is totally contact umbilical we obtain

9(27 Z)g(aS7¢W) =g(Z,W)g(as, ¢ Z).

Interchanging role Z and W and subtracting we derive

glas,62) = - IZW) s 02). (7.4.16)

(Z,Z)g(W, W)

Considering (7.4.15) the equation (7.4.16) has solutions if either (a) dim(L;) =1,
or (b) ag = 0. Thus the proof follows from Lemma 7.4.8. 0
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We know [45] that CR-submanifolds of Kéhler manifolds were designed as
a generalization of both invariant and totally real submanifolds. Therefore, it is
important to know whether contact CR-lightlike submanifolds admit invariant
submanifolds (discussed in section 3) and are there any real submanifolds. To
investigate this we need the following definition:

Definition 7.4.10. [161] We say that a lightlike submanifold M, of an indefinite
Sasakian manifold M, is screen real submanifold if Rad(T'M) and S(T'M) are,

respectively, invariant and anti-invariant with respect to ¢.
Proposition 7.4.11. Contact CR-lightlike submanifolds are non-trivial.

Proof. Suppose M is an invariant lightlike submanifold of an indefinite Sasakian
manifold. Then we can easily see that radical distribution is invariant. Thus con-
dition (A) of Definition 7.4.1 is not satisfied. Similarly, one can prove the screen
real lightlike case is not possible. O

7.5 Contact SCR-lightlike submanifolds

We know from Proposition 7.4.11 that contact CR-lightlike submanifolds exclude
the invariant and the screen real subcases and, therefore, do not serve the central
purpose of introducing a CR-structure. To include these two subcases, we introduce
a new class, called a contact screen Cauchy Riemann (SCR)-lightlike submanifold
as follows:

Definition 7.5.1. [161] Let M be a lightlike submanifold, tangent to the structure
vector field V', of an indefinite Sasakian manifold M. We say that M is a contact
SCR-lightlike submanifold of M if the following holds:

1. There exist real non-null distributions D and D+ such that
S(TM)=D 1L D* LV, ¢(D*) c (S(TM™)), Dn D+ = {0}

where D+ is orthogonal complementary to D 1L V in S(TM).
2. The distributions D and Rad(T'M) are invariant with respect to ¢.

It follows that ltr(T'M) is also invariant with respect to ¢. Hence we have
TM = D @oppy DY LV, D= D @opp, Rad(TM). (7.5.1)

Denote the orthogonal complement to ¢(D+) in S (T™M 1) by pu. We say that M
is a proper contact SC R-lightlike submanifold of M if D # {0} and D+ # {0}.
Note the following features of a contact SCR-lightlike submanifold:

1. Condition 2. implies that dim(RadTM) = r = 2p > 2.
2. For proper M, 2. implies dim(D) = 2s > 2, dim(D+) > 1. Thus, dim(M) > 5,

dim(M) > 9.



7.5. Contact SCR-lightlike submanifolds 327

For any X € I'(TM) and any W € T'(S(TM™)) we put
GX =P X+F X, ¢W=BW+CW, (7.5.2)

where P’ X € (D), F' X e (¢ D+), BW € T'(D*) and C'V € T'(u).
Example 3. Let M be a submanifold of RJ, defined by

‘rEl = !E2, yl = y27 $4 = 1- (y4)2‘

It is easy to see that a local frame of T'M is given by

Z1=0x1+ 0w+ (Y +9°)02, Zo =0y + dys,
Z3:8x3+y38z7 Z4:ay3’
Zs=—y*0xy+ 2 0ys — (y)? 02, V =20z

Hence Rad TM = Span{Z;, Z>} and ¢,(Z1) = —Z>. Thus RadTM is invariant
with respect to ¢,. Also, ¢o(Z3) = —Z, implies D = Span{Zs, Z,}. By direct
calculations, we get S(TM1) = Span{W = 2* 9 x4 +y* O ys + 2* y*0 2} such that
o (W) = —Z5 and ltr(T'M) is spanned by

N1 = 2(—81‘1 + 8332 + (—yl + y2)8z), N2 = 2(—8:(]1 + 0y2)

Tt follows that ¢,(Nz) = Ny. Thus ltr(T'M) is also invariant. Hence, M is a contact
SCR-lightlike submanifold.
The following results can be easily proved by direct use of Definition 7.5.1.

(1) A contact SCR-lightlike submanifold of M is invariant ( resp., screen real) if
and only if D+ = {0}. (resp. D = {0}).

(2) Any contact SCR-coisotropic, isotropic and totally lightlike submanifold of
M is an invariant lightlike submanifold. Consequently, there exist no proper

contact SCR or screen real coisotropic or isotropic or totally lightlike sub-
manifolds of M.

Theorem 7.5.2. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M. Then the induced connection V is a metric connection if
and only if the following hold:

(1) h*(X,&) has no components in ¢(D+),
(2) A{X has no components in D, VX € '(T'M), §e€I'(RadTM).

Proof. From (7.1.7) we obtain Vx¢¢ = ¢Vx€&. Then using (5.1.15), (5.1.27),
(7.5.2), we get
Vx¢t = B'h*(X,€) + ¢V & — PIALX. (7.5.3)

We know that the induced connection is a metric connection if and only if Rad 7'M
is parallel with respect to V. Suppose that Rad T'M is parallel. Then, from (7.5.3)
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we have B'h*(X,§) = 0 and P'A; X = 0. Hence h*(X,¢) has no components in
#(D+) and A X has no components in D. Conversely, assume that (1) and (2)
are satisfied. Then, from (7.5.3) we get Vx¢¢ € I'(RadTM). Thus RadTM is
parallel and V is a metric connection, which completes the proof. O

From (7.1.7), (5.1.15), (7.5.2) and taking the tangential (respectively, screen
transversal, lightlike transversal) parts we have

(VxP)Y = Apy X + B'h*(X,Y) — g(X,Y)V +n(Y)X, (7.5.4)
(VxFY = C'h*(X,Y) — h*(X, P'Y), (7.5.5)
oh'(X,Y) = h'(X,P'Y)+ D'(X,F'Y), VX,Y € T(TM). (7.5.6)

The following results are similar to those proved in Propositions 7.4.3 and 7.4.4.

Proposition 7.5.3. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M. Then:

(1) The distribution D+ is integrable if and only if

AgxY = Agy X, VX,Y € T(Dh).

(2) The distribution D @opp V is integrable if and only if

h¥(X,P'Y)=n*(P'X,Y),VX,Y € I'(D).

(3) The distribution D is not integrable.

Theorem 7.5.4. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold. Then, D @orn V' defines a totally geodesic foliation in M if
and only if h*(X, ¢Y) has no components in ¢(D+), for X, Y € T'(D Gortn V).

Proof. From (5.1.15) we have g(VxY, Z) = g(VxY, Z) for X,Y € I'(D ®oren V)
and Z € T'(D1). Using (7.1.7) we get g(VxY, Z) = g(Vx¢Y, $Z). Hence we derive
9(VxY,Z) = g(h*(X, Y ), $Z) which proves our assertion. O

Theorem 7.5.5. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M. Then the following assertions are equivalent:

(i) D™ defines a totally geodesic foliation on M.
(ii) AypxY has no components in D.
(iii) B'h*(X,9Z) =0 and B'D*(X,¢N) =0,

VX, Y e T(D*), ZeT(D) and N eT(tr(TM)).



7.5. Contact SCR-lightlike submanifolds 329

Proof. (i) = (ii): Suppose D+ defines a totally geodesic foliation in M. Then,
VxY € I'(D1). From (5.1.15) and (7.1.7) we have g(VxY, Z) = g(Vx @Y, ¢Z) for
X,Y € (D) and Z € (D). Using (5.1.23) we obtain

9(VxY,Z) = —g(Agy X, ¢Z). (7.5.7)
In a similar way we get

for N € T'(ltr(T'M)) Thus (i)= (ii) follows from (7.5.7) and (7.5.8).

(i) = (iii) follows from (7.5.7), (7.5.8), (5.1.28) and (5.1.21).

(iii) = (i): By definition of a contact SCR-lightlike submanifold, D+ de-
fines a totally geodesic foliation in M if and ounly if g(VxY,Z) = g¢(VxY,V) =
G(VxY,N) = 0 for X,)Y € T(D*), Z € T(D) and N € T'(Itr(TM)). From
(5.1.15) and (7.1.8) we obtain g(VxY,V) = 0. Applying a similar method to
(7.5.7) and (7.5.8) we get ¢(VxY,Z) = g(h*(X,¢Z),¢Y) and g(VxY,N) =
—g(D*(X,¢N), Y ). By assumption, B'h*(X,¢Z) = 0 and B'D*(X,¢N) = 0.
Hence we obtain ¢(VxY,Z) = 0 and g(VxY,N) = 0 which proves the asser-
tion. g

Lemma 7.5.6. Let M be a contact SCR-lightlike submanifold of an indefinite Sasak-
ian manifold M. Then we have

RH(X,V)=0, VX ecT(TM), (7.5.9)
VxV =—-¢X, h'(X,V)=0, VX cTI(D), (7.5.10)
VxV =0, h(X,V)=0¢X, VX ecI'(Dh). (7.5.11)

Proof. Using (7.1.8) and (5.1.15) we get VxV + (X, V) + h*(X,V) = ¢X for
X € T(TM). Then, considering (7.5.1) we get (7.5.9)—(7.5.11). O

Theorem 7.5.7. Any totally contact umbilical proper contact SCR-lightlike sub-
manifold M of M admits a metric connection.

Proof. From (7.5.6) we obtain h!(X,$Y) = h!(¢Y, X), VX,Y € I'(D). Using this
and (7.4.12) we get g(X, oY )ar = g(¢X,Y)ar. Thus, g(X, ¢Y)ar = 0, since D
is non-degenerate and ay = 0. Thus, hY(X,Y) = n(X)h (Y, V) + n(Y)h (X, V)
for X,Y € I'(TM). If X,Y € I'(D L D), from Lemma 7.5.6, then, we obtain
RY(X,Y)=0.1f X € [(TM) and Y =V, then, from (7.5.9) we get h'(X,V) = 0.
Thus A! = 0 on M. The assertion follows from (5.1.39). O

Theorem 7.5.8. Let M be a totally contact umbilical contact SCR-lightlike sub-
manifold of M. If dim(D+) > 1, then M is contact totally geodesic.

Proof. The proof is similar to the proof of Theorem 7.4.9. O

Theorem 7.5.9. There exist no totally contact umbilical proper contact SCR-light-
like submanifolds in an indefinite Sasakian form M (c) with ¢ # —3.
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Proof. Suppose M is a totally contact umbilical proper SCR-lightlike submanifold
of M. From Gauss’ equation (5.3.11) and (7.1.5) we get

S (1= )g(X, X)g(2, 2) = g((Vxh") (6X, 2),62)

—9((Vexh*) (X, 2),0Z) (7.5.12)
for any X € (D) and Z € D(DV), where (Vxh*)(¢X,Z) = Vih*(6X, Z) —
h(VxoX,Z) — h*(pX,VxZ). Since M is totally contact umbilical we have that
h*(¢X,Z) =0 and, from (7.5.11) and (7.5.12) we get

—h(Vx6X, Z) = —g(VxdX, Z)as — g(VxdX,V)oZ.
Using (5.1.15) and (7.1.8) we obtain
WS (Vx0X,Z) = —g(Vx6X, Z)as + g(X, X)bZ. (7.5.13)
In a similar way we get
—h*(¢X,VxZ) = —g(6X,VxZ)as. (7.5.14)
Thus from (7.5.13) and (7.5.14) we have
(Vxh*)(¢X,Z) = —g(Vx¢X, Z)as + 9(X, X)oZ — g(6X,Vx Z)as.

On the other hand, since (¢ X, Z) = 0, taking the covariant derivative with respect
to X, we obtain g(Vx¢X,Z) = —g(¢X,VxZ). Hence we get

(Vxh®)(9X, Z) = g(X, X)$Z. (7.5.15)
In a similar way we have
(Vexh* )X, Z) = —g(X, X)oZ. (7.5.16)

Thus from (7.5.15),(7.5.16) and (7.5.12) we obtain
1
5(1 - C)g(Xv X)g(Zv Z) = 29(X7 X)g(Z7 Z)

Hence, (3 + ¢)g(X, X)g(Z,Z) = 0. Since D and D= are non-degenerate, we can
choose non-null X and Z, so ¢ = —3 which proves the theorem. 0

Minimal lightlike submanifolds. First of all, Theorem 7.3.5 implies that any totally
umbilical lightlike submanifold, with structure vector field tangent to a submani-
fold, is minimal. Furthermore, from Theorems 7.4.9 and 7.5.8 it follows that a to-
tally contact umbilical contact CR-lightlike submanifold with (dim(¢L1)) > 1) and
a totally contact umbilical contact SCR-lightlike submanifolds with (dim(D+) >
1) are minimal.
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Example 4. Let M = (R}!,3) be a semi-Euclidean space where g is of signature
(=, —,+,+,+,—,—,+,+,+,+) with respect to the canonical basis

{axla axQ; axS? 61‘4, axfﬂ ayla 8y27 ay37 ay4’ 8y57 82}

Suppose M is a submanifold of R}! given by

ot = ul, gt = —ub
2?2 = coshu? coshu®, y* = coshu? sinh u?

z® = sinh u? cosh u®, y® = sinh «? sinh u®

e yt = —ub

z% = u! cosf + u’ sinb, y® =ul sinf —u® cosh, z=u".

Then it is easy to see that a local frame of T'M is given by

Z1 =0z +cosfdas +sin0dys + (y' +y° cos0)0 z
Zy =sinf0 x5 — Oy — cos 0O ys + y° sin 00z
Z3 = sinhu? coshu® @y + coshu? coshu® @ x5 + sinhu? sinhu® 9 ys
+ coshu? sinhu® dys + (y2 sinh u? coshu® + 3® coshu? cosh u3)8 z
Z4 = coshu? sinhu® @ x5 + sinhu? sinhu® 0 23 + coshu? coshu® 9y
+ sinh u? coshu® dys + (y* sinhu® coshu? 4+ 4 sinh u? sinhu?)d 2
Zs=0x4+y 0z, Zg=—0y*, Zr =20 2.
We see that M is a 2-lightlike submanifold with RadTM = Span{Zi, Z>} and
00Z1 = Z. Thus Rad T'M is invariant with respect to ¢,. Since ¢,(Zs) = Zg, D =
{Z5, Zs} is also invariant. Moreover, since ¢,Z3 and ¢, Z, are perpendicular to TM
and they are non-null, we can choose S(T' M=) = Span{¢,Z3, ¢, Z,}. Furthermore,
the lightlike transversal bundle ltr(7'M) is spanned by
Ny =2(—0x1 +cos@d x5 +sinfys + (—y' 4+ y° cos0)0 2)
Ny = 2(sin 0 x5 4+ dyy — cos 00 ys + y° sin H02)
which is also invariant. Thus we conclude that M is a contact SCR-lightlike sub-
manifold of R}!. A quasi orthonormal basis of M along M is given by
B 2
\/ cosh? u3 + sinh? u3

Z47 €3 = 2257 €4 = 2267 Z,

§S1=21, §=122, e

2
B \/cos.h2 u3 + sinh? u3
2 2
= B) 3 QS()Z:% W2 = 3 2
\/cosh u3 + sinh” u3 \/cosh u3 + sinh” u3
Nl ) N27

Z?n

€2

Wi

¢0Z47
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where g1 = g(e1,e1) = 1, g9 = g(ea,e2) = —1 and g is the degenerate metric on
M. By direct calculations and using Gauss’ formula (5.1.15) we get

B (X, &) = h*(X, &) = h* (X, e3) = h* (X, eq) = 0,k = 0,VX € (T M)

and

1 1

hi(er,e1) = W, h°(es,es) =
(er,e1) cosh? u3 + sinh? u3 2 (c2e2) cosh? u3 + sinh? u3

Therefore,

tr hg|s(TM) = 61h8(€1, 61) + Eth(eg, 62)
= hs(el,el) — hs(62,62)) = O

Thus M is a minimal contact SCR-lightlike submanifold of R}!.

Now we prove characterization results for minimal lightlike submanifolds of
all the cases discussed in previous sections of this chapter.

Theorem 7.5.10. A contact SCR-lightlike submanifold M of an indefinite Sasakian
manifold M is minimal if and only if

tI‘AWj |S(TM): 0, tr|S(TM)A2k, =0 on DJ' and DZ(X, W) =0

for X e T(RadTM) and W € T(S(TM™).

Proof. Since ViV = —¢V = 0, from (5.1.15) we get h/(V,V) = h*(V,V) = 0.
Take an orthonormal frame {ey,...,en,_,} such that {ej,...,eq,} are tangent to
D and {e2q41,--.,€m—2-} are tangent to D+ From Proposition 5.1.3 we know
that h! = 0 on Rad(T'M). From (7.5.6), for Y, Z € I'(D), we have

W (¢Y, Z) = phl(Y, Z).

Hence, h!(¢Z,¢Y) = —hi (Y, Z). Thus 3°%, h'(e;, ;) = 0. Since

m—2r

trh |sran= Z ei(h(ei,ei) + h*(ei, €:)),

i=1
M is minimal if and only if
m—2r

2a
Zé‘ihs(ei, Gi) + Z €i(hl(6i7 62') + hs(ei, el)) =0.
i=1

2a+1
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On the other hand, we have

2a n—2r

trh |S(TM) = 61,6Z Wj)Wj
Pl LA et

n—2r m-—2r

’rl—2r Z Z €ig (ei;ei),Wj)Wj

j=1 i=2a+1
2r 1 m—2r
+ Z o Z Ezg 61, ez gk)Nk
1=2a+1
Using (5.1.28) and (5.1.32) we get
2a n—2r
trh |S(TM) = zg AW 61,61)W
— T 4
n—2r m-—2r
"o Z Z 579 AW 62767)W]
=1 i=2a+1
2r —2r
+Y o o eig(AL, e, ) Ny. (7.5.17)
k=1 1=2a-+1

On the other hand, from (5.1.28) we obtain
g(h*(X,Y),W) = g(Y,D"(X,W)), VX,Y € T(Rad T M) (7.5.18)

and YW € I'(S(T'M~)). Thus our assertion follows from (7.5.18) and (7.5.19). O

Theorem 7.5.11. An irrotational screen real lightlike submanifold M of an indefi-
nite Sasakian manifold M is minimal if and only if

trAw, =0 on S(TM).

Proof. From Proposition 5.1.3 we know that h! = 0. Thus, M is minimal if and
only if h* = 0 on RadTM and trh® |g¢ray= 0. Then, the proof follows from
Theorem 7.5.10. g

Theorem 7.5.12. An irrotational contact CR-lightlike submanifold M of an indef-
inite Sasakian manifold M is minimal if and only if:

(1) Aip€ and AN@N has no components in D'
(2) D*(¢N, N) has no components in Li-
(3) trAw, [Dy1er, =0, trAf [Dy1er,=0
for N e T(ltr(TM)) and £ € T(RadT M), where D" = ¢(ltr(TM)) L ¢(Lq).
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Proof. Let M be an irrotational contact CR-lightlike submanifold of M. From
(5.1.15) and (7.1.7) we have g(h' (o€, ¢€),&1) = —G(Ve&, #¢1). Then using (5.1.27)
and(5.1.15) we obtain

g(h' (9, 96), &1) = —g(Af€, 61), V€, & € T(Rad TM). (7.5.19)
In a similar way, from (5.1.15), (7.1.7), (5.1.27) and (7.5.2) we get
g(h* (#8, 96), W) = g(Agp¢, BW), V& € T'(RadTM) (7.5.20)
and W € T'(S(TM+1). Now, using (5.1.23),(5.1.15) and (7.5.2) we derive
h(¢N,¢N) = —wANON + CD*(¢N,N), VN € T(ltr(TM)). (7.5.21)

Then the proof follows from (7.5.19)—(7.5.21) and Theorem 7.5.10. O

7.6 Generalized contact CR-lightlike submanifolds

In this section we study a new class of lightlike submanifolds, namely, contact
generalized Cauchy-Riemann (GCR)lightlike submanifolds of indefinite Sasakian
manifolds. We show that this class contains contact CR and SCR-lightlike sub-
manifolds. Therefore, it is an umbrella of all the subcases discussed so far.

Definition 7.6.1. [162] Let (M, g, S(T'M)) be a real lightlike submanifold of an
indefinite Sasakian manifold (M, ) such that V is tangent to M. Then, M is a
contact generalized Cauchy-Riemann (GCR)-lightlike submanifold if the following
conditions are satisfied:

(A) There exist two sub-bundles D; and Dy of Rad T'M such that

RadTM = Dy & Da, ¢(D1) =Dy, ¢(Ds) C S(TM).

(B) There exist two sub-bundles Dy and D of S(T'M) such that
S(TM)={¢(D3) @D} L Dy L{V}, ¢(D)=L LS (7.6.1)

where Dy is an invariant non-degenerate distribution on M, {V} is the 1-
dimensional distribution spanned by V', £ and S are vector sub-bundles of
ltr(TM) and S(T M) respectively .

The tangent bundle T'M of M is decomposed as
TM ={D® D} L {V}, D =RadTM Dorth Do Dorth ¢(D2). (7.6.2)

Proposition 7.6.2. A contact GCR-lightlike submanifold M, of an indefinite Sasa-
kian manifold M, is contact CR (respectively, contact SCR-lightlike) if and only
if D1 = {0} (respectively, Dy = {0}).
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Proof. Let M be a contact CR-lightlike submanifold. Then ¢ Rad T M is a distri-
bution on M such that ¢ Rad TM NRad T M = {0}. Therefore, Do = Rad TM and
Dy = {0}. Hence, ¢ltr(TM)Nltr(TM) = {0}. Then it follows that ¢ltr(TM) C
S(TM). Conversely, suppose M is a contact GCR-lightlike submanifold such that
Dy = {0}. Then, Dy = RadTM. Hence, g RadTM N RadTM = {0}, that is,
¢RadTM is a vector sub-bundle of S(T'M). Thus, M is contact CR-lightlike.
The other assertion is similar. g

From Example 1 of this chapter, it follows that every lightlike real hypersur-
face of an indefinite Sasakian manifold M is a contact CR-lightlike hypersurface.
Also from section 5, it is known that contact SCR-lightlike submanifolds have in-
variant and screen real lightlike subcases. Thus, we conclude from Proposition 7.6.2
that this class of contact GCR-lightlike submanifolds is an umbrella of real hyper-
surfaces, invariant, screen real and contact CR-lightlike submanifolds.

Example 5. Consider a semi-Euclidean space (R13, g), where g is of signature
(=y—,+,+,+,+,—,—,+,+,+,+,+) with respect to a canonical basis
{8x1,81’2,3z3,3x4,5‘I5,6m6,3y1,3y2,3y3,8y4,8y5,3y6,3z}.

Let M be a 9-dimensional submanifold of R}? given by

zt = 2! cosf — y'siné, yt = atsinf + y'cosé

2=y, 2 =TT
Then, it is easy to see that {&1,&2,&3,e1,€2,€3,Z } given by

&1 = 01 + cosfdxy + sin Ay, + (y' + cosOy*)0z

& = —sinf0dxy + Oy1 + cosf Oy, — sin9y482

&3 =0x9+ Oys + y282

e1 =0x3—0ya + 1302, ey =20x¢+y%0z

es = 20ys , ea = 2(y°d x5 + 2° Oys + y° 0z)

e5 =2(0x3 +0y2 +y202), Z=202z=V
is a local frame of T M. Hence M is 3-lightlike with Rad TM = Span{&, &2, &3} and
(f)ofl = 752. Thus, D1 = Span{&l,fg}. On the other hand, ¢0§3 =e€1 € F(S(TM))
implies that Dy = Span{&3}. Moreover, ¢,e2 = e3. Hence Dy = Span{es, es}. By
direct calculations, we get S(TM*) = Span{W = 2(2°9,, — y° 9, + 2°y°92)}.
Thus, ¢,W = —e4. Hence, S = S(TM~). On the other hand, the lightlike transver-
sal bundle ltr(7T'M) is spanned by

Ny =2(—0x1 + cos Oxy + sin 6 Oy, — y? 0z),

Ny = 2(—sinfdxy — Oyy + cosf Oyy — y*sin 6 9z),

N3 =2(—0z2 + Jys + y? 0z).
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From this Span{Nh{Vg} is invariant with respect to ¢, and ¢,N3 = e5. Hence,
L = Span{N3} and D = Span{¢,N3, p,W}. Thus, M is a contact GCR-lightlike
submanifold of R}3.

In the following we prove an existence theorem for contact GCR-lightlike
submanifolds in an indefinite Sasakian space form M (c).

Theorem 7.6.3. Let (M, g, S(T'M)) be a lightlike submanifold tangent to the struc-
ture vector field V' in an indefinite Sasakian M (c) with ¢ # 1 Then, M is a contact
GCR-lightlike submanifold of M(c) if and only if:

(a) The mazimal invariant subspaces of ToM, p € M define a distribution
D = Dl Dorth D2 DPorth ¢(D2) Dorth Do

where Rad T M = D1 @®orth D2, D, is a non-degenerate invariant distribution.

(b) There exists a lightlike transversal vector bundle ltr(T M) such that

G(R(X,Y)¢,N) =0, VX,Y € T(D,), £ € T(Rad TM), N € T'(1tr(TM)).

(¢) There exists a vector sub-bundle Ms on M

JRXY)W,W') =0, YW, W' €T(M,)

where My is orthogonal to D and R is the curvature tensor of M(c).

Proof. Suppose that M is a contact GCR-lightlike submanifold of M(c), ¢ # 1.
Then D = D1 Borth D2 Porth @(D2) Borth Do is a maximal invariant subspace. Next
from (7.1.5), for X, Y € I'(D,), £ € I'(D2) and N € I'(ltr(T'M)) we have

g(R(X,Y)E,N) =~

{9(6X,Y)g(o¢, N)}.
Since g(¢X,Y) # 0 and g(¢¢, N) = 0, g(R(X,Y )¢, N) = 0. Similarly, from (7.1.5),
we get

_ — 1
GRX, Y)W, W) = —F

{9(¢X,Y)g(eW, W')} =0

for X, Y € T'(D,), W, W’ € T'(¢(S)). Conversely, assume that (a), (b) and (c) are
satisfied. Then (a) implies that D = Dy @orth D2 Borth @(D2) Borth D, 18 invariant.
From (b) and (7.1.5) we get

9(¢§, N) =0 (7.6.3)

which implies ¢ € T'(S(TM)). Thus, some part of RadTM, say Ds, belongs
to S(T'M) under the action of ¢. (7.6.3) also implies —g(¢,¢N) = 0. Hence, a
part of ltr(T'M), say L, also belongs to S(T'M) under the action of ¢. On the
other hand, (¢) and (7.1.5) imply g(¢W,W’) = 0. Hence we obtain ¢(Mz) L
Ms. Since My is non-degenerate g(¢W, oW') = g(W' W) #£ 0. Also g(¢&, W) =
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—g(&,oW) = 0 implies that ¢(Ms) @ortn RadT'M. This also tells us that ¢Ms
does not belong to ltr(TM)). On the other hand, invariant and non-degenerate
D, implies g(¢W, X) = 0, for X € T'(D,). Thus, Ms @ortn Do and ¢(Ma) Borth Do-
Moreover, we know that the structure vector field V' belongs to S(T'M). Then
summing up the above results we conclude that

S(TM)={¢(D3)® M} L My L D, L {V}
where ¢(My) C ltr(T'M). Thus, the proof is complete. O

Let Q, Py, P, and P, be the projection morphisms on Rad T M, Dgy, ¢L = M;
and ¢S = Mo, respectively. Then we have

X=QX+PX+PX+PRX+nX)V
for X € I'(T'M). On the other hand, for X € I'(T'M), we write
60X =TX + wX, (7.6.4)

where T'X and wX are the tangential and transversal parts of ¢.X. Applying ¢ to
(7.6.4) we obtain
X =TX +whP X +whPrX (7.6.5)

where TX € T'(D), wPi X € T'(£) and wP, X € I'(S). Similarly,
oW = BW +CW, W € T(te(TM)) (7.6.6)

where BW and CW are sections of TM and tr(T'M), respectively. Differentiating
(7.6.5), and using (5.1.15)—(5.1.23), (7.6.5) and (7.6.6) we get

(VxT)Y = Aupy X + Aup,y X + BRY(X,Y) + Bh*(X,Y)

—g(X, V)V +n(Y)X, (7.6.7)
(X, TY) = -VxwP Y + wPVxY — D (X,wPY)

+ ChY(X,Y), (7.6.8)
(X, TY) = —~VxwPY +wP,VxY — D*(X,wP,Y)

+Ch¥(X,Y), VX,Y eT(TM). (7.6.9)

Lemma 7.6.4. Let (M, g,S(T'M)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold M. Then we have
RU(X,V)=0, VxV =0¢Xh'X,V)=0,VX cT(D), (7.6.10)
VxV =0, hX,V)=0h(X,V)=0X,VX e (M),
VxV =0, h(X,V)=—-6X,h(X,V)=0,VYX € T(M>). (7.6.11)
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Proof. Using (7.1.8) and (5.1.15) we obtain
VxV + R (X, V) +h(X,V) = —¢X
for X € I'(TM). Then, considering (7.6.2) we get (7.6.10)—(7.6.11). O

Proposition 7.6.5. Let (M,g,S(TM)) be a proper contact GCR-lightlike subman-
ifold of an indefinite Sasakian manifold M. Then we have:

(1) The distribution D is integrable if and only if

AgxY = AyxY,VX,Y € (D).

(2) The distribution D @opn {V'} is integrable if and only if
MX,TY)=h(TX,Y),VX,Y € T(D ®oytn {V}).

(3) The distribution D is not integrable.

Proof. For any X,Y € I'(D), from (7.6.7) we obtain
~TVxY = Aup,y X + Aup,y X + BM(X,Y) 4+ BR*(X,Y) — g(X,Y)V.

Hence we have T[X,Y] = Aup,xY — Aupr,y X + Aup,xY — Aup,y X, which proves
assertion (1). From (7.6.8) and (7.6.9) we get

WMX,TY) = wPVxY +wP,VxY + Ch(X,Y)

for X, Y € T(D @®ortn {V'}). Hence we derive h(X,TY) —h(Y,TX) =wh [ X, Y]+
wP,[X, Y] which proves the assertion (2). Suppose that D is integrable. Then, we
have g([X,Y],V) = 0, for X,Y € I'(Dp). On the other hand, by using metric
connection V and (7.1.8) we obtain g([X,Y],V) = —2¢(¢Y, X). Thus we have
9(oY, X)) = 0. Since Dy is non-degenerate, this is a contradiction. Hence D is not
integrable, which completes the proof. O

Theorem 7.6.6. Let (M, g, S(T'M)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold M. Then, D @own {V} defines a totally geodesic
foliation in M if and only if h'(X,$Y) has no components in L and h*(X, oY)
has no components in S for X, Y € T'(D).

Proof. From (7.6.10) we have VxV € T(D @ {V} for X € T'(D). Thus D &®on{V'}
defines a totally geodesic foliation if and only if ¢(VxY,Z) = g(VxY, &) = 0 for
X, Y e I'(D), Z € T(¢(S)) and & € T'(Dy). From (5.1.15) we have g(VxY, Z) =
3(VxY, Z). Using (7.1.7) we obtain that g(VxY, Z) = g(Vx @Y, $Z). Then from
(5.1.15) we get ¢(VxY,Z) = g(h*(X,¢Y),¢Z). This shows that ¢(VxY,Z) =0
if and only if h*(X,¢Y) has no components in S. In a similar way, we obtain,
g(VxY,0¢) = —g(h'(X,¢Y),€) for X,Y € T(D) and ¢ € T'(Dy). Hence we see
that g(VxY,¢¢) = 0 if and only if h'(X,¢Y) has no components in £, which
completes the proof. O
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Theorem 7.6.7. Let (M, g, S(T'M)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold. Then, D defines a totally geodesic foliation in M if
and only if:

(i) ANZ has no components in ¢S L ¢(D3).
(i) AgwZ has no components in D, L Dy, YZ,W € T(D).

Proof. Note that D defines a totally geodesic foliation if and only if
g(VzW,N) = g(VzW,¢N') = g(VzW, X) = g(VzW,V) =0

for Z,W € T(D), N € T(tr(TM)), N’ € T'(£) and X € I'(D,,). First, from (7.1.8)
we obtain
g(VzW, V) =0. (7.6.12)

On the other hand, V is a metric connection and (5.1.15) and (5.1.22) imply
Gg(VzW,N)=g(W,AnZ). (7.6.13)
By using (7.1.8), (5.1.15), (5.1.28) and (7.6.1) we obtain
g(VzW,¢N') = g(AywZ,N'). (7.6.14)
In a similar way we have
g(VZW, 0 X) = g(Apw Z, X). (7.6.15)

Thus the proof follows from(7.6.12)- (7.6.15). O

We say that M is a contact GCR-lightlike product if D@ o, {V} and D define
totally geodesic foliations in M.

