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Preface

Since the second half of the 20th century, the Riemannian and semi -Riemannian
geometries have been active areas of research in differential geometry and its ap-
plications to a variety of subjects in mathematics and physics. A recent survey in
Marcel Berger’s book [60] includes the major developments of Riemannian geom-
etry since 1950, citing the works of differential geometers of that time. During the
mid 1970s, the interest shifted towards Lorentzian geometry, the mathematical
theory used in general relativity. Since then there has been an amazing leap in the
depth of the connection between modern differential geometry and mathematical
relativity, both from the local and the global point of view. Most of the work on
global Lorentzian geometry has been described in a standard book by Beem and
Ehrlich [34] and in their second edition in 1996, with Easley.

As for any semi-Riemannian manifold there is a natural existence of null
(lightlike) subspaces, in 1996, Duggal-Bejancu published a book [149] on the light-
like (degenerate) geometry of submanifolds needed to fill an important missing
part in the general theory of submanifolds. Since then the large number of papers
published on lightlike hypersurfaces and general theory of submanifolds of semi-
Riemannian manifolds has created a demand for publication of this volume as an
update on the study of lightlike geometry.

The objective is to focus on all new geometric results (in particular, those
available only after publication of the Duggal–Bejancu book) on lightlike geometry
with proofs and their physical applications in mathematical physics.

Chapter 1 covers preliminaries, followed by up-to-date mathematical results
in Chapters 2, 4 and 5 on lightlike hypersurfaces, half-lightlike, coistropic and r-
lightlike submanifolds of semi-Riemannian manifolds, respectively. Due to degen-
erate induced metric of a lightlike submanifoldM , we use a non-degenerate screen
distribution S(TM) to project induced objects on M . Unfortunately, S(TM) is
not in general unique. Since 1996 considerable work has been done in the search
for canonical or unique screens. We highlight that each of these three chapters
contain theorems on the existence of unique screen distributions subject to some
reasonable geometric conditions. Chapter 3 is focused on applications of light-
like hypersurfaces in two active ongoing research areas in mathematical physics.
First, we deal with black hole horizons. We prove a Global Null Splitting Theorem
and relate it with physically significant works of Galloway [197], Ashtekar and
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Krishnan’s works [16] on dynamical horizons and Sultana-Dyer’s work [378, 379]
on conformal Killing horizons, with references to a host of related researchers.
Secondly, we present the latest work on Osserman lightlike hypersurfaces [20].

Motivation of Chapters 6–9 comes from the historical development of the
general theory of Cauchy-Riemann (CR) submanifolds [45] and their use in math-
ematical physics, as follows:

In the early 1930s, Riemannian geometry and the theory of complex variables
were synthesized by Kähler [250] whose work developed (during 1950) into complex
manifold theory [169, 302]. A Riemann surface, Cn and its projective space CPn−1

are simple examples of complex manifolds. This interrelation between the above
two main branches of mathematics developed into what is now known as Kählerian
and Sasakian [367] geometry. Almost complex [407], almost contact [66, 68] and
quaternion Kähler manifolds [239, 366] and their complex, totally real, CR and
slant submanifolds [45, 99, 102, 314, 410] are some of the most interesting topics
of Riemannian geometry. By a CR submanifold we mean a real submanifold M
of an almost Hermitian manifold (M̄, J, ḡ), carrying a J-invariant distribution
D (i.e., JD = D) and whose ḡ-orthogonal complement is J-anti-invariant (i.e.,
JD⊥ ⊆ T (M)⊥), where T (M)⊥ → M is the normal bundle of M in M̄ . The
CR submanifolds were introduced as an umbrella of a variety (such as invariant,
anti-invariant, semi-invariant, generic) of submanifolds. Details on these may be
seen in [45, 102, 412, 413]. On the other hand, a CR manifold (independent of its
landing space) is a C∞ differentiable manifold M with a holomorphic subbundle
H of its complexified tangent bundle T (M)⊗C, such that H ∩ H̄ = {0} and H is
involutive (i.e., [X,Y ] ∈ H for every X,Y ∈ H). For an update on CR manifolds
(which is out of the scope of this book) we refer two recent books [132] by Dragomir
and Tomassini and [26] by Barletta, Dragomir and Duggal. Here we highlight that
Blair and Chen [69] were the first to interrelate these two concepts by proving that
proper CR submanifolds, of a Hermitian manifold, are CR manifolds. Since then
there has been active interrelation between the geometries of real and complex
manifolds, with physical applications. Complex manifolds have two interesting
classes of Kähler manifolds, namely, (i) Calabi-Yau manifolds with application to
super string theory (see Candelas et al. [90]) and (ii) Teichmuller spaces applicable
to relativity (see Tromba [396]).

The study of the above mentioned variety of geometric structures was pri-
marily confined to Riemannian manifolds and their submanifolds, which carry a
positive definite metric tensor, until in early 1980, when Beem-Ehrlich [34] pub-
lished a book on Global Lorentzian Geometry, a paper by Barros and Romero [28]
on Indefinite Kähler Manifolds and a book by O’Neill [317] on Semi-Riemannian
Geometry with Applications to Relativity. Since then a considerable amount of
work has been done on the study of semi-Riemannian geometry and its subman-
ifolds, in particular, see a recent book by Garćıa-Rı́o et al. [201], Sharma [373]
and Duggal [133, 135, 136], including the use of indefinite Kählerian, Sasakian
and quaternion structures. As a result, now we know that there are similarities
and differences between the Riemannian and the semi-Riemannian geometries, in
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particular, reference to the Lorentzian case used in relativity. In the case of light-
like submanifolds, its geometry is quite different than the counter part of non-
degenerate submanifolds. To highlight this, in Duggal-Bejancu’s book [149] there
is a discussion on CR lightlike submanifolds of an indefinite Kähler manifold. Un-
fortunately, contrary to the non-degenerate case, CR lightlike submanifolds are
non-trivial (i.e., they do not include invariant (complex) and real parts). To fill in
this needed information, in Chapter 6 we present the latest work of the authors
[159, 160] leading to a new class called Generalized CR lightlike submanifolds which
represents an umbrella of invariant, screen real and CR lightlike submanifolds. We
also present lightlike versions of slant submanifolds and totally real submanifolds.

Motivated by a significant use of contact geometry in differential equations,
optics and phase space of a dynamical system (see details in Arnold [9], Maclane
[292] and Nazaikinskii [304] and many more references therein), in Chapter 7, we
present the first-ever collection of the authors’ recent work [161, 162] on lightlike
submanifolds of indefinite Sasakian manifolds, leading up to another umbrella of
invariant, screen real and contact CR-lightlike submanifolds. We highlight that
Chapters 6 and 7 fulfill the purpose (see Bejancu [45]) of having an umbrella of
all possible lightlike submanifolds of indefinite Kählerian and Sasakian manifolds.

In Chapter 8, we study lightlike submanifolds of indefinite quaternion Kähler
manifolds, using the concept of QR-lightlike, screen QR-lightlike and quaternion
CR-lightlike submanifolds and give many examples.

In Chapter 9, we present applications of lightlike geometry to null 2-surfaces
in spacetimes, lightlike version of harmonic maps and morphisms, CR-structures
in general relativity and lightlike contact geometry in physics. Results included
in this volume should stimulate future research on lightlike geometry and its ap-
plications. To the best of our knowledge, there does not exist any other book
covering the material in this volume, other than a fresh and improved version
of a small part from [149]. Equations are numbered within each chapter and its
section. To illustrate this, a triplet (a, b, c) stands for each equation such that a, b
and c are labeled for the chapter, the section and the number of equation in that
section accordingly. There is an extensive list of bibliography and subject index.
Our approach, in this book, has the following special features:

• Extensive list of cited references on semi-Riemannian geometry and its non-
degenerate submanifolds is provided for the readers to easily understand the
main focus on lightlike geometry.

• Each chapter starts with basic material on the no-degenerate submanifolds
needed for that chapter. We expect that this approach will help readers to
understand each chapter independently without knowing all the prerequisites
in the beginning.

• The sequence of chapters is arranged so that the understanding of a chapter
stimulates interest in reading the next one and so on.
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• Physical applications are discussed separately (see Chapters 3 and 9) from
the mathematical theory.

• Overall the presentation is self contained, fairly accessible and in some special
cases supported by references.

This book is intended for graduate students and researchers who have good knowl-
edge of semi-Riemannian geometry and its submanifolds and interest in the theory
and applications of lightlike submanifolds. The book is also suitable for a senior
level graduate course in differential geometry.

This work was supported through an operating grant of the first author (Dug-
gal), awarded by the Natural Sciences and Engineering Research Council (NSERC)
of Canada. Most of the work presented in this book was conceived and developed
during a visit of the second author (Sahin) to the university of Windsor in 2003, a
follow up collaboration and Dr. Sahin’s second visit in 2007. Dr. Sahin is grateful
to the Scientific and Technological Research Council of Turkey (TUBITAK) for a
PDF scholarship and the university of Windsor for appointing him visiting scholar
and its department of mathematics and statistics for hospitality and kind support.

Both authors are thankful to all authors of books and articles whose work
they have used in preparing this book. Last, but not the least, we are grateful
to the publisher for their effective cooperation and excellent care in publishing
this volume. Constructive suggestions (towards the improvement of the book) by
reviewers is appreciated with thanks. Any further comments and suggestions by
the readers will be gratefully received.

Krishan L. Duggal
Bayram Sahin



Notation

R Real numbers.
Rn n− tuples of real numbers.
‖‖; Norm.
∧ Null cone.
Rn

q Semi-Euclidean space of constant index q.
RadW Radical subspace of W .
SW Screen subspace of W
[g] Matrix of g.
W⊥ Perpendicular space of W .
M Manifold.
TxM Tangent space at x.
TM Tangent bundle.
R Riemann curvature tensor.
Ric Ricci tensor.
Q Ricci operator.
r Scalar curvature.
C(X,Y )Z Weyl conformal curvature tensor.
K(π) Sectional curvature of plane π.
Sn(r) A sphere of radius r.
Hn n− dimensional hyperbolic space.
Sn

q (r) Pseudo-sphere.
Hn

q (r) Pseudo-hyperbolic space.
grad f Gradient of function f .
Hf Hessian of function f .
LV Lie derivative with respect to V .
[, ] Lie operator.
D Distribution.
f∗ derivative map of f .
M ×N Product manifold of M and N .
φ∗ Pullback map.
RadTxM Radical subspace of TxM .
dω Exterior derivation.
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S−(M) Unit timelike bundle of (M, g).
S+(M) Unit spacelike bundle of (M, g).
S(TM) Unit non-null bundle of (M, g).
R(., Z)Z Jacobi operator with respect to Z.
expx Exponential map of M at x.
M Lightlike hypersurface.
Rad(TM) Radical distribution.
S(TM) Screen distribution.
ltr(TM) Lightlike transversal bundle of M .
⊕orth Orthogonal direct sum.
B Local second fundamental form of a hypersurface.
h� Lightlike second fundamental form of a lightlike submanifold.
hs Screen transversal second fundamental form of a lightlike submf.
AV Shape operator of M
h∗ Screen second fundamental form.
A∗ Screen shape operator of S(TM).
C(X,PY ) Local screen fundamental form.
Ric(X,Y ) Ricci tensor of M .
g̃ Pseudo-inverse metric.
RZX Jacobi operator to Z.
R.R Curvature operator corresponding to R.
S First derivative of a screen distribution.
VC Complexification of a real vector space.
J Complex structure on a vector space.
(V,R, J) Real vector space with complex structure.
(V,C, J) Complex vector space.
NJ Nijenhuis tensor field of J .
K Kähler scalar.
Cn

q Indefinite complex space form as c = 0.
CPn

q (c) Indefinite complex space form as c > 0.
CHn

q (c) Indefinite complex space form as c < 0.
θ Volume expansion.
σab shear tensor.
ωab vorticity tensor.
∇F� second fundamental form.
τ tension field.





Chapter 1

Preliminaries

1.1 Semi-Euclidean spaces

Denote by R the set of real numbers and Rn their n-fold Cartesian product
R × . . .× R, the set of all ordered n-tuples (x1, . . . , xn). Define a function

d : Rn × Rn, where d(x, y) = ||x− y||
for every pair (x, y) of the points x, y ∈ Rn. This function d is known as the
Euclidean metric in Rn. Then, we call Rn with the metric d the n-dimensional
Euclidean space. Consider V a real n-dimensional vector space with a symmetric
bilinear mapping g : V × V → R. We say that g is positive (negative) definite
on V if g(v, v) > 0 (g(v, v) < 0) for any non-zero v ∈ V. On the other hand, if
g(v, v) ≥ 0 (g(v, v) ≤ 0) for any v ∈ V and there exists a non-zero u ∈ V with
g(u, u) = 0, we say that g is positive (negative) semi-definite on V.

Let B = {u1, . . . , un} be an arbitrary basis of V . Then, g can be expressed
by an n× n symmetric matrix G = ( gij ), where

gij = g(ui, uj), (1 ≤ i, j ≤ n).

G is called the associated matrix of g with respect to the basis B. In another
way rankG = n ⇐⇒ g is non-degenerate on V. The non-degenerate g on V is
called a semi-Euclidean metric (scalar product). Then (V, g) is a semi-Euclidean
vector space, for which g(u, v) = u · v where · is the usual dot product. For a
semi-Euclidean V �= 0, there exists an orthonormal basis E = {e1, . . . , en} with

g(v, v) = 〈v, v〉q = −
q∑

i=1

(vi)2 +
q+p∑

a=q+1

(va)2, (1.1.1)

where q + p = n and (vi) are the coordinate components of v with respect to E.
Thus, with respect to (1.1.1), G is a diagonal matrix of canonical form:

diag(− . . . − + . . . +). (1.1.2)
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The sum of these diagonal elements (also called the trace) of the canonical form
is called the signature of g and the number of negative signs in (1.1.2) is called
the index of V. Three special cases are important both for geometry and physics.
First, g is positive (negative) definite for which V is Euclidean with zero index.
Second, if the index of g is 1, then g is called a Minkowski metric and V is called a
Minkowski space, used in special relativity. Third, if there exists onV a degenerate
g, then we say that V is a lightlike vector space with respect to g. The third case is
the focus of study in this book when we consider differential geometry of lightlike
submanifolds in Chapters 2 through 9.

Define a mapping (called norm), of a semi-Euclidean V, by

‖ · ‖: V → R ; ‖ v ‖ = | g(v, v) | 12 , ∀v ∈ V.

‖ v ‖ is called the length of v. A vector v is said to be

spacelike , if g(v, v) > 0 or v = 0,
timelike, if g(v, v) < 0,
lightlike (null, isotropic), if g(v, v) = 0 and v �= 0.

The set of all null vectors in V, denoted by Λ, is called the null cone of V, i.e.,

Λ = {v ∈ (V − {0}), g(v, v) = 0}.

For a semi-Euclidean V, a unit vector u is defined by g(u, u) = ±1 and, as in the
case of Euclidean spaces, we say that u is of length 1. In case g is semi-definite,
orthogonal vectors (i.e., u ⊥ v if g(u, v) = 0) are not necessarily at right angles to
each other. For example, a null vector is a non-zero vector that is orthogonal to
itself. Since, in general, a semi-Euclidean V has three types of vectors (spacelike,
timelike, lightlike), it is some times desirable to transform a given orthonormal
basis E = {e1, . . . , en} into another basis which contains some null vectors. To
construct such a basis we let {e1, . . . , ep} and {ep+1, . . . , ep+q}, p+ q = n, be unit
timelike and spacelike vectors, respectively. In general, the following three cases
arise:

Case 1 (p < q). Construct the vectors

Ni =
1√
2
(ep+i + ei); N�

i =
1√
2
(ep+i − ei). (1.1.3)

Here each Ni and N�
i are null vectors which satisfy

g(Ni, Nj) = g(N�
i , N

�
j ) = 0, g(Ni, N

�
j ) = δij , (1.1.4)

i, j ∈ {1, . . . , p}. Thus {N1, . . . , Np, N
�
1 , . . . , N

�
p , e2p+1, . . . , e2p+q = en} is a basis

of V which contains 2p null vectors and q − p spacelike vectors.
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Case 2 (q < p). For this case we set

Na =
1√
2
(ep+a + ea), N�

a =
1√
2
(ep+a − ea), (1.1.5)

to obtain the relations (1.1.4) but with i, j replaced by a, b ∈ {1, . . . , q}. Then, the
basis of V contains 2q null vectors {N1, . . . , Nq, N

�
1 , . . . , N

�
q } and p − q timelike

vectors {eq+1, . . . , ep}.
Case 3 p = q. This is a special case for which n = 2p = 2q is even and the null
transformed basis of V is {N1, . . . , Np, N

�
1 , . . . , N

�
p}.

V is a proper semi-Euclidean space if p ·q �= 0. In general, there exists a basis

B = {N1, . . . , Nr, N
�
1 , . . . , N

�
r , u1, . . . , us} (1.1.6)

for a proper semi-Euclidean space (V, g), called a quasi-orthonormal basis which
satisfies the following conditions:

g(Ni, Nj) = g(N�
i , N

�
j ) = 0; g(Ni, N

�
j ) = δij ,

g(ua, Ni) = g(ua, N
�
i ) = 0; g(ua, ub) = εaδab, (1.1.7)

for any i, j ∈ {1, . . . , r}, a, b ∈ {1, . . . , s}, 2r + s = n and εa = ±1.
Throughout this book, we set the form of the signature of g as given by

(1.1.2), unless otherwise stated. Also, we identify an n-dimensional vector space
V over R with Vn

q a semi-Euclidean space of constant index q > 0 if V has an
indefinite inner product and Rn is a Euclidean space.

Electromagnetism in a Minkowski space R4
1. Here is an example of semi-Euclidean

spaces representing some physical objects. Let R4
1 be the 4-dimensional Minkowski

spacetime with the Galilean coordinates (ct = xo, x1, x2, x3), where c is the velocity
of light. Thus, the semi-Euclidean metric is given by

g(x, y) = − xoyo + x1y1 + x2y2 + x3y3 , ∀x, y ∈ R 4
1 .

The associated matrix G, of g, with respect to an orthonormal basis is the diagonal
matrix given by

G = [g ab] =

⎡⎢⎢⎣
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦ ,
where a, b, c, . . . ∈ {0, 1, 2, 3}. In the sequel, we set ∂

∂x a = ∂ a. Suppose X = Xa∂a

(Einstein sum in a) is a spacelike vector field, where Xa has partial derivatives
with respect to the spacetime coordinates. Then, the Curl and the divergence of
X are given by

CurlX = (∂ 2X
3 − ∂ 3X

2)∂ 1 + (∂ 3X
1 − ∂ 1X

3)∂ 2 + (∂ 1X
2 − ∂ 2X

1) ∂ 3 ,

divX = ∂ 1X
1 + ∂ 2X

2 + ∂ 3X
3 ,
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respectively. Also, ∂ aX = ∂aX
b∂ b. The Maxwell’s equations are:

CurlH − 1
c

∂E

∂t
= 4 π ρ

v

c
, divE = 4 π ρ,

CurlE +
1
c

∂H

∂t
= 0 , divH = 0 ,

where H and E are the magnetic and electric fields respectively, ρ is the charged
density and v is the local velocity of the charge. The current density J̇ = ρv and
ρ are the sources of H and E. The Maxwell equations are consistent with the
continuity equation

∂ρ

∂t
+ div(ρ v) = 0 .

Note that in vacuum, ρ = 0 and, therefore, the Maxwell equations reduce to

CurlH − 1
c

∂E

∂ t
= 0 , divE = 0 ,

CurlE +
1
c

∂H

∂ t
= 0 , divH = 0 .

Furthermore, there exists a 3-dimensional spacelike vector field A and a scalar
potential φ such that

H = CurlA ,

E = − gradφ − 1
c

∂A

∂ t
.