Theorem 7.6.8. A contact GCR-lightlike submanifold (M,g,S(TM)) of an indef-
inite Sasakian manifold M is a product manifold if and only if:

(a) BW(X,Y)=0, for X e T(TM) andY € T(D & {V}.
(b) ApzW has no components in D for Z,W € T'(D).
Proof. From (7.6.7), for X,Y € I'(D @ {V} we have

VxTY = TVxY + Bh(X,Y) — g(X,Y)V + n(Y)X.

Thus VxTY € TI'(D @ {V}) if and only if BA(X,Y) = 0. In a similar way, for

Z, W e T'(D), from (7.6.7) we get
TV W = A¢WZ + Bh(Z,W).

Hence, VW € I'(D) if and only if Agw Z has no components in D. O



340 Chapter 7. Submanifolds of indefinite Sasakian manifolds

We say that M is a proper contact GCR-lightlike submanifold if Dy # {0},
Dy # {0}, Dy # {0} and S # {0}, which has the following features:

(1) The condition (A) implies that dim(Rad T M) > 3.

(2) The condition (B) implies that dim(D) > 2s > 6 and dim(Dz) = dim(L).
Thus, dim(M) > 9 and dim(M) > 13.
(3) Any proper 9-dimensional contact GCR-lightlike submanifold is 3-lightlike.
(4) (1) and contact distribution (7 = 0) imply that ind(M) > 4.
The following result can be easily verified.

Proposition 7.6.9. There exist no coisotropic, isotropic or totally lightlike proper
contact GCR-lightlike submanifold of an indefinite Sasakian manifold.

Theorem 7.6.10. There does not exist an induced metric connection of a proper
GCR-lightlike submanifold of an indefinite Sasakian manifold M .

Proof. Let us suppose that V is a metric connection. Then from Theorem 5.1.4,
the radical distribution is parallel with respect to V, i.e, Vx¢ € I'(Rad T M) for
X €eI(TM) and £ e I'(RadT'M). Now, from (7.1.7) we get

Vx ¢t = ¢VxE
for X e I'(T'M) and ¢ € I'(Rad T'M). Using contact structure we get
PVxp€ = —Vx&—g(§, VxV)V.
Then from (7.1.8) we obtain
PVxPE = —VxE+ g€, o X)V.

Now, choose X € T'(¢L) and £ € I'(D2) such that g(¢X,&) # 0 (since Dy ® L is
a non-degenerate distribution on M, so we can always choose such vector fields).
Thus from (5.1.15), (5.1.26), (7.6.5) and (7.6.6) we get

for X € T(¢L) and € € T'(D2). The tangential parts from the above equation give
TVx¢§ + Vx&+ oh™ (X, ¢) + Bh(X, ¢¢) = g(§, ¢X)V.

Since RadT'M is parallel, Vx¢ € I'(RadT'M). On the other hand, TV ¢¢ +
Oh* (X, 6¢) € T(Rad TM Soren ¢Do Boren Do) and Bh(X, ¢¢) € T(D), thus we
obtain g(&,¢X)V = 0. Since V # 0 and g(¢X, &) # 0 we have a contradiction so

Rad T M is not parallel and, therefore, V is not a metric connection. O
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Remark 7.6.11. The above theorem shows that the geometry of proper GCR-
lightlike submanifolds of indefinite Sasakian manifolds is different from the ge-
ometry of contact SCR-lightlike submanifolds and GCR-lightlike submanifolds of
indefinite Kéhler manifolds, since for this general case the induced connection V
on M is never a metric connection. In this respect, these proper GCR-lightlike
submanifolds behave similar to the lightlike submanifolds of a semi-Riemannian
manifold for which also, in general, there does not exist an induced metric con-
nection.

The proof of the following theorem is similar to the proof of Theorem 7.5.9.

Theorem 7.6.12. There exists no totally contact umbilical proper contact GCR-
lightlike submanifold of an indefinite Sasakian M (c) with ¢ # —3

Lemma 7.6.13. Let (M, g,S(TM)) be a totally contact umbilical proper contact
GCR-lightlike submanifold of an indefinite Sasakian manifold M. If D @orn {V'}
is integrable, then, M 1is totally contact geodesic.

Proof. Suppose that D @orn {V} is integrable. Then from Theorem 7.6.6 (2)
we have h(X,¢Y) = h(¢pX,Y) for X,Y € I'(Dy). Thus from (7.4.11) we have
9(X,9Y)a = g(¢X,Y)a. Hence we have 2g(X,¢Y)a = 0. Since Dy is non-
degenerate, we get a« = 0 which proves the assertion. |

Lemma 7.6.14. Let (M, g,S(T'M)) be a totally contact umbilical proper contact
GCR-lightlike submanifold of an indefinite Sasakian manifold M. Then ag € T'(S)
and ap, € T(L).

Proof. From (7.6.8) and (7.6.9) we have
(X, 0X)=wPVxX + Ch*(X, X),

(X, $X) =wPVxX +Ch (X, X), VX eT(Dy).
Since M is totally contact umbilical, from (7.6.10), (7.4.12) and (7.4.13) we get
wP,VxX +g(X,X)Cag =0,
wP VxX +g(X,X)Car, = 0.
Since Dy is non-degenerate, we derive Cag = 0 and Car = 0. O

Theorem 7.6.15. Let (M, g, S(TM)) be a totally contact umbilical proper contact
G CR-lightlike submanifold of an indefinite Sasakian manifold M. Then one of the

following holds:
(i) The distribution D is totally lightlike,
(ii) M is totally contact geodesic,
(i) ag =0 or dim(S) =1 and D Goren {V'} is not integrable.
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Proof. If Dy = 0 then D is totally lightlike, which is (i). If Dy # {0} and D @ertn
{V'} is integrable, then Lemma 7.6.13 shows that M is totally contact geodesic. If
D @ {V} is not integrable, then from (7.6.7) we have
_g(Bhé(Z7 Z)> W) = g(A¢ZZJ W)
for Z,W € T'(¢S). Thus from (5.1.28) we get
9(Bh(Z,2),W) = —g(h*(Z, W), 9Z).

Hence we have
9(h*(Z,2),9Z) = g(h*(Z, W), ¢Z).

Then using (7.4.13) we get

9(Z,W)glas,6Z) = 9(Z, Z)j(as, pW). (7.6.16)
Interchanging the roles of Z and W in (7.6.16) we obtain

9(Z,W)g(as, oW) = g(W, W)g(as, 9Z). (7.6.17)

Thus from (7.6.16) and (7.6.17) we derive

dlars, oW) = - IZWY s, oW). (7.6.18)

W W)g(Z,2)
Then, since ¢S is non-degenerate, from lemma 7.6.14 and (7.6.18) we conclude

that either ag = 0 or Z and W are linearly dependent, which completes the
proof. O

Example 6. Consider a semi-Euclidean space (R}°, g), where g is of signature
(=, —+,+,+,+,+,—,—,+,+,+,+,+, +) with respect to a canonical basis

{3391,axQ,ax3;3$47833578336783377891,892,ay37ay4aay5a8%78y7782}-

Let M be a submanifold of RL® given by

! =u! cosha, 22 = u?, 2® = u! sinha 4+ u?, 2 = u?,
z% = cosu® coshu®, 2® = cosu® coshu”, 27 = sinu® cosh u”,
yt = —u? cosha, y? = ub, y® = —u? sinha +ut, y* =u°,

4 6 6 10

y® = sinu? sinhu®, y® = cosu® sinhu”, y” = sinu® sinhv”, z =
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Then it is easy to see {Z1,...,Zs, Z } given by

Zy = cosha dxy +sinhadxs + 0ys + (v cosh a + 3 sinha) d z,
Zy =03 —coshady, —sinhadys + 1320z,

Zy=0xy+ 0wy + (y? +y*)0 2,

Zy

Zs = cosu® sinhu® x5 + sinu? coshu® dys + (y° cosu? sinhu®)d z,
6

—sinu® coshu® @ x5 + cosu? sinhu® dys + (—y° sinu? coshu®)d z,
Zs = —sinu® coshu’dzg + cosu® coshu” 9 z7 — sinu® sinhu”dyg
+ cosu® sinhu” dy; 4+ (—y° sinu® coshu” +y” cosu® coshu”)d z,
Z7 = cosu® sinhu'0zg + sinu® sinhu” 8 z7 + cosu® coshu’d yg
+sinu® coshu” dyr + (y° cosu® sinhu’ + 47 sinu® sinhu”)d 2,
Zgzay2,2923y4, 222822V
is a local frame of T'M. Hence we see that M is 3-lightlike with RadTM =
Span{Z, Z2, Z3} and ¢o(Z1) = Za, thus D1 = Span{Z1, Z}. Moreover, ¢,(Z3) =
—Zs — Zg € I'(S(TM)), hence Dy = Span{Zs3}. On the other hand, ¢,Z4 = Zs,
thus Dy = Span{Zy, Zs}, which is invariant. It is easy to see ¢,Z¢ and ¢,Z7 are
orthogonal to M and {¢,Zs, poZ7} is not degenerate. The lightlike transversal
bundle ltr(T'M) is spanned by
N; = 2(—coshadz; —sinhad zz + dys + (y' cosha + 4> sinh a)d 2),
Ny = 2(dx3 + coshady; +sinhadys + y° 0 2),
N3 =2(=0xy +0x4) + (y* —y*)0 2).
Hence it is easy to see that ¢,(N1) = N2 and ¢,N3 = Zs — Zg € T'(S(T'M).
Thus D = Span{¢,(Ze), ¢o(Z7), po(N3)}. Therefore, M is a proper contact GCR-
lightlike submanifold of R}®, with a quasi-orthonormal basis of M along M is
€& = coshad x + sinh ad x3 + dys + (y* cosha + 3> sinha)d z
£ = 0x3 —coshady, +sinhadys +y30 2
&=0x+0ws+ (v +y")0z

1
$o(&3) = —0y2 —Oya, Z =V =202z, §¢0N3 =0y —0ys

2 . .
e = ~ {—sin u? coshu® d a5 + cosu? sinhu® dys
\/ cosh” u® — cos? ut
. E
+ (—y° sinu?® coshu®)d 2}
2 . .
e {cosu* sinhu® & x5 + sinu* coshu® dys

\/ cosh? ub — cos? ut
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+ (y° cosu® sinhu®)d 2}
_ 2

\/cosh2 u” + sinh? u7

— sinu® sinhu’dyg + cosub sinhu” dy;

X1

{—sin u® coshu’@ g + cosu® coshu” dzy

+ (—y° sinu® coshu” 447 cosu® coshu”)d 2}
_ 2
\/cosh2 u” + sinh? u7

+ cosu® coshu’dys + sinu® coshu’ dyr

X5 {cos u® sinhu’d 26 + sin u® sinhu” &7

+ (y°® cosu® sinhu” 4 47 sinu® sinhu")d 2}
_ 2
\/cosh2 u” + sinh? u7

+ sinu® coshu’dys — cosu® coshu’ dyy

Wi {—sinu® sinh u O xg + cosub sinhu” 9 zy

(+ — ¢°® sinu® sinhu” 4 y” cosu® sinhu”)d 2}
- 2
\/Cosh2 u” + sinh? u7

— cosu® sinhu”0yg — sinu® sinhu” dyy

Wa {cosu® cosh u 0z + sinu® coshu” dzy

+ (y® cosub coshu” 4 y” sinu® coshu”)d 2}
Ny = 2(—coshadz; —sinhad xz + dys + (y' cosha + y* sinha)d 2)
Ny = 2(dx3 + coshady; + sinhadys + y> 9 z)
N3 =2(—0as + 0xy) + (v — y*)02)

where €1 = g(er,e1) = 1, e2 = g(eg,e2) = 1, €3 = g(X1,X1) = 1 and ¢4 =
g(X2, X2) = 1. Direct calculations and Gauss formula (5.1.15) gives

h(&1,61) = h(&2,&2) = h(&3,&3) = h(er,e1) = h(ez,e2) =0,

1 1
h($o&3, $ol3) = h(§¢oN37 §¢0N3) =0,h (X1, X1) = h' (X2, X2) = 0,
1 1
- W, h*(Xa, X2) = .
cosh? u7 + sinh? u7 ? (X2, Xo) cosh? u7 + sinh? u” 2

h(X1,X1) =
Therefore,
try hS(TJVI) = h°(X1, X1) + h¥(X2, X2) = 0.

Thus M is a non-totally geodesic minimal proper contact GCR-lightlike subman-
ifold of R15.

Finally, we prove a characterization theorem for minimal contact GCR-light-
like submanifolds. Take a quasi-orthonormal frame

{fla--'a€q7€17~--uem> ‘/7 W1>"'7WTL7 Nla~-'7Nq}
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such that (&1,...,&,€1,...,em, V) belongs to I'(I'M). Then take (&1,...,&,,
€1,...,€m, V) such that {&1,..., &, } form a basis of D1, {&apt1,...,& } form a
basis of Dy and { eq, ..., eq } form a basis of Dg. Moreover, we take { W1,..., Wy}
a basis of S and { Napy1,..., Ny } a basis of £. Thus we have a quasi-orthonormal
basis of M as follows:

{517 .. 'a£2p7§2p+17 e 7£q7¢(§2p+1)a e 7¢(£q)7ela .. 'ael7¢el> .. .7(]5617
¢W17' . '7¢Wk7¢N2p+la .- '5¢Nq}'

Theorem 7.6.16. Let (M, g, S(TM)) be a proper contact GCR-lightlike submanifold
of an indefinite Sasakian manifold M. Then M is minimal if and only if

tI“AWi‘S(TM) =0, tI‘Azk |S(TM):0
and g(Y, Dl(X, W)) =0 for X,Y € T(RadTM) and W € T(S(TM™)).

Proof. From Proposition 5.1.3, we have A = 0 on RadTM. Hence, by Defini-
tion 5.4.1 and Definition 7.6.1, it follows that a contact GCR-lightlike submanifold
is minimal if and only if

21 q q k
D eihleie)+ Y M@, 08)+ Y h(N;, 6N + > eth(¢Wi, oWi) =
i=1 j=2p+1 j=2p+1 =1

and h® = 0 on Rad(T'M). From (5.1.28) it follows that ~® = 0 on Rad(T'M) if and
only if (Y, D/(X,W)) =0 for X,Y € '(RadTM) and W € T'(S(TM+1)). On the
other hand, we have

trh |seran= - Z Z W' (685, 6€)), €a) N + G(h' (ON;, 9N;), €a) N,

a=1 j=2p+1
Z S e G (66 0,), W)W, + (% (6N, 6N, ). W)W, )
] 2p+1a=1
k
+Zea {Zg (ess €0 Wa)Wa + Y G((h* ($W7, oW ), Wa)Wo)}

l

Il
-

k

+b22{2§<hl<ei,el N + ) (R (W, $W1), )N}
=1 i=
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Using (5.1.28) and (5.1.39) we obtain

1 q q . .
trh |sermy = p E E 9(Ag 9Ej, 9E) No + g(Ag N, ¢N;j) Ny
a=1j=2p+1

q n
+% > eafg(Aw, 085, 66)Wa + 9(Aw, N, ¢N;)Wa }

j=2p+1a=1

n 21 k
1
+ E EaE{E 9(Aw, e, e;)Wq + E 9(Aw, oWy, oW))W,) }
a=1 i=1 =1

q 21 k
1 * *
20 g e )Ny 3 g(A8, OWL, oW Ny)),
b=1 =1 =1

which proves our assertion. O



Chapter 8

Submanifolds of indefinite
quaternion Kahler manifolds

In this chapter, we first recall the structure of indefinite quaternion Kéahler man-
ifolds. Then, we give a review of Riemannian submanifolds of quaternion Kahler
manifolds. We study the geometry of real lightlike hypersurfaces, the structure
of lightlike submanifolds, both, of indefinite quaternion Ké&hler manifolds and
show that a quaternion lightlike submanifold is always totally geodesic. This result
implies that the study of lightlike submanifolds, other than quaternion lightlike
submanifolds, is interesting. Then, we deal with the geometry of screen real sub-
manifolds in detail. As a generalization of real lightlike hypersurfaces of quaternion
Kahler manifolds, we introduce QR-lightlike submanifolds. We show that the class
of QR-lightlike submanifolds does not include quaternion lightlike submanifolds
and screen real submanifolds. Then, we introduce and study the geometry of screen
QR-lightlike and screen CR-lightlike submanifolds as generalizations of quaternion
lightlike submanifolds and screen real submanifolds, and provide examples for each
class of lightlike submanifolds of indefinite quaternion Kéhler manifolds.

8.1 Introduction

Indefinite Quaternion Kihler Manifolds. A quaternionic Kéhler manifold is an
oriented 4n-dimensional Riemannian manifold whose restricted holonomy group
is contained in the subgroup Sp(n)Sp(1) of SO(4n). These manifolds are of special
interest because Sp(n)Sp(1) is included in the list of Berger’s work [59] on possible
holonomy groups of locally irreducible Riemannian manifolds that are not locally
symmetric. It is well known that the twistor theory [329] is closely connected
with the existence of canonical quaternionic structures on 4-dimensional oriented
semi-Riemannian manifolds. S. Salamon [366] and others extended the theory to
4n-dimensional quaternionic manifolds. It is also well known that a quaternionic
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Kéhler manifold M is always Einstein. In this section, we first review indefinite
quaternion Ké&hler manifolds which have been studied by Perez [330] and Perez-
Santos [331].

Let M be an n-dimensional manifold with a 3-dimensional vector bundle Q
consisting of three tensors Ji,J> and Js of type (1,1) over M. Suppose, in any
coordinate neighborhood U of M, there is a local basis {J1, Ja, J3} of Q such that

Jp=-1J=—-1J3=—1I (8.1.1)
and
Jods = —J3Jo = J1, J3J1 = —ids = Jo, iJe = —J2J1 = Js. (8.1.2)

Such a basis {J1, J2, J3} is called a canonical local basis of the bundle Q in U.
We say that the bundle Q has an almost quaternion structurein M and (M, Q) is
called an almost quaternion manifold [239] whose dimension is n = 4m, (m > 1).

Consider another coordinate neighborhood U’ in (M, Q) such that UNU’ # ()
and {J1, J4, J4} is a canonical basis of Q in U’. Then, we have

3
Ty =" Sapp,a=1,2,3. (8.1.3)
b=1

From (8.1.1) and (8.1.2), it follows that (S,) is an element of the proper orthogonal
group SO(3). Thus, every almost quaternion manifold M is orientable. Let M be
an almost quaternion manifold with a canonical local basis of Q in a coordinate
neighborhood U. Assume there exists a system of coordinates (") in each U with
respect to Ji, Jo and J3 which have components of the form

0 —I 0 O 0 0 —-I 0
I 0 0 O 0 0 0 I
0O 0 o —I |’ I O 0 0 (8.1.4)
0O 0 I 0 0 —-I 0 O
and
0 0 o0 I
0 0 —-I 0
o7 o ol (8.1.5)
I 0 0 O

respectively. Here, I denotes the identity (m,m) matrix. In such a case, the given
structure Q is called an integrable quaternionic structure. Suppose g is an indefinite
metric on (M, Q) such that

g(®X,®Y) = g(X,Y), VX,Y €T,M, pel, (8.1.6)

and ® = Jy, Jo, Js, with {Jy, J2, J3} being a basis of Q at p. Then, (M, g,Q) is
called an indefinite almost quaternion manifold [330]. Just like almost Hermitian
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manifolds, the condition (8.1.6) puts the following restrictions on the signature of
g:

Let F; be a non-zero vector field on (M, g, Q). If E; is timelike, then, Q =
Span{E1, J1 F1, JoE1, J3E1} must be 4-dimensional. This condition implies from
(8.1.6) that the restriction of g to Q(E7) is of signature (4,0). Similarly, for a
spacelike F1, the restriction g of Q(E1) is of type (0,4). Thus, one can construct
a frame field B of M such that

B == {Ela J1E17 J2E1a J3E17 . '7Em1a JlEm17J2Em17J3Em1)
Py, W Fy JoFy 3By By, J1Fy, J2 By, JaFm, }

where Ei,...,E,, and Fi,,..., F,,, are spacelike and timelike vector fields, re-
spectively. Consequently, for all three real J's, the only possible signature of g is
(4(m2),4(my)) with 4m; + 4my = 4m. Tt follows that the index of g is s = 4¢,
t > 1. For example, g satisfying (8.1.6) can not be a Lorentzian metric. If the

Levi-Civita connection V of (M, g, Q) satisfies
VxJ1 = T(X)JQ — q(X)J3,
VxdJo = —T(X)Jl -f—p()();]g7 (8.1.7)
VxJs = q(X)J1 — p(X)J2

for any vector field X on M, then, M is called an indefinite quaternion Kdihler

manifold, where p, ¢ and r are certain local 1-forms and {Jy, J2, J3} is a local
canonical basis of Q. The equation (8.1.7) can be written as

3
Vxda =Y Qab(X)Jpa=1,2,3, (8.1.8)
b=1

for any vector field X on M, where Qg are certain 1-forms locally defined on M
such that Qup + Qpe = 0.

Let (M, g,Q) be an indefinite quaternion manifold and {.J1, Jo, J3} be a local
basis of Q. Then, the local 2-forms ©1, @5 and O3 are defined by

0,(X,)Y)=9(X,J;Y),i=1,2,3, (8.1.9)
for any vector fields X and Y on M. Thus, putting
N=0:AN01+0605;/AN0;+ 0303, (8110)

we get a 4-form Q defined globally on M. Using (8.1.7), (8.1.9) and (8.1.10) we
obtain the following theorem.

Theorem 8.1.1. An indefinite almost quaternion manifold (M, g, Q) is an indefinite
quaternion Kdhler manifold if and only if VQ = 0.
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~ In the sequel, we briefly denote an indefinite quaternion Kéhler manifold by
M, unless otherwise stated. Let R be the curvature tensor of M. From (8.1.7), we
have

R(X,Y)J1Z — hR(X,Y)Z = a(X,Y) 2 Z — B(X,Y) 52,
R(X,Y)J2Z — JLbR(X,Y)Z =v(X,Y)JsZ — a(X,Y) ], Z, (8.1.11)
R(X,Y)J3Z — JsR(X,Y)Z = B(X, V)1 Z —v(X,Y) ]2 Z,

VX,Y,Z € T(TM), where a, 3 and « are local 2-forms on U given by

a=dQa3 + Q31 A Qi2,
B =dQ3z1 + Q12 N Q23,
v =dQ12 + Q23 N Q31.

Let S be the Ricci tensor of M. The Bianchi identity and (8.1.11) imply

S(X,Y) = my(X, 1Y) + B(X, ,Y) + a(X, J3Y),
S(X,Y) = ~v(X, 1Y) + mB(X, LY) + a(X, J5Y),
S(X,Y) =~v(X, 1Y) + B(X, oY) +ma(X, JsY).

Hence, if the real dimension of M is 4m > 8, we get

S(X, .Y S(X, oY
10y) = SEAE) gy = SEEY)
o(X,Y) = 5(7)57:321/) (8.1.12)

The proof of the following theorem is commom with the Riemannian case.

Theorem 8.1.2. [331] Let M be an indefinite quaternion Kdhler manifold of real
dimension 4m > 8. Then M is Einstein.

A 4-plane Q(X), spanned by X, J1 X, oX and J3X, is called a quaternionic
4-plane. A 2-plane in T,M, p € M spanned by X,Y is called half-quaternionic
(respectively, totally real) if K(X) = K(Y) (respectively, K(X) L K(Y)). If X is
a non-null vector field, then /C(X) is a non-degenerate subspace. Recall that, if P
is a non-degenerate 2-plane in 7, M spanned by X and Y, its sectional curvature
is defined by
R(X,Y,Y,X)

MEY) = X X y) —g(X V)

which, for a half-quaternionic (respectively, totally real) plane is called quater-
nionic sectional curvature (respectively, totally real sectional curvature).
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Let R, be the tensor field on M given by

Ro(X,Y)Z = i{g(Y, )X —g(X,2)Y (8.1.13)

+9(NY, Z) 1 X — g(1 X, Z) 1Y +29(X, 1Y) 1 Z

+9(Y, 2) o X — g(Jo X, Z2) oY + 29(X, oY) I Z

+9(J3Y, 2)J3X — g(J3 X, 2)J3Y +29(X, J3Y)J3Z}
VX,Y,Z € I‘(T]\Zl). Then, R, does not depend on the basis of Q chosen on a
neighborhood of any point. Moreover, it satisfies the conditions (1.2.9). An indef-
inite quaternion K&ahlerian manifold of constant quaternionic sectional curvature

is called an indefinite quaternion space form. In [331], Perez-Santos proved the
following chracterization theorem for an indefinite quaternion space form.

Theorem 8.1.3. [331] An indefinite quaternion Kdhler manifold M of real dimen-
sion > 8 is an indefinite quaternion space form of quaternionic sectional curvature
c if and only if, for any vector fields X, Y and Z on M,

R(X,Y)Z = E{g(Y, )X — g(X, 2)Y (8.1.14)

+9g(NY,Z) 1 X — g(1 X, Z) 1Y +29(X, 1Y) Z

+9(f2Y, 2) o X — g(Jo X, Z) oY +29(X, J2Y)J2Z

+9(J3Y, 2)Js X — g(J3X, Z)J5Y +29(X, J3Y)J5Z}.
Proof. Let X € T,M, p € M, be a non-null vector and ¢ the sectional curvature in
Q(X).Let R" = R—cR,. Then, R'(Y,Z,Z,Y) = 0 for any 2-plane {Y, Z} in Q(X).
Since g(X, X) is a polynomial function of the coordinates of X in a fixed basis,
the zero set of 9(X, X) does not contain any open set. Thus, if X is a null vector

of T,M, there exists a sequence {X,,} of non-null vectors such that {X,} — X.
Then, {J;X,,} — J;X. Let Y, Z span a 2-plane of Q(X). We write

3 3
Y = ao X, + Z ai i X, Z =b,X + Z b J: X.

i=1 i=1
Let Y,, = ao X, + 2?21 a;J; X, and Z,, = b, X,, + 2?21 b;J; X,,. Then the 2-plane
{Y,, Z,} is contained in Q(X,,). Hence, R'(Yy,, Zn, Zn,Ysn) = 0 and
R\(Y,Z,Z,Y)=0. 8.1.15)
Thus, (8.1.15) shows that for any X € T, M and any 2-plane {Y, Z} of Q(X), we

have R'(Y,Z,Z,Y) = 0. On the other hand, for any X,Y € T,M,p € M, from
(8.1.12), we get
71(X7Y) = 7(X7 Y) - Cg(Xa JlY) = kg(X7 JlY)7
B(X.Y)=B(X,Y) —cg(X, 1Y) = kg(X, ]Y), (8.1.16)
(X,Y) = a(X,Y) — cg(X, JY) = kg(X, J5Y),
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where k = (;;55) — ¢, 4mr is the scalar curvature of M. Let X € T,M be a

non-null vector. From (8.1.11) and (8.1.16), we obtain

R(X, 1 X, X, 3X)=-R'(X,h1 X, X, 1 X) — kg(X, X)? = —kg(X, X)?,
R(X, X, 1 X, hX)=-R(X,J3X,X, 5X) - kg(X,X)? = —kg(X, X)?,
R(X, o X, sX, 1 X) = —R\(X, o X, X, JoX) — kg(X, X)* = —kg(X, X)?%.

Using the above equations and the Bianchi identity, we have kg(X, X)? = 0.
Hence, we derive k = 0. Now, (8.1.11) and k& = 0 imply that

R(X, 1 X, LY, J3Y) = -R (X, 1 X,Y, Ji1Y). (8.1.17)
From the Bianchi identity, we get

R(X, 1 X, LY, 5Y) = R(X, J5Y, X, J5Y)

+ R/(X, LY, X, oY), (8.1.18)
R'(X,hX,Y,,)Y)=R(X,1Y,X, 1Y)
- RI(X,Y,Y, X). (8.1.19)

Thus, from (8.1.17), (8.1.18) and (8.1.19), we obtain

R(X,Y,Y,X)+ R(X, Y, ,Y,X) + R\(X, J5Y, J,Y, X)
+ R(X, J3Y, J5Y, X)=0. (8.1.20)

Computing 0 = R'(X + Y, iX + 1Y, hX + 1Y, X +Y), 0= R(X — Y, , X —
LY, 1 X — 1Y, X —Y), using the Bianchi identity, (8.1.11), taking into account
that k£ = 0 and, then, adding the expressions, we get

0=R(X,Y,Y,X)+3R(X,];Y,JY, X). (8.1.21)

In the same way, computing 0 = R'(X + LY, 1 X + J3Y, 1 X + J3Y, X + LY),
0= R/(X — JQY, JlX — JgY, JlX — JgY,X — JQY) we obtain

0= R/(X, LY, )Y, X)+ 3R(X, J5Y, J3Y, X). (8.1.22)

Also0=R(X+J3Y, h X - LY, 1 X —JY,X+J3Y)and 0 = R/(X —J3Y, 1 X +
JY, 1 X + oY, X — J3Y) imply that

0= R'(X,J3Y, 5Y,X)+ 3R (X, LY, .Y, X). (8.1.23)
Then, from (8.1.22) and (8.1.23) we get
R/(X, LY, LY, X) = R(X, J5Y, J5Y, X). (8.1.24)

Thus, summing up (8.1.20) and (8.1.21) and (8.1.24) we arrive at R'(X,Y,Y, X) =
0. The converse is clear. O
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Corollary 8.1.4. [331] Let M be an indefinite quaternion Kdhler manifold of real
dimension 4m > 8. Then M is an indefinite quaternion space form of quaternionic

. e .
sectional curvature ¢ = = if and only if

R(X,Y)Z = g{g(Y, 2)X — g(X, 2)Y (8.1.25)

3
+ g(WY, Z) X — (X, Z) 1Y +29(X, JY ), Z}
b=1

for any vector fields X,Y and Z on M.

Proposition 8.1.5. [331] Let M be an indefinite quaternion Kdhler manifold of real
dimension > 8 and X a unit vector of T,M, p € M. If there exists a local basis of
Q, {J1, J2, J3} such that

(i) KX, 1 X)=K(X, J.X) =K(X, J3X),

(ii) R(X, 1 X, X, 1 X)=R(X, X, X, J,X)=R(X,J:X, X, J3X) =0.
Then the quaternionic sectional curvature in Q(X) is constant and its value is
r/(m+2), 4mr is the scalar curvature of M.
Proof. Using (8.1.11), (8.1.12) and Theorem 8.1.2, we have

r
+ 2

KX, 1 X) = (—=5)g(X, X)* + R(X, 1 X, X, J3X),

KX, 1o X) = (—25)g(X. X)* + R(X. Jo X, Js X, 1 X),
K(X, J3X) = (m: 5)9(X, X)? + R(X, J3X, 1 X, JoX) (8.1.26)
for X € T'(TM). Then, the proof follows from (i) and (ii). O

Lemma 8.1.6. [331] Let M be an indefinite quaternion Kdhler manifold of real
dimension 4m > 8, p € M, X € Tp]\Zf a unit vector and {Ji, Ja2, J3} a local
basis of Q on a coordinate neighborhood of M at p. If K(Y,®Y) is constant for
any vector Y € Q(X) and some ® = Jy, Jo, J3, then, the quaternionic sectional
curvature on Q(X) is constant.

Proof. Suppose that K(Y,J1Y) = a is a constant for any vector ¥ € Q(X).
Let ICy be the sectional curvature of the 2-plane spanned by the vectors ¥ =
cosfX +sinfJ, X, J1Y = cosfJ, X +sinfJ3X. Then

Ko = (cos? 6 — sin® 0)2KC(X, J1 X ) + 4sin? 0 cos*0K (X, J3 X))
+4sinf cosf(cos® O — sin® ) R(J3 X, X, X, J; X).

Hence, we have

K(X, 1 X)=K(X,JsX) and R(J5X,X,X,;X)=0. (8.1.27)
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If we consider the 2-plane spanned by Y = cos0X +sin6J3X, J1Y = cosfJ1 X —
sin6.J3 X, then we obtain

K(X, 1 X)=K(X,J5X) and R(J,X,X,X,JoX)=0. (8.1.28)

In a similar way, we get
R(1X, X, X,J3X) =0. (8.1.29)
Then, the result comes from (8.1.27)—(8.1.29) and Proposition 8.1.5. O

The next result shows how the geometry of an indefinite quaternion Kéahler
manifold is quite different from the geometry of Riemannian quaternion Kéhler
manifolds. First, it is obvious that R(X,®X,®X, X) = 0, for any null vector
X eT, pM , for an indefinite quaternion space form.