Taking into account that our metric is of signature (− + ++), we introduce a
4-vector Φ with components

Φ = (Φ0, Φ1, Φ2, Φ3 ) = (φ, A1, A2, A3)

whose covariant components are Φo = −φ, Φi = Ai (i = 1, 2, 3). Thus, we obtain
the following expression of the components of H and E:

H1 = ∂ 2Φ3 − ∂ 3Φ2 , E1 = ∂1Φo − ∂oΦ1 ,

H2 = ∂ 3Φ1 − ∂1Φ3 , E2 = ∂ 2Φo − ∂oΦ2 ,

H3 = ∂1Φ2 − ∂ 2Φ1 , E3 = ∂ 3Φo − ∂oΦ3 ,

since φ = ct. The above six components of H and E can be presented in a unified
form as the covariant components of a second-order skew-symmetric tensor field
F = (Fa b), in the following way:

Fa b = ∂a Φb − ∂b Φa , a, b ∈ {0, 1, 2, 3} .

The above equation is also applicable to a general curvilinear coordinate system
used in general relativity. However, here we call F , in the Galilean coordinates, the
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Minkowski electromagnetic tensor field. Thus, the 4× 4 matrices of the covariant
and the contravariant components of F are:

[Fa b] =

⎡⎢⎢⎣
0 −E1 −E2 −E3

E1 0 H3 −H2

E2 −H3 0 H1

E3 H2 −H1 0

⎤⎥⎥⎦ ,
[
F a b

]
=

⎡⎢⎢⎣
0 E1 E2 E3

−E1 0 H3 −H2

−E2 −H3 0 H1

−E3 H2 −H1 0

⎤⎥⎥⎦ .
To express the Maxwell equations in tensor form, we introduce the electric

current vector J = (Jo, J1, J2, J3) = (ρ c, ρ v1, ρ v2, ρ v3). Then, by using the above
Maxwell equations assume the following form:

F a b
; b =

4 π
c
Ja ,

Fb c ; a + Fc a ; b + Fa b ; c = 0 ,

respectively. Therefore, the Maxwell equations have a tensorial form which is valid
for any system of coordinates.

Subspaces. Let (W, g) be a real n-dimensional lightlike vector space. The Radical
of W , with respect to g, is a subspace RadW of W defined by

RadW = {ξ ∈W ; g(ξ, v) = 0, v ∈W}.

Then, a subspace of W may not be degenerate. To support this assertion we prove
the following general result.

Proposition 1.1.1. [149] Let (W, g) be a real n-dimensional lightlike vector space
such that dim(RadW ) = r < n. Then any complementary subspace to RadW is
non-degenerate.

Proof. Let SW be a complementary subspace to RadW in W i.e., we have the
decomposition

W = RadW ⊕orth SW (1.1.8)

where⊕orth denotes the orthogonal direct sum. Suppose there exists a non-zero u ∈
SW such that g(u, v) = 0 for any v ∈ SW . (1.1.8) implies g(u, ξ) = 0, ∀ξ ∈ RadW
Therefore, u ∈ RadW . But RadW and SW being complementary subspaces, SW
is non-degenerate, which completes the proof. �

A complementary subspace SW to RadW in W is called a screen subspace
of W . As SW is non-degenerate with respect to g, it is a semi-Euclidean space.
Then, there exists an orthonormal basis {ur+1, . . . , un} of SW . Thus a basis of
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W adapted to (1.1.8) is B = {f1, . . . , fr, ur+1, . . . , un} where fi ∈ RadW , i ∈
{1, . . . , r}. Since RadW is orthogonal to W , we conclude that the matrix of g
with respect to B is of the form:

[g] =
[

Or , r Or , n−r

On−r , r εa δab

]
, a, b ∈ {r + 1, . . . , n} , εa = g (ua, ua) .

Let (V, g) be an n-dimensional semi-Euclidean space and W be a subspace of
V . In case g|W

is degenerate we say that W is a lightlike (degenerate) subspace.
Otherwise, we call W a non-degenerate subspace. Next, consider the subspace

W⊥ = {v ∈ V ; g(v, w) = 0 , ∀w ∈W} .

Then, following O’Neill [317, p.49], W⊥ is called W perp. In general, W ∩W⊥ �=
{0}. For example, consider W =

{
(x, y, x, y) ∈ V 4

1 ; x , y ∈ R
}
and obtain W ∩

W⊥ = {(x, o, x, o) ; x ∈ R} �= {0} . However, the following properties of W are
preserved for any general Vn

q .

Proposition 1.1.2. [149] Let (Vn
q , g) be an n-dimensional semi-Euclidean space

and W its subspace. Then we have

dimW + dimW⊥ = n , (1.1.9)(
W⊥)⊥ =W , (1.1.10)

RadW = RadW⊥ =W ∩W⊥. (1.1.11)

Proof. By Lemma 22 of Chapter 2 in O’Neill [317], we have (1.1.9) and (1.1.10).
Next, by taking v ∈ W ∩W⊥ ⊂ W⊥, we obtain g(v, w) = 0 for any w ∈ W , that
is, v ∈ RadW . Conversely, for any v ∈ RadW ⊂ W , we have g(v, w) = 0 for any
w ∈ W , which implies v ∈ W ∩W⊥. Hence RadW =W ∩W⊥. The last equality
in (1.1.11) follows by using (1.1.10). �
Proposition 1.1.3. [149] Let (Vn

q , g) be a proper semi-Euclidean space of index q.
Then, there exists a subspace W̄ of Vn

q of dimension min{q, n− q} and no larger,
such that g|W̄ = 0.

Proof. Let E = {e1, . . . , en} be an orthonormal basis of (Vn
q , g) with

g(x, y) = −
q∑

i=1

xiyi +
n∑

a=p+1

xaya, ∀ x, y ∈ Vn
q ,

where (xi) and (yi) are the coordinates of x and y. Suppose 2q < n. Now define a
q-dimensional subspace

W̄ = Span{u1 = e1 + eq+1, . . . , uq = eq + e2q}.

It follows that g|W̄ = 0. Choose a null vectorN =
∑n

i=1N
iei such that g(N, ua) =

0, ∀ a ∈ {1, . . . , q}. Thus, N1 = N q+1, . . . , N q = N2q. Since ||N || = 0 and
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{e1, . . . , e2q} and {eq+1, . . . , en} are timelike and spacelike respectively, we con-
clude that N 2q+1 = . . . = Nn = 0. Hence, N =

∑q
a=1N

aua. Thus, there is no
subspace larger than W̄ on which g vanishes. Similarly, for 2q ≥ n. �

Let W be an m-dimensional lightlike subspace of Vn
q . A quasi-orthonormal

basis
B = {f1, . . . , fr, f

∗
1 , . . . , f

∗
r , u1, . . . , ut}

such that W = Span{f1, . . . , fr, u1, . . . , us}, if m = r + s, 1 ≤ s ≤ t , or

W = Span {f1, . . . , fm} , if m ≤ r ,

is called a quasi-orthonormal basis of Vn
q along W .

Proposition 1.1.4. [149] There exists a quasi-orthonormal basis of Vn
q along its

lightlike subspace W .

Proof. Suppose nullW = r < min {m, n−m}. Then we have

W = RadW ⊕orth W
′, W⊥ = RadW ⊕orth W

′′,

where W ′ and W ′′ are some screen subspaces. We decompose Vn
q as follows:

Vn
q =W ′ ⊥ (W ′)⊥. (1.1.12)

As W ′′ is a non-degenerate subspace of (W ′)⊥ we obtain

(W ′)⊥ =W ′′ ⊥ (W ′′)⊥, (1.1.13)

where (W ′′)⊥ is the complementary orthogonal subspace to W ′′ in (W ′)⊥. It is
easy to see that RadW is a subspace of (W ′′)⊥. Denote by U a complementary
subspace to RadW in (W ′′)⊥. As (W ′′)⊥ is of dimension 2r we may consider the
basis {f1, . . . , fr} and {v1, . . . , vr} of RadW and U , respectively. Now, we look
for {f∗i , . . . , f∗r } given by

f∗i = Aj
i fj +Bj

i uj , (1.1.14)

and satisfying the relations in the first line of (1.1.7). By direct calculations, one
obtains that g(fi, f

∗
k ) = δ i k if and only if

Bj
k g(fi, vj) = δik . (1.1.15)

As det[g(fi, vj)] �= 0, (otherwise (W ′′)⊥ would be degenerate), the system (1.1.15)
has a unique solution (Bj

k ). Next, by using (1.1.14) and (1.1.15) one obtains
g(f∗i , f

∗
j ) = 0 if and only if

Ai
j + Aj

i + Bh
i B

k
j g(vh, vk) = 0
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which proves the existence of Aj
i from (1.1.7). Finally, From (1.1.7) and (1.1.8)

and the above construction, we obtain the decomposition

Vn
q =W ′ ⊥W ′′ ⊥ (RadW ⊕ Span{f∗1 , . . . f∗r }) .

Hence we have a quasi-orthonormal basis of Vn
q along W given by

{f1, . . . , fr, f
∗
1 , . . . , f

∗
r , u1, . . . , um−r, w1, . . . , wn−m−r} ,

where {u1, . . . , um−r} and {w1, . . . , wn−m−r} are two orthonormal bases of W ′

and W ′′, respectively. In this case

W = Span {f1, . . . , fr, u1, . . . , um−r} .
In case r = m < n−m, it follows that RadW =W ⊂W⊥. We put

W⊥ =W ⊕orth W
′′,

where W ′′ is an arbitrary screen subspace of W⊥. One obtains the orthogonal
decomposition

Vn
q =W ′′ ⊥ (W ′′)⊥,

where (W ′′)⊥ is the complementary orthogonal subspace to W ′′ in Vn
q . Moreover

(W ′′)⊥ is of dimension 2n and contains W . In a similar way as in the first case we
find the quasi-orthonormal basis of Vn

q along W

{f1, . . . , fm, f
∗
1 , . . . , f

∗
m, w1, . . . , wn−2m} ,

where {w1, . . . , wn−2m} is an orthonormal basis ofW ′′ andW =Span {f1, . . . , fm} .
In case r = n−m < m, it follows that RadW =W⊥ ⊂W. We set

W =W⊥ ⊥W ′,

where W ′ is a screen subspace of W . Thus,

Vn
q =W ′ ⊥ (W ′)⊥,

where (W ′)⊥ is the complementary orthogonal subspace to W ′ in Vn
q . Moreover,

(W ′)⊥ is of dimension 2(n−m) and it contains W⊥. Then the quasi-orthonormal
basis of Vn

q along W is given by{
f1, . . . , fn−m, f

∗
1 , . . . , f

∗
n−m, u1, . . . , u 2m−n+2

}
,

where {u1, . . . , u 2m−n} is an orthonormal basis of W ′. In this case

W = Span {f1, . . . , fn−m, u1, . . . , u 2m−n+2} .
Finally, if r = m = n+2

2
, we get RadW =W =W⊥ and

Vn
q =W ⊕ Span {f∗1 , . . . , f∗m} .

Then the quasi-orthonormal basis of Vn
q along W is given by

{f1, . . . , fm, f
∗
1 , . . . , f

∗
m} ,

where {f1, . . . , fm} is a basis of W , which completes the proof. �
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1.2 Semi-Riemannian manifolds

Recall that the measurement of distances in a Euclidean space R3 is represented
by the distance element

ds2 = dx2 + dy2 + dz2

with respect to a rectangular coordinate system (x, y, z). Back in 1854, Rie-
mann generalized this idea for n-dimensional spaces and he defined an element
of length by means of a quadratic differential form ds2 = gijdx

idxj of a differ-
entiable manifold M , where the coefficients gij are functions of the coordinates
system(x1, . . . , xn), which represent a symmetric covariant tensor field g of type
(0, 2). Since then much of the subsequent differential geometry was developed on
a real smooth manifold (M, g), called a Riemannian manifold, where g is assumed
to be positive definite. We review the preliminary information on differential man-
ifolds as follows:

Differentiable manifolds. A topology on a set M is a family T of open subsets of
M such that

1. the empty set ∅ and M are in T ,
2. the intersection of any two members of F is in T ,
3. the union of an arbitrary collection of members of T is in T .

In the above case, (M, T ) is called a topological space whose elements are the
open sets of T . As M depends on the choice of T , M can have many topologies.
In the sequel, we assume that M is a topological space with a given T . M is a
Hausdorff topological space if for every p, q ∈M , p �= q, there exist non-intersecting
neighborhoods U1 and U2 respectively. A neighborhood of p in M is an open set
that contains p. A system of open sets of T is called a basis if every one of its
open sets is a union of sets of the system. A topological space is related with the
concept of manifold as follows:

Definition 1.2.1. An n-dimensional manifold M , with a countable basis of open
sets, is a topological Hausdorff space if each of its points has a neighborhood
homeomorphic to an open set in Rn.

A simple way of understanding a manifold is a set M with the property
that each point of M can serve as the origin of local coordinates valid in an open
neighborhood which is homeomorphic to an open set in Rn. A trivial example
is M = Rn. The Hausdorff condition is not necessary, although is assumed most
often. The open neighborhood of each point admits a coordinate system which
determines the position of points and the topology of that neighborhood. For
example, any surface (as a manifold) inR3 is topologically equivalent to a spherical
or a hyperbolic or a planar surface.

In order to have a smooth transformation of two such coordinate systems
and also taking care of the intersecting neighborhoods, topology has an interplay
with the concept of differentiable manifolds as follows.
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Let f : U → R be a real-valued function on a non-empty open subset U of
Rn. The function f is said to be of class Ck if and only if f has continuous partial
derivatives of all orders r ≤ k. Moreover, f is said to be smooth or analytic if and
only if f is of class C∞ or of class Cω respectively. A 1− 1 bicontinuous mapping
ϕ of an open set U of M onto an open set ϕ(U) of Rn is called a homeomorphism
of U onto ϕ(U). Moreover, the inverse mapping of ϕ is also a homeomorphism.
Intuitively one thinks of a homeomorphism as a mapping in which neighboring
points remain neighboring points. A homeomorphism ϕ : M → Rn, mapping
from an open set U of M onto an open set ϕ(U) of Rn, is called a chart. By
assigning to each point x in U the n local coordinates x1, . . . , xn, we call U a
local coordinate neighborhood. Let x be the point of the intersection U1 ∩ U2

of two coordinate neighborhoods U1 and U2 with respect to two charts ϕ1 and
ϕ2. Then, ϕ1 and ϕ2 are Ck-compatible if U1 ∩ U2 is non-empty and ϕ2 ◦ ϕ−1

1 :
ϕ1(U1 ∩ U2)→ ϕ2(U1 ∩ U2) and its inverse are Ck.

Definition 1.2.2. A differentiable or C∞ (smooth) structure on a topological man-
ifold M is a family A = {Uα, φα} of coordinate neighborhoods such that
1. the Uα covers M ,

2. for any α, β the neighborhoods (Uα, φα) and (Uβ , φβ) are (C∞) compatible,

3. any coordinate neighborhood (V , ψ) that is compatible with every (Uα, φα) ∈
A is itself in A.

A C∞-manifold is a topological manifold with a C∞-differentiable structure.

The family A is called a maximal atlas on M . M is called a differentiable
manifold or a smooth manifold if M is of class Ck or C∞, respectively. An atlas
A = {Uα, φα} of M is said to be locally finite if for each p in M , there is a
local coordinate neighborhood U which intersects with only finitely many Uα

′s.
Another atlas B = {Vβ, ψβ} of M is called a refinement of the atlas A, if each Vβ

is contained in some Uα. M is paracompact if for every atlas A there is a locally
finite refined atlas B of A. In this book we assume (unless otherwise stated) that
all manifolds are smooth and paracompact.

Examples are the 2-sphere S2, a cylinder, a torus, and Minkowski spacetime.
To illustrate this, consider S2 in R3, with coordinates (yi), centered at (0, 0, 0)
having radius a. We need two charts, with respect to the coordinates (x, y), as
follows:

y1 =
2a2x

x2 + y2 + a2
, y2 =

2a2y

x2 + y2 + a2
,

y3 = εa
x2 + y2 − a2

x2 + y2 + a2
, (ε = ±1).

Similarly, one can show that Sn in Rn+1 is a smooth manifold. A manifold M is
orientable if there exists an atlas {Uα, ϕα} of M such that in every non-empty
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intersection Uα ∩ Uβ , the Jacobian |∂xi/∂x′j| is positive, where (x1, . . . , xn) and
(x′1, . . . , x′n) are coordinates in Uα and Uβ respectively. The Möbius strip is a
non-orientable manifold.

Marcel Berger’s book [60] includes the major developments of Riemannian
geometry since 1950, citing the works of differential geometers of that time. During
the mid 1970s, the interest shifted towards Lorentzian geometry, the mathematical
theory used in relativity for which g is not definite. Most of the work on the
global Lorentzian geometry has been described in a standard book by Beem and
Ehrlich [34] and in their second edition in 1996, with Easley. Later on O’Neill
[317] published a book on Semi-Riemannian geometry, which carries an indefinite
quadratic differential form g of an arbitrary signature. Since then a considerable
number of works have appeared on the study of semi-Riemannian geometry. We
review some results on semi-Riemannian geometry that are needed in this book.

Let M be a real n-dimensional smooth manifold and g a symmetric tensor of
type (0, 2) onM . This means g assigns, to each point p ∈M , a symmetric bilinear
form gx on the tangent space Tx(M). Suppose gx is non-degenerate and of constant
index for all x ∈M . This condition implies that each Tx(M) is an n-dimensional
semi-Euclidean space. Let Xx = X i∂i and gij = g(∂i, ∂j), i, j ∈ (1, . . . , n) and
{∂i} be the natural basis of Tx(M). Then Xx is called

spacelike if gijX
iXj > 0 or Xx = 0,

timelike if gijX
iXj < 0,

lightlike if gijX
iXj = 0 and Xx �= 0.

The set of all null vectors of Tx(M) is called the null cone at x, defined by

Λx = {Xx ∈ (Tx(M)− {0}), gijX
iXj = 0}.

Based on the above, g is called a semi-Riemannian metric (metric tensor field)
and (M, g) is called a semi-Riemannian manifold (see O’Neill [317]). For example,
(M, g) is a Riemannian or Lorentzian manifold according as g is of index 0 or
1 respectively. In case 0 < index < n, then we say that M is a proper semi-
Riemannian manifold. The metric g splits each tangent space at each point x ∈M
into three categories; namely (i) spacelike (ii) timelike (iii) lightlike(null) vectors.
The category into which a tangent vector falls is called its causal character. A curve
C inM also belongs to one of the three categories. For a vector fieldX onM we say
that X is spacelike (resp. timelike or null) according as g(X,X) > (resp. < or 0).
It is known that Riemannian metrics always exist on a paracompact manifold. In
fact, suppose {Uα, φα}α∈I is a smooth atlas of M such that {Uα}α∈I is a local
finite open cover of M . Consider gα as a Riemannian metric on Uα given by

gα(x) (U, V ) =
n∑

i=1

U i V i,

where {U i} and {V i} are the local components of U and V respectively on Uα with
respect to the natural frames field

{
∂

∂xi

}
. Then the desired Riemannian metric is
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defined by g =
∑

α∈I fα gα, where {fα}α∈I is the partition of unity subordinated
to the covering {Uα, φα}α∈I . The proof of this result is mainly based on the positive
definiteness of gα and thus does not hold, in general, for a non-degenerate metric.
However, the existence of both, a Riemannian metric g on M and a unit vector
field Eo on M , i.e., g(Eo , Eo ) = 1, enables one to construct a Lorentz metric on
M (see O’Neill [317, page 148]). Indeed, consider the associate 1-form ωo to Eo

with respect to g, that is,

ωo(X) = g(X, Eo), ∀X ∈ Γ(TM) ,

and define ḡ by

ḡ(X, Y ) = g(X, Y ) − 2ωo(X)ωo (Y ), ∀X, Y ∈ Γ(TM ) .

Then it is easy to check that ḡ is a Lorentz metric on M . Moreover, E0 is a
timelike vector field with respect to ḡ. In general, a Lorentz manifold (M, g) may
not have a globally defined timelike vector field. If (M, g) admits a global timelike
vector field, then, it is called a time orientable Lorentz manifold, physically known
as a spacetime manifold. For a detailed discussion of similarities and differences
between Riemannian and Lorentzian geometries due to the causal structure of a
spacetime manifold, we refer to [34].

Let (M, g) be a proper n-dimensional semi-Riemannian manifold of constant
index q ∈ {1, . . . , n}. We recall the following results. For details see any standard
book on semi-Riemannian manifolds such as [317].

A linear connection on M is a map∇ : Γ(M)× Γ(M)→ Γ(M) such that

∇fX+hY Z = f(∇XZ) + h(∇Y Z) , ∇Xf = Xf,

∇X(fY + hZ) = f∇XY + h∇XZ + (Xf)Y + (Xh)Z,

for arbitrary vector fields X, Y, Z and smooth functions f , h on M . ∇X is called
the covariant derivative operator and ∇XY is called the covariant derivative of Y
with respect toX . Define a tensor field∇Y , of type (1, 1), and given by (∇Y )(X) =
∇XY , for any Y . Also, ∇Xf = Xf is the covariant derivative of f along X . The
covariant derivative of a 1-form ω is given by

(∇Xω)(Y ) = X(ω(Y ))− ω(∇XY ). (1.2.1)

For local expressions, we consider the natural basis {∂i}, i ∈ {1, . . . , n}, on a coor-
dinate neighborhood U and set ∇∂j∂i = Γk

ji∂k, where Γk
ji are n

3 local components
of ∇ on M . For X = Xi∂i ,Y = Y j∂j and ω = ωidx

i we have

∇Xf =X i∂if, ∇XY = Y i
; k X

k∂i,

Y i
; k =∂kY

i + Γi
kjY

j, ωi;j = ∂jωi − Γk
jiωk, (1.2.2)
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where ; is a symbol for the covariant derivative. A simple way of understanding
the role of covariant derivative (instead of the ordinary derivative) is as follows:
Consider two tangent spaces TxM , TyM at points x and y of an n-dimensional
differentiable manifold M . We know that dim(TxM) = dim(TyM) = n, but, to
these tangent spaces at different points on M we need an additional structure
on M called a connection so that the moving vectors or tensors always belong
to M . This is why we see in (1.2.2) that the covariant derivative ∇XY has an
additional term involving connection coefficients Γk

ji. In particular, if M = Rn
q

then all connection coefficients vanish and ∇ is the ordinary differential operator.

The covariant derivative of a tensor T of type (r, s) along a vector field X is
a tensor field ∇XT , of type (r, s), given by

(∇XT )(ω1, . . . , ωr, Y1, . . . , Ys) = X(T (ω1, . . . , ωr, Y1, . . . , Yr))

−
r∑

α=1

T (ω1, . . . ,∇Xω
α, . . . , ωr, Y1, . . . , Ys)

−
s∑

t=1

T (ω1, . . . , Y1, . . . ,∇XYt, . . . , Ys)

for any vector field X , r covariant vectors ω1, . . . , ωr and s contravariant vectors
Y1, . . . , Ys. Note that ∇T of T is a tensor of type (r, s+ 1). Locally, we have

T i1...ir

j1...js;k = ∂kT
i1...ir
j1...js

+
r∑

h=1

T
i1...ih−1qih+1...ir

j1...js
Γih

qk

−
s∑

t=1

T i1...ir

j1...jt−1qjt+1...js
Γq

jtk
.

In particular, for a tensor of type (1, 2), we have

T h
ij;k = ∂kT

h
ij + Γh

ktT
t
ij − Γt

NJT
h
ti − Γt

kiT
h
jt,

where T h
ij are the components of T . A vector field Y on M is said to be parallel

with respect to a linear connection ∇ if for any vector field X onM it is covariant
constant, i.e., ∇XY = 0. It follows from the third equation of (1.2.2) that Y is
parallel on M if and only if its local components Y i, with respect to a natural
basis {∂i}, satisfy the differential equation

∂jY
i + Γi

kjY
k = 0. (1.2.3)

In general a tensor field T on M is parallel with respect to ∇ if it is covariant
constant with respect to any vector field X on M . Let C be a smooth curve onM
given by the equations

xi = xi(t), t ∈ I ⊂ R, i = 1, . . . , n.
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Then a tangent vector field V to C is given by

V =
dxi

dt
∂i.

Thus, a vector field Y is said to be parallel along C if ∇V Y = 0. Using this and
the third equation of (1.2.2) we conclude that Y is parallel along C if and only if

dY k

dt
+ Γk

ijY
i dx

j

dt
= 0. (1.2.4)

The curve C is called a geodesic if V is parallel along C, i.e., if ∇V V = fV for
some smooth function f along C. It is possible to find a new parameter s along
C such that f is zero along C and then the geodesic equation ∇V V = 0 can be
expressed, in local coordinate system (xi), as

d2xk

ds2
+ Γk

ji

dxj

ds

dxi

ds
= 0. (1.2.5)

The parameter s is called an affine parameter. Two affine parameters s1 and s2
are related by s2 = as1 + b, where a and b are constants. For a smooth or Cr

∇, the theory of differential equations certifies that, given a point p of M and
a tangent vector Xp, there is a maximal geodesic C(s) such that C(0) = p and
dxi

ds |s=0 = Xi
p. If C is defined for all values of s, then it is said to be complete,

otherwise incomplete.

A linear connection ∇ on (M, g) is called a metric (Levi-Civita) connection
if g is parallel with respect to ∇, i.e.,

(∇Xg)(Y, Z) = X(g(Y, Z))− g(∇XY, Z)− g(Y, ∇XZ) = 0, (1.2.6)

for any X, Y, Z ∈ Γ(TM). In terms of local coordinates system, we have

gij; k = ∂kḡij − gihΓh
jk − gjhΓh

ik = 0,

where
Γh

ij =
1
2
ghk {∂jgki + ∂igkj − ∂kgij} , Γh

ij = Γh
ji.

Furthermore, if we set Γk|ij = gkhΓh
ij , then, the above equation becomes

gij; k = ∂kgij − Γi|jk − Γj|ik = 0.

The connection coefficients Γk|ij and Γh
ij are called the Christoffel symbols of first

and second type respectively. A result in semi-Riemannian geometry states (see
O’Neill [317]) that there exists a metric connection ∇ which satisfies the following
identity, the so-called Koszul formula

2g(∇XY, Z) = X(g(Y, Z)) + Y (g(X, Z))− Z(g(X, Y ))
+ g([X, Y ], Z) + g([Z, X ], Y )− g([Y, Z], X), (1.2.7)
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for any X, Y, Z ∈ Γ(TM). The semi-Riemannian curvature tensor, denoted by R,
of M is a (1, 3) tensor field defined by

R(X, Y )Z = ∇X∇Y Z − ∇Y ∇XZ − ∇[X, Y ]Z, i.e., (1.2.8)

Rt
jhk = ∂hΓt

jk − ∂kΓt
jh + Γm

jkΓ
t
mh − Γm

jhΓ
t
mk,

for any X, Y, Z ∈ Γ(TM). The torsion tensor, denoted by T , of ∇ is a (1, 2) tensor
defined by

T (X, Y ) = ∇XY −∇YX − [X, Y ].

R is skew-symmetric in the first two slots. In case T vanishes on M we say that
∇ is torsion-free or symmetric metric connection on M , which we assume in this
book. The two Bianchi’s identities are

R(X, Y )Z +R(Y, Z)X +R(Z, X)Y = 0, (1.2.9)

(∇XR)(Y, Z, W ) + (∇̄Y R)(Z, X, W ) + (∇ZR)(X, Y, W ) = 0, i.e.,

Ri
jkl +Ri

klj +Ri
ljk = 0,

Ri
jkl; m +Ri

jlm; k +Ri
jmk; l = 0.

The semi-Riemannian curvature tensor of type (0, 4) is defined by

R(X, Y, Z, U) = g(R(X, Y )Z, U), ∀X, Y, Z, U on M, i.e.,

Rijhk = R (∂h, ∂k, ∂j , ∂i) = gitR
t
jhk.

Then by direct calculations we get

R(X, Y, Z, U) + R(Y, X, Z, U) = 0,
R(X, Y, Z, U) + R(X, Y, U, Z) = 0,
R(X, Y, Z, U) − R(Z, U, X, Y ) = 0, i.e.,

Rijkh + Rjikh = 0, Rijkh + Rijhk = 0, Rijhk − Rhkij = 0.

Let {E1, . . . , En}x be a local orthonormal basis of TxM . Then,

g(Ei, Ej) = εi δij (no summation in i), X =
n∑

i=1

εi g(X,Ei)Ei,

where {εi} is the signature of {Ei}. Thus, we obtain

g(X, Y ) =
n∑

i=1

εi g(X, Ei) g(Y, Ei).

Set n = m+ 2. The Ricci tensor, denoted by Ric, is defined by

Ric(X, Y ) = tr{Z → R(X, Z)Y } , (1.2.10)
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for any X, Y ∈ Γ(TM). Locally, Ric and its Ricci operator Q are given by

Ric(X,Y ) =
m+2∑
i=1

εi g(R(Ei, X)Y,Ei), g(Q̄X, Y ) = Ric(X,Y ), i.e., (1.2.11)

Rij = Rt
itj , Qi

j = Rkjg
ki.

M is Ricci flat if its Ricci tensor vanishes on M . If dim(M) > 2 and

Ric = kg, k is a constant, (1.2.12)

then M is an Einstein manifold. For dim(M) = 2, any M is Einstein but k in
(1.2.12) is not necessarily constant. The scalar curvature r is defined by

r =
m+2∑
i=1

εi Ric(Ei, Ei) = gijRij . (1.2.13)

(1.2.12) in (1.2.13) implies that M is Einstein if and only if r is constant and

Ric =
r

m+ 2
g.

The Weyl conformal curvature tensor C of type (1, 3) is defined by

C(X,Y )Z = R(X,Y )Z +
1
m
{Ric(X,Z)Y − Ric(Y, Z)X + g(X,Z)QY

− g(Y, Z)QX} − r{m(m+ 1)}−1 {g(X,Z)Y − g(Y, Z)X} , i.e.,

Ch
kij = Rh

kij +
1
m

{
δh
j Rki − δh

i Rkj + gkiR
h
j − gkjR

h
i

}
+ r {m(m+ 1)}−1

{
δh
i gkj − δh

i gki

}
. (1.2.14)

The tensor C vanishes for dim(M) = 3. Let g ′ = Ω2g be a conformal transfor-
mation of g where Ω is a smooth positive real function on M . In particular, the
conformal transformation is called homothetic if Ω is a non-zero constant. It is
known that C is invariant under any such conformal transformation of the metric.
If g is conformally related with a semi-Euclidean flat metric g′ we say that g is con-
formally flat and M is then called a conformally flat manifold. M is conformally
flat if and only if C ≡ 0 for dim(M) > 3.

Suppose π is a non-degenerate plane of TxM . Then, according to Section 1,
the associated matrix Gx of gx, with respect to an arbitrary basis B = {u, v}, is
of rank 2 and given by

Gp =
(
guu guv

guv gvv

)
, det(Gp) �= 0. (1.2.15)

Define a real number K(π) = Kx(u, v) =
R(u, v, v, u)

det(Gx) , where R(u, v, v, u) is the
4-linear mapping on TxM by the curvature tensor. The smooth function K, which
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assigns to each non-degenerate tangent plane π the real number K(π) is called
the sectional curvature of M , which is independent of the basis B = {u, v}. If K
is a constant c at every point of M then M is of constant sectional curvature c,
denote by M(c), whose curvature tensor field R is given by [317, page 80]

R(X, Y )Z = c {g(Y, Z)X − g(X, Z)Y } , i.e.,

Rh
kij = c

{
δh
i gjk − δh

j gki

}
. (1.2.16)

In particular, if K = 0, then M is called a flat manifold for which R = 0.

Hyperbolic spaces. A 2-dimensional subspace σ of the tangent space TpM is called
a tangent plane to M at p. Suppose σ is non-degenerate at p, then, the number

Kσ(u, v) =
〈R(u, v)u, v〉

〈u, u〉〈v, v〉 − 〈v, v〉2

is called the sectional curvature Kσ at the point p of M , which is independent of
the choice of basis for σ.

A sphere Sn(r) of radius r is defined as a hypersurface in a Euclidean space
Rn+1 given by

Sn(r) = {v ∈ Rn+1|〈v, v〉 =
∑

i

(vi)2 = r2}

whose sectional curvature Kσ = 1
r2 at every point p and every plane σ.

An n-dimensional hyperbolic space Hn is defined as the component of

{v ∈ Rn+1
1 |〈v, v〉1 = −1}

containing the point (+1, 0, . . . , 0), that is, the upper component of the two-sheeted
hyperboloid. The sectional curvature of Hn, defined as above, is K = −1. In
analogy with the Euclidean sphere of radius r, we have

{v ∈ Rn+1
1 |〈v, v〉1 = −r2}

with the sectional curvature K = − 1
r2 . Similarly, we have the following hypersur-

faces of semi-Euclidean spaces:

Sn
q (r) = {v ∈ Rn+1

q |〈v, v〉q = r2} : pseudo-sphere,

Hn
q (r) = {v ∈ Rn+1

q+1 |〈v, v〉q+1 = −r2} : pseudo-hyperbolic space.

The exterior derivation is a differential operator, denoted by d, which assigns to
each p-form ω, a (p+ 1)-form dω defined by

(dω)(X1, . . . , Xp+1) =
1

p+ 1
{

p+1∑
i=1

(−1)i+1Xiω(X1, . . . , X̂i, . . . , Xp+1)

+
∑

1≤i<j≤1+p

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j, . . . , Xp+1)}
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where the caret ̂ means the term in that particular slot is omitted. In particular,
for a 1-form ω and a 2-form Ω ,

(dω)(X,Y ) =
1
2
{X(ω(Y ))− Y (ω(X)− ω([X,Y ])},

(dΩ)(X,Y, Z) =
1
3
{X(Ω(Y, Z))− Y (Ω(X,Z)) + Z(Ω(X,Y ))

− Ω([X,Y ], Z) + Ω([X,Z], Y )− Ω([Y, Z], X)}.

For example, if ω = ωidx
i and Ω = 1

2
Ωijdx

i ∧ dxj , then

dω =
1
2!
(dω)ijdxi ∧ dxj ,

dΩ =
1
3!
(dΩ)ijkdx

i ∧ dxj ∧ dxk,

(dω)ij = ∂iωj − ∂jωi,

(dΩ)ijk = ∂iΩjk + ∂jΩki + ∂kΩij.

The exterior derivation d has the following properties:

(1) For a smooth function f on M , df is a 1-form (also called the gradient-form
of f) such that (df)X = Xf , for any vector field X .

(2) For a p-form ω and a q-form θ

d(ω ∧ θ) = (dω) ∧ θ + (−1)pω ∧ dθ.

(3) d(dω) = 0 for any p-form ω, (Poincare Lemma).

(4) d is linear with respect to the addition of any two p-forms.

The gradient of a smooth function f is defined as a vector field, denoted by
gradf , and given by

g(gradf,X) = X(f), i.e., gradf =
n∑

i,j=1

gij∂if∂j . (1.2.17)

The divergence and the Curl of a vector field X is a smooth function and a 2-form,
respectively, denoted by divX and CurlX , and given by

divX = Xm;m =
∂Xm

∂xm
+ Γm

kmX
k,

CurlX =
1
2
(∂jXi − ∂iXj)dxi ∧ dxj . (1.2.18)

The Laplacian of f , denoted by �f , is given by
�f = div(grad f)

=
n∑

i,j=1

gij{ ∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
}. (1.2.19)
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The Hessian, denoted by Hf = ∇(∇f), of a function f , is its second covariant
differential given by

Hf (X,Y ) = XY f − (∇XY )f = g(∇X (gradf), Y ), (1.2.20)

for all X,Y ∈ Γ(TM).

Lie Derivatives. Let V be a vector field on a real n-dimensional smooth manifold.
The integral curves (orbits) of V are given by the following system of ordinary
differential equations:

dxi

dt
= V i(x(t)), i ∈ {1, . . . , n}, (1.2.21)

where (xi) is a local coordinate system on M and t ∈ I ⊂ R. It follows from the
well-known theorem on the existence and uniqueness of the solution of (1.2.21)
that for any given point, with a local coordinate system, there is a unique integral
curve defined over a part of the real line.

Consider a mapping φ from [−δ, δ]×U ( δ > 0 and U an open set of M) into
M defined by φ : (t, x) → φ(t, x) = φt(x) ∈M , satisfying:

(1) φt : x ∈ U → φt(x) ∈M is a diffeomorphism of U onto the open set φt(U) of
M , for every t ∈ [−δ, δ],

(2) φt+s(x) = φt(φs(x)), ∀t, s, t+ s ∈ [−δ, δ] and φs(x) ∈ U .
In the above case the family φt is a 1-parameter group of local transformations on
M . The mapping φ is then called a local flow on M . Using the equation (1.2.21)
it has been proved (see Kobayashi-Nomizu [263, page 13]) that the vector field V
generates a local flow onM . If each integral curve of V is defined on the entire real
line, we say that V is a complete vector field and it generates a global flow on M .
A set of local (resp. complete) integral curves is called a local congruence ( resp.
congruence) of curves of V . Now we show how the flow φ is used to transform any
object, say Ω, on M into another one of the same type as Ω, with respect to a
point transformation φt : xi → xi+tV i along an integral curve through xi. Denote
by Ω̄(xi) the pullback of Ω(xi + tV i) to the point xi through the inverse mapping
of φt. This defines a differentiable operator, denoted by £V , which assigns to an
arbitrary Ω another object £VΩ of the same type as Ω given by

(£V Ω)(xi) = lim
t→0

1
t
[Ω̄(xi)− Ω(xi)]. (1.2.22)

The operator £V is called the Lie derivative with respect to V . It is important to
mention that the above definition (1.2.22) holds for local as well as global flows.
Following are basic properties of Lie derivatives:

(1) £V (aX+bY ) = a£VX+b£V Y , for all a, b ∈ R and X,Y ∈ Γ(M): (linearity)

(2) £V (T ⊗ S) = (£V T )⊗ S + T ⊗ £V S, where ⊗ is the tensor product of any
two objects T and S: (Leibnitz rule)
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(3) £V commutes with the contraction operator.

It follows from the above properties that to compute the Lie derivative of any
arbitrary Ω, it is sufficient to know the Lie derivatives of a function, a vector
field and a 1-form, as the Lie derivatives of all other objects of higher order can
be obtained by the use of tensor analysis and the above three properties. An
elementary computation provides these three basic Lie derivatives as follows.

Functions. £V f = V (f) where f is a function.

Vector Fields. Let X be a vector field on M . Then,

£V X = [V,X ].

1-forms. Let ω = ωidx
i be a 1-form on M . Then,

(£V ω)(X) = V (ω(X))− ω[V,X ]

(£V ω)i = V j∂j(ωi) + ωj∂i(V j).

It follows from the above three Lie derivatives that if V is a vector field of class,
say Ck, then the Lie derivative of a function, a vector field and a 1-form is of the
same type but of class Ck−1. This is also true for higher tensors. Let T be a tensor
(or a geometric object) of type (r, s). Then, using the above results and the theory
of tensor analysis, we obtain the following general formulae for its Lie derivative
with respect to a vector field V :

(£V T )(ω1, . . . , ωr, X1, . . . , Xs) = V (T (ω1, . . . , ωr, X1, . . . , Xs))

−
r∑

a=1

T (ω1, . . . ,£V ω
a, . . . , ωr, X1, . . . , Xs)

−
s∑

A=1

T (ω1, . . . , ωr, X1, . . . , [V,XA], . . . , Xs),

where ω1, . . . , ωr and X1, . . . , Xs are r 1-forms and s vector fields respectively. In
particular, if T is a tensor of type (1, 1) then

(£V T )(X) = V (T (X))− T ([V,X ]),

for an arbitrary vector fieldX onM . The Lie derivative of a p-form ω=ai1...ipdx
i1∧

. . . ∧ dxip , with respect to V , is given by

£V ω = (£V ai1...ip) dx
i1 ∧ . . . ∧ dxip

where ∧ is the wedge product operator. The following identity holds,

£V ω = diV ω + iV dω,
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where d denotes the exterior derivative operator and iV is the inner product such
that (iV ω)(X2, . . . , Xp) = ω(V,X2, . . . , Xp). It, therefore, follows that £V and d
commute, that is, £V (dω) = d(£V ω).

Lie derivatives of the metric tensor g and its Levi-Civita connection ∇ are

(£V g)(X,Y ) = V (g(X,Y ))− g([V,X ], Y )− g(X, [V, Y ])
= g(∇XV, Y ) + g(∇Y V,X) (1.2.23)

for arbitrary vector fields X and Y on M and Levi-Civita (metric) connection ∇
of g. Locally, we have

£V gij = ∇ivj +∇jvi

= v j ; i + v i ; j , vi = gijV
j .