Theorem 8.1.7. [331] Let M be an indefinite quaternion Kdihler manifold of real
dimension 4m > 8. IfVp € M there exists a local basis {J1, Ja, J3} of Q at p, such
that R(X,®X,®X, X) =0 for any null vector X € T,M and ® = Jy, J2, J3, then
M is an indefinite quaternion space form.

Proof. Let Y, Z be two orthonormal vectors of TpM spanning a totally real 2-plane
of signature (+,—). If A € R, then \Y + Z is a null vector if and only if A =1 or
A = —1. Hence, we get

R(AY + Z,ABY + ®Z,\DY + BZ,\Y + Z) = 0. (8.1.30)

Then from (8.1.30), we obtain

KY,®Y)+K(Z,Z) =8K(Y,Z) =8K(Y,DZ), (8.1.31)
R(Y,®Z,9Y,Y)+ R(Y,®Z, YY) = 0. (8.1.32)
Let 3, and pu, be two sequences of real numbers such that for any n,5, > 1,
pn < —1, lim, 5, =1 and lim,a, = —1. From (8.1.30) and by continuity we
have
lim R(B,Y + Z, ,®Y) + R(®Z, 3,PY + ®Z,3,Y + Z) =0, (8.1.33)
lim R(p,Y + Z, un,®Y) + R(PZ, 11, @Y + @Z, 1, Y + Z) = 0. (8.1.34)
Let {d,,} be a sequence of positive real numbers such that
. (STL
lim ——— = 0.
n (87— 1)

From (8.1.33), for any d,, there exists ng(m) such that
~0m < (B (my = DBy + DE(Y, @Y) = 8(5 () — DE(Y, 2Z)

n(m)

+ 4By — DIR(Y, BZ,BY,Y) < by (8.1.35)
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Since (ﬁi(m) — 1) is always positive and n — oo implies n(m) — oo,

. Om
hgln ﬁi(m) =0.
From (8.1.35) we obtain
2K(Y,®Y) —8K(Y,Z) + 4R(Y,®Z,2Y,Y) = 0. (8.1.36)
In a similar way, we get
2K(Y,2Y) —8K(Y,Z) —4R(Y,9Z,2Y,Y) = 0. (8.1.37)

From (8.1.31), (8.1.36) and (8.1.37) we have K(V, ®Y) = K(Z,8Z) = 4K(Y, Z) =
4K(Y,®Z) and R(Y, Z,®Y,Y) = R(®Z, Z,Y,Z) = 0. Then the proof follows from
Lemma 8.1.6. O

We say that an indefinite quaternion Kéhler manifold is null quaternionically
flat, [199, 273], if R(U,®U,®U,U) = 0 for any null vector U € T,M and & =
Ji, J2, J3. Thus, we can state the above result as:

Corollary 8.1.8. [199, 273] Let J\% be an indefinite quaternion Kdhler manifold of
real dimension 4m > 8. Then M is an indefinite quaternion space form if and
only if it is null quaternionically flat.

Example 1. Consider R*" with Cartesian coordinates (2, %, 2%, w?), i = 1,... n.
Define complex structures ® = Ji, Jo, J3 of Ri and a Hermitian metric g as

Jl('rla Y1,21, Wiy .-+ Tny Yny Zn, wn) = (7y17x17 —W1, 215y 7 Yny Tn, —Wn, ZTL)7
JQ(I], Y1,21, W1y -+, Tns Yn, Zn, wn) = (—2517’1,01,.’171, Y1y -y —Rn, Wn, Tn, _yn>>
Jg((El, Y1,21, W1y, Tn, Yn, Zn, wn) - (—’U}l, —Z21,Y1,%1,..., —Wn, _Zn7yn7$n)>
and
9(($1ay1, 21, W1y 3y TnyYn, Zn7wn)7 (ulvvlath S1y.++5Un, Unatn; Sn))
q n
= =) (@i + yvi + 2t +wisi) + Y (Talla + Yava + Zala + Wasa)-
q=1 a=q+1

It is easy to see that (R*", ®, g) defines a flat indefinite quaternion space form and
its quaternionic structure is integrable.

For more examples on quaternionic semi-projective spaces and quaternionic
hyperbolic space, see:[203].

Submanifolds of Quaternion Kihler Manifolds. Let (M, Ja,3),a = 1,2,3 be a
quaternion Kéahler manifold. A submanifold of M is defined with respect to the

action of complex structures J,, a = 1,2,3 as follows: A submanifold M in a
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quaternion manifold M is called a quaternion submanifold (respectively, totally
real submanifold) if each tangent space of M is carried into itself (respectively, the
normal space) by each .J,. A similar definition can be given for distribution on M.
Let M be a Riemannian manifold isometrically immersed in a quaternion manifold
M. A distribution D : & — D, C T, M is called a quaternion distribution if it
satisfies the condition J, (D) C D. This means that a distribution D is a quaternion
distribution if D is carried into itself by its quaternion structure. It is known
that every quaternion submanifold in any quaternion Kéahler manifold is always
totally geodesic [98]. Therefore, it is more interesting to study a general class of
submanifolds than quaternion submanifolds. The first attempt in this direction
was made by Barros, Chen and Urbano in [27]. They defined the notion of a
quaternion CR-submanifold as follows:

Definition 8.1.9. [27] Let M be a real submanifold of a quaternion Kahler manifold
M. Then M is called a quaternion CR-submanifold if it admits a differentiable
quaternion distribution D such that its orthogonal complementary distribution
D+ is totally real, i.e., Jo (DY) € T,M*, a=l, 2, 3 Vo € M, where T, M~ is the
normal space of M in M at x.

It is easy to see that if DX = 0 (resp., D = 0) then M is a quaternion
(resp., totally real) submanifold. A quaternion CR-submanifold is called proper if

D # 0 and D+ # 0. If M is proper, then Definition 8.1.9 implies the following
decomposition:

TM =D 1L D+ and TM* =J,(D*) L Jo(D*Y) L J5(DY) L,  (8.1.38)

where v is the invariant complementary sub-bundle to J;(D+) @ Jo(D+) @ J3(D+)
in TM+. The following result is similar to Theorem 6.1.12 and it gives a charac-
terization of quaternion CR-submanifolds.

Proposition 8.1.10. [27] Let M be a submanifold of a quaternion-space-form M c),
c#0 and D, = TeN N J(T,M) N Jo(T M) N J3(T. M), x € M. Then M is a
quaternion CR-submanifold of M if and only if either M is totally real or D defines
a differentiable distribution of positive dimension such that

R(D,D,D*+, DY) =0
where D+ is the orthogonal complementary distribution of D.

On the integrability of distributions we have [27]:

(i) The totally real distribution D+ on a quaternion CR-submanifold of a quater-
nion Kéahler manifold is always integrable.

(ii) The quaternion distribution D is integrable if and only if the second funda-
mental form of M satisfies
h(D, D) = 0.
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For a totally umbilical quaternion CR-submanifold, the following holds:

Proposition 8.1.11. [27] Every totally umbilical proper quaternion CR-submanifold
i a quaternion Kdhler manifold M is totally geodesic.

If M is a totally geodesic quaternion CR~submanifold of a quaternion Kahler
manifold, then, M is locally the Riemannian product of a totally geodesic quater-
nion submanifold M7 and totally geodesic totally real submanifold M=+ [27]. A
quaternion CR-submanifold is said to be of minimal codimension if the sub-bundle
v is trivial, i.e., TM+ = J;(D+) @ Jo(D+Y) @ J3(D4).

Theorem 8.1.12. [27] The only quaternion Kdhler manifolds which admit totally
umbilical proper quaternion CR-submanifolds of minimal codimension are Ricci
flat quaternion Kdhler manifolds.

A quaternion CR-submanifold is called a QR-product if M is locally the
Riemannian product of quaternion submanifold M7 and totally real submanifold
M+ [27]. The next result gives a characterization of QR-products in terms of the
curvature tensor R+ of the normal bundle.

Theorem 8.1.13. [27] Let M be a quaternion CR-submanifold of a quaternionic
space form M (c), ¢ > 0. Then we have

| R [P=> cpq, (8.1.39)

where dimg (D) = p, dimg(D1) = q. If the equality of (8.1.39) holds, then M is
a QR-product.

Let M be a quaternion CR-submanifold of a quaternion Kéhler manifold M.
For any X € T'(T M), we put

J. X =P X +QuX,a=1,2,3 (8.1.40)

where P, X and @Q,X are the tangential and the normal parts of J.X. Using
(8.1.40), following is another characterization of a QR~product:

Theorem 8.1.14. [_325] Let M be a quaternion CR-submanifold of a quaternion
Kahler manifold M. Then M is a QR-product if and only if P, is parallel, i.e.,
(VxP,)Y =0, for every X,Y € I'(T'M). Here V denotes the induced connection
on M.

Let us now recall a bit of information on real hypersurfaces of quaternion
Kéhler manifolds. Let M be an m-dimensional quaternionic Kéhler manifold of
constant quaternionic sectional curvature ¢ € R — {0}. Let g be the Riemannian
metric, V the Levi-Civita connection and Q be the quaternionic Kahler structure
of M(c) and Jy, Jo and J3 be a canonical local basis of Q. Now, let M be an
orientable real hypersurface in M, N a unit normal field on M. We denote the
induced Riemannian metric on M by same letter. Let

U,=—J,N, a=1,2,3 (8.1.41)
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be a vector field on an open set O of M. The corresponding 1-form 7, is
1a(X) = 9(X, Ua). (8.1.42)
Let T, be the skew symmetric tensor field of type (1,1) on O given by
JoX = To X +na(X)N (8.1.43)

for all vector fields on O. T, X is the tangential component of J, X . From (8.1.41)—
(8.1.43), we have

T.Uy =0, T,Usp1 =Usss, TaUspo=—Uss1, (8.1.44)
T2X = —X +no(X)U,, (8.1.45)
TiTor1 X = Tor2X + a1 (X)U,, (8.1.46)
TuToroX = —Tus1X + Nay2(X)Ua, (8.1.47)

where the index is taken modulo 3. (8.1.44)(8.1.47) show that (T4, 74,U,), a =
1,2, 3 is an almost contact 3-structure, see [271]. Also observe that

Jy(Uy) = —J.N =U, € T(TM). (8.1.48)

Thus from (8.1.48) we say that quaternion CR-submanifolds do not include real
hypersurfaces of quaternion Kéhler manifolds contrary to the complex case.

Definition 8.1.15. [46] Let M be a quaternion Kihler manifold and M be a real
submanifold of M. Then, M is said to be a QR-submanifold if there exists a vector
sub-bundle v of the normal bundle such that we have

Jo(Vz) = Vg (8.1.49)
and -
Jo(vy) C TuM (8.1.50)
for x € M and a = 1,2, 3, where v is the complementary orthogonal bundle to v
in TM*.

Let M be a QR-submanifold of M. Set Dy = ja(z/j). We consider D1, ®
Do, @ D3, = Di‘ and 3s-dimensional distribution D+ : z — Dj globally defined
on M, where s = dimv;-. Also we have, for each z € M,

jll(DaZ) = l/a:lv ja(Dbm) - Dcz (8151)

where (a, b, ¢) is a cyclic permutation of (1,2, 3). Denote by D the complementary
orthogonal distribution to D+ in TM. Then, D is invariant with respect to the
action of J,, i.e., we have

Jo(Dy) = D, (8.1.52)

for any x € M. D is called a quaternion distribution.
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It is easy to see that a real hypersurface of a quaternion Kéahler manifold M
is a QR-submanifold with v, = {0} and v = Span{N}.

Recall that a QR-submanifold is called D-geodesic if h(X,Y) =0 for X,Y €
I'(D), where h denotes the second fundamental form of M. For the integrability
of holomorphic distribution we have the following.

Theorem 8.1.16. [46] Let M be a QR-submanifold of a quaternion Kdhler manifold.
Then the following assertions are equivalent:

1. W(J.X,Y)=h(X,J,Y),a=1,2,3 and X,Y € T'(D).
2. M is D-geodesic.
3. D is integrable.

Let M be a QR-submanifold of quaternion Kéhler manifold M. Denote by
P the projection morphism of TM to the quaternion distribution D and choose
a local field of orthonormal frames {vi,...,vs} on the vector sub-bundle v+ in
TM+. Then on the distribution D+, we have the local field of orthonormal frames

{Ei1,...,E1s,E21,...,E2s,E31, ..., E3s} (8.1.53)

where E,; = Jovi;, a = 1,2,3and i = 1,. .., s. For the integrability of distributions
of D+, we have the following:

Theorem 8.1.17. [46] Let M be a QR-submanifold of a quaternion Kdhler manifold.
Then the following assertions are equivalent:

(a) the distribution DL is integrable,

(b) Baij(X) =0 foralla=1,2,3;i,j=1,2...,s, and X € I'(D),

(¢) W(D,D*) Cv,
where Bqij(X) = g(VE,, Eqj, X) and V is the induced connection on M.

As in the complex case, every totally geodesic QR-submanifold is locally
a Riemannian product M7 x M=+, where MT and M~ are leaves of D and D=,
respectively[46]. For a totally umbilical QR~submanifold M, we have the following:

Theorem 8.1.18. Let M be a totally umbilical QR-submanifold of a quaternion
Kahler manifold M.

(1) If dim(vt) > 1 for any x € M, then M is totally geodesic [46].

(2) If dim(vy) = 1Yz € M and M is not totally geodesic, then it is an extrinsic
sphere that inherits a generalized 3-Sasakian structure[50].

(3) If dim(v) = 0 for any x € M, then M is a totally geodesic quaternion
submanifold [50].
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Finally, we have quoted some main results for such submanifolds in Rieman-
nian quaternion Kéahler manifolds which are needed to compare and understand
their counterparts of lightlike geometry. For those interested in knowing more, we
recommend the following references: [27, 46, 50, 98, 108, 115, 199, 232, 234, 239,
264, 283, 280, 279, 300, 319, 321, 330, 331, 352, 364].

8.2 Lightlike hypersurfaces

In this section, we discuss the fundamental properties of real lightlike hypersurfaces
of an indefinite quaternion Kéhler manifold.

Let (]\7[ , Ja,g), a = 1,2,3 be a real 4n-dimensional indefinite quaternion
Kahler manifold, where g is a semi-Riemannian metric of index v = 4¢, 0 < ¢ < m.
Suppose (M, g) is a lightlike real hypersurface of M. If ¢ is a local section of TM*,
then g (ja§,§) = 0 and J,¢ are tangent to M. Thus, J,TM* is a distribution
on M of rank 3 such that J,7M+ NTM* = {0}. Hence we can choose a screen
distribution S(T'M) such that it contains J,7 M~ as a vector sub-bundle. Consider
a local section N of tr(T'M). Since

G (JaN, &) =g (N, Ju€) =0,

we deduce that J, N are tangent to M. On the other hand, since g (jaN7 N) =0
the components of J,N with respect to § vanish. Thus J,N € T'(S(T'M)). We
know that ¢ and N are null vector fields satisfying g(¢, N) = 1. Thus, J,N and
J.& are null vector fields satisfying g (jaN, Jag) =1, a = 1,2,3. Otherwise, we
have

9(TuN, Jy€) =0

for a # b. Hence J,TM+ @ J, Rad TM is a vector sub-bundle of S(T M) of rank
6. Then, there exists a non-degenerate distribution Dy on M such that

S(TM) = {Dy & Dy} L Dy

where - ~ ~
Dl - J1§ Dorth J2§ Dorth J3§7

Dy = JiN @orth J2N Goren J3N.
Proposition 8.2.1. The distribution Dy is invariant with respect to each J,, i.e.,
Jo(Do) = Dg,a =1,2,3.
Proof. Since J,, a = 1,2, 3, are almost Hermitian structures, we have
§(JX.Y) =-5(X,J.Y)
for any X € ' (Dg) and Y € T (TM). For Y = J,£ we get

Q(jaX7 jag) =—g <X7 jajaf) :g(Xaf) =0
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and from (8.1.2) we have
G (JouX, Dp€) = =g (X, Jadp€) = —g (X, J£) =0
for any Y = J,£ € I' (Dy). Thus, J,X L D;. On the other hand, we have
9(JuX,€) = —g(X,J.6) =0
for any £ € T (TML). Hence, J, X @oren TM*. From (8.1.2) we obtain
G (JoX,JuN) =5 (X,N)=0

and
G (JoX, bN) = =g (X, JoJyN) = -5 (X, J.N) =0

for any N € I (Itr(TM)). Thus, J,X L {{D; ® Dy} L TM+*}. Finally, we derive
§(JoX,N) =—g(X,JoN) =0.
Summing up these results we deduce
J. X L {{Dy® Dy} L (TM* @ 1tr(TM))},
that is, J,(Dg) = Do, a = 1,2, 3, which proves our assertion. |
Thus, the general decompositions (2.1.4) and (2.1.8) become
TM = {(D1 ® Ds) L Do ®oren TM} (8.2.1)

and
TM = {(Dy ® Ds) L Dy L (TM* @ tr(TM))}. (8.2.2)

Example 2. Consider a hypersurface of R§ given by

1 = ui + urcosaq, y1 = us + b,

To = Uz + ¢, Yo = ug + d,

T3 = —U3 COS x — Uy Sin a + us, Y3 = U3 Sin o — U4 COS ¢ + Ug,
T4 = U1 COSQ — U2 SIN @ + U7, Y4 = U1 Sin @ + ug CoS @,

where o € IR — {7 + km,k € Z}. Thus TM is spanned by

71 =0x1 +cosadxy+ sinadyy,
Zs =0y —sinadxy + cosadyy,
Z3 = 0xg —cosadrz + sinadys,
Zy=0ys —sinadxs —cosadys,
Zs =03, Zg=0ys,

Zr=cosaldx, +0xy.
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It is easy to check that a hypersurface is lightlike such that TM+ = _Span{Zl}.
Moreover, using t_he canonical complex structures of R§ we see that J1Z; = Za,
JoZy = Zs and J3Z; = Z4. Thus, J,(TM>),a = 1,2,3 are distributions on M.

Now, we consider V' = cot a dy; + csc a dy4. Hence we derive

1
N = —5(6:51 —2cotadys +cosadxy — (2csca+ sina)d yy).

Thus, we have

_ 1 1 1
J N =—cotadz; — §8y1 + (S sina —csca)d zy — §cosa<9y4,

2

_ 1 1 1
JoN = 7583;2 —cotadys + 3 cosad 3 — (5 sina + cscw)d ys,

_ 1 1 1
J3N = cotad zs — §8y2 + (5 sina — csca) O 3 + Ecosaﬁyg.

Hence, M is a real lightlike hypersurface of R.

Consider the almost quaternion distribution

D = {TMJ‘ Dorth D1} @orth Do.

(8.2.3)

Denote by S and @ the projection morphisms D and Ds. Then, for U, = —J,&

and V, = —J,N, any vector field on M is expressed as

3
X =8X+Y fu(X)Va,
a=1

where f,(X) are 1-forms locally defined on M by
fa(X) = g(X,Ua).
Apply J, to (8.2.4) and obtain
JoX = ¢pa X + fo(X)N,a=1,2,3

where ¢, X are the tangential components of .J, X . Since J2 = —

P2 X = =X + fu(X)Va.
From (8.2.5) we get
fa(Va) = 17 fa(%) = 07 a 7é b7
faa = 0.
From (8.1.2) and (8.2.6) we derive

¢a‘/b == ja% - fa(‘/b)N - ja‘/b == _JanN
=—JN=V,.

(8.2.4)

(8.2.5)

(8.2.6)
I, we have

(8.2.7)
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Using (8.2.4) and (8.2.6) we have

(fa 0 90)X = fa(doX) = g(9p X, Va) = fe(X).
Finally, from (8.1.2), (8.2.4), (8.2.5), (8.2.6) and (8.2.7) we have

((¢a O¢b) -V ®fb)X = ¢a(¢bX) - fb(X)Va = ¢.X.

This shows that there exists an almost contact 3-structure on a real lightlike
hypersurface of an indefinite quaternion Kahler manifold, (for the definition of
almost contact 3-structure, see [271]). Thus, we have the following theorem.

Theorem 8.2.2. Let M be a lightlike hypersurface of an indefinite quaternion
Kahler manifold such that & and N are globally defined on M. Then (¢a, Va, fa)
defines an almost contact 3-structure.

Remark 8.2.3. From (8.2.4), (8.2.6) and (8.2.7) we see that there exist no almost
metric contact 3-structures on lightlike real hypersurfaces of indefinite quaternion
Kéhler manifolds.

Let M be an indefinite quaternion Kiihler manifold. Then, by using (8.1.2)
and (8.1.8) and Gauss-Weingarten formulae for a lightlike hypersurface, we derive

(Vx¢a)Y = fo(Y)ANX — B(X,Y)Vy + Qap(X) Y

+ Qac(X)PcY, (8.2.8)
(Vx[fa)Y = =B(X,$aY) = fa(Y)T(X) + Qas(X) fo(Y)
+ Que(X)f(Y), VX,Y € I(TM). (8.2.9)

Theorem 8.2.4. Let M be an indefinite quaternion Kdhler manifold and M a real
lightlike hypersurface of M. Then, M is totally geodesic if and only if

C(X,U,) =0,
(Vxf)Y =0, VX el(TM),Y €eT(D), and U, €T(Dy).

Proof. For Y =V, € I' (Ds) from (8.2.8) we have
(Vx¢a)Va = ANX — B(X, Vo)Va + Qab(X) b Va + Qac(X)9cVa.
Using (8.1.2) we get
—0aVxVa = ANX — B(X, Vo)Va — Qab(X)Ve + Qac(X)Ve.
For U, € T' (D), from (2.1.26) and (8.2.6) we derive
C(X,U,) = B(X,V,).
On the other hand, we get
(Vxfa)Y = B(X,Y)

for any Y € T" (D), which completes the proof. O
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Theorem 8.2.5. Let M be a real lightlike hypersurface of an indefinite quater-
nion Kdhler manifold M. Then, M is totally geodesic if and only if AnX, AEX,

ViZo ¢ T'(Dy) for any X € I(TM), N € T (tx(TM)), £ € T (TM*), Zy €
I'(Dy).

Proof. Tt suffices to show that h(X,Y) = 0 for any X,Y € I'(TM). By the
definition of lightlike hypersurfaces, M is totally geodesic if and only if h(X,V,) =
0,h(X,U,) = 0 and h(X,Zy) = 0 for any X € I'(TM),V, € T'(D;) and U, €
I' (D3). From (8.1.2) and (8.2.6) we have

B(X,V,) = —f.(AnX).
From (8.1.8) we get

h(X, Ua) = _ja(AZX) + T(X)Ua + Qab(X)VE) + Qab(X)V:: - vXUY(J,

and
(X, JuZo) = Jo(Vi Zo) — C(X, Zo)U, — B(X, Zo)Va + Qun(X) Iy Zo
+ Qac(X>chO - vXZO-
The proof follows from these three equations. O

Theorem 8.2.6. Let M be a real lightlike hypersurface of an indefinite quaternion
Kahler manifold. Then, Dq is integrable if and only if

C(X,Y)=C,X), CX,JLY)=C(,J,X),
B(X,J,Y) = B(Y,]J,X), VX,Y €T(Dy).

Proof. From (8.2.1) we see that Dy is integrable if and only if , we have

for any V, € T'(D3) ,U, € T'(D1) and N € I" (Itr(TM)). Now by using (8.1.2) and
(8.1.8), we have

( (
= §(VxJ.Y = (VxJ)Y,N) =g (VyJ.X — (VyJ,) X, N)
(VxJaY = Qup(X)JY — Qac(X)J.Y,N)

— 3 (VyJaX = Qap(Y) o X = Quc(Y)JX, N)
= §(VxJ.Y,N) — g (VyJ.X,N).
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From (2.1.23) we get
9([X,Y],Va) = g (W (X, LY), N) — g (b (Y, JoX), N)

or

(X, Y], Vo) =C(Y, J, X) — C(X, J,Y). (8.2.10)
In a similar way, we have
9([X,Y],U,) = B(Y, J,X) — B(X, J,Y). (8.2.11)
Finally, from (2.1.14) we get
J([X,Y],N)=C(X,Y)-C(Y, X). (8.2.12)
Thus, considering (8.2.10), (8.2.11) and (8.2.12) we derive the assertion of the

theorem. ]

Corollary 8.2.7. Let M be a real lightlike hypersurface of an indefinite quaternion
Kahler manifold. If M is totally geodesic, then, D is parallel.

Proof. Using (8.2.3) we have, D is parallel if and only if ¢(VxY, Z) = 0 for any
X, Y eT'(D),ZeT'(D;). From (8.1.2) and (8.1.8) we get

9(VxY,Us) = g(VxY,Us) = =g(VxY, Ju&) = §(JuVxY,€)
g(vXjaY - (vXja) Ya 5)

g(vXjaY + h(X7 Y) - Qab(X)ij - Qac(X)jCK 6)

Since M is totally geodesic and J,Y, J.Y € I' (D), we have g(VxY,U,) = 0. Thus,
D is parallel, which completes the proof. O

Lemma 8.2.8. Let M(c) be an indefinite quaternionic space form and M a real
lightlike hypersurface of M(c). Then, we have

3
- 3022 () = 92T X) oY) + 29[ JaY) (2
=(VxB)Y,Z)— (VyB)(X,Z)+ B(Y,Z)r(X) — B(X, Z)r(Y), (8.2.13)
3
R(X,Y)Z = {{g(Y. 2)X — g(X, 2)Y + Y g(Z, JuY)¢u(X)
a=1
- g(Za jaX>¢a(Y) + QQ(X, jay)¢a(Z) - B(X7 Z)ANY + B(K Z)ANX
(8.2.14)
forany XY, Z € T (TM).

Proof. Using Gauss-Weingarten formulas and (8.1.14), we obtain the lemma. O



366 Chapter 8. Submanifolds of indefinite quaternion Kahler manifolds

Theorem 8.2.9. There exists no totally umbilical real hypersurface of M(c) with
c#0.

Proof. Suppose M is a totally umbilical real hypersurface of M(c) with ¢ # 0.
Replacing X,Y,Z by PX,{, PZ in (8.2.13) and using (2.5.1) we have

3
0D fulP2)fu(PX) = —B(Vpx&, PZ) ~ VeB(PX, PZ)
a=1

+ B(V¢PX,PZ)+ B(PX,V:PZ)
+ B(¢, PZ)7(PX) — B(PX, PZ)7(£).

Since M is umbilical, we derive

3
U D fulP2)fu(PX) = ~pg(Vpx€ PZ) ~ Ve (pg (PX, PZ)
a=1

+p9(VePX, PZ) + pg(PX,VePZ)

Hence, we arrive at

=0

3
> fa(PZ)fuo(PX) = —pg(Vpx&, PZ) — (Vep) g (PX, PZ) — pg(PX, PZ)7(§).
a=1

Since V is a metric connection we have

3
72 1a(PZ)1u(PX) = pg(6.VpxPZ) ~ (Vep) g (PX, PZ) ~ pg(PX. PZ)7(¢).

a=1

Then, considering M is umbilical, we obtain

3
O3 1(PD)fu(PX) = (07 = (Vep) = pr(€)) 9(PX, PZ).
a=1

Now, for PX = PZ =V} we have ¢ = 0. This is a contradiction. Thus, M can not
be umbilical in M(c), ¢ # 0, which completes the proof. O

8.3 Screen real submanifolds
As in the indefinite Kahler geometry, lightlike submanifolds of indefinite quater-

nion Kéhler manifolds are defined with respect to the complex structures Ji, Jo
and J3. A lightlike submanifold M of an indefinite quaternion Ké&hler manifold
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M is called a quaternion lightlike submanifold if radical distribution and screen
distribution of M are invariant with respect to J,, a = 1,2, 3, i.e.,

Jo(RadTM) =RadTM and J,(S(TM))=S(TM).

It is easy to see that lightlike transversal bundle ltr(7'M) is invariant. In a similar
way, §(JoX,€) = —g(X, J,&) for X € T'(S(TM)) implies that S(T'M) is also
invariant. One can see that the screen transversal bundle S(T' M) is also invariant.
For quaternion lightlike submanifolds of indefinite quaternion Kéhler manifolds,
we have the following.

Theorem 8.3.1. A quaternion lightlike submanifold M of an indefinite quaternion
Kahler manifold is totally geodesic.

Proof. From (8.1.8) and (5.1.15) we get

VxJoY = —hi(X,J.Y) — b5 (X, J,Y) 4+ Qup(X) JpY
+ Qac(X)JY + J,VxY + J,h' (X,Y)
+ J.h5(X,Y),VX,Y € T(TM).

Hence, we obtain

(X, J,Y) = J.hN(X,Y),
R (X, J,Y) = J,h*(X,Y),
which imply that
A (J. X, J,Y) = -h(X,Y), (
R (Ju X, J,Y) = —h*(X,Y) (
In a similar way, we derive
(T X, YY) = —h'(X,Y), R (J.X,J.Y) = —h'(X,Y), (8
RS (T X, YY) = —h*(X,Y), R (J.X,J,Y) = —h*(X,Y) (8

On the other hand, using (8.1.2), (8.3.1), (8.3.2), (8.3.3) and (8.3.4) we get
(T X, J,Y) = W (JyJ. X, JyJ.Y) = —h'(J.X, J.Y) = hY(X,Y) (8.3.5)

and
RE(J. X, J.Y) = h(X,Y). (8.3.6)

Then, (8.3.1), (8.3.2), (8.3.5) and (8.3.6) imply that 2!(X,Y) =0 and h*(X,Y) =
0, i.e., M is totally geodesic, which completes the proof. g
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Example 3. Consider in R}? a submanifold M given by the equations:

Tg = X1 CcOS — T3 Sinq, T19 = Tg COSQ — X4 Sinq,

T11 = T1 sina + x3 cosa, Z12 = g sina+ x4 cosa, «a € (0, g)

Then T'M is spanned by

Zy=0x1 +cosadrg +sinadryy, Zy=0xs+cosadxig+sinadria,
Z3=0x3 —sinadxg +cosadryy, Zy4=0x4—sinadxig—+ cosadria,
Z5:al‘5, Z6:8I6, Z7:8x7, Zgzaxg.

Hence M is a lightlike submanifold with Rad TM = Span{Z; , Z2, Z5, Z4}. Thus,
RadTM = TM~+ C TM, ie., M is a coisotropic 8-dimensional submanifold of
R}2. Then S(TM+*) = {0} and the lightlike transversal bundle is spanned by

Ny = %{—6331 +cosadxg +sinadxiy},

Ny = %{—8902 +cosadxig+sinadxial,

N3 = 1{-0z4 —sinadzg +cosadzy},

Ny = %{—63:4 —sinadxig+ cosadxia}.

Tt is easy to see that Rad TM and Doy = Span{Zs, Zs, Z7, Zs} are invariant. Hence
TM = RadT M @or¢n Do is invariant. Thus M is a quaternion lightlike submanifold.

Theorem 8.3.1 tells that it would be more interesting to study other types
of lightlike submanifolds of indefinite quaternion Kéahler manifolds. For this aim,
we present some results on the geometry of screen real lightlike submanifolds of
indefinite quaternion Kéahler manifolds. The definition of screen real submanifold
is the same as the definition of screen real submanifolds of Kéahler manifolds.
More precisely, we say that a lightlike submanifold of an indefinite quaternion
Kéhler manifold is a screen real lightlike submanifold if Rad T'M is invariant with
respect to J, and J,(S(TM)) C S(TM*) for all a = 1,2,3. Let M be a screen
real lightlike submanifold of an indefinite quaternion Kéhler manifold. Then, for
W eT'(S(TM)), we write

JoW = B,W + C,W, (8.3.7)
where B,W and C,W are the tangential and screen transversal part of J,W.
Example 4. Consider a submanifold M in R}? given by
x(0,p,r.s,t) = (0, 0,78 —s,7,—p,0,8int, 0, cost,0).
The tangent bundle of M is spanned by

Z1:8$1+3$8, Zo=0x9 — 0wy
Z3=0x3+0xg, Z4=0x4—0xs
75 =costOxg —sintdxiy.
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It is easy to see that M is a 4-lightlike submanifold. Rad T'M is spanned by Z7, Zs,
Z3 and Zy4. Moreover, Rad T'M is invariant with respect to the canonical complex
structures Ji, Jo and Js. Furthermore, by direct computations, we have

J1Z5 = cost O x1g — sint Ox1a, JaZs =sintdxg + cost dx11,

J3Z5 = sint O x10 + cost O x1a,

which span non-degenerate space and this space is orthogonal to T'M. Thus,
S(TM*) = Span{J1Z, JoZ,J3Z}. That is, S(TM) = Span{Zs} is anti-invariant.
Thus, M is a screen real lightlike submanifold.