(£V ∇)(X,Y ) = £V ∇XY −∇[V,X]Y −∇X [V, Y ]
= [V,∇XY ]−∇[V,X]Y −∇X (∇V Y −∇Y V )
= ∇V ∇XY −∇X∇V Y −∇[V X] Y +∇X∇Y V −∇∇X Y V

= ∇X∇Y V −∇∇X Y +R(V,X)Y. (1.2.24)

In terms of local coordinates, we have

£V Γi
jk = ∇j∇kV

i +Ri
kmjV

m

=
1
2
gim (∇j(LV gkm) +∇k(£V gjm)−∇m(£V gjk)) ,

where Γi
jk are the Christoffel symbols of the second kind, with respect to the

metric tensor gij . Setting ∇XY = ∇(X,Y ), we have the following formulas:

£V (∇XY )−∇X(LV Y )−∇[V,X]Y = (£V ∇)(X,Y ),
(£V (∇Xω)−∇X(£V ω)−∇[V,X]ω)Y = −ω((£V ∇)(X,Y )),

{(£V (∇XT )−∇X(£V T )−∇[V,X]T }Y = (£V ∇)(X,TY )
− T ((£V ∇)(X,Y )),

∇X (£V ∇)(Y, Z)−∇Y (£V ∇)(X,Z) = (£VR)(X,Y, Z)

where ω and T are a 1-form and a (1, 1) tensor field respectively and X,Y, Z are
arbitrary vector fields on M , or, in local coordinates,

£V (∇iY
k)−∇i(£V Y

k) = (£V Γk
ij)Y j ,

£V (∇iωj)−∇i(£V ωj) = −(£V Γk
ij)ωk,

£V (∇iT
j
k )−∇i(£V T

j
k ) = (£V Γj

im)Tm
k − T j

m£V (Γm
ik),

∇i£V Γj
km −∇k£V Γj

im = £V R
j

mik.
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For details on the above we refer to a book by Duggal and Sharma [164] on Sym-
metries of spacetimes and Riemannian manifolds which also has a comprehensive
account of the works of a large number of researchers.

Finally, we state the well-known Frobenius theorem on integrable distribu-
tions. Let (M, g) be a real n-dimensional smooth manifold with a symmetric tensor
field g of type (0, 2) on M such that gx is of constant index q on TxM for any
x ∈M . We identify each TxM as a vector space at x. A distribution of rank r onM
is a mapping D defined onM which assigns to each point x ofM an r-dimensional
linear subspace Dx of TxM . Let f :M ′ → M be an immersion of M ′ in M . This
means that the tangent mapping

(f∗)x : TxM
′ → Tf(x)M ,

is an injective mapping for any x ∈M ′. Suppose D is a distribution on M . Then
M ′ is called an integral manifold of D if for any x ∈M ′ we have

(f∗)x (TxM
′ ) = Df(x) .

If M ′ is a connected integral manifold of D and there exists no connected integral
manifold M̄ ′, with immersion f̄ : M̄ ′ → M , such that f(M ′) ⊂ f̄(M̄ ′), we say that
M ′ is a maximal integral manifold or a leaf of D. The distribution D is said to be
integrable if for any point x ∈M there exists an integral manifold of D containing
x. Recall that the distribution D is involutive if for two vector fields X and Y
belonging to D, the Lie-bracket [X,Y ] also belongs to D. We quote the following
well-known theorem:

Theorem (Frobenius). A distribution D on M is integrable, if and only if, it is
involutive. Moreover, through every point x ∈ M there passes a unique maximal
integral manifold of D and every other integral manifold containing x is an open
submanifold of the maximal one.

1.3 Warped product manifolds

Given two manifolds M and N , the set of all product coordinates in M × N is
an atlas on M̄ = M × N which is called the product manifold of M and N . The
dim(M × N) = dim(M) + dim(N). This construction can be generalized to the
product of any finite number of manifolds. A simple example is the Euclidean space
Rn = R×. . .×R, the set of all ordered n-tuples (x1, . . . , xn) of real numbers. Later
on we shall construct some more types of product manifolds used in differential
geometry and its applications. The concept of product manifolds M ×N has the
following properties derived from the manifolds M and N :

(a) The projections

π :M ×N →M mapping (p, q) to p,

σ :M ×N → N mapping (p, q) to q
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are smooth submersions.

(b) For each (p, q) ∈M ×N the subsets

M × q = {(r, q) ∈M ×N : r ∈M},
p×N = {(p, r) ∈M ×N : r ∈ N}

are submanifolds of M ×N .

(c) For each (p, q)

π|M × q is a diffeomorphism from M × q to M,

σ|p×N is a diffeomorphism from p×N to N.

(d) The tangent spaces

T(p,q)M ≡ T(p,q)(M × q) and T(p,q)N ≡ T(p,q)(p×N)

are subspaces of T(p,q)(M ×N), which is their respective direct sum.

Suppose P is a submanifold of a Riemannian manifold (M, g). Regarding
each tangent space TxP at each point x of P as a subspace of M , one can obtain
a Riemannian metric tensor gP on P induced by the metric g of M . Call gP the
pullback i∗(g), where i : P → M is the inclusion map. However, if g is indefinite,
then, i∗(g) need not be an induced metric on P . In general, it is a symmetric (0, 2)
tensor field. It is a metric tensor if and only if each Tx(P ) is non-degenerate in
TxM with same index for all x. Consequently, for the case of a semi-Riemannian
manifold (M, g), the pullback i∗(g) is a metric tensor on its submanifold P if
(P, i∗(g)) is a semi-Riemannian submanifold of (M, g). Observe that the situation
is quite different in case P is a lightlike submanifold of M . This case will be
discussed in section 4. Using the above and the concept of product manifolds, one
can construct the product of two or more semi-Riemannian manifolds as follows:

Consider two semi-Riemannian manifolds (M1, g1) and (M2, g2), with π and
σ the projection maps of M1 ×M2 onto M1 and M2 respectively. Let

g = π∗(g1) + σ∗(g2).

Then, it is easy to show that g is a metric tensor of a semi-Riemannian manifold
(M =M1 ×M2, g). Indeed, if X,Y ∈ T(x,y)M , then

g(X,Y ) = g1(dπ(X), dπ(Y )) + g2(dσ(X), dσ(Y ))

implies that g is symmetric. To show that g is non-degenerate, we suppose that
g(X,Y ) = 0 for all Y ∈ T(x,y)M . This means that, in particular, g1(dπ(X), dπ(Y ))
= 0 for all Y ∈ T(x,y)M1 since dσ(Y ) = 0. On the other hand, since dπ(Y ) fills
all of TxM1 we have dπ(X) = 0. Similarly, one can show that dσ(Y ) = 0. Hence
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Y = 0. Finally, an orthogonal basis for TxM1 and TyM2 provide an orthogonal
basis for T(x,y)M . Therefore, the index of g has constant value indM1 + indM2.
Hence, g is a metric tensor on M . One can extend the above scheme to any finite
product of semi-Riemannian manifolds. For example, using the Euclidean product
scheme (see Section 1), the semi-Euclidean space Rn

q is a product space given by

q factors︷ ︸︸ ︷
R1

1 × . . .× R1
1 ×

(n−q) factors︷ ︸︸ ︷
R1 × . . .× R1

where each R1
1 is the real line with a timelike metric tensor, that is, the negative

of the usual dot product on R1. In particular, Minkowski spacetime (q = 1) is a
(1, n− 1)-product space of its time and the space parts.

However, unfortunately, not every semi-Riemannian (or Riemannian) man-
ifold can be reducible as a product of two or more of its submanifolds. Take a
simple example of a surface of revolution M by rotating a plane curve C about
an axis in R3 and r : C → R+ measures the distance to the axis. In spherical
coordinates (r, θ, φ) the metric of the landing space R3 − 0 of M is given by the
line element

ds2 = dr2 + r2(dθ2 + sin2 θdφ2).

From this line element it is clear that, in general, R3 − 0 is not a product space.
In particular, setting r = 1 gives the line element of a unit sphere M = S2 and,
therefore, R3 − 0 is diffeomorphic to a product R+ × S2 under the natural map
(a, b) ⇔ ab. Very soon we will present several other examples of reducible and
irreducible semi-Riemannian manifolds.

To construct a rich variety of manifolds from a given set of two or more
manifolds, in 1969, Bishop and O’Neill [63] introduced a new concept of product
manifolds, called warped product manifolds as follows:

Let (M1, g1) and (M2, g2) be two Riemannian manifolds, h : M1 → ( 0, ∞ )
and π : M1 × M2 → M1, σ : M1 × M2 → M2 the projection maps given by
π (x, y) = x and σ (x, y) = y for every (x, y) ∈ M1 ×M2. Denote the warped
product manifold M = (M1 ×h M2, g ), where

g (X, Y ) = g1 (π� X, π� Y ) + h (π(x, y) ) g2 (σ�X, σ� Y ) (1.3.1)

for everyX and Y ofM and � is the symbol for the tangent map. The manifoldsM1

and M2 are called the base and the fiber of M . They proved that M is a complete
manifold if and only if both M1 and M2 are complete Riemannian manifolds,
and they also constructed a large variety of complete Riemannian manifolds of
everywhere negative sectional curvature using a warped product.

Later on O’Neill [317] used the above definition and showed that if M1 and
M2 are semi-Riemannian, then, their warped product is also semi-Riemannian. At
this point we need the following definition:

Definition 1.3.1. A diffeomorphism φ : (M1, g1)→ (M2, g2) of two semi-Riemann-
ian manifolds such that φ∗(g2) = cg1 for some non-zero constant c is called a
homothety of coefficient c. If c = 1 then φ is an isometry.
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It is easy to verify the following properties of warped products:

(1) The fibers x × M2 = π−1(x) and the leaves M1 × y = σ−1(y) are semi-
Riemannian.

(2) For each y ∈M2, the map π|(M1×y) is an isometry onto M1.

(3) For each x ∈ M1, the map σ|(x×M2) is a positive homothety onto M2, with
scalar factor 1/h(x).

(4) For each (x, y) ∈M , the leaf M1 × y and the fiber x×M2 are orthogonal at
(x, y).

The tangent vectors of leaves and the tangent vectors of fibers are called horizontal
and vertical vectors respectively. See the next section for some more results on
semi-Riemannian warped products.

Lorentzian warped products. This section is taken from a book by Beem and
Ehrlich [34] which may be consulted for the details which we can not discuss in
this book. A spacetime (M, g) is said to be globally hyperbolic if there exists a
spacelike hypersurface Σ such that every endless causal curve intersects Σ once
and only once. Such a hypersurface (if it exists) is called a Cauchy surface. If M
is globally hyperbolic, then (a) M is homeomorphic to a product manifold R×Σ,
where Σ is a hypersurface of M , and for each t, {t} × Σ is a Cauchy surface, (b)
if Σ′ is any compact hypersurface of M without boundary, then Σ′ must be a
Cauchy surface. It is obvious from the above discussion that Minkowski spacetime
is globally hyperbolic. Now we highlight as to why globally hyperbolic spacetimes
are physically important and also present a mathematical technique to construct
an extension of this class to include a large class of time orientable Lorentzian
warped product manifolds. Recall the following theorem of Hopf-Rinow [231] on
compact and complete Riemannian manifolds.

Hopf-Rinow Theorem. For any connected Riemannian manifold M , the following
are equivalent:

(a) M is metric complete, i.e., every Cauchy sequence converges.

(b) M is geodesic complete, i.e., the exponential map is defined on the entire
tangent space TxM at each x ∈M .

(c) Every closed bounded subset of M is compact.

Thus the Hopf-Rinow theorem maintains the equivalence of metric and geo-
desic completeness and, therefore, guarantees the completeness of all Riemannian
metrics, for a compact smooth manifold, with the existence of minimal geodesics.
Also, if any one of (a) through (c) holds, then the Riemannian function is obvi-
ously finite-valued and continuous. In the non-compact case, it is known through
the work of Nomizu-Ozeki [311] that every non-compact Riemannian manifold ad-
mits a complete metric. Unfortunately, there is no analogue to the Hopf-Rinow
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theorem for a general Lorentzian manifold. In fact, we know now that the metric
completeness and the geodesic completeness are unrelated for arbitrary Lorentz
manifolds and their causal structure requires that a complete manifold must in-
dependently be spacelike, timelike and null complete. The singularity theorems
(see Hawking-Ellis [228]) confirm that not all Lorentz manifolds are metric and/or
geodesic complete. Also, the Lorentz distance function fails to be finite and/or
continuous for an arbitrary spacetime.

Based on the above, it is natural to ask if there exists a class of space-
times which shares some of the conditions of the Hopf-Rinow theorem. It has been
shown in the works of Beem-Ehrlich [34] that the globally hyperbolic spacetimes
turn out to be the most closely related physical model sharing some properties of
the Hopf-Rinow theorem. Indeed, timelike Cauchy completeness and finite com-
pactness are equivalent and the Lorentz distance function is finite and continuous
for this class. Consequently, the globally hyperbolic spacetimes are physically im-
portant. Although the Minkowski spacetime and the Einstein static universe are
globally hyperbolic, to include some more physically important models one needs
an extended case of the product spaces, called Lorentzian warped products which
we now explain.

Beem-Ehrlich [34] used the scheme of semi-Riemannian warped products and
constructed a large rich class of globally hyperbolic manifolds as follows:

Let (M1, g1) and (M2, g2) be Lorentz and Riemannian manifolds respec-
tively. Let h : M1 → (0,∞) be a C∞ function and π : M1 × M2 → M1 ,
σ :M1 ×M2 →M2 the projection maps given by π(x, y) = x and σ(x, y) = y for
every (x, y) ∈M1 ×M2. Then, define the metric g given by

g(X, Y ) = g1(π�X, π�Y ) + h(π(x, y)) g2(σ� X, σ� Y ), ∀X,Y ∈ Γ(TM)

where π� and σ� are respectively tangent maps. They proved:

Theorem 1.3.2. (Beem-Ehrlich [34]) Let (M1, g1) and (M2, g2) be Lorentzian and
Riemannian manifolds respectively. Then, the Lorentzian warped product manifold
(M =M1×hM2, g = g1⊕hg2) is globally hyperbolic if and only if both the following
conditions hold:

(1) (M1, g1) is globally hyperbolic.

(2) (M2, g2) is a complete Riemannian manifold.

They presented an extensive global study on causal and completeness prop-
erties of globally hyperbolic manifolds as well as null cut loci, conjugate and focal
points and Morse theory for non-null and null geodesics. Since then extensive re-
search has been done on the geometric and physical use of Lorentzian warped
product manifolds. Here we present some physical examples of warped product
spacetimes:

I. Robertson-Walker spacetimes. Since the Einstein field equations are a com-
plicated set of non-linear partial differential equations, we often assume certain
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relevant symmetry conditions for a satisfactory representation of our universe.
Through extragalactic observations we know that the universe is approximately
spherically symmetric about an observer. In fact, it would be more reasonable to
assume that the universe is isotropic, that is, approximately spherical symmetric
about each point in spacetime. This means the universe is spatially homogeneous
[228], that is, admits a 6-parameter group of isometries whose surfaces of tran-
sitivity are spacelike hypersurfaces of constant curvature. This implies that any
point on one of these hypersurfaces is equivalent to any other point on the same
hypersurface. Such a spacetime is called Robertson-Walker spacetime with metric

ds2 = −dt2 + S2(t)dΣ2, (1.3.2)

where dΣ2 is the metric of a spacelike hypersurface Σ with spherical symmetry
and constant curvature c = 1,−1 or 0. With respect to a local spherical coordinate
system (r, θ, φ), this metric is given by

dΣ2 = dr2 + f2(r)(dθ2 + sin2 θdφ2), (1.3.3)

where f(r) = sin r, sinh r or r according as c = 1,−1 or 0. The range of the
coordinates is restricted from 0 to 2π or from 0 to ∞ for c = 1 or −1 respec-
tively. Using the framework of Lorentzian warped products, we now show that
all Robertson-Walker spacetimes are globally hyperbolic. We know from (1.3.2)
that dΣ2 is a Riemannian metric of the spacelike hypersurface Σ. Set M1 = (a, b)
for (−∞ ≤ a, b ≤ ∞) as 1-dimensional space with negative definite metric −dt2.
Define S2(t) = h(t) where h : (a, b) → (0, ∞). Then, it follows from the metric
(1.3.2) and the discussion on warped product that a Robertson-Walker spacetime
(M, g) can be written as a Lorentzian warped product(

M =M1 ×h Σ , g = −dt2⊕h dΣ2
)
.

The map π : M0 ×h Σ → R , given by π(t, x) = t, is a smooth timelike func-
tion on M each of whose level surfaces π−1(t0) = {t0} × Σ is a Cauchy surface.
Consequently, it follows from the above stated Beem-Ehrlich theorem that all
Robertson-Walker spacetimes are globally hyperbolic. See [228, pages 134–142]
for more details on the Robertson-Walker spacetimes.

II. Asymptotically flat spacetimes. One of the important areas of research in gen-
eral relativity is the study of isolated systems, such as the sun and a host of stars
in our universe. It is now well known that such isolated systems can best be under-
stood by examining the local geometry of the spacetimes which are asymptotically
flat, that is, their metric is flat at a large distance from a centrally located observer.
First we define stationary and static spacetimes. A spacetime is stationary if it has
a 1-parameter group of isometries with timelike orbits. Equivalently, a spacetime
is stationary if it has a timelike Killing vector field, say V . A static spacetime is
stationary with the additional condition that V is hypersurface orthogonal, that
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is, there exists a spacelike hypersurface Σ orthogonal to V . The general form of
the metric of a static spacetime can be written as

ds2 = −A2(x1, x2, x3)dt2 +Bαβ(x1, x2, x3)dxαdxβ ,

where A2 = −VaV
a and α, β = 1, 2, 3. Static spacetimes have both the time

translation symmetry (t → t+ constant) and the time reflection symmetry (t →
−t). A spacetime is said to be spherically symmetric if its isometry group has a
subgroup isometric to SO(3) and its orbits are 2-spheres.

Case 1: Schwarzschild spacetimes. Let (M, g) be a 4-dimensional isolated sys-
tem with a Lorentz metric g and 3-dimensional spherical symmetry. Choose local
coordinates (t, r, θ, φ) for which g is given by

ds2 = −e2λdt2 + e2νdr2 +Adr dt+B r2
(
dθ2 + sin2 θdφ2

)
,

where λ, ν,A and B are functions of t and r only due to the 3-dimensional symme-
try. The inherent freedom in choosing some of the coefficients allows us to consider
a Lorentz transformation such that A = 0 and B = 1. Using this we get

ds2 = −e2λdt2 + e2νdr2 + r2
(
dθ2 + sin2 θdφ2

)
, where (1.3.4)

g00 = −e2λ, g11 = e2ν , g22 = r2, g33 = r2 sin2 θ,

gab = 0, ∀ a �= b, | g| = −r4 sin2 θe2(λ+ν).

Assume that M is Ricci flat, that is, Rab = 0. Finding the Christoffel symbols of
the second type, we calculate the four non-zero components of the Ricci tensor
and then equating them to zero entails the following three independent equations:

∂rλ =
e2λ − 1
2r

,

∂rν =
1− e2λ

2r
, ∂tν = 0.

Adding the first and second equations provides ∂r(λ+ ν) = 0. Thus, λ+ ν = f(t).
Now integrating the first equation and then using ∂rλ = −∂rν, we get

e2λ = e−2ν =
(
1− 2m

r

)
,

where m is a positive constant. Thus, (1.3.4) takes the form

ds2 = −
(
1− 2m

r

)
dt2 +

(
1− 2m

r

)−1

dr2 + r2
(
dθ2 + sin2 θdφ2

)
. (1.3.5)

This solution is due to Schwarzschild for which M is the exterior Schwarzschild
spacetime (r > 2m) with m and r as the mass and the radius of a spherical body.
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If we consider all values of r, then (1.3.5) is singular at r = 0 and r = 2m. It is
well known that r = 0 is an essential singularity and the singularity r = 2m can
be removed by extending (M, g) to another manifold say (M ′, g′) as follows. Let

r′ =
∫ (

1− 2m
r

)−1

dr = r + 2m log(r − 2m),

be a transformation with a new coordinate system (u, r, θ, φ), where u = t+ r′ is
an advanced null coordinate. Then, (1.3.5) takes the form:

ds2 = −
(
1− 2m

r

)
du2 + 2du dr + r2

(
dθ2 + sin2 dφ2

)
, (1.3.6)

which is non-singular for all values of r. Similarly, if we use a retarded null coor-
dinate v = t− r′, then (1.3.5) takes the form

ds2 = −
(
1− 2m

r

)
dv2 − 2dv dr + r2

(
dθ2 + sin2 θdφ2

)
. (1.3.7)

The exterior Schwarzchild spacetime, with metric (1.3.5) for r > 2m, can be re-
garded as a Lorentzian warped product in the following way. Let M1 = {(t, r) ∈
R 2 : r > 2m} be endowed with the Lorentzian metric

g1 = −
(
1− 2m

r

)
dt2 +

(
1− 2m

r

)
dr2

and letM2 be the unit 2-sphere S2 with the usual Riemannian metric g2 of constant
sectional curvature 1 induced by the inclusion mapping S2 → R 3. Then, (M =
M1 ×h M2, g = g1 ⊕h g2, r

2 = h) is the exterior Schwarzchild spacetime. (M, g)
is globally hyperbolic since M1 is globally hyperbolic and M2 = S2 can have a
complete Riemannian metric.

Case 2: Reissner-Nordström spacetimes. Another solution of asymptotically flat
category is due to Reissner-Nordström, which represents the spacetime (M, g)
outside a spherically symmetric body having an electric charge e but no spin or
magnetic dipole. Similar to the case of the Schwarzschild solution, the metric of
this spacetime can be expressed by

ds2 = −
(
1− 2m

r
+
e2

r2

)
dt2 +

(
1− 2m

r
+
e2

r2

)−1

dr2

+ r2
(
dθ2 + sin2 θdφ2

)
(1.3.8)

for a local coordinate system (t, r, θ, φ). This metric is also asymptotically flat as,
for r → ∞, it approaches the Minkowski metric and in particular if e = 0, then
this is a Schwarzschild metric. It is singular at r = 0 and r = m ± (m2 − e2)

1
2 if



30 Chapter 1. Preliminaries

e2 ≤ m2. While r = 0 is an essential singularity, the other two can be removed as
follows. Consider a transformation

r′ =
∫ (

1− 2m
r

+
e2

r2

)−1

dr.

Let (u, r, θ, φ) be a new coordinate system, with respect to (1.3.8), such that
u = t+ r′, the advanced null coordinate. Then, this metric transforms into

ds2 = −
(
1− 2m

r
+
e2

r2

)
du2 + 2 du dr + r2

(
dθ2 + sin2 θ dφ2

)
which is regular for values of r and represents an extended spacetime (M ′, g′) such
that M is embedded in M ′ and g′ is g on the image of M on M ′. We leave it as
an exercise to show that Reissner-Nordström spacetime is a globally hyperbolic
warped product spacetime. Some more examples may be seen in [34].

Finally, we cite the following papers of Beem, Ehrlich and their collabora-
tors (which also include other related papers) on global Lorentzian geometry (in
particular, reference to use of warped products) and its applications to relativity.
Beem and others [31, 32, 33, 34, 35, 36, 37, 38, 39].
Ehrlich and others [171, 172, 173, 174, 175, 176].

1.4 Lightlike manifolds

Let (M, g) be a real n-dimensional smooth manifold with a symmetric tensor field
g of type (0, 2) such that gx is of constant index q on TxM for any x ∈M . In this
section, we assume that gx is degenerate on TxM , that is, there exists a vector
ξ �= 0, of TxM , such that gx(ξ, v) = 0, ∀ v ∈ TxM. The radical or the null
space [317, page 53] of TxM , with respect to the symmetric bilinear form gx, is a
subspace RadTxM of TxM defined by

RadTxM = {ξ ∈ TxM ; gx(ξ, v) = 0 , ∀v ∈ TxM} .

The dimension of RadTxM is called the nullity degree of gx, denoted by null TxM .
Clearly, gx is degenerate on TxM if and only if null TxM > 0 which we assume.
The associated quadratic form of gx is the mapping hx : TxM → R given by
hx(v) = gx(v, v) for any v ∈ TxM . Then gx is expressed in terms of hx as

gx(v, w) =
1
2
{hx (v + w)− hx (v)− hx (w)} ,

for all v, w,∈ TxM . By virtue of a well-known result of linear algebra, there exists
a basis Ex = {e1, . . . , en} of TxM such that hx has a canonical form

hx(v) =
n∑

i=1

λi

(
vi
)2
,
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where λi ∈ R and (vi) are the coordinate components of v with respect to the
basis Ex. We say that hx is of type (p, q, r), where p+ q + r = n, if there exist in
the above equation p, q and r coefficients λi which are positive, negative and zero,
respectively. Note that here q and r are the index and nullity degree respectively
of gx on TxM . Also, the canonical form of hx is not unique but the type of hx is
independent of the basis of TxM .

Suppose the mapping RadTM that assigns to each x ∈ M the radical sub-
space RadTxM of TxM with respect to gx defines a smooth distribution of rank
r > 0 on M . With the above scheme, we say that (M, g) is an r-lightlike man-
ifold [149] and g is an r-degenerate metric on M . RadTM is called the radical
distribution of M . Thus, we have

g (ξ ,X ) = 0, ∀ ξ ∈ Γ (RadTM ), X ∈ Γ (TM) . (1.4.1)

Moreover, it is easy to see that (M, g) is r-lightlike if and only if g has a constant
rank n− r on M . We use the following range of indices:

a, b, . . . ∈ {1, . . . , q}, A,B, . . . ∈ {q + 1, . . . , q + p}, α, β, . . . ∈ {1, . . . , r},
i, j, . . . ∈ {r + 1, . . . ,m}, I, J, . . . ∈ {1, . . . ,m}.

The associated quadratic form h of g is, locally, given by

h = −
q∑

a=1

(ωa)2 +
q+p∑

A=q+1

(ωA )2 ,

where {ω1, . . . , ωp+q} are p+ q linear independent differential 1-forms locally de-
fined on M . Replace in the above equation ωa = ωa

I dx
I ; ωA = ωA

I dx
I , and

obtain h = gIJ dx
I dxJ , where

g
IJ
= g (∂I , ∂J )

= −
q∑

a=1

ωa
I ω

a
J +

q+p∑
A=q+1

ωA
I ω

A
J ,

and rank[g
IJ
] = p + q < n. Consider a complementary distribution S(TM) to

RadTM in TM . As fibers of S(TM) are screen subspaces of TxM , x ∈ M , we
call S(TM) a screen distribution on M . Since M is supposed to be paracompact,
there exists a non-degenerate screen distribution on M .

Example 1. Let S3
1 be the unit pseudo-sphere of a Minkowski spacetime R4

1 given
by −t2 + x2 + y2 + z2 = 1. Cut S3

1 by the hypersurface t − x = 0 and obtain a
lightlike surface M of S3

1 with RadTM spanned by a null vector ξ = ∂t + ∂x.
Take a screen distribution S(TM) spanned by a spacelike vector W = z ∂y − y ∂z .
Thus, M is lightlike with r = 1 and S(TM) Riemannian.

Metric (Levi-Civita) connection on lightlike manifolds. So far we have seen that
if RadTM is non-zero, then, the degenerate metric g of a lightlike manifold M is
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a symmetric tensor field. To further study the geometry of lightlike manifolds one
must know the existence of a torsion-free metric (Levi-Civita) connection ∇ onM
for which ∇g = 0. To deal with this important problem we need the following from
the theory of distributions on manifolds. We use the following range of indices: a,
b, . . . ∈ {1, . . . , n}; α, β, . . . ∈ {1, . . . , r}, i, j, . . . ∈ {r + 1, . . . , n}.

From the Frobenius theorem it follows that leaves of an integrable distri-
bution D determine a foliation on M of dimension r, that is, M is a disjoint
union of connected subsets {Lt} and each point x of M has a coordinate system
(U ; x1, . . . , xn) such that Lt ∩ U is locally given by the equations

xi = ci, i ∈ { r + 1, . . . , n+ 1 } , (1.4.2)

where ci are real constants, and (xα), α ∈ { 1, . . . , r }, are local coordinates on
Lt. We say that the foliation defined by D is totally geodesic, totally umbilical
or minimal, if any leaf of D is totally geodesic, totally umbilical or minimal,
respectively. The transformation of coordinates on M endowed with an integrable
distribution has a special form. More precisely, considering another coordinate
system (Ū , x̄a) on M and using (1.4.2) for both systems, we obtain

0 = d x̄ i =
∂ x̄ i

∂ x j
d x j +

∂ x̄ i

∂ xα
d xα =

∂ x̄ i

∂ xα
d xα ,

which imply

∂ x̄ i

∂ xα
= 0, ∀ i ∈ { r + 1, . . . , n} , α ∈ { 1. . . . , r } . (1.4.3)

Hence the transformation of coordinates on M is given by

x̄α = x̄α (x1, . . . , xn ) , α ∈ { 1, . . . , r }; i ∈ { r + 1, . . . ,m },
x̄ i = x̄ i (xr+1, . . . , xn). (1.4.4)

Thus we get the following transformation of natural frames fields on M :

∂

∂xα
= Bβ

α(x)
∂

∂x̄β
,

∂

∂xi
= Bj

i (x)
∂

∂x̄j
+ Bα

i (x)
∂

∂x̄α
, (1.4.5)

where we put

Bj
i (x) =

∂x̄j

∂xi
; Bα

i (x) =
∂x̄α

∂xi
; Bβ

α(x) =
∂x̄β

∂xα
.

Now, suppose D̄ is a complementary distribution to the integrable distribution D
on M , that is, we have

TM = D ⊕ D̄ . (1.4.6)
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We call D̄ a transversal distribution to D in TM . Then we take a local frames
field { ∂

∂xα , Xi} on M adapted to the decomposition (1.4.6), i.e., Xi ∈ Γ(D̄) and
∂

∂xα ∈ Γ(D). Thus we have

∂

∂xi
= Nα

i (x)
∂

∂xα
+ Aj

i (x)Xj , (1.4.7)

where Aj
i and Nα

i are smooth functions defined on a coordinate neighborhood
U ⊂M . Hence the transition matrix from the local natural frames field

{
∂

∂xα ,
∂

∂xi

}
to
{

∂
∂xα , Xi

}
is

Λ =
[
δα
β Nα

i (x)
0 Aj

i (x)

]
,

where

δα
β =

{
1 α = β,
0 α �= β,

are the components of the so-called Kronecker delta. As Λ is an invertible matrix,
it follows that the (n − r) × (n − r) matrix whose entries are Aj

i (x) is also an
invertible matrix. Thus the set of local vector fields

{
δ

δxr+1 , . . . ,
δ

δxm

}
given by

δ

δxi
= Aj

i (x)Xj , i ∈ { r + 1, . . . , m} ,

is a local basis of Γ(D̄). In this way (1.4.7) becomes

δ

δxi
=

∂

∂xi
− Nα

i (x)
∂

∂xα
. (1.4.8)

We next denote by N̄ β
j smooth functions in (1.4.8) with respect to another coor-

dinate system (Ū , x̄ a ) on M . Then by using (1.4.5) and (1.4.7) we obtain

Nα
i (x)B

β
α (x) = N̄ β

j (x)B
j
i (x) + Bβ

i (x) . (1.4.9)

Conversely, suppose on the domain of each local chart of M there exist r(n − r)
real smooth functions Nα

i satisfying (1.4.9) with respect to the transformation
(1.4.4). Then we define by (1.4.8) n − r linear independent local vector fields on
M . Moreover, by using (1.4.8) and (1.4.9) we obtain

δ

δxi
= Bj

i (x)
δ

δx̄j
. (1.4.10)

Hence there exists onM a globally defined distribution D̄ which is locally spanned
by
{

δ
δxi

}
, i ∈ {r + 1, . . . , n}. Since the dimension of each fiber of D̄ is n − r and{

δ
δxi

}
do not belong to Γ(D), we conclude that D̄ is a complementary distribution

to D in TM . Summing up we state the following:
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Theorem 1.4.1. Let D be an integrable distribution of rank r on M . Then there
exists a transversal distribution D̄ to D in TM , iff on the domain of each local
chart on M there exist r(m− r) real smooth functions Nα

i satisfying (1.4.9) with
respect to the transformation of coordinates (1.4.4).

Suppose RadTM is integrable. Then, there exists a local coordinates system
(U ; x1, . . . , xn ) on M such that (xα) , α ∈ {1, . . . , r} are the coordinates on a
leaf L of RadTM with its local equations xi = ci, i ∈ {r + 1, . . . ,m}. As g is
degenerate on TM , using (1.1.2) and (1.1.4) we get

gα β = gα i = gi α = 0 ; ∀α, β ∈ {1, . . . , r}, i ∈ {r + 1, . . . , n} ,

and thus the matrix of g with respect to the natural frames field { ∂
∂xI }, I ∈

{1, . . . , n} becomes

[g
IJ
] =

[
Or , r Or , n−r

On−r , r gi j(x1, . . . , xn)

]
. (1.4.11)

Also, suppose that with respect to the above coordinates system we have

∂gi j

∂xα
= 0, ∀ i, j ∈ {r + 1, . . . , n}, α ∈ {1, . . . , r} . (1.4.12)

The first group of equations in (1.4.5) imply that (1.4.11) holds for any other
system of coordinates adapted to the foliation induced by the integrable distribu-
tion RadTM . As in the case of semi-Riemannian manifolds, a vector field X on
a lightlike manifold (M, g) is said to be a Killing vector field if £Xg = 0. A dis-
tribution D on M is said to be a Killing distribution if each vector field belonging
to D is a Killing vector field. According to the terminology used in [149], we say
that a lightlike manifold (M, g) is a Reinhart lightlike manifold if its RadTM is
integrable and there exists a local coordinate system such that (1.4.11) holds. See
[333] for information on Reinhart Riemannian spaces. Now we state and prove the
existence of a metric (Levi-Civita) connection on (M, g).

Theorem 1.4.2. [149] Let (M, g) be a lightlike manifold. Then the following asser-
tions are equivalent:

(i) (M, g) is a Rienhart lightlike manifold.

(ii) RadTM is a Killing distribution.

(iii) There exists a Levi-Civita connection ∇ on M with respect to g.

Proof. (i) =⇒ (ii). Suppose M is a Reinhart lightlike manifold. As RadTM is
integrable, consider a coordinate system (U : x1, . . . , xn) such that any X ∈
Γ (RadTM) is locally expressed by X = Xα ∂α. Then by using (1.2.22) and (1.4.1)
we see that £Xg = 0 becomes

Xα

{
∂(g(Y, Z) )

∂xα
− g

([
∂

∂xα
, Y

]
, Z

)
− g

(
Y,

[
∂

∂xα
, Z

])}
= 0 , (1.4.13)
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for any Y , Z ∈ Γ(TM). By using (1.4.1) and RadTM integrable, it is easy to check
that in case at least one of vector fields Y and Z belongs to RadTM , (1.4.13) is
identically satisfied. Now Consider Y = ∂

∂xi and Z = ∂
∂xj , i , j ∈ {r + 1, . . . , n}

and (1.4.13) follows by using (1.4.12). Hence RadTM is a Killing distribution.
(ii) =⇒ (i). Suppose RadTM is a Killing distribution, that is

(£Xg) (Y, Z) = X(g (Y, Z) ) − g ( [X,Y ], Z) − g (Y, [X,Z ] ) = 0, (1.4.14)

for any X ∈ Γ(RadTM) and Y , Z ∈ Γ(TM). Consider Y ∈ Γ(RadTM) in
(1.4.14) and by using (1.4.1) obtain g([X,Y ], Z) = 0, for any Z ∈ Γ(TM). Hence
[X,Y ] ∈ Γ(RadTM), that is RadTM is involutive, and by the Frobenius theorem
it is integrable. Finally, take X = ∂

∂xα ∈ Γ(RadTM), Y = ∂
∂xi and Z = ∂

∂xj in
(1.4.14) and obtain (1.4.12). Hence (M, g) is Reinhart.

(iii) =⇒ (ii). Suppose there exists a Levi-Civita connection ∇ on M , that is,
g is parallel with respect to ∇. Then, we easily deduce that

(£Xg) (Y, Z) = {X(g(Y, Z) ) − g(∇XY, Z) − g(Y,∇XZ)}
+ {g(∇Y X,Z) + g(Y,∇ZX)}

= g(∇YX,Z) + g(Y,∇ZX)
= Y (g(X,Z) ) + Z(g (X,Y ) )− g (X,∇Y Z)− g (X,∇ZY )
= 0, ∀X ∈ Γ(RadTM) and Y, Z ∈ Γ(TM).

Hence RadTM is a Killing distribution on M .
(ii) =⇒ (iii). As (ii) is satisfied, from the proof of (ii) =⇒ (i) it follows

RadTM is integrable. Consider RadTM as an (n+ r)-dimensional manifold with
local coordinates (xα, xi , yα ), where (xα, xi) are local coordinates on M induced
by the foliation determined by RadTM and (yα) are coordinates on fibers of vector
bundle RadTM . Thus the transformation of coordinates on RadTM is given by
(1.4.4) and

ȳ α = B α
β (x)y

β .

It follows that
∂

∂yα
= B β

α (x)
∂

∂ȳ β
, (1.4.15)

which enables one to consider a vector bundle NM over M , locally spanned by
{ ∂

∂yα } , α ∈ {1, . . . , r}. Moreover, we have

T (RadTM) |M = TM ⊕ NM. (1.4.16)

Next, since M is paracompact we consider a Riemannian metric g∗ on M and
a screen distribution S(TM) as the complementary orthogonal distribution to
RadTM in TM with respect to g∗. Then (1.4.16) becomes

T (RadTM) |M = RadTM ⊕orth S(TM)⊕orth NM. (1.4.17)
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Note that NM and RadTM are vector bundles of rank r over M such that the
transition matrices from { ∂

∂yα } to { ∂
∂ȳ β } and from { ∂

∂xα } to { ∂
∂x̄ β } are the same.

Hence any sectionN = Nα ∂
∂yα ofNM defines a sectionN∗ = Nα ∂

∂xα of RadTM .
Now, denote by p, s and t the projection morphisms of T (RadTM) |M on S(TM),
RadTM and NM respectively, and define

ḡ : Γ
(
T (RadTM) |M

)
× Γ

(
T (RadTM) |M

)
−→ F(RadTM) ;

ḡ(X̄, Ȳ ) = g(pX̄, pȲ ) + g∗(sX̄, (tȲ )∗) + g∗(sȲ , (tX̄)∗) , (1.4.18)

for any X̄ , Ȳ ∈ Γ(T (RadTM) |M). It is easy to see that ḡ is a semi-Riemannian
metric on the manifold RadTM and the degenerate metric g is the restriction of
ḡ to Γ(TM). Denote by ∇̄ the Levi Civita connection on (RadTM, ḡ ) and set

∇̄XY = ∇XY + Bα(X,Y )
∂

∂yα
, ∀X, Y ∈ Γ(TM) , (1.4.19)

where ∇XY ∈ Γ(TM) and Bα(X,Y ) ∈ F(M). It follows that ∇ is a torsion-free
linear connection onM andBα are symmetric bilinear forms on Γ(TM). Moreover,
by using (1.4.15), (1.4.17) and (1.4.19), and ∇̄ḡ = 0 we obtain

0 = (LXg) (Y, Z) = − ḡ(X, ∇̄Y Z + ∇̄ZY ) = − 2Bα(Y, Z) g∗
(
X,

∂

∂xα

)
,

for any X ∈ Γ(RadTM) and Y , Z ∈ Γ(TM). Now r > 0 and the g∗ Riemannian
metric on RadTM implies Bα(Y, Z) = 0, for any α ∈ {1, . . . , r}. Hence ∇̄Y Z =
∇Y Z, and thus ∇g = 0, which completes the proof. �

The following result is a direct consequence of the above theorem.

Corollary 1.4.3. Let (M, g) be an n-dimensional lightlike manifold with RadTM
of rank r = 1 and a local coordinate system satisfying (1.4.11). Then, RadTM is
a Killing distribution and there exists a Levi-Civita connection on M with respect
to the degenerate metric tensor field g.