Let M be a screen real lightlike submanifold of an indefinite quaternion
Kéhler manifold M. Using (5.1.15), (5.1.27) and (8.3.7), we have

Vi Jof = =h(X, Ja€) = B*(X, Jaf) + Qub(X) Jog
+ Que(X) e = JoATX + JaV7E
+ Jah'(X,€) + Bah®*(X,€) + Cah®(X,€)
for X e T(TM) and ¢ € T'(Rad T M). Thus, considering (5.1.4), we obtain

VxJa€ = Qab(X)Jo€ + Qac(X)Jel + JoV* € + Boh* (X, €), (8.3.8)
h* (X, Juf) = —J AL X + Coh®(X,€), (8.3.9)
hH(X, Jo€) = J.h (X, €). (8.3.10)

Then, from (8.3.8) and Theorem 5.1.4, we have the following results:

Theorem 8.3.2. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kdahler manifold M. The induced connection is a metric connection if and
only if h*(X,€) has no components in J(S(TM)) for X € T(TM) and ¢ €
I'(RadTM).

Corollary 8.3.3. Any irrotational screen real lightlike submanifold of an indefinite
quaternion Kdhler manifold has the induced metric connection.

Now, we discuss the integrability of radical and screen distributions of a
screen real lightlike submanifold.

Theorem 8.3.4. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kdahler manifold M. Then, the radical distribution is integrable if and only

if
Bah® (&1, Jaba) = Bah®(Job1, &), &1,& € T(RadTM). (8.3.11)

Proof. From (8.1.8) and (8.1.2) we have
v&g? = _v§1j3£2
= —(Ve, Ja)Jaba — JaVe, Jolo
= Qab(gl)jcéé - Qac(gl)jbéb - jaﬁgljaéb
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for &1,& € I'(RadT'M). Using (5.1.15), (5.1.27) and taking tangential parts of the
obtained equation, we get

V5152 = Qab(gl)jcé-Z - Qac(gl)jb§2 - jav*tISZ - Bahs(fl, j£2) (8312)

Changing the roles of £&; and & and subtracting, we arrive at

61, &) = Qab(&1) el — Que(§1) Toba — Ja V¢, o
- Bahs(£17 j§2) - Qab(£2)jc§1 + Qac(§2>jb§1
+ J Ve &1+ Boht (61, J&). (8.3.13)
Since Rad T'M is invariant with respect to .J,, it is integrable, Then, from (8.3.12)

we have (8.3.11). Conversely, if (8.3.11) holds, then, the right side of (8.3.13)
belongs to Rad T'M. Hence, the left side of (8.3.13) also belongs to RadTM. O

Theorem 8.3.5. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kahler manifold M. If RadT M is integrable, then, the radical distribution
defines a totally geodesic foliation.

Proof. From (8.3.13), the radical distribution defines a totally geodesic foliation
in M if and only if B,h*(£1, J,&2) = 0. Suppose that Rad T'M is integrable. Then,
Theorem 8.3.4 implies that B,h* (&1, Ju&a) = Bah®(Jué1,£2) a = 1,2, 3. Using this
and (8.1.2), we get

Bahs(flv ja€2) = Bahs(flv jbjc&) = Bahs(jbfh jcfQ)
= Bahs(jcjb§1;£2) = —Bahs(ja&,&)

which gives B,h®(&1, J,€2) = 0 that completes the proof. O

Theorem 8.3.6. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kdhler manifold M. Then the screen distribution is integrable if and only if

A; xY =A; v X, VXY e(S(T'M)).
Proof. From (8.1.8), (5.1.15), (5.1.23) and (5.1.26) we obtain

Aj vy X =V TY + D¥(X, J,Y) — Qup(X) JpY
— Que(X)JY — I, VLY — J,h*(X,Y)
— J. WYX, Y) = B.h*(X,Y) — Coh*(X,Y) (8.3.14)

for X, Y € T(S(TM)). Taking the tangential parts of (8.3.14) we get
Ay yX = —Jh*(X,Y) — Boh*(X,Y). (8.3.15)
Changing the roles of X and Y in (8.3.16) we derive

A xY = —Jh* (Y, X) — Bah*(Y, X). (8.3.16)
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Then, since h® is symmetric, from (8.3.15) and (8.3.16) we obtain
Az yX — A; Y = —J,h*(X,Y) + J.h* (Y, X). (8.3.17)

The proof comes from (8.3.17) and Theorem 5.1.5. O

Theorem 8.3.7. Let M be a real lightlike submanifold of an indefinite quaternion
Kahler manifold. Then, the screen distribution is parallel in M if and only if
Az xY has no components in RadTM for X,Y € I'(S(T'M)).

Proof. Suppose that S(T'M) is parallel. Then, from Theorem 5.1.6, h* = 0. Also,
(8.3.16) implies that A7 vY = B,h*(Y,X) which shows that A; Y is S(T'M)-
valued. Conversely, assume that A; Y has no components in RadT'M. Then,
(8.3.16) implies that J,h*(X,Y) = 0. Since the almost complex structures are
non-singular, we conclude that h* = 0. Then, Theorem 5.1.6 tells that S(T'M) is
parallel. O

Now we study totally umbilical screen real lightlike submanifolds. The proof
of the following result comes from (8.3.8) and Theorem 5.1.4.

Theorem 8.3.8. Let M be a totally umbilical screen real lightlike submanifold of
an indefinite quaternion Kdhler manifold M. Then, the induced connection V is
a metric connection

Let M be a screen real lightlike submanifold of an indefinite quaternion Kéh-
ler manifold M. Consider the complementary vector sub-bundle v to J,(S(T'M))
in S(TM+*). Then, we have

S(TM*Y) = J(S(TM)) ®oren v,a = 1,2, 3. (8.3.18)

Since J,(S(T'M)) and S(T M) are non-degenerate, it follows that v is also non-
degenerate. Moreover, it is easy to see that v is invariant.

Lemma 8.3.9. Let M be a totally umbilical screen real lightlike submanifold of an

indefinite quaternion Kdhler manifold. Then, H® € T'(J,(S(TM)).

Proof. Let M be a totally umbilical screen real lightlike submanifold and X,Y €
I'(S(TM)). Using (8.1.8), (5.1.4), (5.1.26), (8.3.7) and taking the screen transversal
parts of (8.3.18), we have

R¥(X,Y) = —Qup(X) Y — Que(X)JY — J, V%Y — Cuh*(X,Y).
Thus, for V € T'(v), we have
G0 (X, Y), JaV) = ~5(Cah*(X,Y), V).
Then, a totally umbilical M implies that

g(X,Y)g(H?®, J,V) = —g(X,Y)g(H*, V). (8.3.19)
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Since v is invariant with respect to J, and V is an arbitrary vector field, substi-
tuting J,V in (8.3.19) we derive

G(X, V)G, V) = g(X, Y)g(H*, J,V). (8.3.20)
Thus, from (8.3.19) and (8.3.20) we obtain
9(X,Y)g(H®, V) = 0.
S(TM) non-degenerate and g(H*,V) = 0 shows that H* € T'(J,(S(TM))). O

Theorem 8.3.10. Let M be a totally umbilical screen real lightlike submanifold of
an indefinite quaternion Kdhler manifold. Then, M is either totally geodesic or
S(TM) is 1-dimensional.

Proof. From (8.3.14) and (5.1.28), for X,Y € I'(S(T'M)), we have
G0 (X, X), LLY) = gh* (X, V), J,.X).

Using (5.3.8), we obtain

9(X, X)g(H®, J,Y) = g(X,Y)g(H*, J, X). (8.3.21)
Changing the role X and Y in (8.3.21), we get

gV, Y)g(H?®, J,X) = g(X,Y)g(H®,J,Y). (8.3.22)
Thus, from (8.3.21) and (8.3.22), we have
9(X,Y)?

g(H*, J,X) = — 21—t —g(H*, J,X). 8.3.23
U920 = S Xy gtrry P o) (8:3.23)
Considering Lemma 8.3.9, the solution of the equation (8.3.23) is either H® = 0
or X and Y are linearly dependent, which completes the proof. O

8.4 QR-lightlike submanifolds

In this section, we introduce and investigate QR-lightlike submanifolds which are a
generalization of lightlike real hypersurfaces of indefinite quaternion Kahler man-
ifolds and correspond to Riemannian QR-submanifolds.

Definition 8.4.1. [343] Let M be a lightlike submanifold of an indefinite quaternion
Kahler manifold M. We say that M is a QR-lightlike submanifold if the following
conditions are fulfilled:

JoRad TM N Rad TM = {0}, (8.4.1)
S(TM) = {J,RadTM & D'} L D, (8.4.2)
Ju(Do) = Dy, Ju(Ly L Ly) = D' € S(TM),
where Ly = Itr(T M) and Ly is a vector sub-bundle of S(TM>).
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Let M be a QR-lightlike submanifold of an indefinite quaternion Ka&hler
manifold. For z € M, let Dy, = J,(L1 L Ly), a =1,2,3. Then, D1,, Da,, D3, are
mutually orthogonal vector subspaces of T,, M. We consider D!, = D1, ® Do, ® D3,
then D' : z — D; is globally a 3d-dimensional distribution defined on M, where
dim (L; L Ly), = d. Also we have

Ja(Daz) = Ll L L2 |.'177 Ja(Dbm) = Dcrm
where (a, b, ¢) is a cycle permutation of (1,2,3). Now, we consider
D = {Rad TM @y Jo Rad TM} @orens Do, (8.4.3)

where Dg is non-degenerate distribution. It is easy to check that Dy is invariant
with respect to each J,. Thus we have

TM=D®D.

From (8.4.3), it follows that D is invariant with respect to the action of .J, and we
call D a quaternion lightlike distribution. (8.4.3) also implies that D is a 4r-lightlike
almost quaternion distribution on M. Thus we have the following proposition.

Proposition 8.4.2. Any QR-lightlike 7-dimensional submanifold must be 1-lightlike.

Example 5. Let (]\7[ I g), a = 1,2,3 be a real 4n-dimensional indefinite quater-
nion Kahler manifold, where g is a semi-Riemann metric of index v = 4¢q, 0 <
q < m. We suppose that (M, g) is a lightlike real hypersurface of M, where g is
the degenerate induced metric of M. Now, if £ is a local section of T M=, then,
9(Ju&,€) =0(a=1,2,3) and J,& are tangent to M. Thus (JlTMJ- Dorth JoT M+
@OrtthTML) is a distribution on M with rank 3 such that J,TM+NTM* =
{0},a = 1,2,3 that is, the condition (8.4.1) is satisfied. Hence we can choose a
screen distribution S(7'M) such that it contains J,T7M=*,a = 1,2,3 as a vector
sub-bundle. Now we consider the local section N of tr(T'M). Since

g (JaN, &) = g (N, Jo£) = 0,

we deduce that J,N are tangent to M. On the other hand, since g (J,N,N) =0
we see that the components of J, N with respect to £ vanishes. Thus, J,N €
I'(S(TM)). We know that £ and N are null vector fields satisfying g(¢, N) = 1,
Thus, we deduce that J, N and J,£ are null vector fields satisfying g (J, N, J,&) =
1, a =1,2,3. Otherwise, we have

g(JaN7 Jbg) = 0

for a # b. Hence J,TM*+ @ J,(Itr(TM)) (a =1,2,3) is a vector sub-bundle of
S(T'M) of rank 6. Then there exists a non-degenerate distribution Dy on M such
that

S(TM) = {Dl @DQ} 1 Dy
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where

Dl = Jlf Dorth J2£ Dorth J3§

and
D2 = JlN DPorth JQN DPorth J3N

Hence, condition (8.4.2) is also satisfied. Thus, a lightlike hypersurface M of an
indefinite quaternion Kéhler manifold (M , 7, Ja) is a QR-lightlike submanifold.

Example 6. Consider a submanifold M in R}? given by the following equations:

T1 = U1, Y1 = U2, T2 = U3, Y2 = U4, T3 = U5, Y3 = U6, T4 = U7, Y4 = U
Ts = —U3COSQ — Uy Sin v — UsUg tan o + ug

Ys = uz sin o — ug cos o + usug + Ui

T = U1 COS  — Usg Sin @ — u7ug tan «

Ye = U1 Sin o + ug cos @ + urug
where a € R — {% +km ke Z } Then the tangent bundle of M is spanned by

Z1 =0z +cosadxg+sinadys

Zy =01y, —sinadxg + cosadyg

Z3=0xy —cosadxs+sinadys

Zy=0ys —sinadxs — cosadys

Zs =0x3 — ug tana dxs + ug 0ys
Zg =0ys —us tanadxs + us 0 ys
Z7=0x4 —ug tanadxg + us 0 ys
Zs = 0yq — ur tana d xg + u7 0 ys
Zy =05, Z19 = 0ys.

Thus M is a 1-lightlike submanifold with Rad TM = Span{Z;}. By using canon-
ical complex structures of R1? we obtain that J;(RadTM), Jo(RadTM) and
J3(Rad T M) are spanned by Zs, Z3 and Zy, respectively. Hence J; (RadTM) N
Rad TM = {0} , Jo(Rad TM)NRad TM = {0} and .J5(Rad TM)NRad TM = {0}.
Thus condition (8.4.1) is satisfied. Choose S(T'M ) spanned by

W=adx1+bdy; —bug secadxs —bug secady,

+ (acosa — bsina) dze + (asina + beos ) O ys
where a, b are non-zero constants. Take a vector field of S(T ML)+ to be

V=cox1+doys + Adx4s + BOys + COxg + DI ys
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where ¢, d are constants and

a

Ug Cos & + U7 Cos a

b

S TR

B JU7 COS (v — Ug COS &
(WF+ug)

C=(1+c¢)cosa—dsina,

D= (14c¢)sina+ dcosa.

It is easy to obtain that g(Z1, V) = 1. Thus, the complementary vector bundle F to
RadTM in S(TM+)* is spanned by V. Hence, we obtain the lightlike transversal
vector bundle

ltr(TM) = Span{N = (¢ — %

G
)8x1 —|—d8y1 + Aduxs +B(9y5+(0— 5)81'6
F
+ (D — 5)3216}

where
(($)? +1)cos® a
u2 + ug

G:

+ 1+ 2c.

On the other hand by using the canonical complex structures of R}? we have

JIW=—=b0x1+ady; +bursec xdxy —bug secadys — (asina + bcosa) 0 x4
+ (acosa — bsina) d g,

JoW=adxy—bdys+ bug sec «dxz —buy secadys+(—a cosa + bsina)dxs
+ (asin o+ b cos ) Dy,

JsW=0b0x2+adys+bur sec «dxs + bug secadys — (a cosa + bsina)dxs
+ (—acos a+bsina) dys,

and
G G, .
JIN=—-ddx1+ (C— 5)83/1 —BOxy+Adys+ (—D + 5)81n a0 xg
+(C - %) cos a dye,

G
JQN:(Cfg

YOx9 —dOys — Adxs+ Boys+ (—C + %)cos adxs
+ (D - g) sin a0 ys,
G G, .
J3sN =dOxy + (C— 5)33;2 — BOoaxs —A8y3+(—D+ §)Sln adxs

G
+(-C+ 5) cos adys.
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Since S(T'M+) is spanned by W, D' = JyW LJoW L J3W is a distribution on M.
On the other hand, g(Jlm Zl) = Q(W, J1Z1) = Q(VV, Z2) = 0 and g(Jll/V, W) =
0 imply that J;W is tangent to M. Similarly one can see that g(JoW,Z;) =
g(J3sW,Z1) = 0. Therefore , we can choose S(T'M) to contain J1W, Jo;W and
J3W. Finally, since g(JlN, Zl) = g(N, JIZI) = g (N7 ZQ) =0 and g(JlN, N) =0
we can choose S(T'M) to contain Ji N, JoN and J3N too. Thus we obtain

S(TM) = {(J1Z1 ®orth J2Z1 Borth J321) & (J1N Borth J2N Boren J3N)}
L (LW L LW L JsW).

Hence, condition (8.4.2) is satisfied, so M is a QR-lightlike submanifold.

Suppose M is an invariant lightlike submanifold of M. Then, it is easy to
check that J,(Rad TM) = RadTM. Hence, M is not a QR-lightlike submanifold.
Next, suppose that M is a screen real lightlike submanifold. Then, one can check
that J,(RadTM) = RadTM. Hence, a screen real lightlike submanifold also is
not a QR-lightlike submanifold. Thus, it follows that the class of QR-lightlike sub-
manifolds contains lightlike real hypersurfaces, but it excludes quaternion lightlike
submanifolds as well as screen real lightlike submanifolds. The above example mo-
tivates us to consider the following theorem (the proof is common with the proof
of Theorem 6.4.3).

Theorem 8.4.3. Let M be a 1-lightlike submanifold of codimension 2 of a real
4dm-dimensional indefinite quaternion Hermitian manifold (M, J,,g) such that
Jo(RadT M) are distributions on M. Then M is a QR-lightlike submanifold.

Denote by P the projection morphism of TM to the D and choose a local
orthonormal frame {v1,...,vp,w1,...,wg}, kK + 7 = [ on the vector sub-bundle
Ly L Ly in tr(T'M). Then on the distribution D’ we have a local field of orthonor-
mal frames

{En, Ce ,E1T7E21, ce ,EQT,Egl, e ,E3T,F11, ce ,Flk,F217 - ,F2k7F317 A ,F3k},

(8.4.4)
where Eq; = Jo(v;),a=1,2,3i=1,...,r and Fy; = Jo(w;), j =1,..., k. Thus
any vector field Y tangent to M can be written locally as

3 r k
Y=PY+) {Zwbi(Y)Ebi} + 9> wh(YV)Fy (8.4.5)
b=1 i=1 j=1

where wp; and w,’)j are 1-forms locally defined on M by
wyi(Y) = g(Y, Ju&:) (8.4.6)

and
wy; (V) = g(Y, Fyj). (8.4.7)
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Applying J, to (8.4.5), we obtain

JaY = JoPY + > wpi(Y)Eei — wei(Y) Epi — wai(Y)v;

i=1
k
+ Y wp (V) Fej — wly (V) Fyj — oy (Y)w; } (8.4.8)
j=1

Let M be a QR-lightlike submanifold of an indefinite quaternion Kéhler manifold
M and L3 be a complementary vector sub-bundle to Ly in S(T'M~). Then, we
have the following decomposition for the transversal bundle of M:

tr(TM) = Ly ®oren (Lo L Ly). (8.4.9)
Thus, for V € T(S(TM*1)), we have
J,V = B,V +C,V, (8.4.10)

where B,V € T'(D') and C,V € I'(Ly). Then, using (5.1.14), (5.1.15), (8.4.5),
(8.4.8) and (8.4.10) in (8.1.8) and taking the transversal bundle parts we have

WX, JoPY) — wei(Y)W(X, Ebs) + wps (Y)(X, Eei) — (wm(y))vz
)

— wai(Y)Vhv; — wai(Y)D? (X, v;) + ng(Y)h(X F;)— (Y h(X, Fyj)

= X (Wi (Y)wj = wg; (V) DU (X, wj) — wi (V) Vi w; = —Qap(X)wyi(Y)vi

- Qab(X)wl/zj YVwj = Qae(X)wei (Y)v; — Qab(X)wéj (Y)w,

—wei(VxY)v; — w;j(VXY)wj + Ch(X,Y) (8.4.11)

for any X,Y € I'(T'M). Thus for any X,Y € I' (D), we get
h(X, JGPY) - Cah(X,Y) = _Wai(vXY)'Ui - w;j(VXY)wj. (8412)

We say that M is a D-geodesic QR-lightlike submanifold of M if h(X,Y) = 0, for
X,Y €TI' (D). Using this definition, we obtain the following result for integrability
of the quaternion distribution D.

Theorem 8.4.4. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kahler manifold. Then the following assertions are equivalent:

(a) h(JoX,Y) = h(X,J.Y) a=1,2,3 and X,Y € T (D).
(b) M is D-geodesic.
(¢) D is integrable.

Proof. First, note that by the definition of QR-lightlike submanifold, D is inte-
grable if and only if g([X,Y], Jo&) = 0 and g([X,Y], Fy;) = 0.
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(a )= (b): From (8.1.2), we have

WX, J,Y) = h(J.X,Y) = h((JyoJ)X,Y)
= h(J.X, ,Y) = h(X, (J.0J,)Y)
= —h(X, J.Y).

Thus we get h(X,J,Y) = 0. For (b) = (c), from (8.4.12) we obtain
wai(VXY)vi + w;j(VXY)’LUj =0,

wai(VyX)vi + w;j (VyX)’wj =0.

Hence we have wqi([X,Y])vi + wi;([X,Y])w; = 0. Since v; and w; are linearly
independent we derive w.i([X,Y]) = g([X,Y],Ju&) = 0 and w;([X,Y]) =
9([X,Y], F,;) = 0 which show that [X,Y] € T'(D).

(¢) = (a): Suppose that D is integrable. Then from (8.4.12) we have

h(X, JoPY) = Cah(X,Y) = —wai(Vx Y )vi — wl;(Vx Y )w;

or
hY,J,PX)—Coh(Y,X) = —wai(Vy X)v; — w:lj (VyX)w;,
which implies that h(X, J,Y) = h(J, X,Y). |

We say that M is a mized geodesic QR-lightlike submanifold if h(X,Z) =0
forany X e T'(D),Z € T (D).

Lemma 8.4.5. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kahler manifold. Then M 1is mized geodesic if and only if

AyX €T(D), (8.4.13)
V&V €T (Ly L Ly) (8.4.14)
forany X € T(D) and V € T (L1 L Lo).
Proof. First, since (Ly L Lg) is anti-invariant there exists a non-zero vector field
Z € T'(D') such that Z = J,(V). By using (5.1.12) we have h(X, J,V) = Vx J,V—
VxJ,V. From (8.1.8) we get

WX, JaV) = (Vx o) V4 J.VxV = VxJ,V
= Qab(X)JbV + Qac(X)JcV + JavXV — VXJQV.

From (5.1.14) we derive

(X, JoV) = Qap(X) TV + Que(X) IV — JuAv X + J,V5V = Vx J,V.
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Using (8.4.8), (8.4.10) and taking the tangent and transversal bundle parts we
obtain

Qab(X) TV + Que(X)JV — JuPAyX — > wyi(Av X)Eei
i=1

k
- wci(AVX)Ebi — Z w{,j (AvX)ch — wéj(AvX)Fbj
j=1
+ B,V V = VxJ,V =0 (8.4.15)
and
WX, J.V) = wai(Av X)v; + wl;(Ay X)w; + Co V5 V. (8.4.16)

Now, if M is mixed geodesic, then from (8.4.16) we have
Wai(AVX)Ui + w,’lj(AVX)wj + CathV =0.

Since (L1 L Ly)NLy ={0}, we get wai(Av X )vi+w); (Av X )w; = 0 and C, VLV =
0. Thus V&V € I'(Ly L Ls). Since v; and w; are linearly independent we de-
rive wg (Ay X) = 07ng(AVX) that is g(Av X, Jo&) = 0 and g(Av X, F,;) = 0,
hence Ay X € I'(D). Conversely we suppose that Ay X € I'(D) and V4V €
I'(L; L Ly), then from (8.4.16) ) we obtain h(X,Z) =0, X € T'(D) and Z €
I’ (D’.) Thus proof of the lemma is complete. O

Theorem 8.4.6. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kdhler manifold. Then D' is parallel if and only if AvY has no components in
quaternion distribution D where, Y € T'(D’) and V € T'(L1 L Lo).

Proof. Let {n1,...,n} r+k = [ be a local field of orthonormal frames on the
vector sub-bundle L; L L,. Then we have the local field of orthonormal frames
on D',

{K1,. o Ky Koy oo Koy Ko, K}

where Ky = Jy(ns),a =1,2,3 and s = 1,...,1. Thus by using (8.1.8), (5.1.14),
(8.4.10) and taking tangent parts we have

Vi, Kap = Qab(Kas)Kbp + Qac(Kas)ch — JaPAnpKas (8.4.17)

T

- Zwbi(AnpKas)Eci - wci(AnpKas)Ebi

i=1

k
o ngj (An;vKas)FCj - wéj(AnpKas)Fbj

j=1

+ BaV%asnP.
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In a similar way we get

VKas Kbp = ch(Ka,s)ch + Qba(Kas)Kap - JbPA’n,pKas (8.4.18)

- chi(AnpKas)Eai - wai<AnpKas)Eci

i=1
k
- Zwéj (AnpKas)Faj - w(/;j(AnpKas>ch
j=1

+ BbeKas Np,

wherep =1,...,1. From (8.4.17) and (8.4.18) we have the assertion of the theorem.
g

From Lemma 8.4.5 and (8.4.15) we have the following lemma.

Lemma 8.4.7. Let M be a mized geodesic QR-lightlike submanifold of M. Then we
have the following expressions:

(8) 9(Au, JuX + JoAw X, Z) =0, X €T(D), Z €T (Do), w; € T (Lo).
(b) VxFi1 = =J1Auw, X + BiViwi + Q12(X)Fo1 + Qu3(X)Fs1, X € T (D).

Let M be a QR-lightlike submanifold of an indefinite quaternion Kahler
manifold. Then, we say that M is a mized foliate QR-lightlike submanifold if M is
mixed geodesic and D is integrable.

Theorem 8.4.8. There exists no mized foliate QR-lightlike submanifold of an in-
definite quaternionic space form with positive or negative sectional curvature.

Proof. Suppose M is a mixed foliate QR-lightlike submanifold of M(c),c # 0.
Taking X,Y € I'(Dy), Z = Fi;1 in (5.3.11)and using (8.1.14) we get

—590X Y Jwy = (Vch) (Y, Fia) = (Vyh) (X, Fa).
On the other hand, M is mixed foliate and V is torsion free, so we obtain
(Vxh)(Y,F11) — (Vyh) (X, F11) = —=h(Y,VxFi11) + h(X,Vy Fi1).
From Lemma 8.4.7 (b), we derive

(Vxh) (Y, Fi1) — (Vyh) (X, Fi1) = —h(Y, = J1 Ay, X + B1Viwn
+ Q12(X) Fo1 + Q13(X) F31)
+h(X, = 1A, Y + B1Viw
+ Q12(Y) Fa1 + Q13(Y) F31).

Since M is mixed geodesic we have

(Vxh) (Y, F11) — (Vyh) (X, Fi1) = WY, 1 A, X) — W(X, J1 Ay, Y).
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From Theorem 8.4.4, it follows that M is D-geodesic due to the fact that D is
integrable. Thus (Vxh) (Y, F11) — (Vyh) (X, F11) = 0, hence $g(X, J1Y)w; = 0.
Since Dy is non-degenerate we have ¢ = 0, which completes the proof. O

In the rest of this section, we study totally umbilical QR-lightlike submani-
folds. First, from (8.4.11) we have the following.

Lemma 8.4.9. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kahler manifold. If Dq is integrable, then

WX, J,Y)=h(J.X,Y), VX,Y €T (D).

Theorem 8.4.10. There exists no totally umbilical QR-lightlike submanifold in an
indefinite quaternion Kdhler manifold with positive or negative null sectional cur-
vature with respect to & and V.

Proof. Suppose that M is a totally umbilical QR-lightlike submanifold of M with
K¢ # 0. From (8.1.11), we have

§(R(X,Y) 1 Z, V) =g (R(X,Y) Z,V) = a(X,Y) g (JiV, J2Z)
-B(X.Y)g(JsZ,1V)

for any X,Y,Z € I' (TM) and V € I' (Lz). Thus, for X = F1;,Y =¢, Z = ¢ and
V = Fi1 we derive

G (R (F11,8) J& JiFin) — g (R (Fi1,€) Ji€, Fii) = —a(Fip, €) g (w1, J2€)
+ B8 (F11,€) g (J3&,w1) .

Hence we obtain
G (R(F11,8) Jié,wi) + g (R(F11,€) & Fip) =0. (8.4.19)
On the other hand, from the equation of (5.3.11) we have

9 (RX,Y)Z,W) =g((Vxh*) (Y, 2),W) -

9 g
+g(D (X, WYY, 2)), W)
9 (D*(Y,h (X, 2)), W)

((vyhg) (Xa Z)7 W)

for any X,Y,Z € I (TM) and W € T (S(TM™)). Since M is a totally umbilical
QR-lightlike submanifold, we get
§(RX,Y)Z,W) = (Vxg) (Y, Z)g (H*\W) +g(Y,Z)g (V5 H*, W)
- (ng) (X7 Z)g (HS7 W) - g(X> Z)g (Vg/Hsa W)
+9(D*(X,g(Y, Z)H"),W) — g (D*(Y,g(X, Z)H"),W).
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Using (5.1.39) we obtain
7 (R(X,Y)Z,W) =g (h(X,Y),Z) g( +g (WX, 2),Y) g(H*, W)
+9(Y.2)g (V&HS ) (hl( Y, ) g(H*, W)
+3 (W'Y, 2), X) g(H*, W) — g(X, Z)g (V5 H*, W)
+g(D*(X,9(Y,Z)H"),W) — g (D*(Y,9(X,Z)H"),W) .
Taking X = F11,Y =¢,Z = J1€ and W = w; in the above equation, we obtain

g (R(F11,€)J1&,wr) = 0. (8.4.20)
Thus, using (8.4.19) and (8.4.20) we derive K; (¢, F11) = 0, which is a contradic-
tion that completes the proof. O

Theorem 8.4.11. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kdahler manifold. If Dy is integrable, then M is totally geodesic.

Proof. We suppose that Dy is integrable, then from the previous lemma h(X, J,Y)
=h(J,X,Y) for any X,Y € I' (Dy). Since M is totally umbilical we get
(X, J.Y)=9gX, L,Y)H’ = —g(J,X,Y)H® = h*(J, X,Y).

Thus we have g(X, J,Y)H* = 0. Since Dy is non-degenerate, we obtain H® = 0.
In a similar way, we get H' = 0. Thus M is totally geodesic. g

As a result of this theorem, every totally umbilical QR-lightlike submanifold
of an indefinite quaternion Kéhler manifold with integrable distribution Dy has
the induced metric connection.

Lemma 8.4.12. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kdahler manifold M. Then we have the following:

9(X, X)H* = w,,;(VxJoX)w; (8.4.21)
and
g(X, X)H' = w;(Vx J. X )v;, ¥X € T(Dy). (8.4.22)
Proof. From (5.1.13) and (8.1.2), we obtain
h(X,X)=VxX - VxX
= -VxJ?X - VxX
— (VxJa) JoX — JoVxJo X — Vx X.
Then (5.1.13) and (8.1.8)imply that
(X, X) = —Qup(X)JpJu X — Que(X)JeJou X
— Ju {VxJo X + h(X, J,X)} — Vx X

= Qab(X)JcX - Qac(X)JbX
- JavXJaX - VXX
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Using (8.4.8), we derive
hMX, X) =Qu(X)J X — Quc(X) s X

— JaPVxJoX = wpi(VxJoX)Eei

i=1
— wei( Vx JoX)Eyi — wai(Vx JoX)v;
k
+ ) Wi (VxJaX)Foj — wly(Vx Jo X) Fy
=1

— w:lj(VXJaX)U)j — VxX
Taking the transversal parts of this equation, we have (8.4.21) and (8.4.22). O

From (8.4.15), we have the following lemma.

Lemma 8.4.13. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kdhler manifold M. If H® € T (L) and H' € T' (Ly), then

VxJ,H® = —J,PAg- X + B,V H® + Qup(X)ByH® 4 Que(X)B.H®  (8.4.23)
and
VxJoH' = ~J,PApn X + B,V H + Qup(X) JoH' 4+ Que(X)J.H'  (8.4.24)

for any X € T (Dy).

Theorem 8.4.14. Let M be a totally umbilical QR-lightlike submanifold of an in-
definite quaternion Kdahler manifold M. Then at least one of the following is true;

(i) D is totally lightlike,
(ii) M is totally geodesic,

(iii) D’ is not parallel along Dy with respect to induced connection V (namely,

VxY ¢ T'(D'), for X €eT'(Dy), Y € T'(D’) ) and Dyq is not integrable.