Lightlike warped products. Similar to the case of semi-Riemannian warped prod-
ucts, one can construct a variety of rich classes of lightlike warped products (a
concept introduced by the first author, Duggal, of this book in a paper [137]) de-
pending on the type of problem in hand. In the following we present two classes
of lightlike warped products:

Class A. Let (M1, g1 ) and (M2, g2 ) be a lightlike and a semi-Riemannian manifold
of dimensions n1 and n2 respectively, where the RadTM1 is of rank r. Let π :
M1 × M2 → M1 and σ :M1 × M2 → M2 denote the projection maps given by
π(x, y) = x and σ(x, y) = y for (x, y) ∈ M1 × M2 respectively. Observe that the
projection π on M1 will be with respect to the non-degenerate screen distribution
S(TM1) of M1.
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Definition 1.4.4. A product manifold M = M1 × M2 is called a lightlike warped
product M1 ×h M2, with the degenerate metric g given by

g(X, Y ) = g1(π� X, π� Y ) + h(π(x, y)) g2(σ� X, σ� Y ), (1.4.20)

for every X,Y of M , � is the symbol for the tangent map and h :M1 → (o,∞) is
a smooth function.

It follows that RadTM of M still has rank r but its screen S(TM) is of
dimension n− r, where dimM = n1 + n2 = n. Consider a simple case of lightlike
manifolds with 1-dimensional radical distribution. These are interesting objects
extensively used both in mathematics and physics. Geometrically, their radical
distribution is obviously integrable, which is a desirable property. Secondly, such
spaces represent physical models of singular regions in a spacetime manifold of
general relativity (see some such cases in Chapter 3). Among this class there is a
special case defined as follows:

Definition 1.4.5. [133] A lightlike manifold (M, g) is called a globally null manifold
if it admits a global null vector field and a complete Riemannian hypersurface.

Example 2. Let (M̄, ḡ) be an (n + 1)-dimensional globally hyperbolic spacetime
[34], with the line element of the metric ḡ given by

ds2 = − dt2 + dx1 + ḡab d x
a d xb, (a, b = 2, . . . , n)

with respect to a coordinate system (t, x1, . . . , xn) on M̄ . We choose the range
0 < x1 < ∞ so that the above metric is non-singular. Take two null coordinates
u and v such that u = t+ x1 and v = t− x1. Thus, the above metric transforms
into a non-singular metric: ds2 = − du dv + ḡab dx

a dxb.
The absence of du2 and dv2 in the above metric implies that {v = constant.}

and {u = constant.} are lightlike hypersurfaces of M̄ . Let (M, g, r = 1, v =
constant.) be one of this lightlike pair and let D be the 1-dimensional distribution
generated by the null vector {∂v} in M̄ . Denote by L the 1-dimensional integral
manifold of D. A leaf M ′ of the (n − 1)-dimensional screen distribution of M
is Riemannian with metric dΩ2 = ḡab x

a xb and is the intersection of the two
lightlike hypersurfaces. In particular, there will be many global timelike vector
fields in globally hyperbolic spacetimes M̄ . If one is given a fixed global time
function then its gradient is a global timelike vector field in a given M̄ . With this
choice of a global timelike vector field in M̄ , we conclude that both its lightlike
hypersurfaces admit a global null vector field. Now, using the celebrated Hopf–
Rinow theorem one may choose a screen whose leaf M ′ is a complete Riemannian
hypersurface ofM . Thus, it is possible to construct a pair of globally null manifolds
as hypersurfaces of a globally hyperbolic spacetime. In particular, a Minkowski
spacetime can have a pair of hypersurfaces which are globally null manifolds.

In the following we show how a globally null manifold can be expressed as
a global product manifold and, then, construct a rich class of lightlike warped
products.
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Theorem 1.4.6. Let (M, g, S(TM)) be an n-dimensional (n ≥ 3) globally null
manifold, with a choice of screen distribution S(TM). Then the following asser-
tions are equivalent:

(a) S(TM) is a parallel distribution.

(b) M =M ′ × C ′ is a global product manifold, where M ′ is an integral manifold
of S(TM) and C ′ is a 1-dimensional integral manifold of a global null curve
C in M .

Proof. Choose a parallel screen S(TM). Then, by the Frobenius theorem, S(TM)
is integrable and its integral manifolds are geodesic inM . Thus∇XY ∈ Γ(S(TM))
for every X,Y ∈ S(TM). The global null curve C being 1-dimensional, it is inte-
grable. Moreover, it is known [137] that the integral curve of ξ is a null geodesic.
Therefore M is a product of two geodesic submanifolds. Hence (a) implies (b).
The converse clearly follows. �

Now we show that there is a large class of globally null product manifolds.
Consider a class of globally null manifolds, denoted by (M, g, S(TM), G), such
that each of its members carries a smooth 1-parameter group G of isometries
whose orbits are global null curves in M . This means that each RadTM is a
Killing distribution and so, as per Theorem 1.4.2, each M admits a metric (Levi-
Civita) connection ∇ with respect to its degenerate metric g.

Proposition 1.4.7. Let (M, g, G) be an (n + 1)-dimensional (n > 1) globally null
manifold, with a smooth 1-parameter group G of isometries whose orbits are global
null curves in M . Suppose M ′ is the spacelike n-dimensional orbit space of the
action G. Then, (M, g, S(TM), G) is a global product manifold M = M ′ × C′,
where M ′ and C ′ are leaves of a chosen integrable screen distribution S(TM) and
the RadTM of M respectively.

Proof. LetM ′ be the orbit space of the action G ≈ C′, where C ′ is a 1-dimensional
null leaf of RadTM in M . Then, M ′ is a smooth Riemannian hypersurface of M
and the projection π : M → M ′ is a principle C ′-bundle, with null fiber G. The
global existence of a null vector field, of M , implies that M ′ is Hausdorff and
paracompact. The infinitesimal generator of G is a global null Killing vector field,
say ξ, on M . Then, the metric g restricted to the screen distribution S(TM), of
M , induces a Riemannian metric, say g′, onM ′. Since ξ is non-vanishing onM , we
can take ξ = ∂θ as a global null coordinate vector field for some global function θ
onM . Thus, θ induces a diffeomorphism onM such that (M =M ′×C′, g = π�g′)
is a global product manifold. Finally, the integrability of S(TM) follows from the
Theorem 1.4.6, which completes the proof. �

Finally, using Definition 1.4.5, we have the following characterization theorem
for warped product manifolds of Class A ( the proof is straightforward):

Theorem 1.4.8. [133] Let (M1, g1) and (M2, g2) be lightlike with RadTM of rank 1
and Riemannian manifolds respectively. The warped product (M =M1 ×h M2, g)
is a globally null manifold if and only if both the following conditions hold:
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(1) (M1, g1) is a globally null manifold.

(2) (M2, g2) is a complete Riemannian manifold.

Now we use the above result and generate a class of triple lightlike warped
product. Consider a globally null manifold (M1, g1) and a complete Riemannian
manifold (M2, g2) of dimensions n and m respectively. Using the above theorem,
construct an (n + m)-dimensional globally null warped product manifold (M =
M1 ×h M2, g), where h is a smooth function on M1. Then, we have the following
result (proof is similar to the proof of Theorem 1.4.6):

Theorem 1.4.9. Let (M =M1×hM2, g, S(TM)) be an (n+m)-dimensional globally
null warped product manifold, where h is a smooth function on M1 and S(TM) a
chosen screen distribution. Then, the following assertions are equivalent:

(a) The screen distribution S(TM) is a parallel distribution.

(b) M = L × M ′ is a global null product manifold, where L is a 1-dimensional
integral manifold of the global null curve C in M and (M ′, g′) is a complete
Riemannian hypersurface of M which is a triple warped product

(M = L×B ×h M2, g), M ′ = (B ×h M2, g
′) (1.4.21)

where (B, gB ) is a complete Riemannian hypersurface of M1 = L × B.

Class B: Let (M, g ) and (N, g′ ) be twom- and n-dimensional lightlike manifolds,
with both RadTM and RadTN of rank 1. Suppose S (TM) and S (TN) are their
screen distributions of index q1 and q2 respectively. We construct an (m + n)-
dimensional semi-Riemannian manifold ( M̄, ḡ ), using M and Nas follows:

Let RadTM and RadTN be locally generated by their respective null vector
fields � and k such that ḡ( �, � ) = ḡ( k, k ) = 0, ḡ( �, k ) = − 1. Construct one
timelike vector U and one spacelike vector V such that

U =
�+ k√

2
, V =

�− k√
2

, ḡ(U, U) = − 1 , ḡ(V, V ) = 1 .

Since 1-dimensional RadTM and RadTN are obviously integrable, there exists an
integrable distributionD generated by {U, V }, and of index 1. S(TM) and S(TN)
being non-degenerate, it follows that (M̄, ḡ ) is a semi-Riemannian manifold of
index q1+q2+1 such that TM̄ = S(TM)+ S(TN) +D. Thus, one can use the non-
degenerate warped product technique to find two semi-Riemannian manifolds, say
(M1, g1) and (M2, g2), such that M̄ = (M1 ×f M2, ḡ ) where the warped function
f , but ḡ is indefinite. If q1 = q2 = 0, then M̄ is Lorentzian. Furthermore, suppose
M andN are globally null. This means that they both admit complete Riemannian
hypersurfaces as leafs of S(TM) and S(TN) and both the null vectors � and k are
globally defined on respective manifolds. Thus, ( M̄, ḡ ) admits a globally defined
timelike vector field U and it follows from a result in [34] that ( M̄, ḡ ) is a globally
hyperbolic warped product of a globally hyperbolic spacetime (M1, g1 ) and a
complete Riemannian manifold (M2, g2 ). Thus, we have the following theorem:
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Theorem 1.4.10. Let (M, g) and (N, g′) be two globally null manifolds of dimen-
sions m and n respectively. Then, there exists an (m + n)-dimensional globally
hyperbolic Lorentzian warped product manifold M̄ = (M1 ×f M2, ḡ ), where M1

and M2 are a globally hyperbolic spacetime and a complete Riemannian submani-
fold of M̄ , constructed by using M and N .

Using the above theorem one can construct the following specific examples of
spacetimes: Schwarzschild and De-Sitter, Robertson–Walker, Reissner–Nordström
and Kerr. Also, see [41, 137, 139, 140, 141] for more on warped products, geomet-
ric/ physical results on globally null manifolds and examples.



Chapter 2

Lightlike hypersurfaces

Since for any semi-Riemannian manifold M̄ there is a natural existence of null
(lightlike) subspaces, their study is equally desirable. In particular, from the point
of physics lightlike hypersurfaces are of importance as they are models of various
types of horizons, such as Killing, dynamical and conformal horizons, studied in
general relativity (see some details in Chapter 3). However, due to the degener-
ate metric of a lightlike submanifold M , one fails to use, in the usual way, the
theory of non-degenerate geometry. The primary difference between the lightlike
submanifolds and the non-degenerate submanifolds is that in the first case the
normal vector bundle intersects the tangent bundle. In other words, a vector of a
tangent space TxM̄ cannot be decomposed uniquely into a component tangent to
TxM and a component of normal space TxM

⊥. Therefore, the standard definition
of the second fundamental form and the Gauss-Wiengarten formulas do not work,
in the usual way, for the lightlike case.

To deal with this anomaly, lightlike manifolds have been studied in several
ways corresponding to their use in a given problem. Indeed, see Akivis-Goldberg
[2, 3, 4], Bonnor [76, 77], Katsuno [252], Leistner [285], Nurowski-Robinson [312],
Penrose [329], Perlick [332], Rosca [339] and more referred to in these papers. In
1991, Bejancu-Duggal [51] introduced a general geometric technique of using a non-
degenerate screen distribution S(TM) to deal with the above anomaly for lightlike
hypersurfaces (also applicable for a general submanifold). Later on, in 1994, Be-
jancu [48] used the method of non-degenerate screens for null curves. Motivated by
the growing use of lightlike geometry in mathematical physics, in 1996, Duggal-
Bejancu published a book [149] on “lightlike submanifolds of semi-Riemannian
manifolds and applications” (see Kupeli [273] with a different approach). The pur-
pose of this chapter is to present new geometric results on lightlike hypersurfaces
available since the publication of this 1996 book. In Chapter 3, we deal with appli-
cations to relativity, with focus on a variety of black hole horizons and the latest
work on Osserman lightlike hypersurfaces [20].
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2.1 Basic general results

Semi-Riemannian hypersurfaces Let (M̄, ḡ) be a proper (m+2)-dimensional semi-
Riemannian manifold of constant index q ∈ {1, . . . , m + 1}. Suppose M is an
(m + 1)-dimensional smooth manifold and i : M → M̄ a smooth mapping such
that each point x ∈M has an open neighborhood U for which i restricted to U is
one-to-one and i−1 : i(U)→M are smooth. Then, we say that i(M) is an immersed
hypersurface of M̄ . If this condition globally holds, then i(M) is called an embedded
hypersurface of M̄ , which we assume in this book. The embedded hypersurface
has a natural manifold structure inherited from the manifold structure on M̄
via the embedding mapping. At each point i(x) of i(M), the tangent space is
naturally identified with an (m + 1)-dimensional subspace Ti(x)M of the tangent
space Ti(x)M̄ . The embedding i induces, in general, a symmetric tensor field, say
g, on i(M) such that

g(X, Y )|x = ḡ(i∗X, i∗Y )|i(x), ∀X, Y ∈ Tx(M).

Here i∗ is the differential map of i defined by i∗ : Tx → Ti(x) and (i∗X)(f) =
X(f ◦ i) for an arbitrary smooth function f in a neighborhood of i(x) of i(M).
Henceforth, we writeM and x instead of i(M) and i(x). Due to the causal character
of three categories (spacelike, timelike and lightlike) of the vector fields of M̄ , there
are three types of hypersurfaces M , namely, Riemannian, semi-Riemannian and
lightlike and g is a non-degenerate or a degenerate symmetric tensor field on M
according as M is of the first two types and of the third type respectively.

First we assume that g is non-degenerate so that (M, g) is a semi-Riemannian
hypersurface of (M̄, ḡ). Define the normal bundle subspace

TM⊥ =
{
V ∈ Γ(TM̄) : g(V, W ) = 0, ∀W ∈ Γ(TM̄)

}
of M in M̄ . Since M is a hypersurface, dim(TxM

⊥) = 1. Following is the orthog-
onal complementary decomposition:

TM̄ = TM ⊥ TM⊥, TM ∩ TM⊥ = {0}. (2.1.1)

Here, the tangent and the normal bundle subspaces are non-degenerate and any
vector field of TM̄ splits uniquely into a component tangent toM and a component
perpendicular to M . Let ∇̄ and ∇ be the Levi-Civita connections on M̄ and M
respectively. Then, there exists a uniquely defined unit normal vector field, say
n ∈ Γ(TM̄) and the Gauss-Weingarten formulas are

∇̄XY = ∇XY +B(X, Y )n,
∇̄Xn = −εAnX, (2.1.2)

for any tangent vectorsX and Y ofM and g(n, n) = ε = ±1 such that n belongs to
TM⊥ and ∇XY , AnX belong to the tangent space. Here B(−,−)n is the second
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fundamental form tensor and B is the second fundamental form, related with the
shape operator An by

B(X, Y ) = ḡ(AnX, Y ), ∀X, Y ∈ Γ(TM).

We say that M is totally geodesic hypersurface in M̄ if

B = 0 ⇔ An = 0.

A point p of M is said to be umbilical if

B(X,Y )p = k g(X,Y )p, ∀X,Y ∈ TpM,

where k ∈ R and depends on p. The above definition is independent of any coor-
dinate neighborhood around p. M is totally umbilical in M̄ if every point of M is
umbilical, i.e., if B = ρ g where ρ is a smooth function.

With respect to an orthonormal basis {E1, . . . , En} of TpM , the mean cur-
vature vector μ of M is defined by

μ =
tr(B)
n

=
1
n

n∑
i=1

εiB(Ei, Ei), g(Ei, Ei) = εi,

where μ is independent of any coordinate neighborhood around p. The character-
istic equations of Gauss and Codazzi are, respectively

< R̄(X,Y )Z,W > =< R(X,Y )Z,W > +ε < B(X,Z), B(Y,W ) >
− ε < B(Y, Z), B(X,W ) >

ε < R̄(X,Y )Z,N > = (∇XB)(Y, Z)− (∇Y B)(X,Z)

where R̄ and R denote the curvature tensors of M̄ and M , respectively, X,Y, Z,
W ∈ Γ(TM) and <,> is the symbol of inner product. In the following we notice
a marked difference between the above structure equations and those of lightlike
hypersurfaces due to a degenerate induced metric.

Lightlike hypersurfaces. Now let g be degenerate onM . Then, there exists a vector
field ξ �= 0 on M such that

g(ξ, X) = 0, ∀X ∈ Γ(TM).

The radical or the null space (O’Neill [317, page 53]) of TxM , at each point x ∈M ,
is a subspace RadTxM defined by

RadTxM = {ξ ∈ TxM : gx(ξ, X) = 0, ∀X ∈ TxM} , (2.1.3)

whose dimension is called the nullity degree of g and M is called a lightlike hyper-
surface of M̄ . Comparing (2.1.1) with (2.1.3), with respect to degenerate g, and
any null vector being perpendicular to itself implies that TxM

⊥ is also null and

RadTxM = TxM ∩ TxM
⊥.



44 Chapter 2. Lightlike hypersurfaces

For a hypersurface M dim(TxM
⊥) = 1, implies that dim(RadTxM) = 1 and

RadTxM = TxM
⊥. We call RadTM a radical (null) distribution of M . Thus, for

a lightlike hypersurface M , (2.1.1) does not hold because TM and TM⊥ have a
non-trivial intersection and their sum is not the whole of tangent bundle space
TM̄ . In other words, a vector of TxM̄ cannot be decomposed uniquely into a
component tangent to TxM and a component of TxM

⊥. Therefore, the standard
text-book definition of the second fundamental form and the Gauss-Weingarten
formulas do not work, in the usual way, for the lightlike case.

To deal with this problem, in 1991, Bejancu-Duggal [51] introduced a gen-
eral geometric technique by splitting the tangent bundle TM̄ into three non-
intersecting complementary (but not orthogonal) vector bundles (two of them
null and one non-null). This result on lightlike hypersurfaces was presented by
Duggal-Bejancu in a 1996 book [149]. In the same year Kupeli [273] published
a book on singular semi-Riemannian geometry. Duggal-Bejancu’s approach was
basically extrinsic in contrast to the intrinsic one developed by Kupeli. Recently,
there has been a considerable amount of new material on lightlike hypersurfaces
and their applications to some problems in general relativity and other areas of
mathematical physics, published by a large number of researchers. Starting from
the next section, we present new results (with proofs) which are so far available
on the differential geometry of lightlike hypersurfaces.

Consider a complementary vector bundle S(TM) of TM⊥ = RadTM in
TM . This means that

TM = RadTM ⊕orth S(TM). (2.1.4)

S(TM) is called a screen distribution on M . It follows from the equation (2.1.4)
that S(TM) is a non-degenerate distribution. Moreover, since we assume that M
is paracompact, there always exists a screen S(TM). Thus, along M we have the
decomposition

TM̄|M = S(TM) ⊥ S(TM)⊥, S(TM) ∩ S(TM)⊥ �= {0}, (2.1.5)

that is, S(TM)⊥ is the orthogonal complement to S(TM) in TM̄|M . Note that
S(TM)⊥ is also a non-degenerate vector bundle of rank 2. However, it includes
TM⊥ = RadTM as its sub-bundle.