Proof. Dy = 0 implies D is totally lightlike which is (i). Suppose 0 # Dy is
integrable. Then, from Theorem 8.4.11, M is totally geodesic, which is (ii). Now
assume Dy is not integrable. If H' = 0 and H® € I'(L2)*, then, from (8.4.22), M
is totally geodesic. Next, for H! # 0, H® € I'(Ls); so let us suppose that D’ is
parallel along Dy with respect to the induced connection V. Then, from (8.4.23)
and (8.4.24), we have Ay-X € I" (D’), whereas, from (5.1.28), (5.1.32) and (5.1.27)
we have, g (Ag=X, J,&) =0and g (Ay-X, F,j) = 0. Hence, Ag-X € T' (D) which
is a contradiction. Thus D’ is not parallel along Dy with respect to V. |
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8.5 Screen QR-lightlike submanifolds

In this section, we introduce a new class, called screen quaternion-real (SQR)
lightlike submanifolds of an indefinite quaternion Kéahler manifold and investigate
the geometry of such submanifolds.

Definition 8.5.1. [354] Let (M, g, S(T'M)) be a lightlike submanifold of an indefinite
quaternion Kéhler manifold (M, g). We say that M is a SQR-lightlike submanifold
of M if the following conditions are satisfied:

(i) There exist real non-null vector sub-bundles L and L+ of S(T' M) such that

S(TM*+)=1L 1 L*, J,(L) c S(TM), J,(L*) = L*. (8.5.1)

(i) Jo(Rad(TM)) = Rad(TM),a =1,2,3.

It follows that ltr(7'M) is also invariant with respect to J,, a = 1,2, 3, that
is

Jo(tr(TM)) = 1tx(TM). (8.5.2)

Let M be a screen QR-lightlike submanifold of an indefinite quaternion Kéhler
manifold. Put D;, = Jo(L;) and dim L, = s,p € M. Then D},, D, and Dj, are
mutually orthogonal vector bundles of M. We consider D}, = D}, ® Dy, ® Dy, a
3s-dimensional distribution globally defined on M. Also we have

ja(D:zp) = L’ j( gp) = D/

eps foreach pe€ M,

a=1,2,3, where (a,b, c) is cyclic permutation of (1,2, 3). Consider
D =RadTM Portn Do

which is orthogonal complementary to D’ in TM. It is easy to check that Dy is
an invariant non-degenerate distribution. Then, we obtain that D is also invari-
ant with respect to J,. We call D and D’ the quaternion and anti-quaternion
distribution, respectively. Thus, we have

TM =D Dorth D/

and
tr(TM) = 1tr(TM) ©open (L L LF).

We say that M is a proper screen QR-lightlike submanifold of M if Dy # {0} and
D’ +£{0}.

Note the following special features:
1. Condition (ii) implies that dim(RadTM) = 4r > 4.
2. For proper M, dim(Dy) > 4m and dim(D’) > 3.
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3. There exists no screen QR-lightlike hypersurface.
Example 7. Consider in R}? the submanifold M given by the equations
r1 = T11, Ty = T12, T9 = —T3, T190 = —T4, Tg = constant.

Then the tangent bundle T'M is spanned by

leﬁleraxn, 22:8x2+8:c12,
Z3:(9(IJ3—8$9, Z4:8x4—81:13,
Z5 = 81‘5, Z6 = 63?6, Z7 = 81‘7.

Hence M is a 4-lightlike submanifold with Rad TM = Span{Z;, Z5, Z3, Z4} and
Rad TM is invariant with respect to canonical almost complex structures J, of
R.2. We consider the vector field W = 9 xg of S(TM*). Then we can obtain that
IW = ~Zy, J;W = —Zg, JsW = —Z5. Hence D' is spanned by {Zs, Zg, Z7}.
Also the lightlike transversal bundle is spanned by

Ny = H{-0a1 + dan}, Ny = 3{-0z+ 0x12},
N3 = 1{-0z5 — duo}, Niy=3{-0z4 =010},

which is invariant with respect to .J,,a = 1,2,3. Thus M is a screen QR-lightlike
submanifold of Rf,, with D = RadTM = Span{Zi,Z2, 23,74} and D' =
Span{Z5, Z67 Z7}

Proposition 8.5.2. A screen QR-lightlike submanifold of an indefinite quaternion
Kahler manifold is a quaternion lightlike submanifold if and only if D' = {0}.

Proof. Let M be a quaternion lightlike submanifold of an indefinite quaternion
Kahler manifold. We can easily check that Rad T M is invariant with respect to
Jo. Therefore, Itr(T' M) is also invariant with respect to J,. Hence J, (S(TM*)) =
S(TM), thus L = {0}. Conversely, let M be a screen QR-lightlike submanifold of
M such that D’ = {0}. Then J,(Rad TM) = RadTM and J,(S(TM)) = S(TM).
Hence M is a quaternion lightlike submanifold. O

Let M be a screen QR-lightlike submanifold of an indefinite quaternion
Kihler manifold. If M is coisotropic, then, S(TM*) = {0} implies L = {0}.
Thus we have TM = D. Hence M is a quaternion lightlike submanifold. A similar
argument shows that a totally lightlike submanifold is also a quaternion lightlike
submanifold. On the other hand, considering definitions of screen real and screen
QR-lightlike submanifolds, one can conclude that a screen real lightlike submani-
fold of an indefinite quaternion Kéhler manifold is not a screen QR-lightlike sub-
manifold due to J,(D;) = D., C TM.

Let M be a screen @QR-lightlike submanifold of an indefinite quaternion
Kéhler manifold. We denote the projection morphism of T'M to the quaternion
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distribution D by S and choose a local field of orthonormal frames {v1,...,vs} on
the vector bundle L in S(TM+1). Then we have the local orthonormal frames

{Ew,...,E15,E0,...,Es, F31,...,Es}

where Ey; = J; (v1). Thus any vector field Y tangent to M can be written as

3
Y =8Y + ) wi(Y)Ey (8.5.3)
b=1

where wy; (V) = g(Y, Ey;). Thus applying J, to (8.5.3) we obtain
) 3
JaY = JaSY + 3 wii (V) Eoi — wei (V) Epi — wai (V) v;. (8.5.4)
b=1
For any vector field V € T'(S(TM+*)) we put
TV =B,V +C,V,a=1,2,3 (8.5.5)

where B,V € T'(D’) and C,V € I'(L1). From the definition of screen QR-lightlike
submanifold and using (8.1.8), (5.1.15), (8.5.4) and (8.5.5) we have

VxJoY = Qup(X) Y + Que(X)J.Y + J.SVxY

_wbiVXY)Eci +wci(vXY)Ebi + Bahs(X,Y), (856)
(X, T, Y) = J.hN(X,Y), (8.5.7)
R(X, JY) = wai (VxY)v; + Coh®*(X,Y), VX,Y € (D). (8.5.8)

Theorem 8.5.3. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kdhler manifold. The following conditions are equivalent:

(1) h¥(X,J,Y) = h*(J,X,Y),a € {1,2,3}, X,Y € ['(D).
(2) h¥(X,J,Y) = 0.
(3) D is integrable.

Proof. (1) = (2): Since J, = J; 0 J.., we have

Hence we obtain h*(X,J,Y) = 0. For (2) = (3)) suppose h*(X,J,Y) = 0
From (8.5.8), we obtain w 4;(VxY)v; = 0. Hence, w4;([X,Y]) =0, i.e., [X,Y] €
(D). (3) = (1): If D is integrable, then, from (8.5.8) we have w,;([X,Y]) =
B (X, J,Y) — h*(J.X,Y) = 0. Hence, h*(X, J,Y) = h*(J,X,Y). O
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Lemma 8.5.4. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kdhler manifold. Then we have

g(hS(X’ Eai)avj) = g(A’UIX7 Eaj) (859)
g(Avani»X) = g(AviEaju X)
— g(DY(Eu;,v:), X) + g(D"(Eai, v;), X) (8.5.10)

for X e T'(D) and E,; € T(D').
Proof. From (5.1.15), (8.1.2) and (8.1.8), we have
9(h* (Eai, X),v5) = =g(Vxvi, Javj)-
By using (5.1.23) we derive
9(h*(Eais X),v5) = 9(Av, X, Eqj).
On the other hand from (8.5.9) and (5.1.28) we obtain
9(Ay; Eqi, X) = g(Ap, X, Eqj) + 9(X, D' (Eai, v5)).

Using again (8.5.9) we have

9(Av, Eai, X) = g(h*(X, Eaj), vi) + 9(X, D' (Eai, 7).
Since h*® is symmetric, we derive

9(Ay, Eai, X) = g(h* (Eqj, X),vi) + g(X, DY(Eui,v;)).
Thus taking account of (5.1.28) in this equation, we get (8.5.10). O

Theorem 8.5.5. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kahler manifold M. Then the distribution D' is integrable if and only if

9(D*(Bai, JaN),v;) = g(D*(Eaj, JaN), vi),
B.j(X) =0, Dg(N)=0
for X € T'(Do), where Buj(X) = g(Vy, Faj, X) and Dyj(N) = g(Aj N FEai, Eaj)-
Proof. From (8.1.2), (8.1.8), (5.1.28) and (8.5.10) we have
9([Eai, Eaj], X) = §(VE, Eaj, X) — §(VE,, Eai, X)
= —9(VE,vj, JaX) + (VB vi, Jo X)

= g(AUani7 jaX) - g(AviEaja jaX)
—0 (8.5.11)
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for X € I'(Dy). In a similar way, we get

g([Eai7 Eaj], N) = g(DS(Eai7 jaN)a vj) - g(DS(Eaja jaN)r Ui)' (8512)
On the other hand, since Ep; = J.J,v;, from (8.1.2),(5.1.15) and (5.1.26) we obtain
9([Eai, Ev;), X) = 9(V, Faj, JX) — 9(VE,, Bvi, J.X) (8.5.13)

for X € I'(Dyp). In a similar way,
g([Eaiv Ebj]a N) = g(AJCNEaiv Eaj) - g(AfCNEij Ebi)' (8514)
Thus, from (8.5.11), (8.5.12), (8.5.13)and (8.5.14), the proof follows. O

Theorem 8.5.6. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kdahler manifold M. Then D defines a totally geodesic foliation if and only
if h¥(X, J,Y) has no components in L for X,Y € T'(D).

Proof. From (5.1.15) and (8.1.8) we obtain

9(VxY, Eai) = §g(VxY, Eq;)
=—g(J.VxY,v;)
for X,Y € T'(D). Hence we have
I(VxY,Ey) = g(VxJo)Y = VxJ.Y,0;).
Now, by using (8.1.8) and (5.1.15) we obtain
9(VxY, By) = g(h(X, Y ), v)
which proves our assertion. O

Theorem 8.5.7. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kahler manifold M. Then D' defines a totally geodesic foliation if and only
if Ay X has no components on D, where X € T'(D') and V € T(S(TM™)).

Proof. Using (8.1.8), (5.1.15), (5.1.28), (8.5.4), (8.5.5) and taking the tangential
part we obtain
VE'M- Eaj = Qab(Eai)Ebj + Qac(Eai)Ecj
- jaSAvj E(Li — Wi (Avj Em)Ecz
+wci(Avj Eai)Ebi + Bastain- (8515)

In a similar way we have

aniEbj = _ch(Eai)Ecj + Qab(Eaa)Eaj
- ijAvj Eui +w ci(Avj Eai)Ebi
+ BV v;. (8.5.16)

Then, the proof follows from (8.5.15) and (8.5.16). O
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Using Yano-Kon terminology [412] we say that screen QR-lightlike subman-
ifold M is a lightlike product if D and D’ are its totally geodesic foliations. Thus,
from Theorem 8.5.6. and Theorem 8.5.7 we have the following:

Corollary 8.5.8. Let M be a screen QR-lightlike submanifold of an indefinite qua-
ternion Kdhler manifold M. Then, M 1is a lightlike product if and only if the
following conditions are satisfied:

1. Ay X has no components in D, VX € T'(D"),V € I'(L).
2. h*(X,J,Y) has no components in L, ¥X,Y € I'(D).
Now we consider totally umbilical screen QR-lightlike submanifolds.

Theorem 8.5.9. Let M be a totally umbilical screen QR-lightlike submanifold of an
indefinite quaternion Kdhler manifold M. Then, the induced connection on M is
a metric connection.

Proof. Tt is well known that the induced connection V on an r-lightlike submanifold
is a metric connection if and only if h! vanishes identically on M. From (8.1.8),
(5.1.15), (8.5.4) and taking the lightlike transversal part we obtain

RN(X,J.Y) = J.hN(X,Y),VX,Y € T(Dy).
Since M is totally umbilical we get
9(X, LY H" = g(X,Y)J H".
Thus, interchanging the roles of X and Y in this equation and subtracting we have
g(X, J,Y)H" = 0.

Hence, we derive H® = 0 as Dy is non-degenerate. Thus, we obtain h! = 0. O

Note that the above theorem is not true for any r-lightlike submanifold.
Therefore, it is an important property of totally umbilical screen QR-lightlike
submanifolds.

Theorem 8.5.10. Let M be a totally umbilical screen QR-lightlike submanifold of
an indefinite quaternion Kdahler manifold M. If dim(L) > 1, then M is totally
geodesic.

Proof. From the previous theorem, we have H* = 0. So H® = 0 is enough to show
that M is totally geodesic. Using (8.5.8), we have

9(X, J,Y)H® = w 4;(VxY)v; + C.h*(X,Y)
for X, Y € I'(Dy). Hence we obtain

29(X, J,Y)H® = w i ([X,Y])v;. (8.5.17)
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For E,;, Eq,; € T'(D'), in a similar way, we derive
g(EM‘, Eaj)HS =w ai(Avj )Ui + CGV‘;;M Vj. (8518)

Suppose dim(L) > 1. Since L is non-degenerate, it has an orthonormal basis. Thus
we can choose vector fields Eq;, Eq, ¢ # j such that they are orthogonal, then
(8.5.18) becomes

W ak(Av; Eai)vr + CoVy, v =0,k € {1,...,dim(L)}.

Hence we have
wak(Avj Eai) =0.

Using (5.1.28) we obtain
g(hS(Em;, Eak)7 ’Uj) =0.

Hence we conclude that
H® e T(L7h). (8.5.19)

For X,Y € I'(Dy), if [X,Y] € T'(D), then from (8.5.17) we derive H* = 0. If
[X,Y] € T'(D’) then from (8.5.17) we obtain

H® eT(L). (8.5.20)
Then, from (8.5.19) and (8.5.20) we derive H®* = 0, i.e., M is totally geodesic. O

Example 8. Consider a submanifold M, in R}? with the equations:

Tg9 = X1 Sin — Ty CoS @, T1p = T1COSQ+ xosinq, x1] = xrzsina + xysina
T1o = — ; — 1 — g2 g2 g2
12 = —T3cosa—+ xy8ina, x5 = T§ — T5 — T§.

The tangent bundle of M is spanned by

& = 0xy +sinadxg + cosad r1g, & = 0o — cosadxg + sin ad x1g,
&4 =0x3 +sinadxiy — cosadxia, &4 =0x4+sinadxiy + sinad r19,
Z1 = —x0x5 + x50 T, Zoy=—x70x5 + 150 X7,

Z3 = —xg0 x5 + 150 T38.

We see that M is a 4-lightlike submanifold and Rad TM = Span{{,&2,&3,84}. It
is easy to see Rad T'M is invariant with respect to canonical complex structures
Ji, J2, J3. Screen transversal bundle S(T' M=) is spanned by

W =250x5 + 26 0x6 + 27027 + 28 0 X38.
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By direct calculations, we have
Uy =W =21 — 22, + 75,
Zs5 Zs5
Uy = JoW =272, 4+ 2o - 28 7.
Is T5

- —x x
Us = JsW = —L 7y + =2 Z, + Zs.
Ts Ts5

Hence D’ = Span{Uy,Us,Us}. Thus M is a screen QR-lightlike submanifold. On
the other hand, the lightlike transversal bundle is spanned by

Ny = %{—6;31 +sinadxg + cosadrio},

N, = %{fé):@ —cosadxg +sinadxip},

N3 = %{78;@ +sinadxy; — cosad x12},

Ny = %{—8;54 +cosadxiy +sinad xia}.
Hence lightlike transversal is also invariant. By direct calculations, we have
Vxé = Vxé& = Vx& = Vx&y = VxNi =VxNo = VxN3 = Vx Ny =0
for any X € I'(T'M). On the other hand we have
Vu, Ui = Vi,Us = Vi, Us = =W,
Vi, Uy = 230 x5 + 270 16 — 60 27 — x50 T3,

Vu,Us = —270 x5 + 280 16 + 150 7 — 160 T8,
?UQU;; = x60 x5 — 150 x6 + T80 T7 — 170 TR.

By using (5.1.15) we obtain
hl = Ovh’s(Uh UQ) = hs(UQ; Ul) = hs(U17U3) = hS(U37 Ul) = hS(Xv §) = 07

h*(Uy,Uy) = g(Uy, Ur)H?, h*(Usz,Us) = g(Ua, U2)H*, h*(Us,Us) = g(Us, Uz)H*,

for X € T(TM), Y € T(RadTM), where H° = —W. Hence M is a totally
umbilical screen QR-lightlike submanifold.

8.6 Screen CR-lightlike submanifolds

In section 5, we have seen that a screen real lightlike submanifold is not a screen
QR-lightlike submanifold. In this section we will introduce another class of lightlike
submanifolds of an indefinite quaternion K&hler manifold, namely, screen CR-
lightlike submanifolds which include screen real lightlike submanifolds as well as
quaternion lightlike submanifolds.
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Definition 8.6.1. [354] Let (M, g, S(T'M)) be a lightlike submanifold of an indef-
inite quaternion Kéhler manifold (M, g.) We say that M is a screen CR-lightlike
submanifold of M if the following conditions are satisfied:

1. There exist real non-null distributions Dy and D’ over S(T'M) such that

S(TM) = Dy L D', J,(Dg) = Dy, Jo(D') C S(TM*),a =1,2,3. (8.6.1)

2. J,(RadTM)=RadTM,a=1,2,3
It follows that ltr(7'M) is also invariant with respect to J,, i.e.,

Jo(tr(TM) = ltr(TM). (8.6.2)

Let u be the orthogonal complementary distribution to J, D’ in S(TM*). Note
that Dy and p are non-degenerate. For a screen CR-lightlike submanifold we have

TM = D Gorn D', (8.6.3)

where
D =RadTM Dortn, Do- (8.6.4)

We say that M is a proper screen CR-lightlike submanifold of M if Dy # 0 and
D’ # 0. From (8.6.1), (8.6.2) and (8.6.4), for X € I'(T'M) we can write

T X = ¢uX + F, X, (8.6.5)

where ¢X € I'(D) and F,X € I'(J,D’). For any vector field V € T'(S(TM*)) we
put
JV =tV + f.V, (8.6.6)

where t,V € I'(D’) and f,V € I'(u).
Example 9. Consider in R} the submanifold M given by the equations

1 = 13, *2 = T14, T3 = T15, L4 = T16
w11 =4/1— 2%, 10 = constant, x12 = constant.
The tangent bundle of M is spanned by
Z1=0x1+0mx13, Zoy=0x0+0x14, Z3=0x3+ 015
Zy=0x4+0x16, Z5=0x5, ZLg=0us
Tg
Zr=0x7, JZg=0xs, Jg9g=0x9— ﬁ

Hence M is a 4-lightlike submanifold with RadT'M = Span{Z1, Z2, Z3, Z4} and it
is invariant with respect to Ji, Ja, J3. Moreover we can see Do = {Zs5, Zs, Z7, Zs }
is also invariant. It is easy to see that

8x11.

{Z1, 22, Z3, Z4, Zs, Zs, Zz, Zs, Zg, W1 = J1Z9, Wo = JoZg, W3 = J3Z9}
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is linearly independent. So
Span{Wy, Wa, W3} = J,(D') = S(TM*1).
Finally we obtain the lightlike transversal bundle spanned by

Nl = %{—81)1 —|—8$13} 5N2 = %{_axQ + 8I14}7
N3 = %{—8$3 —|—8I15},N4 = %{—8«@4 + 81716}-

Thus, we conclude that M is a proper screen CR-lightlike submanifold of R1S.

Proposition 8.6.2. A screen CR-lightlike submanifold of an indefinite quaternion
Kahler manifold is a screen real lightlike submanifold(resp, quaternion lightlike) if
and only if Dy = {0} (resp, D' = {0}).

Proof. Let M be a screen real lightlike submanifold of an indefinite quaternion
Kahler manifold. Then, the radical distribution is an invariant subspace. Since
M is screen real, we have Dy = {0}. Conversely, let M be a screen CR-lightlike
submanifold such that Dy = {0}. Then we have S(TM) = D', since J,(D') C
S(TM%). We obtain that M is a screen real lightlike submanifold. The other
assertion similarly follows. O

Consider a coisotropic submanifold M. Then, TM = S(TM) @ortn Rad T M
and S(TM+) = {0}), so D' is undefined. Therefore, we have TM = RadT M Goyin
Dy, i.e., it is invariant with respect to J,,a = 1,2, 3. Thus, any coisotropic screen
CR-lightlike submanifold of an indefinite quaternion Kéhler manifold is a quater-
nion lightlike submanifold. Similarly, if M is isotropic or totally lightlike, then, M
is again quaternion lightlike submanifold.

Theorem 8.6.3. Let M be a screen CR-lightlike submanifold of an indefinite quater-
nion Kdhler manifold M. Then:

1. D’ is integrable if and only if

AjaUV = AjavU,vU, V S F(D/>

2. D is integrable if and only if

W (X, J,Y) = h*(J,X,Y),VX,Y € T(D).

Proof. From (8.1.8), (5.1.15), (5.1.23), (8.6.5), (8.6.6) and tangential parts we get
— Ay gV = 6V U + tah* (U, V) (8.6.7)
for U,V € T'(D’). Hence we obtain

AjaUV - AjaVU = ¢G[U7 VL
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thus we get the first assertion. In a similar way, by using (8.1.8), (5.1.15), (5.1.23),
(8.6.5), (8.6.6) and taking the screen transversal parts we obtain

h¥(X,J,Y) = F,VxY + f.h*(X,Y) (8.6.8)
forX,Y € I'(D), hence we obtain the second assertion of the theorem. O

For totally umbilical screen CR-lightlike submanifolds, first we have:

Corollary 8.6.4. Let M be a totally umbilical screen CR-lightlike submanifold of
an indefinite quaternion Kdhler manifold M. Then the induced connection on M
18 a metric connection.

The proof is similar to that of section 4 of Chapter 6.

Lemma 8.6.5. Let M be a totally umbilical proper screen CR-lightlike submanifold
of an indefinite quaternion Kdahler manifold M. Then we have

H® e T(J,D"). (8.6.9)
Proof. From (8.6.8) and (5.3.8), for X =Y € I'(Dy) we obtain
F,VxY = 07 g(va)faHs =0.

Since Dy is non-degenerate we have, at least, a spacelike or timelike vector field,
thus f,H® = 0, which shows us H* € T'(J,D’). O

Theorem 8.6.6. Let M be a totally umbilical proper screen CR-lightlike of an in-
definite quaternion Kdhler manifold. Then

1. M is totally geodesic or
2. the distribution D’ is one-dimensional.
Proof. From (8.6.7), (5.3.8) and (5.1.28) we obtain
9(X, X)g(H®, J,Y) = g(X,Y)g(H®, J.X) (8.6.10)
for X, Y € T'(D’). From (8.6.9) we have
gV, Y)g(H?®, J,X) = g(X,Y)g(H®, J,Y). (8.6.11)
Thus we have

9(X,Y)?
g(X, X)g(Ya Y)

Since D' and S(T M=) are non-degenerate , (8.6.10) and (8.6.12) imply H*® = 0
or X and Y are linearly dependent. Thus we have proved the theorem. O

Gg(H®, J,X) = g(H®, J,X). (8.6.12)
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Example 10. Let M be the submanifold of R}® given in Example 9. Then we have

VxZ,=VxZy=VxZ3s=VxZ4=0,
vxZga = ?XZ(; = ?XZ7 = vng =0

for any X € I'(T'M) and

1
T Zy— Wa.

V2,29 =
Zo 49 —a2 T2

Using Gauss’ equation we have

hW(X,Z1) =h*(X,Z2) = h*(X,Z3) = h¥(X, Z4) = 0,
WH(X, Zs) = h*(X, Ze) = h*(X, Zr) = h*(X, Zs) = 0

and
' =0, h*(Zy, Zy) = g(Zy, Zo)H®

where H® = —/1 — 23W5. Thus M is totally umbilical, with a metric connection.

Theorem 8.6.7. There exists no proper totally umbilical screen CR-lightlike sub-
manifold in positively or negatively curved indefinite quaternion Kdhler manifolds.

Proof. We suppose that M is a proper totally umbilical screen CR-lightlike sub-
manifold of M with K (X,Y) # 0forany X ,Y € T'(T'M). By direct calculations,
using (8.1.11), we have

—g(RX,Y)X,Y) + g(R(X,Y) 1 X, 1Y) =0 (8.6.13)

for X e T'(Dy), Z = 1 X € T(Dy) and Y € I'(D’). By using (5.3.11) and (5.3.13)
we have
g(R(X7 Y)lev jlY) = g(HS7 jlY){_g(vXYa le) - g(Y7 vleX)
+9(Vy X, hX)+g(X,Vy 1 X)}.

Then from (5.1.15) we get
g(R(X,Y)j1X, j1Y) = g(Hs7 j1Y){—§(vav, le) — g(Y7 ?leX)
+g(va7 le) +g(X7 ?lex)}

Since V is a metric connection we obtain g(R(X,Y)J;X,J1Y) = 0. Then, using
(8.6.13) we have

Ky (X,Y) = g(R(X,Y)X,Y) =0,

which is a contradiction. Thus, the proof is complete. O
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Remark 8.6.8. Note that among QR-lightlike, screen QR-lightlike and screen CR-
lightlike submanifolds there exist no inclusion relations, because a real lightlike
hypersurface is a QR-lightlike submanifold, but, it is not a screen QR-lightlike
or a screen CR-lightlike submanifold. On the other hand, a screen real lightlike
submanifold is a screen CR-lightlike submanifold, of course it is neither screen
QR-lightlike nor QR-lightlike. Finally, invariant lightlike submanifolds lie in the
intersection of the screen CR-lightlike and screen QR-lightlike submanifold.



Chapter 9

Applications of lightlike
geometry

In this chapter we present applications of lightlike geometry in the study of null
2-surfaces in spacetimes, lightlike versions of harmonic maps and morphisms, CR-
structures in general relativity and lightlike contact geometry in physics.

9.1 Null 2-surfaces of spacetimes

Let (M, g) be a 4-dimensional spacetime of general relativity. As discussed in
Chapter 3, null (lightlike) geodesics are important objects of study in relativity.
Here we concentrate on the use of null geodesics in the study of 2-surfaces of
spacetimes. First we present some basic information on timelike 2-surfaces which
are called photon surfaces explained as follows:

Photon surfaces. Let C(p) be a null curve in (M, §), where p € I C R is a special
parameter, {£, N, Wi, Wa} is a pseudo-orthonormal Frenet frame along C(p), &
and N are null vectors such that g(§, N) =1, C = Span{¢}, and Wy, W> are unit
spacelike vectors. If N moves along C, then, it generates a ruled surface given by
the parameterization ((I x R), f) where f: I x R — M is defined by

(p, u) = f(p, u) = C(p) +uN(p), uwel,CR.

The above ruled surface is called a null scroll which we denote by S.. It is clear
by the above defining equation that the null scroll S, is a timelike ruled surface in
M. In particular, if S, is ruled by null geodesics, then, there is an important link
of the concept of null scrolls [332] with the literature of physics as follows:

In general relativity, null geodesics are interpreted as the world lines of pho-
tons and a timelike null scroll is called a photon surface if each null geodesic
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tangent to S, remains within S, (for some parameter interval). For the construc-
tion of photon surfaces, we require that each null scroll will be fully immersed in
M as opposed to an embedded submanifold, i.e., we allow for self-intersections.
This is necessary as our construction methods for photon surfaces may yield ruled
surfaces with self-intersections. With this condition, we proceed as follows:

A vector field on S, assigns to each point x € S, a vector in the tangent space
T,S. whereas a vector field along S, assigns to each z € S, a vector field in the
tangent space Ti(I)M where i denotes the immersion S, — M. Given a timelike
vector field n on S, i.e., g(n, n) = —1, the conditions

gn,v)=0 and g(v,v)=1

define a spacelike vector field v on S, uniquely up to sign. Since n and v are
orthonormal, the relation

n+v and N:vfn

V2 V2
defines two null vector fields £ and N on S, such that at each point x of S, the
vectors &, and N, span the two different null lines tangent to S. and

g9(&, N) = 1.

Since any choice of n, v is unique up to sign, so £ and N are unique up to
interchanging. Suppose we replace n by another vector field n on S, such that
g(n,n) = —1 (and take corresponding vector field ¥), then, the following trans-
formation equations will hold:

&=

§ f6 and N 7N,
where f is a nowhere vanishing scalar function on S..

Proposition 9.1.1. [191] A point x in a spacetime manifold (M, §) admits a neigh-
borhood that can be foliated into timelike photon 2-surfaces if and only if on some
neighborhood of x there are two linearly independent null geodesic vector fields &
and N such that the Lie bracket [, N| is a linear combination of & and N. In this
case, the photon 2-surfaces are the integral manifolds, say S, of the 2-surfaces
spanned by & and N.

Proof. € and N being linearly independent, they generate a timelike 2-surface S,
at each point  of M. Then, by the Frobenius theorem these 2-surfaces admit local
integral manifolds if and only if the Lie bracket [£, N] is a linear combination of £
and N. Since, by hypothesis, £ and N are geodesic, it makes sure (by definition)
that these integral manifolds, say S., are timelike photon 2-surfaces, which proves
the if part. To prove the only if part, one just has to verify that the null geodesic
vector fields € and N, given on each leaf of the respective foliations up to the above
transformation, can be chosen such that they make up to two smooth vector fields
¢ and N on some neighborhood of x, which completes the proof. O
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On the existence of timelike photon surfaces in a spacetime (M, g), one can
characterize such surfaces in terms of the second fundamental form B of a non-null
submanifold ¥ of (M, g) as follows: We know [317] that B can be written as

B(u,w) = PX(V,w), Yu,we T(%),
and ¥ is called totally umbilical if there is a normal vector field Z of ¥ such that
B(u, w) = g(u, w)Z, Vu,weT(TY).

If Z = 0, then, X is totally geodesic. It is easy to see that the property of being
totally umbilical is conformally invariant, whereas the property of being totally
geodesic is not. Following is a characterization result for timelike photon 2-surfaces:

Proposition 9.1.2. [191] A 2-dimensional timelike submanifold ¥ of a spacetime
manifold is a photon 2-surface if and only if ¥ is totally umbilical.

Proof. Let £ and N be the two null vector fields on ¥, unique up to the above
given transformations and are normalized according as explained before. Suppose
¥ is totally umbilical. Then, it is required that B(£,£) = 0 and B(N, N) = 0. From
this it is easy to show that £ and NV are geodesics, so X is a photon 2-surface.

Conversely, assume X is a photon 2-surface. Let v = aé+bN and w = c€+dN
be any two vector fields on 3, where a, b, ¢, d are scalar functions on X. Since V¢&
and VN are tangents to 3, the second fundamental form reduces to

B(u, w) = ad PX(V¢N) + be PH(Vn€).
The fact that £, N and [¢, N] must be tangent to ¥ implies
PL(Ve¢N) = PH(VnE) = —Z.

On the other hand, g(u, w) = —ad — be. Thus, we conclude that the above totally
umbilical condition holds for ¥, which completes the proof. 0

Remark 9.1.3. For some examples and more details on photon surfaces and their
physical use, we refer to [191] and some more referred to therein. The notion of
a null geodesic ruled surface was first introduced by Schild [369] in the form of a
geodesic null string of a null hypersurface of a 4-dimensional Minkowski or curved
spacetime. By null strings we mean 2-dimensional ruled null surfaces on the null
cone (with one dimension suppressed) of M. Since Schild’s paper, there has been
considerable work done on geodesic and non-geodesic null strings. For example,
ITyenko [235] has presented a twistor description for null 2-surfaces (null strings)
in 4D Minkowski spacetime by taking the Lagrangian for a variational principle
as a surface-forming null bivector. His proposed formulation is reparametrization
invariant and free of any algebraic and differential constraints. An example of a null
2-surface given by the 2-dimensional self-intersecting caustic of a null hypersurface
has been studied in this paper (also see many other papers cited therein.) More
on null geodesics and photon surfaces is available in [156, Chapter 8].
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Half-lightlike surfaces. As discussed in Chapter 4, there is another class of null
surfaces, called half-lightlike 2-surfaces, whose physical interpretation has been
quite rare. The objective of this section is to present up-to-date results on this
class of null surfaces for their possible applications in mathematical physics. As
we have seen the importance of totally umbilical surfaces as photon surfaces in
relativity, so we concentrate on mathematical results on totally umbilical half-

lightlike surfaces in a 4-dimensional spacetime (M, g). Let (M, g,S(TM)) be a
half-lightlike 2-surface of (M , g). Then, S(T'M) is a spacelike screen distribution
of rank 1. Suppose S(T'M),RadTM, D and ntr(T'M) are locally spanned by

U, &, u and N respectively. Following is an example:

Example 1. Consider a 4-dimensional spacetime (M , §), with Lorentzian metric g,
of signature (—, +, +, +), which admits a smooth 2-parameter group G, generated
by two spacelike Killing vector fields U and V. Suppose M also admits a non-
Killing null vector field £. Then, U and V' will span a lightlike surface M defined
by Ujav,) U® Vb =0, a,be{l1,2,3,4}. At any x of T, M we have a unique null
vector tangent to T, M given by

E=U-QV, Q=(V*V)"'U"V,, g(6,U)=0=g(,V).

It is easy to see that M is a half-lightlike surface of M and Rad TM = Span{¢}.
Since £ is non-Killing, Theorem 4.1.3 tells us that Dy # 0. Thus, M neither admits
a metric connection nor is totally geodesic.

Theorem 9.1.4. Let M be a half-lightlike surface of a 4-dimensional spacetime
manifold (M , g). Then we have the following assertions:

(1) U and £ are eigenvector fields for AE with respect to the eigenfunction Ay =
ﬁ g(h(U,U), &) and Ay = 0 respectively.

(2) U is an eigenvector field for Ay, with respect to the eigenfunction o =
Mg(h* (U,U), N). Moreover, one of the eigenvalues of Ay is zero.

Proof. As Af is I' (S(T'M))-valued, it follows that U is an eigenvector field for A;.
Its eigenfunction follows from (4.1.21). The second part of the assertion (1) follows
from (4.1.22). Next, from (4.1.11) we find that Anis T (S(T'M))-valued. Hence U
is also an eigenvector field for Ay. Its eigenfunction follows from (4.1.20). Finally,
one of the eigenfunctions of Ay is equal to zero since rank Ay = 1. O

Using (4.1.27)—(4.1.33) and (4.1.10) and the field of frames { U, £, u, N }, the
structure equations of M can be written as follows:

R(U,&,6,U) = R(U,&,&,U) +e1(§) Do (U, U) + e(e1(V))?
= (VeD1)(U,U) = (VuD1)(€,U)
+ p1(§)D1(U,U) +€1(§)D2(U,U)
+ e(e1(U))?, (9.1.1)
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R(U,&u,U) = g(Ve(AuU) = Vu(Aué) — Aul€, U], U)
+ e1(U)E1(E,U) —e1()En(U,U)
= e{(VeD2)(U,U) = (VuD2)(§,U)
+ p2(§) D1 (U, U)}, (9.1.2)
R(U,¢,N,U) = R(U,¢, N, U)
— p2(U)e1(U) — ep2(§) D2(U, U)
= g(Ve(AnU) — Vu (AnE)
= An[§,ULU)ULU) + p1(U)Er (€, U)
= n(§ELU,U) = p2(U) (V)
— ep2(§)D2(U, V), (9.1.3)
R(U,&,N, &) = R(U,&, N, §)
+ p2(§)er(U) — p2(U)e1(§)
=-D1(U, An§) + 2dp1(U 3]
+ p2(§er(U) — p2(U)e1 (), (9.1.4)
R(U,&,u,8) = e{(VeD2) (U, €) — (VuD2)(§,€)}
= —D1(U, Ay&) + 2de1 (U, §)
p1(U)e1(€) — p1(§er(U), (9.1.5)
R(U,¢&,u,N) = e{Do(U, AN€) — Dy(§, AnU)
+ 2dp2(U,€) + p1(U)p2(§)
= p1(&) p2(U)}
=9(Ve(AuU) — Vu(Au), N)
— ep2([€, U]. (9.1.6)
By using (4.1.36)—(4.1.39), (4.1.10) and (4.1.22), we obtain the following compo-
nents of curvature tensor field R of the induced connection V on M:
R(U,&,6,U) = (VeD1)(U,U) — (VuD1)(E,U)
+ p1(§)D1(U,U)
=g(Vg(ALU),U) + D1 ([U,€],U)
+ p1(§)D1(U,U),
R(U,& N1, U) = g(Ve(An,U) = Vo (An,§)
— An,[ULU) + p1(U)Er (€, U)
- p(§EL(U,U) (9.1.8)
=¢{(EL(U,U)) —U(EL(EU))
- E([§,U],U)
+ E1(§, Vi U) — E1 (U, VEU)
+ p1(U)EL(E,U) — p1(§) E1 (U, U),

(9.1.7)
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R(U,& N, §) = —=D1(U, An,§) + 2dp1 (U, §)
= —E1(§ ALU) + 2dpa (U, §), (9-1.9)

The components in (9.1.7), (9.1.8), (9.1.9) and (9.1.10) follow from (4.1.38),
(4.1.37), (4.1.39) and (4.1.36) respectively. The structure equations of a totally
umbilical half-lightlike surface M are

R(U,&,6,U) = R(U,E,E,U)
= (VeD1)(U,U) + D1(Vy&,U)
+ p1(§)D1(U,U),
R(U,&,u,U) = g(Ve(AU) — Ay[€,U],U)
= e{(VeD2)(U,U) + D2(Vué, U)}
R(U,¢,N,U) = R(U,&,N,U)
= g(Ve(AnNU) = Vu(AnE) — An[€, U], U)
+ p(U)EL(E,U) — p1(§) E1 (U, U),
R(U,&,N,§) = R(U,&, N, €)
= —D1(U, An§) + 2dp1 (U, §),
R(U,&,u,€) =0,
R(U, & u, N) = e{Da(U, AnE) + 2dp2(U, &) — p1(€)p2(U)}
= 9(Ve(AuU), N) — ep2([€, U]).

Since the tangent space of a half-lightlike surface M of M is a null plane, we define
the null sectional curvature of M at x € M, with respect to &, as the real number

RUCE7 Z fL"U.T
e ). = HE

(9.1.11)

where U, is an arbitrary non-null vector in T, M. The above definition follows the
one given in Beem-Ehrlich [34, page 571] and O’Neill [317, pages 152, 153, 163].
Similarly, define the null sectional curvature K¢, (T, M) of the null plane T, M of
the Lorentz vector space T, M with respect to &, and V as a real number

R(Ux7§x7§xa Ua)
Q(Uza Uﬂc)

Ke, (T, M) = (9.1.12)

On a coordinate neighborhood U of M denote by K¢(T M)y, and Ke(M)p, the
null sectional curvature functions which associate to each z € U the real numbers
K¢, (T, M) and K¢ (M), respectively. Since neither of the null sectional curva-
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tures depends on Uy, using (9.1.1) and (9.1.7), we obtain

Ke(ToM)p = Ke(M)y

+ m{&(ﬁ)Dz(U, U)+e(e1(U))*}, (9.1.13)
Ke(M)u = g {(VeD)(O.)
— (VuD1)(&,U) + p1(§)D1(U,U)}. (9.1.14)

Hence, in general, the null curvature of M is expressed in terms of the lightlike
second fundamental form of M.

If M is of constant curvature, by using (9.1.12) and (9.1.13) we obtain the
null sectional curvature of M expressed in terms of the screen second fundamental
form of M,

KeODju = =~ (51 @ DU D)+ P ) (0119)

Comparing (9.1.15) with the classical formula of Gaussian curvature of a non-
degenerate surface [149], we may call K¢(M )|y, given by (9.1.15), the null Gaus-
sian curvature of M on U. Also we note from (9.1.14) and (9.1.15) the lightlike
and screen second fundamental forms of a lightlike surface of a spacetime manifold
of constant sectional curvature are related by

e1(§)D2(U,U) + p1(€) D1 (U, U) + e(e1(V))?
= (VuD1)(§,U) = (VeD)(U,U). (9.1.16)
From (9.1.15) and Theorem 4.3.1 (chapter 4), we obtain

Theorem 9.1.5. The null Gaussian curvature of a totally umbilical half-lightlike
surface M of a spacetime manifold vanishes.

As M is totally umbilical, from (9.1.13) and (9.1.14) we obtain

Ke(ToM)jy = Ke(M)u, (9.1.17)

Ke(M)jy = & (Hy) — (H1)? + Hi p1 (6). (9.1.18)
Thus we have

Theorem 9.1.6. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold (M , g). Then the null sectional curvature functions Ke(T M) and K¢ (M)
vanish, if and only if, Hy is a solution of the partial differential equation

€(Hy) — (H1)? + Hyp1 (€) = 0.

From (4.1.9) in Theorem 4.3.3 and the above theorem, we obtain
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Corollary 9.1.7. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold of constant curvature (M , g). Then the null sectional curvature functions

of M and M vanish.
From Theorem 4.1.3 and (4.3.1) and the above theorem, we obtain

Theorem 9.1.8. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold. If the induced connection V on M is a metric connection, then, both the
null sectional curvatures Ke(TM) and K¢(M) vanish.

Null 2-surfaces of a Minkowski space. Suppose (M, g) is a half-lightlike surface of
a Minkowski space (R}, g), where g is the Minkowski metric given by

Gz, y) = —2y° +alyl +22y? + 2% y5.
Locally M is given by equations
xAzxA(u,v), A € {0,1,2,3}.
Then the tangent bundle of M is locally spanned by
(200 0 _oxt o)
du  Ou dzA * 9dv  Jdv dzA [’
Considering the vector field

o,
ou
we find that M is half-lightlike, if and only if, the homogeneous linear system with
(v, B) as variables,

0
5:04 6%7

> ox® o a2,
;{a((au) —(%) )+B(WW_WW)}:O’

3

has non-trivial solutions. Thus, we can state the following:

Theorem 9.1.9. [149] The surface M of R is half-lightlike, if and only if, on each
coordinate neighborhood U C M we have

3
Z(Doa)Q _ Z (Dab)Q

a=1 1<a<b<3
where
AB BazA 6awB
u u
D = ’ 9z 9z® ‘

ov ov
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Next, we choose from the last homogeneous linear system

3 ox® dxz® 0x0 90

S i e TS
92° 0x®
B = (%) - Z( Bu) ; (9.1.19)

in case at least one of the quantities from the right-hand side of (9.1.19) is non-
zero. Then by direct calculations we obtain that Rad T'M, ntr(TM), S(TM) and
D are locally spanned on U by

e Sy
B=0
N:@ <§o%+a§:ga aia)’ (9.1.20)
0 0 3
ErE T T T S
W:D%%+D31%+[ﬂ2%3

respectively, where {eg} is the signature of the basis {%} with respect to g.
Summing up, we obtain the quasi-orthonormal frames field

1 1
N, Uy =—=—U,W, = —
&N, \/ZU VA

However, in order to simplify the calculations we shall work, from now on, with
the frames field F = {&, N, U, W }.

By direct calculations from the Gauss equation (4.1.7) of M and the Wein-
garten equation (4.1.8) of S(T'M) we derive

3
W1l A= (D)

a=1

3

() = —5 3 PAEA

2(£9)? =
3
Dl(U, U) — Z g fa,
a=1
DZ(&?S) = %(Pl _D23 +P2 D31 +P3 D12)
=—e1 (),

Du(U,€) = 5 (Q'D™ + Q*D¥ +Q*DY)
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1
— _(R1D23 +R2D31 +R3D12)

>

= Dy(§,U),

Dy (U,U) = %(le23 + S2D3 + $3D1%), (9.1.21)

da da Oz apB ap

A
PA= (@2 1 5000 L (a0 5 20) 00

ou ov’ Ou ov’ Ov
H2xA 92z4 92zA
2 2
+at s 2 R o (9.1.22)

4 0a02°  Oa 0z’ x4
Q=G " o) o
060z 0B 0x° ozA 00 92z
(Ba a0 " 90 au) 00 " “ o0 0wz

RN R
v “ou’ duow Oou Ov?’
“ 0220 0220 Oz
R = (aauﬁv + 0%v )%
By 9220 +ﬂ62x0 )@_’_ 8_370 92z
w2 oudv’ v v ou?

RN O
ov @ Ou ' Oudv ou Ov?’

o 02Y 0% 020 9%2Y 02
o= (22 o2

(8_330)2 Ot 0x0 0af O’a (3_1,0)28233(1
v’ Ou? du  Ov Oudv ou’ w2’
A € {0,1,2,3}, a € {1,2,3}.
The following results are straightforward.
Theorem 9.1.10. A half-lightlike surface M of a Minkowski spacetime R is totally
umbilical if and only if there exist smooth functions f1, fo on M such that
Di(U,U)=fig(U,U) = f1 A,
Dy (U,U)=fag(U,U) = 24,
Dy(U,&§)=D2(§,U) = D2(€,€) = 0.
Example 2. Consider a surface M in R} given by

2= feh); 2t =0,

where f is an arbitrary smooth function. By direct calculation we find that M is
a half-lightlike submanifold of R{ and we obtain the following frames field on R}
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along M:
o} 0
_ 1 1\\2 . _
=0+ (@) (52 + 5 )
N 1 9 9
T2+ () \ 920 943 )
=9 e O
U_axl +f(x)ax27
0 0
I N
u= e )3x1 0 x?
such that
Rad TM = Span{¢}, ntr(TM) = Span{N; },
S(TM) = Span{U}, D = Span{u}.

By the method of Example 2 in Chapter 4, we obtain

Dy =0, DQ(UaS) = D2(€a§) =0, DQ(U7U) = _%'

On the other hand, g (U, U) =1 + (f'(z'))?. Therefore

o ey
Dy (U, U) = Hyg (U, U), Hy = 1+ (f/(x1))2)2

Thus M is a totally umbilical half-lightlike surface of R.

9.2 Harmonic maps and morphisms

Introduction. The concept of harmonic maps and morphisms constitutes a very
useful tool for both Global Analysis and Differential Geometry. The theory of
harmonic maps has been developed in the last fifty years; it is still an active
field in differential geometry and it has applications to many different areas of
mathematics and physics. The objective of this section is to present latest work
on the applications of lightlike geometry in this important topic on harmonicity.
For details on Riemannian harmonic maps and morphisms and the terminology
used in this section, we refer to the latest book by Baird and Wood [25] and the
two bibliographies [80] and [220], respectively. In this section we deal with the case
of harmonic maps and morphisms into a class of lightlike manifolds. In the next
section we present the latest work on harmonic maps from r-lightlike manifolds to
semi-Riemannian manifolds.

Let (M, g) and (M, g) be Riemannian manifolds and ¢ : M — M a smooth
map from M to M. The energy density of ¢ is given by e(¢) = 1 |d¢(z)|?, where
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|d¢(x)| is the Hilbert-Schmidt norm of the linear map d¢, : Ty M — Ty, M. The
energy €(¢) is defined by

)= [ elo)an, (9.2.1)

where dv, is the volume element of M and D is any compact domain of M. The
covariant derivative of the differential d¢, denoted by V dg, is called the second
fundamental form of ¢, where V is the Levi-Civita connection on M. The tension
field, denoted by 7(¢), is defined by the trace of Vd¢. It is known that ¢ is
harmonic, that is, ¢ is a critical point of €(¢), if and only if 7(¢) vanishes. Also,
¢ is a minimal map if €(¢) < €(¢,) for all ¢, in the component of the space
of all smooth maps between M and M. A subcase of a harmonic map is called
a harmonic morphism, first studied by Fuglede [193] and Ishihara [238] and ¢
is a harmonic morphism if it carries germs of harmonic functions to germs of
harmonic functions. This means that whenever p: U — R is a harmonic function
on M and ¢~ (U) is non-empty, then the composite po ¢ : ¢~1(U) — R is also
harmonic. Since harmonic functions are solutions of Laplace’s equation A p = 0,
any constant map is a harmonic morphism. Also, it is known that a non-constant
harmonic morphism only exists if dim(M) > dim(M). The validity of the energy
equation (9.2.1) for any semi-Riemannian manifold is not obvious for the following
reasons.

(a) The Hopf-Rinow theorem (which guarantees the completeness of all Rie-
mannian metrics for a compact Riemannian manifold) does not hold for an
arbitrary semi-Riemannian manifold (see Beem et al. [34]). Therefore, the
existence of a compact domain D, of the integral in (9.2.1), for an arbitrary
semi-Riemannian manifold M is questionable.

(b) The possibility of degenerate(lightlike) fibers. If M has boundary & M, then,
the null (lightlike) 9 M is a physically important case.

Thus, the harmonic maps and morphisms between semi-Riemannian manifolds
behave differently and their study is restricted to some classes of semi-Riemannian
manifolds. For example, among all Lorentzian manifolds the globally hyperbolic
manifolds [34] may be preferred since they do possess compact regions.

Harmonic maps, morphisms into lightlike manifolds. Since for any semi-Riemann-
ian manifold, there is a natural existence of a lightlike subspace (hypersurface or
submanifold), whose metric is degenerate, one cannot use the theory of harmonic
maps of non-degenerate manifolds for the lightlike case. For example, if the target
space M is lightlike, with ¢ : M — M, then ¢~ (T M) will not exist because
the metric of M is degenerate and the tension tensor can not be defined. Similar
situation arises if the base space M is lightlike. The objective in this section is
to explain how this anomaly can be removed if the target space M belongs to a
class of lightlike manifolds, called globally null manifolds discussed in Section 4
of Chapter 1. The case when the base space M is lightlike has been discussed in
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the next section. We will also explain the reason for the choice of globally null
manifolds.

Recall from Chapter 1 that a lightlike manifold (M, g), with Rad T M of rank
one, is called a globally null manifold if it admits a global null vector and a complete
Riemannian hypersurface. As explained in [134], we choose a class of globally null
manifolds which admit a metric connection with respect to the degenerate metric
tensor g and Rad T'M is Killing. We need the following result:

Theorem 9.2.1. (Duggal [140] Let (M, g) be an (n+1)-dimensional lightlike man-
ifold with r = 1. Then, there exists a quasi-orthonormal frame

F={& Wi, ... ., Wat, gWe, Wo) =1, g(§, Wa) =0, (9.2.2)

Va € {1,...,n}, along a null curve C, generated by a null vector field &, on M.
Also, there exists a special affine parameter with respect to which C is a null
geodesic of M.

Note 1. We refer to the brief Definition 1.4.5 and to [137, 138, 139] for up-to-date
information on globally null manifolds with geometric or physical examples.

Definition 9.2.2. Let (M, g) and (M, g) be Riemannian (or semi-Riemannian) and
globally null manifolds respectively. Define a harmonic map

¢ M—M cM, ¢M)=M, (9.2.3)

where M’ denotes a complete Riemannian hypersurface of M.

The above definition is well defined for the energy equation (9.2.1) since the
target space M’ is Riemannian for which we do have the pullback ¢~1(T'M’) to
define the tension field needed for setting up ¢ as a harmonic map. Observe that
the study of semi-Riemannian domain manifolds M is subject to restrictions as
mentioned in item (a) above. The Laplace-Beltrami operator A,, on M is given
in local coordinates 2 by

1 m m -
Ny = —— E Jgi (V]G E g7 0.i),

where g = |det(gi;)|. Any harmonic function p is a C*-smooth local solution to
the Laplace-Beltrami equation Aj; ¢ = 0. The tension field 7(¢) is a vector field
along ¢ which assigns each tangent vector 7(¢)(z) = Ty (M') for each point
z € M. It is the trace of Vd¢ where V is the Levi-Civita connection on M.
The map ¢ is called a harmonic map if and only if the tension field 7(¢) = 0.
To justify the use of globally null manifolds and the validity of equation (9.2.3),
we now discuss the following properties of M to show that the geometry of this
class of M essentially reduces to the Riemannian geometry of its hypersurface
M’. By definition we assume that (M’, ¢') is a complete spacelike hypersurface
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of the globally null manifold M, with induced Riemannian metric g’. Also, using
Theorem 9.2.1, if we consider a congruence of null geodesics, given by the null
vector field dip, with respect to the distinguished parameter p, the induced metric
g’ can be expressed by

Jg=veuw +.. .+t ouw ! (9.2.4)

where {w!,... w" ™!} is the dual set of an orthonormal basis {W1,...,W,_1}
of T S(TM). Clearly ¢’ being Riemannian metric, its inverse exists and is also
Riemannian. Thus, the energy equation is well defined. Moreover, it follows from
(9.2.4)that any tensor (including degenerate metric g) on M can be projected
onto its screen distribution and all the analysis on M can be done on its inte-
gral spacelike hypersurface M’, without any loss of the geometry of globally null
manifolds.

Recall that the existence problem for harmonic maps concerns the minima
and critical points of the energy in homotopy classes of maps defined by (9.2.3).
To deal with this problem, we assume that M is either compact or has a compact
domain D of the integral (9.2.1). Since M’ can be a complete integral manifold of
S(TM), the existence result for harmonic maps, due to Eells and Sampson [177],
must hold for ¢ defined by (9.2.3). Let M and M be Riemann surfaces and let M
carry a degenerate metric associated to a holomorphic quadratic differential form.
Thus, dim(M’) = 1. For this case, recall the following existence result:

Theorem 9.2.3. (Leite [286]) If M and M are two Riemann surfaces and M carries
a degenerate metric associated to a holomorphic quadratic differential form, then
every non-trivial homotopy class contains a Holder continuous harmonic map.

Note 2. If M and M are two surfaces of the same genus p > 2, then, Leite’s result
is a characterization of Teichmiiller maps which satisfy Beltrami’s equation, whose
coefficients involve some holomorphic quadratic differentials. Here, in the above
case, the target space of harmonic map ¢ is a 1-dimensional space M’ in M.

Note 3. If (B, gp) is globally hyperbolic, with H, its Cauchy surface, it is easy to
see that (M, g) is a globally null manifold, embedded in B.

Based on Note 3, we consider a harmonic map
¢:M—McCMSB, ¢(M)=M (9.2.5)

where M is a Riemannian (or semi-Riemannian) manifold, B and i(B) are globally
hyperbolic spacetime and a globally null hypersurface of B respectively. Thus, M
will have geometry induced from B. Consequently, the relation (9.2.5) establishes
an interplay between harmonic maps and the geometries of globally null mani-
folds and globally hyperbolic spacetimes. To support this interplay, we present the
following physical example.

Example 3. Let (R}, §) be the Minkowski spacetime, with metric ds? = — dt? +
dr? + 12 (d6? + sin® 0 d¢? ), for a spherical coordinate system (¢, 7,6, ¢), which is
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non-singular if 0 < r < 00,0 < 6§ < 7,0 < ¢ < 2m. It is well known that R}
is globally hyperbolic. Take two null coordinates u =t +r and v =t —r (u > v).
Then, we have

1
ds* = — dudv + 1 (u —v)* (d6* +sin® 0dp*), —oo < u,v < oo.  (9.2.6)

The absence of the terms du? and dv? in (9.2.6) implies that the two hypersurfaces
{v = constant }, {u = constant} are lightlike. Denote one of these lightlike
hypersurfaces by (M, g), where g is the induced degenerate metric of g. A leaf of
the 2-dimensional screen distribution S(T'M) is topologically a 2-sphere S? with
Riemannian metric dQ? = r2 (df? + sin® # d¢p? ) which is the intersection of two
hypersurfaces. Since, by definition, a spacetime admits a global timelike vector
field, it follows that both its lightlike hypersurfaces admit a single global null
vector field. Thus, there exists a pair of globally null hypersurfaces of R{ and
(9.2.5) reduces to

¢:M—S>cMLRE ¢(M) =S5 (9.2.7)

Similarly, one can show that there exists a pair of globally null hypersur-
faces of Robertson-Walker spacetimes, Reissner-Nordstrom spacetimes, and Kerr
spacetimes, with S? a leaf of their respective screen distributions.

Note 4. It is well known that the energy e(¢) and the equation 7(¢) = 0 are both
preserved by a conformal class of the metric on a surface M. For this reason,
we have set dim(M) = 2. Since, in equation (9.2.7), we are dealing with non-
degenerate metrics for M and S? both, the fundamental existence problem of
harmonic maps between Riemannian surfaces (see, Eells-Lemaire [168] for the
existence problem of harmonic maps from an oriented surface and from a non-

oriented surface to S?) must hold for the harmonic maps defined by (9.2.7).

Harmonic morphisms. Let ¢ be a harmonic map from a smooth Riemannian (or
semi-Riemannian) manifold (M, g) into a globally null manifold (M, g), of dimen-
sions m and n respectively, as defined by (9.2.3). If M is Riemannian, then, we
have the tangent space T,M = H, @ V,, at each point € M, where H, and
V., = H}* = Ker(d¢,) are its horizontal and vertical spaces, respectively. If Mis
semi-Riemannian, then, V, + H, # T, M is possible, whenever V, (or just as well
H,) is degenerate for which ¢ is called a degenerate harmonic map. In this book,
we assume that ¢ is non-degenerate.

Definition 9.2.4. A map ¢ : (M, g) — (M',g") C (M,g) is called horizontally
(weakly) conformal if, for every x € M, either d¢, | g, is conformal and surjective
or d¢, = 0.

The coefficient of conformality A = A(z) is called the dilation of ¢ at z.
Clearly, for a non-degenerate ¢, the possibility d¢ = 0 will not arise and, there-
fore, A(z) # 0. It is known [193] that harmonic morphisms are characterized as
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the harmonic maps which are horizontally (weakly) conformal. Such maps pull
back harmonic functions to harmonic functions. Since any constant ¢ is obviously
a harmonic morphism, for the non-constant case, the existence of harmonic mor-
phisms requires at least the existence of local harmonic functions on M’ and M
both. To deal with this existence problem, we show that there do exist harmonic
functions on globally null manifolds. First we deal with the following simple cases.

e Suppose dim(M’) = 1. Then, the horizontal weak conformality is trivial and
a harmonic morphism is just a harmonic map.

e Suppose dim(M) = dim(M’) = 2. Then the harmonic morphisms are exactly
(weakly) conformal maps, for which the concept of harmonic morphism into
Riemann surfaces is well-defined. Also, see Fuglede [25, 193] for some results
on Riemannian and Lorentzian surfaces.

e Suppose dim(M) = dim(M’) > 3. Then, the harmonic maps are conformal
maps with constant dilation [193].

Physical application. Let (M, ) be the Einstein universe which may be described
as a 3-sphere S3 of a fixed radius r, i.e., as the boundary of a 4-dimensional ball,
by the equator. Consider a non-constant map

¢: (M, g) — S>C (M, g) > R (9.2.8)
where S? is a leaf of a screen S(T'M) of M. A sub-mapping of (9.2.8), given by
¢|33253—>52CML>R411

is known as a Hopf map, the most celebrated example of harmonic morphisms,
with constant dilation A\ = 2 and minimal fibers. Here we have related the Hopf
map with a spacetime and a globally null manifold.

The general theory, with dim(M) > dim(M’), is difficult. For the existence
of a harmonic morphism, one must make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M, ) with local harmonic functions. To justify
this, we consider the following special case. Let R?” be Lorentzian space with a
local coordinates system (z°,...,z""!). Consider a smooth function p: D — R,
where D is an open set of R**!. Then

M={(". .., 2" e R 20 =p2t, ... 2"t}

is a hypersurface of R?+2 which is called a Monge hypersurface. Let a natural
parameterization on M be given by

2 =p(®, .. 0" 2T =0* a€{0,...,n}.
Hence, the natural frames field on M is globally defined by

avﬁ = /’L/I‘H’l (r“)zo + 8xa+17 a € {07 .. .7n}.
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Then, it is easy to see that TM~ is spanned by a global vector

n+1
£=050+ Y ptha Opa. (9.2.9)
a=1

For a hypersurface (see Chapter 2) we know that M is lightlike if and only if
TM+ = RadTM. This means that &, defined by (9.1.9), must be a null vector
field if and only if M is lightlike. Now we recall the following results from [149,
Section 4].

Proposition 9.2.5. On a lightlike Monge hypersurface M of R?”, there exists an
integrable screen distribution S(TM).

Proposition 9.2.6. A lightlike Monge hypersurface M of R?H, s a product mani-
fold M = L x M', where L is an open subset of a null line and M’ is Riemannian.

Proposition 9.2.7. A lightlike Monge hypersurface M of R} is minimal if and only
if M admits a harmonic function.

Note that Proposition 9.2.7 also holds for a general case of R’f+2, although
the proof is very lengthy.

To relate the above three results with the subject matter of this section,
we let R;”z admit a globally defined timelike vector field, which means it is a
time orientable Minkowski spacetime. This further means that R} is a globally
hyperbolic spacetime. Since, by Proposition 9.2.6, M’ is a Riemannian manifold,
the celebrated Hopf-Rinow theorem allows us to assume that M’ is a complete
Riemannian manifold. Comparing Propositions 9.2.5 and 9.2.6 with the assertions
(a) and (b) of Theorem 1.4.9 and the fact that M admits a single global null
vector &, M is a globally null Monge hypersurface of a Minkowski spacetime R’f+2.
Consequently, Proposition 9.2.7 implies the following;:

Proposition 9.2.8. A globally null Monge hypersurface M of a Minkowski spacetime
1s minimal if and only if M admits a harmonic function u.

To show the relevance of the above result in the study of harmonic morphisms,
we consider a harmonic map

¢: M — M CcMCR}™ ¢(M)=M, (9.2.10)

where (M, g) is a Riemannian (or semi-Riemannian) manifold, M is a globally
null Monge hypersurface of R?“ and M’ is a Riemannian minimal hypersurface
of N. Let dim(M) = m > n. We know that the harmonic functions on M are those
which satisfy the Laplace-Baltrami equation. Thus, the conclusion is that given
a harmonic map ¢, defined by (9.2.10), Proposition 9.2.8 can satisfy the basic
requirement (existence of local harmonic functions on M and M) for the existence
of ¢ as a harmonic morphism. To make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M, g) with local harmonic functions, there are
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more than one approaches. We prefer to use the following differential geometric
structure, called f-structure on M, studied by Yano [406]. Also see Fuglede [193]
who used a special case of an f-structure, called an almost Hermitian structure,
in the study of harmonic morphisms. We first give some brief information on f-
structures. In 1963, Yano [406] introduced an f-structure on a C*° m-dimensional
manifold M, defined by a tensor field f of type (1,1) which satisfies f2+ f = 0 and
has constant rank = which is necessarily even. TM splits into two complementary
sub-bundles Im f and Ker f and the restriction of f to Im f determines a complex
structure on such a sub-bundle. Almost complex and almost contact structures
are special cases according as ¥ = m and 7 = m — 1 respectively. Suppose Ker f
is parallelizable [152]. Then, there exists a global frame {¢,} for Ker f with dual
1-forms 1’ satisfying:

PP=—I+neg, n'(E)=0, 1<i<s

It follows that f&, =0, n'o f=0.An f-structure on M is normal if the tensor
field Ny = [f, f] + 2dn' ® & vanishes, where [f, f] is the Nijenhuis tensor of f.
Then, there exists a semi-Riemannian metric g on M such that

(X, fY)+3(fX,Y) =0, VX,Y € T(M). (9.2.11)

The structure (f,&,,n%, g) is called a metric f-structure and M is then called a
metric framed manifold. T'(M) splits as complementary orthogonal sum of its
sub-bundles Im f and Ker f. We denote their respective horizontal and vertical
distributions by D and D-+. In particular, § is a Riemannian metric on M if both
the distributions D and D+ are Riemannian. If there is only a single timelike
¢, and if D is Riemannian, then, M is called a Lorentz framed manifold [133].
f extended by C-linearity to the complexified tangent space T€(M) has 4, —i,0
eigenvalues. Let H = {X —ifX|X € D} C D ®C, the holomorphic distribution
related to the eigenvalue i.

Definition 9.2.9. A metric framed manifold M is called a CR-integrable framed
manifold if its holomorphic distribution is involutive, that is,

[X —ifX,Y —ifY] € H for any X,Y € D.

Proposition 9.2.10. [152] A metric framed manifold M is CR-integrable if and
only if its horizontal distribution D is normal, that is, the Nijenhuis tensor field
N¢(X,Y)=0 for X,Y € D.