Theorem [149]. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemann-
ian manifold (M̄, ḡ). Then there exists a unique vector bundle tr(TM) of rank 1
over M , such that for any non-zero section ξ of TM⊥ on a coordinate neighborhood
U ⊂M , there exists a unique section N of tr(TM) on U satisfying:

ḡ(N, ξ) = 1, ḡ(N,N) = ḡ(N,W ) = 0, ∀ W ∈ Γ(ST (M)|U). (2.1.6)

Proof. Note that S(TM)⊥ is a non-degenerate vector bundle of rank 2 and TM⊥

is a vector sub-bundle of S(TM)⊥. Consider a complementary vector bundle F of
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TM⊥ in S(TM)⊥ and take V ∈ Γ(F| U ) , V �= 0. Then ḡ(ξ , V ) �= 0 on U , otherwise
S(TM)⊥ would be degenerate at a point of U . Define on U , a vector field

N =
1

ḡ(ξ, V )
{V − ḡ(V, V )

2 ḡ(ξ, V )
ξ }, (2.1.7)

where V ∈ Γ(F|U ) such that ḡ(ξ, V ) �= 0. It is easy to see that N , given by
(2.1.7), satisfies (2.1.6). Moreover, by direct calculations, it follows that any N
on U , satisfying (2.1.6), is given by (2.1.7). Then we consider another coordinate
neighborhood U∗ ⊂ M such that U ∩ U∗ �= φ. As both TM⊥ and F are vector
bundles overM of rank 1, we have ξ∗ = α ξ and V ∗ = βV , where α and β are non-
zero smooth functions on U∩U∗. It follows that N∗ is related with N on U∩U∗ by
N∗ = (1/α)N . Therefore, the vector bundle F induces a vector bundle tr(TM) of
rank 1 over M such that, locally, (2.1.6) is satisfied. Finally, we consider another
complementary vector bundle E to TM⊥ in S(TM)⊥ and by using (2.1.7), for
both F and E, we obtain the same tr(TM ), which completes the proof. �

It follows from (2.1.6) that tr(TM) is a lightlike vector bundle such that
tr(TM)u ∩TuM = {0} for any u ∈M . Moreover, from (2.1.4) and (2.1.5) we have
the following decompositions:

TM̄|M = S(TM)⊕orth (TM⊥ ⊕ tr(TM)) = TM ⊕ tr(TM). (2.1.8)

Hence for any screen distribution S(TM) we have a unique tr(TM) which is
the complementary vector bundle to TM in TM̄|M and satisfies (2.1.6). This is
why we call tr(TM) the lightlike transversal vector bundle of M with respect to
S(TM). We denote by (M, g, S(TM)) a lightlike hypersurface of an (m + 2)-
dimensional semi-Riemannian manifold (M̄, ḡ) and by Γ(E) the F(M)-module of
smooth sections of a vector bundle E over M , F(M) being the algebra of smooth
functions on M . Also, all manifolds are supposed to be paracompact. Let ∇̄ be
the metric (Levi-Civita) connection on M̄ with respect to ḡ. We show that the
existence of a unique null section N of tr(TM), for a null tangent section ξ of
RadTM , plays a key role in setting up the Gauss-Weingarten type formulae (for
the lightlike case) from which one can obtain the induced geometric objects such
as linear connections, second fundamental forms, curvature tensor and Ricci tensor
etc. By using the second form of the decomposition in (2.1.8), we obtain

∇̄XY = ∇XY + h(X, Y ), (2.1.9)

∇̄XV = −AVX +∇t
X V, ∀X, Y ∈ Γ(TM) (2.1.10)

and V ∈ Γ(tr(TM)), where ∇XY and AV X belong to Γ(TM) while h(X, Y ) and
∇t

X V belong to Γ(tr(TM)). It is easy to check that ∇ is a torsion-free induced
linear connection on M , h is a Γ(tr(TM))-valued symmetric F(M)-bilinear form
on Γ(TM), and AV is a F(M)-linear operator on Γ(TM). We call ∇t an induced
linear connection on ltr(TM). Here h and AV are called the second fundamental



46 Chapter 2. Lightlike hypersurfaces

form and the shape operator respectively, of M in M̄ . Also, (2.1.9) and (2.1.10)
are called the global Gauss and Weingarten formulae, respectively.

Locally, suppose {ξ, N} is a pair of sections on U ⊂ M satisfying (2.1.6).
Define a symmetric F(U)-bilinear form B and a 1-form τ on U by

B(X, Y ) = ḡ(h(X, Y ), ξ), (2.1.11)

τ(X) = ḡ(∇t
XN, ξ), (2.1.12)

for any X, Y ∈ Γ(TM|U). It follows that

h(X, Y ) = B(X, Y )N, ∇t
X N = τ(X)N . (2.1.13)

Hence, on U , (2.1.9) and (2.1.10) become

∇̄XY = ∇XY + B(X, Y )N , (2.1.14)
∇̄XN = −ANX + τ(X)N , (2.1.15)

respectively. As B is the only component of h on U with respect to N , we call B
the local second fundamental form of M , and the equations (2.1.14), (2.1.15) the
local Gauss and Weingarten formulae .

Since ∇̄ is a metric connection on M̄ , it is easy to see that

B(X, ξ) = 0, ∀X ∈ Γ(TM| U). (2.1.16)

Consequently, the second fundamental form of M is degenerate.
Define a local 1-form η by

η(X) = ḡ(X, N), ∀X ∈ Γ(TM|U). (2.1.17)

Using (2.1.14), a metric connection ∇̄ on M̄ and (2.1.17) we get

0 = (∇̄X ḡ)(Y, Z)
= X(ḡ(Y, Z))− ḡ(∇̄XY, Z)− ḡ(Y, ∇̄XZ)
= X(g(Y, Z))− g(∇XY, Z)− g(Y, ∇XZ)
− B(X, Y ) ḡ(Z, N)− B(X, Z) ḡ(Y, N)

= (∇Xg)(Y, Z)−B(X, Y ) η(Z)−B(X, Z) η(Y ).

Thus, the connection ∇ on M is not a metric connection and satisfies

(∇Xg)(Y, Z) = B(X, Y ) η(Z) +B(X, Z) η(Y ). (2.1.18)

Remark 2.1.1. Comparing the Gauss and Weingarten formulae (2.1.2) of the semi-
Riemannian hypersurfaces with the above corresponding formulae of the lightlike
hypersurfaces, we observe that the lightlike case involves an extra 1-form τ defined
by (2.1.12). Because of this (and several other differences such as degenerate metric
and non-uniqueness of a screen etc) the lightlike case is different from the semi-
Riemannian case. In this chapter, the reader will see that the 1-form τ plays an
important role in the geometry of lightlike hypersurfaces.
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In the lightlike case, we also have another second fundamental form and its
corresponding shape operator which we now explain as follows:

Let P denote the projection morphism of Γ(TM) on Γ(S(TM)) with respect
to the decomposition (2.1.4). We obtain

∇XPY = ∇∗XPY + h∗(X,PY ), (2.1.19)

∇XU = −A∗UX +∇∗tXU, ∀X, Y ∈ Γ(TM) (2.1.20)

and U ∈ Γ(TM⊥), where ∇∗XY and A∗UX belong to Γ(S(TM)), ∇ and ∇∗t are
linear connections on Γ(S(TM)) and TM⊥ respectively, h∗ is a Γ(TM⊥)-valued
F(M)-bilinear form on Γ(TM)× Γ(S(TM)) and A∗U is Γ(S(TM))-valued F(M)-
linear operator on Γ(TM). We call them the screen second fundamental form and
screen shape operator of S(TM), respectively. Define

C(X, PY ) = ḡ(h∗(X, PY ), N), (2.1.21)

ε(X) = ḡ(∇∗tXξ, N), ∀X, Y ∈ Γ(TM). (2.1.22)

One can show that ε(X) = −τ(X). Thus, locally we obtain

∇XPY = ∇∗XPY + C(X, PY )ξ, (2.1.23)
∇Xξ = −A∗ξX − τ(X)ξ, ∀X, Y ∈ Γ(TM). (2.1.24)

Here C(X, PY ) is called the local screen fundamental form of S(TM).
It is well known that the second fundamental form and the shape operator of

a non-degenerate hypersurface are related by means of a metric tensor field. Con-
trary to this, in the lightlike case, we see from (2.1.11) and (2.1.20) that there are
interrelations between these geometric objects and those of screen distributions.
Precisely, the two local second fundamental forms of M and S(TM) are related
to their shape operators by

B(X, Y ) = g(A∗ξX, Y ), ḡ(A∗ξX, N) = 0, (2.1.25)

C(X, PY ) = g(ANX, PY ), ḡ(ANY, N) = 0. (2.1.26)

Proposition 2.1.2. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold. Then

(a) The shape operator AN of M has a zero eigenvalue.

(b) The screen second fundamental form of S(TM) is also degenerate.

(c) The screen shape operator A∗ξ of S(TM) is symmetric with respect to the
second fundamental form of M .

(d) The connection ∇∗ from (2.1.20) is a metric connection on S(TM).

(e) An integral curve of ξ ∈ Γ(RadTM|U) is a null geodesic of both M and M̄
with respect to the connections ∇ and ∇̄, respectively.
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Proof. The second equality in (2.1.26) implies that AN is Γ(S(TM))-valued.
Hence, rankAN ≤ m which implies the existence of a non-zero X0 ∈ Γ(TM|U)
such that ANX0 = 0, which proves (a). Then, (b) is immediate from the first
relation in (2.1.26). Next, from (2.1.25) we obtain

B(X, A∗ξ Y ) = B(A∗ξ X, Y ), ∀X, Y ∈ Γ(TM),

so (c) holds. (d) follows from (2.1.14) and (2.1.23). To prove (e) we note that
(2.1.16) and (2.1.25) imply A∗ξ ξ = 0, that is, ξ is an eigenvector field for A∗ξ
corresponding to the zero eigenvalue. Thus, by (2.1.14), (2.1.16), (2.1.24) and the
above we obtain

∇̄ξ ξ = ∇ξ ξ = −τ(ξ) ξ.
Suppose ξ =

∑m
α =0 ξ

α ∂
∂uα and consider an integral curve C : uα = uα(t), α ∈

{0, . . . ,m}, t ∈ I ⊂ R, i.e., ξα = duα

dt
, or equivalently ξ = d

dt
. In case τ(ξ) �= 0,

choose a new parameter t∗ on the null curve C such that

d2t∗

dt2
+ τ

(
d

dt

)
dt∗

dt
= 0 .

The choice of a parameter [149] t∗ such that ∇ d
dt∗

d
dt∗ = 0 proves (e). �

Example 1. Let (R4
1, ḡ) be the Minkowski spacetime with signature (−, +, +, +)

of the canonical basis
(∂t, ∂1, ∂2, ∂3).

(M, g = ḡ|M , S(TM)) is a lightlike hypersurface, given by an open subset of the
lightlike cone{

t(1, cosu cos v, cosu sin v, sinu) ∈ R4
1 : t > 0, u ∈ (0, π/2), v ∈ [0, 2π]

}
.

Then Rad(TM) and ltr(TM) are given by

Rad(TM) = Span{ξ = ∂t + cosu cos v ∂1 + cosu sin v ∂2 + sinu ∂3},

ltr(TM) = Span{N =
1
2
(−∂t + cosu cos v ∂1 + cosu sin v ∂2 + sinu ∂3)},

respectively and the screen distribution S(TM) is spanned by two orthonormal
spacelike vectors

{W1 = − sinu cos v ∂1 − sinu sin v ∂2 + cosu ∂3, W2 = − sin v ∂1 + cos v ∂2}.

Example 2. Let (R4
2, ḡ) be a 4-dimensional semi-Euclidean space with signature

(−, −, +, +) of the canonical basis (∂0, . . . , ∂3). Consider a hypersurface M of
R4

2 given by

x0 = x1 +
√
2
√
x2

2 + x2
3.
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For simplicity, we set f =
√
x2

2 + x2
3. It is easy to check that M is a lightlike

hypersurface whose radical distribution RadTM is spanned by

ξ = f (∂0 − ∂1) +
√
2 (x2 ∂2 + x3 ∂3).

Then the lightlike transversal vector bundle is given by

ltr(TM) = Span
{
N =

1
4f2

{
f(−∂0 + ∂1) +

√
2 (x2 ∂2 + x3 ∂3)

}}
.

It follows that the corresponding screen distribution S(TM) is spanned by

{W1 = ∂0 + ∂1, W2 = −x3 ∂2 + x2 ∂3}.
Example 3. Let (R4

2, ḡ) be a 4-dimensional semi-Euclidean space with signature
(−, −, +, +) of the canonical basis (∂0, . . . , ∂3) having a lightlike hypersurface
M as given in Example 2. Then, by direct calculations we obtain

∇̄XW1 = ∇̄W1X = 0,
∇̄W2W2 = −x2 ∂2 − x3 ∂3,

∇̄ξξ =
√
2 ξ, ∇̄W2ξ = ∇̄ξW2 =

√
2W2,

for any X ∈ Γ(TM). Then, by using the Gauss formula (2.1.14) we get

∇XW1 = 0, ∇W2W2 = − 1
2
√
2
ξ, ∇W1W1 = 0,

∇ξW2 = ∇W2ξ =
√
2W2.

Thus,

B(W1, W1) = 0 = B(W1, W2), B(W2, W2) = −
√
2 (x2

2 + x2
3).

For the benefit of readers we reproduce from [149] the local Gauss-Weingarten
equations expressed in a coordinate system on M , all coefficients of the induced
linear connection ∇ on M and the two local second fundamental forms.

The 1-dimensional RadTM on M is obviously integrable. Therefore, there
exists an atlas of local charts {U ;u0, . . . , um} such that ξ = ∂u0 ∈ Γ(RadTM|U).
Let {ξ = ∂u0 , δua , N} be the local field of frames on M̄ , where {ξ = ∂u0 , δua} is
a local field of frames on M . With respect to the Levi-Civita connection ∇̄ on M̄
and by using local Gauss-Weingarten equations and B(X, ξ) = 0, we obtain

∇̄δ
ub
δua = Γo

ab∂uo + Γc
abδuc +BabN,

∇̄δ
ub∂uo = Γo

ob∂uo + Γk
ojδuk ,

∇̄∂uo δua = Γo
ao∂uo + Γc

aoδuc ,

∇̄∂uo∂uo = Γo
oo∂uo ,

∇̄δuaN = −Ac
aδuc + τaN,

∇̄∂uoN = −Ac
oδuc + τoN,



50 Chapter 2. Lightlike hypersurfaces

where {Γc
ab, Γ

o
ab, Γ

c
ob, Γ

c
io, Γ

o
ao, Γo

ob, Γ
o
oo} are the coefficients of the induced linear

connection ∇ on M with respect to the frames field {∂uo , δua}; {Ac
a, A

c
o} are

the entries of the matrix of AN : Γ(TM|U ) → Γ(S(TM)| U ) with respect to the
basis {δua , ∂uo} and {δua} of Γ(TM| U ) and Γ(S(TM)| U ) respectively; Bab =
B (δua , δub) = B (∂ua , ∂ub); τa = τ (δua), τo = τ (∂uo).

Taking into account the Lie-bracket [X, Y ] = (Xa∂aY
b − Y a∂aX

b)∂b with
respect to a natural frames field we obtain

[δua , δub ] = Sab∂uo , Sab =
δSa

δub
− δSb

δua
,

and
[δua , ∂uo ] =

∂Sa

∂uo
∂uo .

As ∇̄ is torsion-free, using the Bianchi identity (1.2.8) and the above two relations,
we obtain

Γc
ab = Γc

ba ; Γ
o
ab = Γo

ba + Sba ; Γc
ob = Γc

bo ; Γ
o
ob = Γo

bo +
∂Sb

∂uo
,

and
Bab = Bba.

Further on, we decompose the following Lie brackets:

[N, δuc ] = No
c ∂uo +Nd

c δud +NcN,

[N, ∂uo ] = No∂uo +Nc
oδuc +NoN.

With respect to the non-holonomic frames field {∂uo , N, δua} of M̄ , the semi-
Riemannian metric ḡ has the matrix

[ ḡ ] =

⎡⎣ 0 1 0
1 0 0
0 0 gab(uo, . . . , um)

⎤⎦ ,
where gab = ḡ (δua , δub) = g (∂ua , ∂ub) are the functions in (1.4.2). As the matrix
[ gab(u) ] is invertible, consider its inverse matrix [ gab(u) ]. Then, by using Koszul’s
identity (1.2.7) and all the above equations, we obtain

Γk
ab =

1
2
gcd

{
δgad

δub
+
δgbd

δua
− δgab

δud

}
,

Γo
ab =

1
2
{Sba +N c

b gca +N c
agcb −N(gab)} = gacA

c
b,

Γo
ob =

1
2

{
∂Sb

∂uo
+Nb +N c

ogab

}
= gbcA

c
o +

∂Sb

∂uo
= −τb,

Γc
bo = Γc

ob =
1
2
gca ∂gab

∂uo
,



2.2. Screen conformal hypersurfaces 51

Γo
oo = No = −τo ,

Bab = −1
2
∂gab

∂uo
.

By using these, we obtain

Γ∗c
ab = Γc

ab ; Γ∗c
bo = Γc

bo ,

Cab = C (δub , δua) = Γo
ab = gacA

c
b,

Ca = C (∂uo , δua) = Γo
ao = gikA

k
o ,

A∗a
b = gacBbc = −Γa

ob ,

where {Γ∗cab, Γ
∗c
ao} are the coefficients of the metric connection ∇∗ on S(TM)

with respect to the frames field {∂uo , δuc} and A∗a
b are the entries of A∗∂uo

with
respect to the basis {∂ua}.
Remark 2.1.3. A comprehensive ground work on the geometry and physics of all
possible types of geodesic and non-geodesic null curves in semi-Riemannian man-
ifolds, supported by several examples and their fundamental existence theorems,
is available in [153, 156, 242, 243, 244, 245, 246], with potential for further re-
search in this direction. Also, more details on the basic general results on lightlike
hypersurfaces are available in [18, 149, 156].

2.2 Screen conformal hypersurfaces

It is well known that the second fundamental form and the shape operator of a
non-degenerate submanifold are related by the metric tensor field. Contrary to this
we see from (2.1.25) and (2.1.26) that in case of lightlike hypersurfaces, there are
interrelations between the second fundamental forms of the lightlike hypersurface
M and its screen distribution S(TM) to their respective shape operator AN and
A∗ξ . Thus, the geometry of a lightlike hypersurface depends on a choice of screen
distribution which plays an important role in studying differential geometry of
lightlike hypersurfaces. Moreover, S(TM) being non-degenerate, its geometry is
classical. Thus, one may propose the following problem:

Find a class of lightlike hypersurfaces, whose geometry is essentially the same as
that of their chosen screen distribution.

As the shape operator is an information tool in studying geometry of sub-
manifolds, we are led to consider lightlike hypersurfaces whose shape operators are
the same as the one of their screen distribution up to a conformal non-vanishing
smooth factor in F(M). More precisely

Definition 2.2.1. [19] A lightlike hypersurface (M, g, S(TM)) of a semi-Riemann-
ian manifold is called screen locally conformal if the shape operators AN and A∗ξ
of M and S(TM), respectively, are related by

AN = ϕA∗ξ (2.2.1)
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where ϕ is a non-vanishing smooth function on a neighborhood U in M .

In particular, we say that M is screen homothetic if ϕ is non-zero constant.
To avoid trivial ambiguities, we take U connected and maximal in the sense that
there is no larger domain U ′ ⊃ U on which the relation (2.2.1) holds. In case
U =M the screen conformality is global.

Example 4. Let Rn+2
1 be the space Rn+2 endowed with the semi-Euclidean metric

ḡ(x, y) = −x0y0 +
n+1∑
a=1

xaya (x =
n+1∑
A=0

xA ∂

∂xA
).

The light cone Λn+1
0 is given by the equation −(x0)2+

∑n+1
a=1(x

a)2 = 0, x �= 0. It is
known that Λn+1

0 is a lightlike hypersurface of Rn+2
1 and the radical distribution

is spanned by a global vector field

ξ =
n+1∑
A=0

xA ∂

∂xA
(2.2.2)

on Λn+1
0 . The unique section N satisfying (2.1.7) is given by

N =
1

2(x0)2
{−x0 ∂

∂x0
+

n+1∑
a=1

xa ∂

∂xa
} (2.2.3)

and is also globally defined. As ξ is the position vector field we get

∇̄Xξ = ∇XX = X, ∀X ∈ Γ(TM).