For a CR-integrable framed manifold (M, g), we have
M=(BxV,g); TM=TB & TV, (9.2.12)

where (B, g,) and (V, g, ) are the horizontal and the vertical integral submani-
folds (generated by D and D~ respectively) of M. To show the relevance of the
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above brief note (on f-structures) in the study of harmonic morphisms, we first
observe that a CR-framed ( or integrable framed) manifold M has a holomorphic
distribution H. This means that M admits holomorphic functions whose real parts
are locally harmonic functions of its horizontal submanifold (B, g,,) (see equation
(9.2.12). Thus, we conclude:

A CR-integrable framed manifold (M, g) admits harmonic functions, defined lo-
cally on its horizontal submanifold (B, g,).

Therefore, we have justified the validity of a basic requirement for the ex-
istence of harmonic functions on the manifolds M and M’ needed for equation
(9.2.10). To show that the map ¢, given by (9.2.10), can be a harmonic morphism,
we let M = (B x V, g) be a CR-integrable Lorentz framed manifold and (B, g,,)
its Riemannian horizontal submanifold. Also, set

dim(M) =m =2p+s (s> 1), dim(B) = dim(M') = n = 2p.

Suppose M denotes the space of all smooth Riemannian metrics on M’ and [h'] a
conformal class of metrics of M. Since dim B = dim M’ and B is Riemannian, we
let g, € M. This means that B and M’ are conformal to each other. B a horizontal
submanifold of M implies that d¢_ |1, p is conformal for every x € B. Thus ¢ is
horizontally (weakly) conformal, which implies that ¢ is a harmonic morphism.
If we relax the condition of B conformal to M’, ¢ can be a harmonic morphism
where we let ¢ pull back harmonic functions of M’ to harmonic functions of M,
since their existence has been assured.

In support of the above model, we have the following physical model of a
class of 4-dimensional spacetimes which inherit a metric f-structure.

Physical Model. Let (M, g) be a 4-dimensional Einstein Maxwell spacetime of gen-
eral relativity, with a skew-symmetric (i.e., a 2-form) tensor field F' = (Fy;) on M
which represents the electromagnetic fields. The complex self-dual electromagnetic
tensor field F™* is defined by

~

g 1 .
F;b:Fab+ZFab FabziﬁabchCdv t=+-1

Here, €4pcq is the Levi-Civita tensor field. At each point € M consider the
null tetrad e, = {¢,k,m,m} where g(¢,k) = —1 and g(m,m) = 1. According to
Debney-Zund [120], define the following three complex functions, called Maxwell
scalar fields:

b0 = 2E00mP,  ¢1 = Fop(L°kY +mmP), ¢y = 2F,,mmP.

By a Lorentz transformation, one can set ¢, = ¢, = 0 (see Debney-Zund [120]).
We are interested in a special case when ¢; is either real or pure imaginary. For
this subcase, it is known [120] that its canonical form is given by

Fap = —2Re(¢1) Ljgny) or 2iIm(¢1) myginy), det(Fup) = 0.
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Consider a homogeneous spacetime for which ¢, is constant (see Kramer et al
(267, page 120]) and set| ¢, |* = 1. Define a (1,1)-tensor field f = (f§'), on the
tangent space T, (M), at each point x € M, such that

fg=9%Fa,ie, F(X)Y)=gX,[fY), (9.2.13)

for every X,Y € M. Operating f2 by itself three times, it is easy to see that f
satisfies its own minimum characteristic polynomial equation: f3 + f = 0, where
the sign + depends on the choice of Im(¢) or Re(¢). We choose Im(¢). For a
Minkowski space, this condition means that the electric and the magnetic fields
are aligned. Thus,

fP4+f=0, rank(f)=2.

F skew-symmetric and (9.2.13) implies f is also skew-symmetric, that is,
JX, fY)+g(fX,Y)=0, VX,Y € M.

It follows from (9.2.11) and the above two equations that, under some geometric
conditions, a 4-dimensional Einstein Maxwell homogeneous spacetime (M, g, F')
inherits a metric f-structure, induced from its electromagnetic tensor field F.
Furthermore, using Definition 9.2.9 and Propositions 9.2.6 and 9.2.10, M can be
endowed with a C' R-integrable Lorentz framed structure, denoted by ( f, g, H, F'),
such that M = (B x V, g) is a product manifold, with 2-dimensional horizontal
surface (B, g,). On the existence of such a physical spacetime, we quote the
following:

Theorem 9.2.11. [267, page 120] The only Einstein Maxwell field which is homoge-
neous and has a homogeneous non-singular Mazwell field is the Bertotti-Robinson
solution

ds®> = A%(d6* + sin® 0d ¢* + d ® + sinh® 2 dt?)

for local coordinates (t,x,0,¢) and an arbitrary constant A.

The above solution has two families of orthogonal 2-surfaces having equal
and opposite curvatures. Relating these 2-surfaces with D and D=, we observe
that they are integrable. Thus, Bertotti-Robinson spacetime has an integrable
f-structure. Based on the above, we have the following result:

Theorem 9.2.12. Let ¢ : M — S? C (M, h) C R} be a map from a homogeneous
Bertotti-Robinson spacetime to a Riemann surface S of a globally null hypersur-
face M of R}. Then, ¢ is a harmonic morphism with respect to a CR-integrable
Lorentz framed structure (f, g, H, F') on M.

Note 6. Theorem 9.2.12 will hold if R is replaced by those asymptotically flat
spacetimes which possess S2, a leaf of their respective screen distribution of a
globally null manifold. Examples are: Schwarzchild, Robertson—Walker, Reissner—
Nordstrom and Kerr spacetimes.



9.3. Harmonic maps from lightlike manifolds 417

Remark 9.2.13. (a) In the final chapter of a book by Baird and Wood [25] on
Harmonic morphisms between semi-Riemannian manifolds these authors have dis-
cussed the case when the subspaces of the tangent spaces involved may be lightlike
(degenerate). For such degenerate cases they have modified the definitions accord-
ingly and proved some characterization theorems of harmonic morphisms as hor-
izontally weakly conformal harmonic maps. They observe that certain harmonic
morphisms are simply null solutions of the wave equations.

(b) Pambira [323] has studied Harmonic morphisms between degenerate semi-
Riemannian manifolds where he used Kupeli’s method [273] for the mapping be-
tween lightlike manifolds.

(¢) The readers may also be interested in the works of Mikhail Gromov and
Richard Schoen [219] on Harmonic maps into singular spaces and p-adic super
rigidity for lattices in groups of rank one and some references in [80] and [220] on
harmonic mappings with values in higher-dimensional degenerate submanifolds
which appear naturally as solutions of sigma-models with indefinite target spaces
and related topics on applications of sigma-models.

9.3 Harmonic maps from lightlike manifolds

In this section, we consider maps from lightlike manifolds. First, we present screen
lightlike submersions which can be considered as a lightlike version of Riemannian
submersions. Then, as a generalization of lightlike submersions, we define and
study screen conformal submersions which can be considered as a lightlike version
of horizontally conformal submersions. Finally, we give a definition for harmonic
maps from a lightlike manifold to a semi-Riemannian manifold and obtain a char-
acterization of harmonic maps.

Let M and B be Riemannian manifolds. A Riemannian submersion ¢ : M —
B is a mapping of M onto B satisfying the following axioms S.1 and S.2:

S.1 ¢ has maximal rank,
S.2 ¢, preserves the lengths of horizontal vectors.

For each b € B, ¢~1(b) is a submanifold of M of dimension dim M — dim B. The
submanifolds ¢~1(b) are called fibers and a vector field on M is vertical if it is
always tangent to the fibers, horizontal if always orthogonal to the fibers.

The Riemannian submersion was introduced by O’Neill [316] and A. Gray
[212]. Since then, it has been an effective tool to describe the structure of a Rie-
mannian manifold. For more information on Riemannian submersions, see: [184]
and [413]. Note that the vertical distribution V of M is defined by V, = Ker d¢,,
p € M. The orthogonal complementary distribution to V = Kerd¢ is defined by
H, = (Kerdg,)*, denoted by H and called horizontal. Thus it follows that the
tangent bundle of M has the decomposition

TM =V 1L H.
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Screen lightlike submersions. In case of Riemannian submersion, the fibers are
always Riemannian manifolds. However, for the case of semi-Riemannian man-
ifolds, the fibers of ¢ may not be semi-Riemannian manifolds. From the above
definition of Riemannian submersions and Section 1.4 of Chapter 1, we have seen
that for both Riemannian submersions and lightlike manifolds a natural splitting
of the tangent bundle plays a crucial role. For Riemannian submersions, it is the
splitting of the tangent bundle of the source manifold into horizontal and vertical
part. On the other hand, the tangent bundle of a lightlike manifold is decomposed
into radical and screen parts. From this similarity, it is natural to give the fol-
lowing definition of screen lightlike submersion between a lightlike manifold and a
semi-Riemannian manifold.

Definition 9.3.1. [357] Let (M, g,,, S(T'M)) be an r-lightlike manifold and (N, g, )
a semi-Riemannian manifold. We say that a smooth mapping

¢ : (M’ngS(TM» - (N?gN)
is a screen lightlike submersion if

(a) at every p € M, V, = Ker(d¢), = RadT,M, ie., dp(X) = 0 for every vector
field X € T(RadTM).

(b) At each point p € M, the differential d¢, restricts to an isometry of the
horizontal space H, = S(T'M), onto Ty, N, i.e.,

gs(TM)(XlaXQ) =Jdn (d¢(X1)7 d¢(X2))7 VX, Xs € F(S(TM))

First of all, from the definition, it follows that RadT'M is integrable. Let
@ and P denote the orthogonal projections onto the distributions Rad 7'M and
S(T M), respectively. Obviously, the restriction of the differential d¢,, to the screen
distribution H,, = S(T'M), maps that space isomorphically onto Ty, N. Then,
for any vector X € Ty(p)N, we say that the vector X € S(T'M), is a horizontal lift
of X, the same as for Riemannian submersions. If X is a vector field on an open
subset V of N, then the horizontal lift of X is the vector field X € T'(S(TM))
on ¢~ (V) such that d¢(X) = X o ¢. As it is well known, the vector field X is
called a basic vector field. Notice that if M is the same as in a semi-Riemannian
manifold, then the above definition agrees with the definition of a semi-Riemannian
submersion.
Remark 9.3.2. From Definition 9.3.1, it follows that M and N have the same
index.
Example 4. Let R; | ; and R | ; be R* and R? endowed with the degenerate metric
g1 = —(dz3)? + (dz4)? and a Lorentzian metric go = —(dy;1)? + (dy2)?, where
x1, %2, 3,4 and 1,y are the canonical coordinates on R* and RZ2, respectively.
Define the map

¢ R%,m - R(2),1.1

2z3+xs4 x3+274

(581796273?3,&54) ( V3 ' V3 )
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Then it is easy to see that the kernel of d¢ is
Kerdgp = RadTM = Span{Z; = 0x1,Z2 = Jxa}.

By direct computation, we obtain
1 1
S(TM) = Span{Z3 = %{axs +20x4}, 24 = ﬁ{Qazg +0xy}.

On the other hand, we get

4 5 5 4

dp(Z3) = 50y1 + 50Y2, dp(Zs) = 50y1 + 50 ya.

3 3 3 3

Then, it follows that

91(Z3, Z3) = ga(dp(Z3),do(Z3)) = 1
and
91(Z4, Z4) = go(dp(Zs),dp(Zs)) = —1.
Consequently, ¢ is a screen lightlike submersion.

Lemma 9.3.3. Let¢ : (M,g,,,S(TM)) — (N, g,) be a screen lightlike submersion
and X,Y basic vector fields of M. Then:

(a) 9, (X,Y) = g5 (dd(X),do(Y)) © 6.

(b) The horizontal part [X,Y]" of [X,Y] is a basic vector field and corresponds
to [X,Y].

(¢) For ¢ eT(RadTM), [X,£] e T(RadTM).

Proof. Let X and Y be basic vector fields of M. Then, from Definition 9.3.1 (b),
(a) follows. Since TM = S(TM) @oren Rad T M, we write

[X,Y] = P[X, Y]+ Q[X,Y].
Then, the horizontal part [X,Y]” of [X, Y] is a basic vector field and corresponds
to [X, Y], ie., dp([X,Y]F) = [dp(X),do(Y)]. On the other hand, since Rad T M is
the kernel space of d¢, we have do([X,¢]) = [dp(X),dp(§)] =0, &€ € T(Rad T M),
which implies that [X, ] belongs to Rad T M. O

Theorem 9.3.4. Let ¢ : (M,g,,,S(TM)) — (N, g,) be a screen lightlike submer-
sion. Then M is a Reinhart (or stationary [273]) lightlike manifold if and only if
(9, (X,Y)) =0 for any £ e T(RadTM) and X,Y basic vector fields.

Proof. We first note that the radical distribution is integrable. For £ eT'(Rad T M),
X, Y e I(TM) we have

(£59M)(X7Y) = £$gM (X7 Y) - gM("EEXvY) - gM(X7 £€Y)7
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where £ denotes the Lie derivative. Then, we obtain

(‘EﬁgM)(XvY) =< (gM(Xv Y)) - gM([f,X],Y) - gJW(X’ [ngD

Now, if X € T'(RadT M), then [X, ] € I'(RadTM) due to RadTM is integrable.
Thus, if X,Y € T'(RadTM), we obtain

(£eg,,)(X,Y)=0,V¢, X,Y € I(Rad TM).
On the other hand, if X € T'(RadTM) and Y € T'(S(TM)), we get

<£59N1)(X7 Y) = "9u (X, [57 Y])

Hence, we have
(£59M)(X7 Y) =0.

If X,Y e I(S(TM)) are basic vector fields, using Lemma 9.3.3 (c), we obtain

(£§gM)(X7Y) = ggM(X7 Y)

Thus, from Theorem 1.4.2 and the above equations, we conclude that M is Rein-
hart if and only if € (g,,(X,Y")) = 0, which completes the proof. O

From now on, suppose M is Reinhart unless otherwise stated.

Lemma 9.3.5. Let ¢ : (M,g,,) — (N,gy) be a screen lightlike submersion. Let
also X and Y be basic vector fields on M. Then (VxY)F is the basic vector field

corresponding to V;Y.
Proof. Since M is Reinhart, it has a torsion free connection V such that g,, is
parallel with respect to V. Then, from the Kozsul identity, with Z a basic vector
field, we have
29M(VXK Z) = XgM(K Z) + YgM(Z?X) - ZgM(X7Y)
- gM(X7 [Ya Z]) +gM(Yv [ZvX]) + gIW(Z’ [XvYD

Hence, since do([Z, X]) = [do(Z), dp(X)], using Lemma 9.3.3, we get

29M(PVXYaZ) = {XgN(Y7Z~)+YgN( ) ~) _ZgN(XvY/)
_gN(X7 [}772]) +gN(Y/7[Z7X])+gN(Z~7 [X,Y/])}Od)

Then, the right side of the above equation is the Kozsul identity for the Levi-Civita
connection VN; thus, we derive

gM(PvaaZ) :gN(v;VZY7Z)O¢

which proves our assertion. O
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Let ¢ : (M,g,,) — (N,g,) be a screen lightlike submersion and E, F €
I'(TM). We now define O’Neill’s tensors for ¢. It will be seen that the situation
is very different from a semi-Riemannian submersion. We denote the linear con-
nection on M by V. Then since M is Reinhart, we know that Vg,, = 0. Define a
tensor field T as

TpF = PVQEQF—I— QVQEPF.

It follows that T is a tensor field of type (1,2).

Lemma 9.3.6. Let ¢ : (M,g,,) — (N, g,) be a screen lightlike submersion, X,Y
be horizontal vector fields and V,W € T'(RadTM). Then we have:

(a) T is vertical; Tg = Tor, VE € T(TM).

(b) T reverses the radical and screen subspaces.
(¢) TyW =0.
(d) TxY =0.
(e) TxV =0.

(f) TvX = QVy X.

Proof. (a), (b), (d), (e) and (f) are clear from the definition of T'. So we prove only
(c). First, note that Ty W € I'(S(T'M)). Then, for Z € T'(S(T'M)) we get

Iu (TVVVv Z) = 9s(rm) (PVVVVv Z) = 9sira) (VVVVv Z)'
Taking into account that g,, is parallel with respect to V, we get

L3y (TVVV7 Z) = VgM (Wa Z) Vv Z, W) =0,

~ YIscrm)y (

since W € I'(Rad T'M). Then non-degenerate S(TM) and Z, Ty W € T'(S(T'M))
imply that Ty W = 0. (]

Thus, from Lemma 9.3.6, we have
TpF = QVgePF.
Now define another tensor as
ApF =QVppPF + PVpgQF

which is also a tensor field of type (1,2).

Lemma 9.3.7. Let ¢ : (M,g,,) — (N,g,) be a screen lightlike submersion, X,Y
horizontal vector fields and VW € T'(Rad TM). Then we have:

(a) A is screen; Ap = Apg, VE € T(TM).

(b) A reverses the radical and screen subspaces.
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(C) Avw =0.
(d) AxY =QVxY.
(e) AvX =0.

(f) AxV =PVxV =0.
Proof. The proof of the lemma is similar to the proof of the previous lemma. [

Then, from Lemma 9.3.7, we have
AgF = QVPEPF

Moreover, from Lemma 9.3.6 and Lemma 9.3.7, we obtain the following lemma.

Lemma 9.3.8. Let ¢ : (M,g,,) — (N, gy) be a screen lightlike submersion, X,Y
horizontal vector fields and U,V € T'(RadTM). Then we have:

1. VxY = PVxY + AxY.

2. VoV = QVyV.
3. VuyX =PVyX +1TyX.
4. VxU =QVxU.

Remark 9.3.9. Notice that Lemma 9.3.8 (2) implies that the fibres are totally
geodesic in M. If X is a basic vector field, then [V, X], V € T'(Rad T M), is vertical.
Hence PVy X = PV xV. Using Lemma 9.3.8 (4), we obtain PVy X = 0.

Now, we obtain the covariant derivatives VI and V A. Recall that the co-
variant derivative of a (1, 2)-tensor field B is

(VeB)oF = Vg(BaF) — By,oF — Ba(VeF),VE, F,G € T(TM).

Using this, Lemmas 9.3.6 and 9.3.7, we obtain the following result.

Lemma 9.3.10. Let ¢ : (M,g,,) — (N, g, ) be a screen lightlike submersion, X,Y
horizontal vector fields and V,W € T'(RadTM). Then we have:

(a) (VyA)w =0.
(b) (VxT)y = —Tayv.
(c) (VxA)w =0.
(d) (VvT)y =~Tr,v.

Now denote QVy W by Vy W, where V,W € I'(RadTM). Also denote the
other geometrical objects related to the fibers by © From Lemma 9.3.8 (2), for
U, V,W e I'(Rad T M), we have

VUVVW = ?U@VW
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and R

Vy VW =VyVyW.
Since Rad T'M is integrable, we have V)W = @[U,V]W- Thus we obtain

R(U, V)W = R(U,V)W.

Denote the horizontal lift of the curvature tensor R of N by R*, that is, if
X1, X5, X3 and X4 are basic vector fields of M, we write

9u (R* (X1, X2) X3, Xy) = g, (RN (X1, X2) X3, Xy),

where X; = do(X;). Also, if X; and X; are basic vector fields, we will denote the
horizontal lift of V;Xj by V% X;.

Lemma 9.3.11. Let ¢ : (M,g,,) — (N, g, ) be a screen lightlike submersion, X,
X1, Xo, X3 basic vector fields and § € T'(RadTM). Then we have

R(X1,X2)X3 = R (X1, X2) X3 + Ax, Vx, X3+ QVx, Ax, X3
—Ax,Vx, X3 = QVx, Ax, X3 — Ap(x, x, X3
— PVqix, x%3 — Tqx,,x2) X3

and
R(X,£)§ = QVx Vel = Ve(QVxE) — Vix gl
Proof. Using Lemma 9.3.8 (1) we have
VX1VX2X3 = VXI{ngng + AX2X3} = VXIV}2X3 + VXleng.

Since Ax, X3 = QVx,X3 € I'(Rad T M), from Lemma 9.3.7 and Lemma 9.3.8 (1),
we get
VXIVXng = V}1V§(2X3 + AXIV}QX;; + QVXIAX2X3.

In a similar way, we obtain
VXQVXng = VEQV}rX‘g + AXQV}ng + QVXZAXIXS
and

V[Xl,X2]X3 = V}K’[Xl,XQ]X3 + AP[X17X2]X3 + PVQ[X17X2]X3
+ TQ[XLXQ]X?"

Thus, from the above equations, we have the first assertion. On the other hand,
from Lemma 9.3.8 (2), for £ € (RadTM) and X € T'(S(T'M)), we get

Vx Vel = Vx Vet
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Then, from Lemma 9.3.8 (4), we obtain
VxVe€ = QVx Vel
In a similar way, we have
VeVxé = Ve(QVxE).
Also, for a basic vector field X, [X, €] is vertical. Hence, we get
Vixgé = Vixgé.

Summing up the above equations, we derive the second assertion. O

Theorem 9.3.12. Let ¢ : (M,g,,) — (N,g,) be a screen lightlike submersion,
X1, Xy horizontal vector fields spanning 2-planes and & € T'(RadTM). Then we
have

K¢(H)=0

and v
K(X1,Xo) =K (X1,Xo).

Here K and K" are sectional curvatures of M and N, respectively.

Proof. From (9.1.12) and the second equation of Lemma 9.3.11, it follows imme-
diately that K¢(H) = 0. To obtain the second formula it suffices to prove

9 (R(X1, X2) X3, X4) = g (R (X1, X2) X3, Xa) 0 6

using basic vector fields since they locally span horizontal vector fields. From
Lemma 9.3.11, we obtain

G (R(X1, X2) X3, X4) = g, (R* (X1, X2) X3, X4) — 9., (Vorx,, x2) X3, X4).

Since V is a torsion free connection, we get

90 (VQrx,, x) X3, Xa) = 9, ([Q[X1, X2], X5, X4) + 9, (Vx,Q[X1, X2, X4).
Since Q[X1, X2] € I'(RadT' M), from Lemma 9.3.3 (c), it follows that

[Q[X1, X3], X3] € T(Rad TM).
Thus, we obtain
9 (Varx,, x2 X3, X4) = 9, (Vx, Q[ X1, Xo], Xy).

On the other hand, since g,, is parallel with respect to V, we can write

9 (Voix,,x2) X3, X4) = X309, (Q[X1, X2}, X4) — 9,,(Q[X1, X2], Vx, X4).
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Then Q[X1, X2] € I'(Rad TM) implies that
9 (Vaix,,x,) X3, X4) = 0.
Thus, using this we obtain
9 (R0, X2) X5, X4) = g, (R (X1, X2) X5, Xa) 0 9
which completes the proof. O

Remark 9.3.13. Observe that the assertions of Theorem 9.3.12 are not true for a
Riemannian submersion as well as for a semi-Riemannian submersion. Indeed, in

the Riemannian case, the sectional curvature in the base manifold N increase by
3|Ax Y
[XAY]? >

Screen conformal submersions. The notion of Riemannian submersion was gener-
alized to the horizontally conformal submersion. In this case, the second axiom
takes the following form: There exists a function A : M — R such that

the amount as presented in [316].

gB(d/¢(X)7 qu(Y)) = /\29(X7 Y),VX,Y € I'(H),

where H is the complementary orthogonal distribution to V = Kerd¢ in T M.
Thus, by the definition of horizontally conformal submersion, we have the decom-
position

TM =V 1LH.

In the rest of this section, first we present a recent work of Sahin [351] who in-
troduced a lightlike version of horizontally conformal submersion. Secondly, as an
application we use the theory of lightlike submersion to show the existence of a
well-defined concept of harmonic maps from r-lightlike manifolds submersed in a
semi-Riemannian manifold.

Let (M, g) and (M, g) be r-lightlike and semi-Riemannian manifolds respec-
tively. Consider a submersion map ¢ : M — M. A vector field X on M is said to
be projectable if there exists a vector field X on M such that d¢(X,) = X¢(p), for
all p € M. In this case X and X are called ¢-related. We now put V, = Kerdg,
and consider a complementary distribution H to V in T'M. Notice that, since M
is a lightlike manifold, V* is not complementary to V, (in fact, V* C V). From
discussion on lightlike manifolds we know that complementary distribution H is
non-degenerate.

Definition 9.3.14. Let (M,g) and (M, g) be a lightlike and a semi-Riemannian
manifold respectively with a submersion ¢ : M — M. We say that ¢ is a screen
conformal lightlike submersion if the following conditions are satisfied:

1. Kerd¢ = RadT M.
2. There exists a function X : M — R™T such that , forx € M,

G(dé(X),do(Y)) = N2(2)g(X,Y), VX,Y € D(S(TM)). (9.3.1)
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First of all, it follows from the above definition that the function A\? : M —
R is smooth. We say that a screen vector field (i.e., X € T'(S(TM)).) is called
basic if it is projectable. Thus, if X is a vector field on M then there exists a
unique basic vector field X on M such that X and X are ¢-related. We say that
the vector field X is the screen lift of X. Also, it is clear from above definition that
the index of S(T'M) and M are same. From now on, we denote the projections
onto RadTM and S(TM) by Q and P, respectively. Next, we give an example of
screen conformal lightlike submersion.

Example 5. Let Rg,m and R?J,l,l be R* and R? endowed with the degenerate metric
g1 = —(dx3)? + (dz4)? and a Lorentzian metric go = —(dy1)? + (dy2)?, where
&1, T2, 23,24 and y1, Yo are the canonical coordinates on R* and R2, respectively.
We define the map

) 4 P2
¢ 3271,1 - Ro,l,l
(z1,22,23,24) (sinh a3 coshxy, coshxs sinhxy).

It is easy to see that the kernel of d¢ is
Kerd¢ = RadTM = Span{Z; = 0x1,Zs = Jxa}.
By direct computation, we obtain
S(TM) = Span{Zs = 0x3,Z4s = Ox4}.
On the other hand, we get

dp(Zs) = cosh s coshx40y1 + sinhxg sinh 240 yo,
d¢(Zy) = sinh g sinh x40 y1 + cosh 3 cosh 240 ya.

Then, it is easy to see that

92(dd(Z3), d(Zs) = (cosh? x3 cosh? 24 — sinh? 23 sinh? x4)g1(Zs, Z3)
and

92(dd(Z4), d(Zy)) = (cosh® z3 cosh? x4 — sinh? x5 sinh® 24)g1(Z4, Zs).

As a result, ¢ is a screen conformal lightlike submersion.

It is known that in the Riemannian case a projection from warped prod-
uct manifold onto its second factor is a simple example of horizontal conformal
submersion. Now, we present similar example for a screen conformal lightlike sub-
mersion.

Example 6. Recall the concept of warped product lightlike manifold (see Chapter 1)
as follows: let (H,gy) and (B,gp) be lightlike and a Riemannian manifold of
dimensions n and m, respectively. Here, Rad T H is of rank r. Let also f : H —
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(0,00) be a function, 7 : H x B — H and o : H x B — B the projection
maps given by 7(z,y) = = and o(z,y) = y for every (z,y) € H x B. Then the
product manifold M = H x B is said to be a lightlike warped product H x; B,
with degenerate metric g defined by

gu(X,Y) = g(dn(X), dr(Y)) + f(7(2,y))g5(do(X),do(Y))

for every X,Y of M. It follows that Rad T M of M still has rank r, but its screen
distribution S(TM) is of dimension m +n — r. If we consider rank(Rad TH) = n,
then we obtain that M is still a lightlike manifold. But, we see that in this case,
S(TM) is of dimension m. We now consider the projectionmapo : M = HxB —
B, then it is obvious that o is a screen conformal lightlike submersion.

Recall that a distribution V on a Riemannian manifold is said to be conformal
or shear free if, for each x € M,

(£vg)(X,Y) =v(V)g(X,Y)

for Ve I'(V) and X,Y € I'(H), where H is the orthogonal distribution to V in
T M. Notice that, for a non-degenerate manifold, the orthogonal distribution H to
V is also complementary. For the lightlike case we have the following results:

Lemma 9.3.15. Let ¢ : (M, g) — (M,g) be a screen conformal lightlike submer-
sion and X,Y be basic vector fields of M. Then:

(a) The screen part [ X,Y]P of [X,Y] is a basic vector field and corresponds to
[X,Y].

(b) For (£ eT(RadTM), [X,&] € T(RadTM).
The proof of the above lemma is similar to the proof of Lemma 9.3.3.

Lemma 9.3.16. Let ¢ : (M, g) — (M,g) be a screen conformal lightlike submer-
sion. Then RadTM is shear free if

Egn (dp(X),dp(YV)) =0, V¢ eT(RadTM) and X,Y €T(S(TM)).

Proof. We first note that the radical distribution is integrable. Let V be a linear
connection on M. For £ € T'(Rad(T'M)), X,Y € I'(T M) we have

(£eg)(X,Y) = Leg(X,Y) = g(£eX,Y) — g(X, £6Y),
where £ denotes the Lie derivative. Then, we obtain
(£eg)(X,Y) = §9(X,Y) —g([¢, X].Y) — g(X, [§,Y]). (9.3.2)

Now, if X € '(RadT' M), then [X,¢] € I'(Rad TM) due to RadT'M is integrable.
Thus, if X,Y € I'(Rad T M), we obtain

(£e9)(X,Y) =0,V6,X,Y € T(Rad TM). (9.3.3)
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On the other hand, if X € T(RadTM) and Y € T'(S(T'M)), from (9.3.2) we get
(£eg)(X,Y) = —g(X, [§, Y]).
But, from Lemma 9.3.15 (b), it follows that [, Y] € T'(Rad T'M). Hence
(£e9)(X,Y)=0,¥¢, X e T(RadTM) and Y € I(S(TM)). (9.3.4)
If X,Y e (S(T'M)), using Lemma 9.3.15 (a), from (9.3.2) we have
(£eg)(X,Y) = £g(X,Y).
Then, the screen conformal lightlike submersion ¢ implies that
(£Leg)(X,Y) = E(A2)g(dp(X), dp(Y))
= &I N)g(X,Y) + £g(do(X), dp(Y)) (9-3.5)
for any X,Y € I'(S(T'M)). Then, proof comes from (9.3.3)—(9.3.5). O

At this point, we give definitions of screen (resp, radical) homothetic maps.
These definitions can be seen as a lightlike version of horizontally (resp. vertically)
homothetic maps. For the Riemannian case, see [25].

Definition 9.3.17. Let ¢ : M — M be a screen conformal lightlike submersion.
Then, we say that ¢ is screen homothetic if gradS(TM)()\Q) = 0,\ # 0. Also, we
say that ¢ is radical homothetic if V/(\?) = 0, \ # 0.

Remark 9.3.18. The screen conformal lightlike submersion given in Example 5 is

radical homothetic. On the other hand, the screen conformal lightlike submersion
given in Example 6 is screen homothetic.

From Lemma 9.3.15, Theorem 1.4.2 (with reference to Reinhart manifolds)
and the above definition, we have the following:

Theorem 9.3.19. Let ¢ : (M,g) — (M, g) be a radical homothetic lightlike sub-
mersion. Then M is a Reinhart lightlike manifold if Egn(dp(X),dd(Y)) = 0 for
¢ € D(Rad TM) and X,Y € D(S(TM)).

We now define a tensor field T' as
TpF = PVQEQF + QVQEPF. (9.3.6)

It follows that T is a tensor field of type (1,2). From now on, we suppose that
(M, g) is a Reinhart lightlike manifold, unless otherwise stated.

Lemma 9.3.20. Let ¢ : (M, g) — (M, g) be a screen conformal submersion, X,Y
be basic vector fields and V,W € T'(RadTM). Then, we have:

(a) T is vertical; T = ToEk.
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(b) T reverses the radical and screen subspaces.
(c) TyW =0

(d) TxY =0

(e) TxV =0

(f) Tv X = QVgvPX.

We now define another tensor as

which is also a tensor field of type (1,2). The tensor field A satisfies the following:

Lemma 9.3.21. Let ¢ : (M, g) — (M, g) be a screen conformal submersion, X,Y
be basic vector fields and V,W € I'(RadTM). Then, we have:

(a) A is screen; Ap = Tpg.

(b) A reverses the radical and screen subspaces.
(¢c) AyW =0

(d) AxY =QVxY

(e) AyX =0

(f) AxV =PVxV =0.

The proofs of Lemma 9.3.20 and Lemma 9.3.21 are similar to the proof of
Lemma 9.3.6, and from them we obtain the following lemma.

Lemma 9.3.22. Let ¢ : (M, g) — (M, g) be a screen conformal submersion, X,Y
be basic vector fields and V,W € I'(Rad TM). Then, we have:

1. VxY = PVxY + AxY.
2. VyV =QVyV.
3. VuX =PVyX + Ty X.
4. VxU =QVxU.

Remark 9.3.23. Lemma 9.3.22(2) implies that fibers are totally geodesic in M. If
X is a basic vector field, then [V, X], V € T'(Rad T M), is vertical. Hence PVy X =
PV xV .Using Lemma 9.3.22(4), we obtain PVy X = 0.

Now we obtain the screen conformal lightlike version of fundamental equa-
tions for horizontally conformal submersion. For the Riemannian case, see:[25].
Denote QVy W, where V,W € I'(RadTM), by VyW and the other geometrical
objects of fibers, by~ Also denote the screen lift of curvature tensor R of M by
R*, that is, if X1, X5, X3 and X, are screen vector fields of M, we write

g(R* (X1, X2) X3, X4) = (RN (X1, X2) X3, X4),
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where X; = d¢(X;). Then, following the proof of Lemma 9.3.11, we have

R(U, V)W = R(U, V)W, (9.3.8)

R(X1,X2)X3 = R*(X1,X2) X3+ Ax, Vi, X3+ QVx, Ax, X3
- Asz}lX?) - QVX2AX1'X3 - AP[Xl,XQ]
— PVQ[Xl,Xz]XS — TQ[Xl,Xz]XS (9.3.9)

and

R(X,€)¢ = QVx Vel — Ve(QVxE) — Vixgé- (9.3.10)

Recall that the null sectional curvature K¢(H) (see Section 3 of Chapter 6) of a
plane H with respect to & € I'(RadTM) and V is defined by

R(W,£)¢), W)

AL (9.3.11)

Ke(H) = ol

where W is an arbitrary non-null vector field in H.

Theorem 9.3.24. Let ¢ : (M,g) — (M,g) be a screen conformal submersion,
X1, X2 be basic vector fields and § € T'(RadTM). Then we have

Ke(H) =0

and 1
K(X1,X2) = EK*()_Q,X'Q).

Here K and K* are sectional curvatures of M and M respectively.

Proof. From (9.3.10) and (9.3.11), it follows that K¢(H) = 0. On the other hand,
from (9.3.9) we obtain

gm (R(X1, X2) X3, X4) = g (R* (X1, X2) X3, X4) — g (PVorx,,x,) X3, X4)
or

gM(R(Xla XQ)X37 X4) - gM(R*(Xl, X2)X3, X4)
— 9m(Vox, x5 X3, Xa). (9.3.12)

Since M is Reinhart, V is a torsion free metric connection. Hence, we get
I(Vqix,,x X3, Xa) = g([Q[X1, X2, X3, X4) + 9(Vx, Q[X1, Xa], X4).
Since Q[X1, X2] € I'(Rad T M), from Lemma 9.3.2(b), it follows that

[Q[X1, X2], X3] € I(Rad T M).
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Thus, we obtain
I(Vorx,, x,) X3, X4) = 9(Vx,Q[X1, Xo], X4).
On the other hand, since g is parallel with respect to V, we can write
9(VQix,,x,) X3, Xa) = X39(Q[X1, Xa, X4) — 9(Q[X1, X2], Vix, X4).
Then Q[X1, X3] € T'(Rad T M) implies that

g(vQ[X17X2]X37 X4) = 0.

Thus, using this in (9.3.12) we obtain

1 o
g(R(X1,X2)X3,X4) = ﬁg(R*(leXQ)X3uX4) °o¢

which completes the proof. O

Using some of the above results now we discuss the existence of a harmonic
map ¢ : M — M. Suppose V and V are a linear connection and the Levi-Civita
connection on M and M respectively. Denote the induced connection by the map
¢ on the bundle ¢~1(M) by V?. Then the second fundamental form Vde of ¢ is
defined as

Vdo(X,Y) = V4dp(Y) —dp(VxY), VX,Y € T(TM).

In the Riemannian case, a differentiable map f between Riemannian manifolds is
called harmonic if tr Vdf = 0. But in case M is lightlike we know that the trace
of the second fundamental form is meaningless on the radical part. To heal this
anomaly, recently the second author of this book (Sahin) has done some work in
[351] which we now present as follows:

Definition 9.3.25. Let (M, g) be a lightlike manifold and (M, g) a semi-Riemannian
manifold. We say that a smooth mapping ¢ : M — M is harmonic if:

(i) Vd¢ =0 on RadTM.

(ii) tr |s¢rary Vdo = 0, where the trace is written with respect to gas restricted
to S(TM).

It is known that in the Riemannian as well as semi-Riemannian cases, a
minimal isometric immersion is a particular harmonic map [25]. Using the concept
of r-lightlike isometric immersion (as discussed in the previous section) we show
that the above definition agrees with the non-degenerate cases. Indeed, let (M, g)
be a lightlike manifold, (M, g) a semi-Riemannian manifold and ¢ : M — M an
r-lightlike immersion, i.e., g(X,Y) = g(d¢(X),dp(Y)). Then, from the theory of
lightlike submanifolds, we have a decomposition of vector bundles

(z)fl(TM) — d(b(TM) o) tr(TM)7 X = Xtangcnt + Xtransvcrsal



432 Chapter 9. Applications of lightlike geometry

into the tangent bundle and transversal bundle. Using d¢ to identify with its im-
age dp(TM) in ¢~ (T M), then for X,Y € T(TM) we have V%dp(Y) = VxY.
On the other hand, d¢(VxY') equals the tangential component of VxY. Hence,
Vdp(X,Y) equals the transversal component of VxY. Then it follows that the
second fundamental form of an r-lightlike isometric immersion is equal to the sec-
ond fundamental form of the lightlike submanifold ¢(M) in M. Thus, considering
Definition 5.4.1 and Definition 9.3.25, we conclude that an r-lightlike immersion
is harmonic if and only if it is a minimal lightlike immersion.

To investigate the harmonicity of the function ¢, we let (M, g) be a Reinhart
lightlike manifold. This condition is geometrically reasonable, as we know from
Chapter 1 that a Reinhart lightlike manifold is equivalent to the existence of a
torsion free metric connection V on M such that g is a parallel tensor field with
respect to V. All these are good properties for discussion on the harmonicity in
lightlike geometry. Moreover, we assume that ¢ : M — M is a screen confor-
mal lightlike submersion where M is Reinhart lightlike. Now we investigate the
harmonicity of ¢.

Lemma 9.3.26. Let ¢ : M — M be a screen conformal lightlike submersion. Then,

Vdp(&1,8€2) =0, (9.3.13)
for &,& € T(RadTM) and

Vdp(X,Y) = X(InA\)do(Y) + Y (In N)dp(X) — dé(grad In N)gs(rar) (X,(Y) |
9.3.14
for X, Y e T(S(TM)).

Proof. Let &,& € T'(RadTM). Then, Vd¢(&1,82) = —do(Ve, &2). From Lemma
9.3.22 (2), we get Vdo(&1,&2) = —dd(QVe, &2). Hence, Vdg(&1,£2) = 0, which is
(9.3.13). Now let {Z;} be an orthonormal frame on an open subset of M lift each
Z; to a screen vector field Z; on M, then \Z; is an orthonormal frame for the
screen distribution of M. Let X and Ybe vector fields on an open subset of M

and X, Y their screen lifts to M. Then we can write

P(VxY) =Y eig(VxY,\Z)AZi = N> eig(VxY, Z:) Z;.

i=1 =1

Since M is Reinhart, it follows that g is parallel with respect to V. As a result of
this, we have a Kozsul identity for V. Thus we have

P(VxY) = )\;Zﬁi{Xg(Ya Zi) +Ygu(Zi, X) — Zigu(X,Y)
i—1
- 9(X,[Y, Zi]) — 9(Y, [X, Zi]) + 9(Zi, [ X, Y])}.
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P(VxY) = % Zel{X()\Qg(Y, Z)) + Y(%g(z,)’()) - ZZ(%g(X, Y)
~ XV, Z) ~ 55907, X, ) + 339(Z X,V ])}

Hence, we derive

P(VxY) = Z&{ X(InN)g(Y, Z;) — Y(In Ng(Z;, X)

+Zi(1nA> (X,Y) +3(VxY, Z)} Z;.

Then applying d¢, we get

Q/Q\I
’~<\
N\

,“S
5

>

<

N
S

dp(P(VxY)) Zsl{ X(In\)
+Z(ln>\) (X, V) + (V¥ Z))V 2.

Hence, we obtain

=

dp(P(VxY)) = —X(InA)Y — Y(In \)

+Z£l (InNg(X,Y)Z; + VY.

Thus, we arrive at
Vdp(X,Y) = X(In\)Y +Y(In\)X
- Z ei(gseran (grad X, Z;) Z;) (N gs(ran (X, Y).
i=1

or

Vd¢(X,Y) = X(InA\)Y + Y(In \)X

n 1 o
- Z(p&f](dﬂgrad N, Z) Z:i) (N gsran (X, Y).
i=1
Hence, we get
Vdp(X,Y) = X(InA)Y +Y(In\)X
— do(grad )‘)QS(TM) (X,Y),

which proves (9.3.13). O
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Using the above lemma, we get the following theorem.

Theorem 9.3.27. Let ¢ : M — M be a screen conformal lightlike submersion and
dim(S(T'M)) = n. Then:

(i) If n =2, ¢ is a lightlike harmonic map.
(ii) If n # 2, then ¢ is lightlike harmonic < ¢ is screen homothetic.
Proof. First of all, from (9.3.13)), we obtain

Vd¢ =0 on RadT'M. (9.3.15)

Let {e1,...,e,} be alocal orthonormal frame for the screen frame for the screen
distribution S(T'M). Then the trace of the restriction to S(T'M) x S(T'M) of the
second fundamental form is

tr” Vdg =Y Vdp(ei, ;).
i=1
From (9.3.14), we get

tr” Vdg = d(b{z e;(InXe; + e;(InN)e; — gar(ei, ;) P(grad A)}.
i=1

Thus, we have
tr?” Vdg = dp{—(n — 2)P(grad \) = —(n — 2)d¢(grad \)}.

If n = 2, tr” Vd¢ = 0. From this and (9.3.15), it follows that ¢ is harmonic. If
n # 2, then trf’ Vd¢ = 0 if and only if dé(grad \) = 0. O

9.4 CR-lightlike geometry in relativity

The use of complex variables in relativity has its roots in a 1906 paper by Poincaré
in which he introduced the imaginary coordinate v/—1, popularly referred to as
the imaginary time coordinate of a Minkowski spacetime. However, very soon it
became clear that there is no natural place for an imaginary time coordinate for the
curved spacetimes of general relativity and its use (even in special relativity) has
steadily declined. Nevertheless, it is now well known that the complex techniques
in relativity have been very effective tools for understanding spacetime geometry
(see Penrose [329, 328|, LeBrun [284, 282, 281, 278] Trautman [394] and many
more cited therein). Also, complex manifolds have two interesting classes of Kéhler
manifolds, namely, (i) Calabi-Yau manifolds which have their application in super
string theory (see Candelas et al. [90]) and (ii) Teichmuller spaces applicable to
relativity (see Tromba [396]). On the other hand, complex numbers have been used
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in quantum theory as follows: A simple case is that of differential operators such
as 0/0x which are needed to represent components of momentum. To make them
self-adjoint one has to multiply by ¢ = +/—1. Also, complex structures appear
through Hodge duality in vector and spinor spaces associated with spacetime.

To explore more on this topic, we let (M, g) be a time oriented 4-dimensional
spacetime manifold with the Lorentz metric g of signature (— + ++) (although
the mathematical results do hold for higher-dimensional Lorentzian manifolds) and
expressed in terms of a general coordinate system (z%), where (0 < a,b,c... < 3).
Suppose (eq) = {eo,e€1,€2,e3} is a local orthonormal real frame field on M. It
is known [190] that for each tangent space T, M at each x € M, there exists a
basis T = {l, k, m,m} of four null vectors, called the Newman-Penrose (NP) null
tetrad such that [, k are real null vectors and m,m are complex and its conjugate
null vectors, with g(I, k) = —1 and g(m,m) = 1 and all other products are zero.
Let {w?} = {w% w! ,w? w3} be its dual basis. It is always possible to introduce
a NP tetrad locally. Globally, the existence of a NP tetrad is equivalent to the
existence of a global orthonormal basis e,. A null tetrad T is associated with this
orthonormal basis as follows:

b= (ot o)y k= = (e = e
m:i(62+i63), ﬁl:i(ez—ies). (9.4.1)

V2 V2

Therefore, the canonical form of the matrix of g is expressed by

0 10 0
| -1 0 0 0
bl=1 o 0 0 1
0 0 1 0

A Lorentz metric cannot admit an almost Hermitian structure defined by a real
endomorphism J such that J? = —I and (6.1.2) holds. Indeed, for the real J,
satisfying J? = — I, the eigenvalues of .J are i and —i where i = v/—1, each one of
multiplicity 2. As J is real, and J satisfies (6.1.2), the only possible signatures of g
are (2,2). For this reason, as an application to Hermitian and Ké&hlerian structures
in relativity, Flaherty [190] modified these structures by using a complex-valued
endomorphism J, defined by

J=i(W®E)—w' ® E; +w?® Ey, —w?® E3),

where {Eq} = {l,k,m,m}. It is easy to see that this complex-valued J satisfies
the condition (6.1.2) of an almost Hermitian structure with respect to a Lorentz
metric g of a spacetime. Flaherty also derived the modified integrability conditions
(N = 0), where for this case N is the Nijenhuis tensor field with respect to the
complex-valued J. Furthermore, he then defined a modified Kéhlerian structure
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for the spacetime manifolds M. If the modified integrability condition is satisfied
then the Lorentz metric g can be locally expressed as

g=Ad2dz?° + Bdz'dz' + Cdz"dz' + Ddz"d2°, (9.4.2)

for a complex coordinate system (z°, 2%, 2°, z!) and for some functions A, B, C,
and D. Well-known physical examples are vacuum spacetimes, which include
Schwarzschild and Kerr solutions (see Hawking-Ellis [228, pages 149, 161]. For
more details on the use of modified Kahlerian structures in relativity (out of the
scope of this book) we refer to a book by [190] which also includes an extensive
list of related references and many more therein.

As a physical use of CR-lightlike geometry, we first show how to construct a
CR-structure for a real 2m-dimensional Lorentzian manifold (M, g), followed by
an induced CR structure on a lightlike hypersurface of a 4-dimensional spacetime
of general relativity. According to Penrose [328] M has a CR-structure if in the
tangent space T}, at each point € M, a 2n-real-dimensional subspace H, of T},
is singled out, called the holomorphic tangent space. H, regarded as n-dimensional
complex space and spanned by the vectors Z, = X,. + iY,. for every: (1 <r <mn)
provides a linear operator J, satisfying J2 = —1. Explicitly, J X, = =Y;., JY, = X,
so that JZ, = iZ,.. To complete a basis for the entire T,,, one needs a comple-
mentary neighborhood U,. of x in M. Newlander and Nirenberg [305] have proved
that a real-analytic CR-structure can be realized in the above way if the following
integrability relations hold:

[Z,,Z!] = complex linear combination of Z's

where 1 < r, 7' < n. However, for a C>° CR-structure it has been shown in [308] by
counterexamples that the above relations are not sufficient. Therefore, in the later
case, a non-realizable CR-structure may arise. For details on physical spacetimes
and non-realizable CR-structure we refer to a paper by Penrose [328]. Here we
study only realizable CR-structures. It is known that on a CR manifold there
exists a real distribution D, of the subspaces D, = Real(H & H), such that D is
invariant (JD = D).

Related to the focus of this book, we now show how to construct a lightlike
CR structure for an oriented 2m-dimensional Lorentzian manifold (M, ). We need
the following result:

Proposition 9.4.1. [317] For an r-dimensional subspace D, of a Lorentzian space
T,M, the following are equivalent:

(1) D, is lightlike.
(

2)
(3) DN A, =L, — 0, wherg L,=D,nN Di—, the 1-dimensional null space and
Ay is the null cone of T, M.

D, contains a null vector but not any timelike vector.
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Thus, if the distribution D is lightlike then D+ is not the orthogonal comple-
ment of D since their sum is not all of T, M. Therefore, using the above procedure
one can not realize a CR-structure for M so that D is invariant by its structure
tensor J. In view of this, to recover a CR-structure, we proceed as follows:

Since the lightlike D fails to recover a complex structure, its dimension need
not be even. We form the exact sequence

0—-D—D*—DYL—-0, L=DnD"

Fibers of quotient bundle DX /L are (2m — r — 1)-dimensional screens S,.
Physically we construct a lightlike CR-structure for an oriented 4-dimensional
spacetime M by setting m = 2 for which » = 1. Therefore, D = L and 2-
dimensional screen S, is an oriented plane. Let J act as a rotation in a chosen
plane through 90°. Then, J? = —1, and J defines a complex structure on S,. The
complexified space S¢ can be represented as a direct sum S;7 @ S, where

SE ={ueS¢: Ju=~+iu}.

Let H be the subspaces of D¢ projecting onto S by a canonical map DS — S¢.
It is easy to see that

HfnH; =L, Hf+H, =Dt

Each HF is a (maximal) 2-dimensional lightlike subspace of TSM. The fact that
a CR structure, with a lightlike distribution D and a maximal holomorphic space,
say H;, can be locally realized on M, comes from the famous Riemann mapping
theorem: Any smooth bounded simply connected region in the Argand plane C' is
holomorphically identical with a unit disc.

Note that Poincaré, back in 1907, pointed out that the Riemann mapping the-
orem for C' has no analogue in higher complex dimension. This is why, in general,
non-realizable CR structures may exist [329] for the case of higher-dimensional
complex manifolds.

Relating the above discussion with the theory of CR-lightlike hypersurfaces of
Kéhler manifolds, let {E,} = {l, k, m,m} be the Newman-Penrose (NP) formalism
at each point 2 of T, M. Suppose M is a hypersurface of M. If the Jacobian
matrix of the map f : M — M is of rank 2 everywhere, then, M is a lightlike
hypersurface of M. We know from [228] that such a hypersurface can be obtained
by the equation Ey = 0 or E; = 0 if it is completely integrable. Set Ey = 0.
Examples are lightlike hypersurfaces of asymptotically flat spacetime [228] M,
where M can be endowed with Flaherty’s [190] modified Hermitian or Kihlerian
structure.

Remark 9.4.2. (a) Since the 1996 Duggal-Bejancu book [149] included very limited
information on the geometry of lightlike CR-submanifolds, we hope that the pub-
lication of new and deeper results (as presented in Chapter 6 of this volume) will
stimulate the readers to do more work on applications of lightlike CR-geometry in
physics.
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(b) The readers may also be interested in works of Flaherty [190] on appli-
cations of modified Hermitian or Kéhlerian structures in relativity and Penrose
[328] on Physical spacetime and non-realizable CR-structure and in particular ref-
erence to his work on the Twistor geometry of light rays [329], Robinson-Trautman
[335] on Cauchy-Riemann structures in optical geometry and many other related
references therein. Also, see the recent article by Dragomir and Duggal [130] on
indefinite extrinsic spheres.

9.5 Lightlike contact geometry in physics

The theory of contact manifolds has its roots in differential equations, optics and
phase space of a dynamical system (for details see Arnold [9], Maclane [292] and
Nazaikinskii [304] and many more references therein). We refer to basic information
on contact manifolds as presented in Chapter 7. In thermodynamics, there is an
example due to Gibbs which is given by a contact form du — T'ds + pdv ( u is
the energy, T is the temperature, s is the entropy, p is the pressure and v is the
volume) whose zeros define the laws of thermodynamics. Details may be seen in
Arnold [9]. Also, see a recent paper by Philippe Rukimbira [340] on Energy, volume
and deformation of contact metrics. In 1990, Duggal [134] initiated the study of
contact geometry of odd-dimensional spacetime manifolds. We prefer explaining
this concept by means of the following two Models:

Model 1. Consider a (2n + 1)-dimensional Minkowski spacetime (M, g) with local
coordinates (z*, y*, t) and i = 1,...,n. M being time oriented admits a global
timelike vector field, say £. Define a 1-form n = % (dt—>"7 y'dz') so that £ = 20,.
With respect to the natural field of frames {0, ; 0y, 0 }, define a tensor field ¢
of type (1, 1) by its matrix

On,n In On7 1

(¢) = - In On, n On7 1
OLn - yl 0

Define a Lorentzian metric g with line element given by
1 < i i
ds® = 2 D ((da")* + (dy')*) —n@n}.
1

Then, with respect to an orthonormal basis {E;, E,1;, £} such that
E;=20;, E,ii=20nh1i,
QE; =2(9; —y' 0y),
¢ Epyi =2(0; +y' 0),

it is easy to verify that the spacetime (M, ) has a Sasakian structure. For the
Riemannian case, we refer to Blair [66, page 99] in which it is shown that R?"+!
is a Sasakian space form with sectional curvature ¢ = — 3.
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Model 2. Let (N, G, J) be a 2n-dimensional almost Hermitian manifold defined by
JP=—1 GUX,JY)=G(X,Y), VX,Y eI (TN),

where (N, G) is a compact Riemannian manifold. Construct a globally hyperbolic
spacetime M = {R® N, g = —dt? + G} (see Section 3 of Chapter 1). Denote
a vector field on M by X = (n(X) 4, X) where X is tangent to N, ¢ and 7 are
the time coordinate of R and a 1-form on M, respectively. Set 7 = dt so that

€= (4£,0) is a global timelike vector field on M. Then,

¢(77(X) 7X):(Oa JX)7

Sl

7 ((003) 552 X0, 07) 1)) = GO Y) = n(X) (),

One can verify that M is an almost contact manifold. Thus, an odd-dimensional
globally hyperbolic spacetime can carry an almost contact structure. As explained
in Model 1, one can show that, with respect to the Lorentzian metric g, (M, g)
can carry a contact structure. Examples: odd-dimensional Minkowski and de Sitter
spacetimes, the Lorentz sphere and Robertson-Walker spacetime.

With the above information, one can construct a variety of submanifolds of
Lorentzian contact (or Sasakian) manifolds using the theory given in Chapter 7. It
is also clear from Model 2 that contact and Hermitian manifolds are interrelated as
odd- and even-dimensional manifolds, respectively. Moreover, it is easy to see from
the above models that locally any Sasakian manifold is a line bundle over a Ké&hler
manifold. Therefore, Lorentzian Sasakian manifolds are timelike line bundles over
indefinite Kéahler manifolds.

The traditional way of studying physical objects in 4-dimensional spacetime
has recently changed and even- or odd-dimension or higher than 4-dimension of
landing space depends on the type of physical problem. Now one needs eleven
dimensions in the latest Theory Of Every Thing as an attempt to unite all the
forces of the universe. Consequently, an odd dimension of contact landing space
should work equally well in physical applications.

However, since the mathematical theory of lightlike contact geometry is just
being developed (almost all new research results are presented in Chapter 7 of
this volume), at present the applications are very rare. There are some isolated
examples or papers in which we find physical results on lightlike (or degenerate)
objects of contact or odd-dimensional landing manifolds (such as de Sitter space-
time S7"!). Following are the ones we know:

Osserman lightlike hypersurfaces. For this example we refer to the notation and
the material discussed in Section 6 of Chapter 3. Consider (M, g) a real lightlike

hypersurface of an indefinite almost Hermitian manifold (M,g,.J), where g is a
semi-Riemannian metric of constant index. It is easy to check that {&, N} is being
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a normalizing pair such that Rad TM = Sp{¢} and ltr(TM) = Sp{N }. Moreover,
J(TM*Y) @ J(tr(TM)) is a vector sub-bundle of S(T'M). Then,
S(TM) = {J(TM*) @ J(tr(TM))} L Dy,

with Dy a non-null almost complex distribution with respect to J. Thus,

TM = {J(TM*) @ J(tr(TM))} L Do @oren TM*. (9.5.1)
Now, consider the almost complex distribution

D ={TM" @orn J(TM")} @oren Do,

and let S denote the projection morphism of TM on D. Put U = —JN and
V = —J&. Then, for all X € TM,

X = SX +u(X)U, (9.5.2)
with u = g(-, V) a local 1-form on M. It follows that
JX = FX +u(X)N,
with -
FX = JSX, VX eTM.

Clearly, we have
F2X = - X +u(X)U, w(U)=1.

Thus, provided £ and N are globally defined on M, (F,u,U) defines an almost
contact structure on M.
We construct an algebraic curvature map R on M using F as follows:
RE (x,y, z,w) = ((Fy, 2) + (y, F2))((Fz,w) + (z, Fw))
— (Fz,2) + (z, F2)) ((Fy,w) + (y, Fw)),

for all x,y, z,w € T,M, p € M. It is easy to check that such an R’ is an algebraic
curvature map on M. Put v = (e, U) and get

(Fz,y) + {z, Fy) = u(x)v(Fy) + u(y)v(Fz). (9.5.3)

Now, we compute the pseudo-Jacobi operator Jrr(z) for z € Sp,(M), p € M. We

have for all y in 2=,

JRF (x)y = RF(y,x,x, .)ﬁg
= [2(Fa,z)((Fy, ) + (y, F(s)))
— (Fy,z) + (y, Fa))((Fz, ) + (z, F(e)))]* .
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Then, using (9.5.3) leads to
Jre(@)y = 2u(z)o(Fz) [u(y)(vo F)¥ + v(Fy)u’]
— (u(z)o(Fy) + uly)o(Fz)) [u(z)(vo F) +v(Fa)u®] .

Using (9.5.2) and the Hermitian structure of (M,g,J) we obtain v o F = —.
Then, (vo F)fs = —¢. Also, since u(¢) = 0, we have ufs = —J¢. Thus,

Jrr (v)y = U( ) [n(@)uly) —n(y)u(@)]
+ (@) [n(x)uly) — n(y)ulz

7ax%

&.

~

This implies

Tpe () = [n(x)u(e) — n(e)u(@)] (u(@)§ +n(x)JE) .

Observe that the pseudo-Jacobi operator Jgpr(z), z € S,M, has values in the
holomorphic plane TM~* @open J(TM™).

Proceeding as given in Section 6 of Chapter 3, one can show that (M, g) is a
lightlike Osserman hypersurface (Wi:ﬁh an almost contact structure) of an indefinite
almost Hermitian manifold (M, g, J).

Lightlike hypersurfaces with conformal structure. Akivis-Goldberg [2] have stud-
ied singular points of lightlike hypersurfaces of the de Sitter space Sf“. They
establish a connection of the geometry of S{H'l with the geometry of the conformal
space C"™ as follows: S"+1 admits a realization on the exterior of an n-dimensional
oval hyper-quadratic Q" of a projective space P™t!. Thus, it is isometric to a
pseudo-elliptic space which is exterior to Q™. Moreover, the interior of Q" is iso-
metric to the Lobachevski space H"1. Hence the geometry of Q™ is equivalent to
the geometry of the conformal space C", which proves the assertion. Using this,
the authors proved that the geometry of lightlike hypersurfaces of S7'*! is directly
connected with the geometry of hypersurfaces of C". They constructed an invari-
ant normalization and an invariant affine connection of a lightlike hypersurface.

Since S can admit a contact (or Sasakian) structure, the above approach

of Akivis-Goldberg opens a possible line of research on lightlike hypersurfaces of a
contact (or Sasakian) de Sitter space. Also, see Fusho and Izumiya [196] who have
studied lightlike surfaces of spacelike curves in de Sitter 3-space and investigated
the geometric meanings of the singularities of such surfaces.
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null Gaussian curvature, 403

null limit technique, 129

null scroll, 397

null sectional curvature, 184, 249,
402, 430

null space, 43

null string, 399

nullity degree, 30, 43

orthogonal direct sum, 5
orthogonally transitive, 108
Osserman manifold, 142
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Osserman tensor, 143
Otsuki connection, 197

past directed curve, 109
photon surface, 397

product manifold, 22
projective tensor, 97

proper semi-Euclidean space, 3
proper semi-Riemannian manifold, 11
pseudo Jacobi operator, 146
pseudo-hyperbolic space, 17
pseudo-inverse of g, 134
pseudo-sphere, 17

pullback bundle, 221

pullback connection, 221

QR-lightlike submanifold, 372

D-geodesic, 377

mixed foliate, 380

mixed geodesic, 378

totally umbilical, 381
QR-submanifold, 358

D-geodesic, 359
quasi-orthonormal basis, 3
quaternion CR-submanifold, 356

of minimal codimension, 357

proper, 356

QR-product, 357
quaternion distribution, 356
quaternion lightlike distribution, 373
quaternion lightlike submanifold, 367
quaternion submanifold, 356
quaternionic 4-plane, 350
quaternionic sectional curvature, 350

radical, 5

radical distribution, 31, 44
Killing, 76
parallel, 76

Raychaudhuri equation, 98

Ricci flat, 16, 28

Ricci semi-symmetric manifold, 85

Ricci tensor, 177

Riemannian, 11

473

Riemannian submersion, 417
ruled surface, 397
null geodesic, 399
timelike, 397

Sasakian manifold, 306
Sasakian space form, 306
scalar curvature, 65
genus zero, 71
scalar product, 1
Schwarzschild solution, 115
screen Cauchy Riemann lightlike
submanifold, 255
SCR-lightlike submanifold, 255
anti-holomorphic, 257
mixed geodesic, 263
proper, 256
SCR-lightlike product, 264
totally umbilical, 265
screen conformal lightlike
submersion, 425
radical homothetic, 428
screen homothetic, 428
screen CR-lightlike submanifold, 392
proper, 392
totally umbilical, 394
screen distribution, 31, 44, 158, 192
¢-distinguished, 104
admissible, 150
canonical, 57, 165
first derivative of, 60, 166, 203
natural, 63
totally geodesic, 172
totally umbilical, 151, 172
unique, 204
screen Kéhlerian manifold, 243
screen lightlike submersion, 418
screen quaternion-real lightlike sub-
manifold, 384
lightlike product, 389
proper, 384
SQR-lightlike submanifold, 384
totally umbilical, 389
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screen real lightlike submanifold, 368
irrotational, 252
totally umbilical, 371
screen real submanifold, 250, 326
screen second fundamental form, 47,
159, 197
screen shape operator, 47
screen slant lightlike submanifold, 294
minimal, 303
screen subspace, 5
screen transversal bundle, 158
screen transversal connection, 197
screen transversal lightlike submani-
fold, 282
screen transversal totally real light-
like submanifold, 283
screen transversal vector bundle, 192
second fundamental form, 43, 159, 161,
196, 198, 221, 408, 431
parallel, 94
sectional curvature, 17, 143
semi-Euclidean metric, 1
semi-Euclidean vector space, 1
semi-parallel hypersurface, 86
semi-Riemannian hypersurface, 42
totally geodesic, 43
totally umbilical, 43
semi-Riemannian manifold, 11
semi-Riemannian metric, 11
semi-Riemannian warped product, 26
semi-symmetric manifold, 85
shape operator, 43, 160, 196, 198
shear tensor, 98, 104
signature, 2
slant angle, 241
slant lightlike submanifold, 286
minimal, 291
proper, 286
slant submanifold, 241
Kahlerian, 241
proper, 241
totally umbilical, 242
spacelike Osserman, 144

Index

spacetime
anti-de-Sitter, 73
asymptotically flat, 27, 73
Bertotti-Robinson, 416
chronological, 114
de-Sitter, 73
Einstein Maxwell, 415
exterior Schwarzschild, 28
globally hyperbolic, 25
globally hyperbolic warped

product, 30

Minkowski, 73
Reissner-Nordstrom, 29, 73
Robertson-Walker, 27, 73
Schwarzschild, 28, 73
spherically symmetric, 28
static, 27, 28, 114
stationary, 27, 114
strongly causal, 109
vacuum, 115

spacetime manifold, 12

sphere S™(r), 17

stationary lightlike manifold, 419

strong energy condition, 101

submersions, 23

symmetrized induced Ricci tensor,

137

tension field, 221, 408
tidal force operator, 103
time orientable Lorentz manifold, 12
timelike Cauchy completeness, 26
timelike Osserman, 144
totally lightlike submanifold, 191
totally real 2-plane, 350
totally real curvature, 236
totally real lightlike submanifold, 280
totally real sectional curvature, 350
totally real submanifold, 238, 356
transversal bundle, 194
transversal linear connection, 196
trapped surface, 117

marginally, 117

marginally outer, 117
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trapping boundary, 117

vector field
¢-related, 425
basic, 418, 426
characteristic, 59
complete, 19
horizontal lift, 418
parallel, 13
projectable, 425
screen lift, 426
volume expansion, 98
vorticity tensor, 98, 104
vorticity vector, 98

warped product manifold, 24

weak energy condition, 100
Weingarten formulae, 197

Weyl conformal curvature tensor, 16
Wirtinger angle, 241
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