Then, A∗ξX + τ(X)ξ +X = 0. As A∗ξ is Γ(S(TM))-valued we obtain

A∗ξX = −PX, ∀X ∈ Γ(TM). (2.2.4)

Next, any X ∈ Γ(S(TΛn+1
0 )) is expressed by X =

∑n+1
a=1 X

a ∂
∂xa where

(X1, . . . , Xn+1) satisfy
n+1∑
a=1

xaXa = 0 (2.2.5)

and then

∇ξX = ∇̄ξX =
n+1∑
A=0

n+1∑
a=1

xA ∂X
a

∂xA

∂

∂xa
,

ḡ(∇ξX, ξ) =
n+1∑
A=0

n+1∑
a=1

xaxA ∂X
a

∂xA
= −

n+1∑
a=1

xaXa = 0 (2.2.6)
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where (2.2.5) is differentiated with respect to each xA. From (2.2.5) and (2.2.6)
we obtain ∇ξX ∈ Γ(S(TΛn+1

0 )), that is, ANξ = 0. Compute ANX for X ∈
Γ(S(TΛn+1

0 )). Let X, Y ∈ Γ(S(TΛn+1
0 )). Using (2.2.3) and (2.2.5) we obtain

C(X,Y ) = g(∇XY,N) = ḡ(∇̄XY,N) = − 1

2(x0)2
g(X,Y ),

that is,

g(ANX,Y ) = − 1
2(x0)2

g(X,Y ) X, Y ∈ Γ(S(TΛn+1
0 )).

Therefore, we have

ANX = − 1
2(x0)2

PX X ∈ Γ(TΛn+1
0 ). (2.2.7)

Taking into account (2.2.4) and (2.2.7) we infer the relation

ANX =
1

2(x0)2
A∗ξX, X ∈ Γ(TΛn+1

0 ),

that is, Λn+1
0 is a screen globally conformal lightlike hypersurface of Rn+2

1 with
positive conformal function ϕ = 1

2(x0)2
globally defined on Λn+1

0 .

Proposition 2.2.2. Let (M, g, S(TM)) be a lightlike hypersurface of (M̄, ḡ). Suppose
S(TM) is integrable and any leaf of S(TM) is totally umbilical immersed in M̄
as a codimension 2 non-degenerate submanifold with nowhere vanishing spacelike
mean curvature vector field. If the screen distribution is parallel along integral
curves of the radical distribution, then M is screen locally conformal.

Proof. Let us denote by M ′ a leaf of S(TM). We have

∇̄XY = ∇∗XY + C(X,Y )ξ +B(X,Y )N, ∀X,Y ∈ Γ(TM ′). (2.2.8)

The mean curvature vector field of M ′, say H�, is a vector field of the rank 2
bundle (TM⊥⊕ tr(TM)), that is the normal bundle ofM ′ in M̄ . Therefore, there
exist two smooth functions α and ρ such that H� = αξ + ρN . Since M ′ is totally
umbilical immersed in (M̄, ḡ), we have

C(X,Y )ξ +B(X,Y )N = g(X,Y )(αξ + ρN) ∀X,Y ∈ Γ(TM ′).

Therefore, it follows that

B(X,Y ) = ρg(X,Y ) and C(X,Y ) = αg(X,Y ) ∀X,Y ∈ Γ(TM ′). (2.2.9)

Also, as 〈H�, H�〉 = 2αρ and H� is nowhere vanishing spacelike, we get αρ > 0
on M . From (2.2.9), C(X,Y ) = α

ρB(X,Y ) ∀X,Y ∈ Γ(TM ′) with α
ρ > 0 on
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M ′. This is equivalent to ANX = α
ρA

∗
ξX ∀X ∈ Γ(TM ′). Since S(TM) is parallel

along integral curves of RadTM , we have ANξ = 0 = α
ρA

∗
ξξ. Thus,

ANX =
α

ρ
A∗ξX ∀X ∈ Γ(TM).

Therefore, M is screen conformal with ϕ = α
ρ
. �

Remark 2.2.3. If M̄ is of constant sectional curvature c, then for c �= 0 the non-
vanishing condition on H∗ is not necessary, for in this case, we always have α �= 0
at every point.

Theorem 2.2.4. Let (M, g, S(TM)) be a lightlike hypersurface in a Lorentzian man-
ifold (M̄, ḡ). The following assertions are equivalent:

(a) (M, g, S(TM)) is screen locally conformal.

(b) There is a (maximal) domain U in M on which M and its screen distribution
have commutative shape operators. Moreover, their corresponding principal
curvatures are the same up to a nowhere vanishing smooth function ϕ on
U ⊂M .

Proof. If (M, g, S(TM)) is screen locally conformal, then on the conformality do-
main U , there exists a nowhere vanishing smooth function ϕ such that ANX =
ϕA∗ξX for all X tangent to U ⊂M . Then, the commutativity of the shape opera-
tors AN and A∗ξ is immediate on U . Hence, there is a local frame field with respect
to which A∗ξ and AN are simultaneously diagonal. Therefore, consider on U ⊂ M
an eigenframe field (E0, . . . , En) both for AN and A∗ξ . If μi and λi denote the
principal curvatures corresponding to Ei with respect to AN and A∗ξ respectively,
then by (2.2.1), μi = ϕλi and the last assertion in (b) follows.

Conversely, assume (b). The commutativity of the shape operators AN and
A∗ξ implies the existence on U of a frame field (E0, . . . , En) with respect to which
AN and A∗ξ are simultaneously diagonal. Let μi and λi denote the principal cur-
vatures corresponding to Ei with respect to AN and A∗ξ . The last assertion in (b)
requires that there exists on U , a nowhere vanishing smooth function ϕ such that
μi = ϕλi, 0 ≤ i ≤ n. Decompose a tangent vector X ∈ TU on the frame field
(E0, . . . , En) such that X = X iEi. Then,

ANX = AN (X iEi) = X iANEi = X iμiEi = XiϕλiEi

= ϕ
(
X iλiEi

)
= ϕX iA∗ξEi = ϕA∗ξ

(
X iEi

)
= ϕA∗ξX.

Thus, (2.2.1) holds for a non-vanishing smooth function ϕ on U ⊂M . �

Remark 2.2.5. On the eigenspace, say N0, of the zero eigenvalue of A∗ξ , we note
the following. Let S denote a sub-bundle of S(TM) defined by

S = Span{A∗ξY, Y ∈ Γ(TM)}.
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Then,
N0 = Span{A∗ξY, Y ∈ Γ(TM)}⊥M = S⊥M

where ⊥M is the orthogonality symbol in M . In particular, if S coincides with
S(TM), then any eigenvector field in N0 is a multiple of ξ.

Now we discuss a related issue of integrability of a screen distribution which
is equally important as a geometric property. Although the 1-dimensional RadTM
of a lightlike hypersurfaceM is obviously integrable, in general, any screen distri-
bution is not necessarily integrable. Indeed, we have the following example:

Example 5. Let (R4
2, ḡ) be a 4-dimensional semi-Euclidean space of index 2 with

signature (−, −, +, +) of the canonical basis (∂0, . . . , ∂3). Consider a hypersur-
face M of R4

2 given by

x3 = x0 + sin(x1 + x2), x1 + x2 �= nπ, n ∈ Z.

It is easy to check that M is a lightlike hypersurface whose radical distribution
RadTM is spanned by

ξ = ∂0 + cos(x1 + x2)∂1 − cos(x1 + x2)∂2 + ∂3.

Let V = ∂0 + cos(x1 + x2)∂1, then, g(V, V ) = g(ξ, V ) = − (1 + cos2(x1 + x2)).
Thus, as per relation (2.1.7), the lightlike transversal vector bundle is given by
ltr(TM) = Span{N}, where

N =
− 1

2(1 + cos2(x1 + x2))
{∂0 + cos(x1 + x2)∂1 + cos(x1 + x2)∂2 − ∂3} .

The tangent bundle TR4
2 is spanned by{

∂

∂u0
= ∂0 + ∂3,

∂

∂u1
= ∂1 + cos(x1 + x2)∂3,

∂

∂u2
= ∂2 + cos(x1 + x2)∂3

}
.

It follows that the corresponding screen distribution S(TM) is spanned by

{W1 = cos(x1 + x2)∂0 − ∂1, W2 = ∂2 + cos(x1 + x2)∂3 } .

In this case [W1, W2] = ∇̄W1W2 − ∇̄W2W1 = sin(x1 + x2){∂0 + ∂3}. Thus,

ḡ([W1, W2], N) =
sin(x1 + x2)

1 + cos2(x1 + x2)
,

which implies that S(TM) is not integrable.

The following general result gives equivalent conditions on other induced
objects for the integrability of a screen distribution.

Theorem 2.2.6. [51] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M̄, ḡ). The following assertions are equivalent:
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(i) S(TM) is an integrable distribution.

(ii) h∗(X, Y ) = h∗(Y, X), ∀X, Y ∈ Γ(S(TM)).

(iii) The shape operator of M is symmetric with respect to g, i.e.,

g(AV X, Y ) = g(X, AV Y ), ∀X, Y ∈ Γ(S(TM)), V ∈ Γ(tr(TM)) .

Proof. (2.1.17) implies that a vector field X on M belongs to S(TM), if and
only if, on each U ⊂ M we have η(X) = 0. By using (2.1.23) and (2.1.17) we
get C(X, Y ) − C(Y, X) = η([X, Y ]) , ∀X, Y ∈ Γ(TM| U), which together with
(2.1.21) implies the equivalence of (i) and (ii). The equivalence of (ii) and (iii)
follows from (2.1.26), which completes the proof. �
Definition 2.2.7. If any geodesic of a lightlike hypersurface M with respect to an
induced connection ∇ is a geodesic of M̄ with respect to ∇̄, we say that M is a
totally geodesic lightlike hypersurface of M̄ .

Observe that, as in the non-degenerate case, we say that the vanishing of h
on M is equivalent to M totally geodesic in M̄ .

Note. Just as locally product Riemannian or semi-Riemannian manifolds (see
[317]), if S(TM) is integrable, then, M is locally a product manifold C × M ′

where C is a null curve and M ′ is a leaf of S(TM). The following holds from the
above theorem.

Proposition 2.2.8. [51] Let (M, g, S(TM)) be a lightlike hypersurface of (M̄, ḡ).
Then the following assertions are equivalent:

(i) S(TM) is parallel with respect to the induced connection ∇.

(ii) h∗ vanishes identically on M .

(iii) AN vanishes identically on M .

For the screen locally conformal lightlike hypersurfaces we have the following.

Theorem 2.2.9. Let (M, g, S(TM)) be a screen locally conformal lightlike hyper-
surface of a semi-Riemannian manifold (M̄, ḡ). Then the screen distribution is
integrable. Moreover, M is totally geodesic or totally umbilical in M̄ if and only if
any leaf M ′ of S(TM) is a codimension 2 non-degenerate submanifold in M̄ .

Proof. We know from Theorem 2.2.6 that the screen distribution is integrable if
and only if the shape operator of M is symmetric with respect to the induced
metric tensor g. The integrability assertion follows relation AN = ϕA∗ξ and the
symmetry of A∗ξ with respect to g. For the last assertion we let X , Y be tangent
vector fields of the leafM ′ of a screen distribution and h′ be its second fundamental
form in M̄ as a codimension 2 non-degenerate submanifold. Denote by ∇∗ the
Levi-Civita connection of M ′. We have

∇̄XY = ∇�
XY + C(X,Y )ξ +B(X,Y )N
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which leads to

∇̄XY = ∇�
XY + g(A∗ξX,Y )(ϕξ +N)∀X,Y ∈ Γ(TM ′|U )

that is

h′(X,Y ) = B(X,Y )(ϕξ +N) =
√
2|ϕ|B(X,Y )

(
ϕ√
2|ϕ|

ξ +
1√
2|ϕ|

N

)

∀X,Y ∈ Γ(TM ′|U ). where
ϕ√
2|ϕ|

ξ+
1√
2|ϕ|

N is a unit normal vector field onM ′.

As
√
2|ϕ| is nowhere zero and B(X, ξ) = 0 for X in Γ(TM ′) the last assertion in

the above stated theorem follows. �

2.3 Unique existence of screen distributions

Although the use of a non-degenerate screen distribution S(TM) has been helpful
in defining induced objects on the lightlike spaces, because of the degenerate met-
ric, S(TM) is not unique. Therefore, several induced geometric objects depend
on the choice of a screen, which creates a problem. For this reason, it is desirable
to look for a unique or canonical screen distribution so that the induced objects
on M are well-defined. To clarify this point, we first present a brief review of
the dependence (or otherwise) on the choice of a screen distribution, followed by
up-to-date information on the existence of large classes of lightlike hypersurfaces
which can admit a unique screen subject to some reasonable condition(s).

Using (2.1.4), (2.1.6) and Section 1 of Chapter 1, we say that there exists a
quasi-orthonormal basis of M̄ along M , given by

F = {ξ, N, Wa}, a ∈ {1, . . . ,m}, (2.3.1)

where {ξ}, {N} and {Wa} are the null basis of Γ(RadTM|U), Γ(tr(TM)|U) and the
orthonormal basis of Γ(S(TM)|U), respectively. Consider two quasi-orthonormal
frames fields F = {ξ, N, Wa} and F ′ = {ξ, N ′, W ′

a} induced on U ⊂ M by
{S(TM), tr(TM)} and {S ′(TM), (tr)′(TM)}, respectively for the same ξ. Using
(2.1.6) and (2.1.8) we obtain

W ′
a =

m∑
b =1

W b
a (Wb − εb fb ξ ),

N ′ = N + f ξ +
m∑

a =1

faWa,

where {εa} are signatures of the orthonormal basis {Wa} and W b
a , f and fa are

smooth functions on U such that
[
W b

a

]
are m × m semi-orthogonal matrices.
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Computing ḡ(N ′, N ′) = 0 by using (2.1.6) and ḡ(Wa,Wa) = 1 we get

2f +
m∑

a =1

εa (fa)2 = 0.

Using this in the second relation of the above two equations, we get

W ′
a =

m∑
b =1

W b
a (Wb − εb fb ξ) , (2.3.2)

N ′ = N − 1
2

{
m∑

a =1

εa (fa)2
}
ξ +

m∑
a =1

faWa. (2.3.3)

The above two relations are used to investigate the transformation of the induced
objects when one changes the pair {S(TM), tr(TM)} with respect to a change
in the basis. Following are main results on the dependence (or otherwise) of the
second fundamental form of M , the function τ on a chosen screen S(TM) and a
chosen section ξ ∈ Γ(Rad(TM)|U) respectively.

Proposition 2.3.1. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M̄, ḡ). Then

(a) the second fundamental form B of M on U is independent of S(TM).

(b) B and the 1-form τ ( in the Weingarten equation) depend on the choice of a
section ξ ∈ Γ(Rad(TM)|U).

(c) dτ is independent of the section ξ.

Proof. Let S(TM) and S(TM)′ be two screens on M with h and h′ the second
fundamental forms corresponding to tr(TM) and tr(TM)′, respectively. Using
(2.1.9) and (2.1.11) for both screens we have

B(X, Y ) = ḡ(∇̄XY, ξ) = B′(X, Y ), ∀X, Y ∈ Γ(TM| U ). (2.3.4)

Thus, B = B′ on U , which proves (a). Take ξ̄ = αξ, for some function α. Then, it
follows that N̄ = (1/α)N . From (2.1.14) and (2.1.15) we obtain

B̄ = αB, τ(X) = τ̄ (X) +X(logα), (2.3.5)

for any X ∈ Γ(TM| U ), which proves that B and τ depend on the section ξ on U,
proving (b). Finally, taking the exterior derivative d on both sides of the second
term of (2.3.5) we get dτ = dτ̄ on U , which completes the proof. �

To study the dependence of the induced objects {∇, τ, AN , A
∗
ξ} on the

screen distribution S(TM), let {∇ ′, η ′, A′N ′ , A
∗′
ξ} be another set of induced

objects with respect to another screen distribution S(TM)′ and its transver-
sal bundle tr(TM)′. Consider two quasi-orthonormal frames F = {ξ, N, Wa }
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and F ′ = {ξ, N ′, W ′
a} induced on the coordinate neighborhood U ⊂ M by

{S(TM), tr(TM)} and {S′(TM), (tr)′(TM)} respectively. Using the transforma-
tion equations (2.3.4) and (2.3.5) we obtain relationships between the geometrical
objects induced by the Gauss-Weingarten equations with respect to S(TM) and
S(TM)′ as follows:

∇′XY = ∇XY +B(X, Y )

{
1
2

(
m∑

a =1

εa(fa)2
)
ξ −

m∑
a = 1

faWa

}
, (2.3.6)

τ ′(X) = τ(X) +B(X, N ′ −N) , (2.3.7)

A′N ′X = ANX +
m∑

a=1

{
εafaX(fa)− τ(X)εa(fa)2

− 1
2
εa(fa)2B(X,N −N ′)− fa C(X, Wa)

}
ξ

+
m∑

a = 1

{fa (τ(X) +B(X, N ′ −N))−X(fa)}Wa

−
m∑

a = 1

fa∇∗X Wa − 1
2

m∑
a =1

εa(fa)2A∗ξX , (2.3.8)

A∗′ξ X = A∗ξ X +B(X, N −N ′)ξ , ∀X, Y ∈ Γ(TM|U). (2.3.9)

The following result is immediate from (2.3.6), (2.3.7) and (2.3.9).

Proposition 2.3.2. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold. Then, the induced connection ∇ on M , the 1-form τ in
(2.1.12) and the shape operator A∗ξ in (2.1.24) all three are independent of S(TM),
if and only if, the second fundamental form h of M vanishes identically on M .

Note. It follows from (2.3.8) that the shape operator AN depends on the choice of
S(TM) even if h vanishes identically on M .

Now, we ask the following question: Is the local screen second fundamental
form C independent of its choice? The answer is negative. Indeed, we prove the
following result with respect to a change in screen.

Proposition 2.3.3. [19] The screen second fundamental forms C and C ′ of the
screens S(TM)and S(TM)′, respectively, are related as follows:

C′(X, PY ) = C(X, PY )− 1
2
||W ||2B(X, Y ) + g(∇XPY, W ), (2.3.10)

where W =
∑m

a=1 faWa is called the characteristic vector field.

Proof. Using (2.3.3) and (2.3.6) we get
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C ′(X, PY ) = ḡ(∇′XPY, N ′)

= ḡ

(
∇XPY +B(X, Y ){1

2
(

m∑
a=1

εa(fa)2)ξ −
m∑

a=1

faWa}, N ′
)

= ḡ(∇XPY, N) + ḡ(∇XPY,

m∑
a=1

faWa)

+ B(X, Y )

{
1
2
(

m∑
a=1

εa(fa)2)−
m∑

b=1

m∑
a=1

g(faWa, fbWb)

}

= C(X, PY ) + g(∇XPY, W )− 1
2
||W ||2B(X, Y )

which is the desired formula. �
The above problem of interdependence has been a matter of concern in the

lightlike geometry. As an alternative approach, one finds a large variety of papers
on lightlike spaces where the authors use a specific method suitable for their prob-
lem. For example, Akivis-Goldberg [2, 3, 4] ; Bonnor [77]; Leistner [285]; Bolós [74]
are some samples of many more in the literature. Also, Kupeli [273] has shown that
S(TM) is canonically isometric to the factor vector bundle TM ∗ = TM/TM⊥

and used canonical projection π : TM → TM∗ in studying the geometry of de-
generate semi-Riemannian manifolds. Obviously, one is tempted to use Kupeli’s
method of replacing screen distribution by the factor bundle TM/RadTM , but, it
leads to the intrinsic geometry whereas this book deals with the extrinsic geometry
which is in line with the classical theory of submanifolds [45, 97]. Consequently,
although specific techniques are suitable for good applicable results, nevertheless,
for the fundamental deeper geometric study of lightlike spaces, one must look for
a canonical or a unique screen distribution. Fortunately, since 1996, a considerable
amount of new work has been done on a canonical or unique screen for a variety
of lightlike hypersurfaces. The objective of this section is to present up-to-date
information on results leading to the existence of a unique screen.

As the shape operator is an information tool in studying geometry of subman-
ifolds, we use the technique of Atindogbe-Duggal[19] as presented in the previous
section and consider a class of screen conformal lightlike hypersurfaces satisfying
the relation (2.2.1). It follows from (2.1.25), (2.1.26) and (2.2.1) that the two sec-
ond fundamental forms B and C of a screen conformal lightlike hypersurface M
and its S(TM), respectively, are related by

C(X,PY ) = ϕB(X,Y ), ∀X,Y ∈ Γ(TM|U). (2.3.11)

Denote by S1 the first derivative of S(TM) given by

S1(x) = Span{[X,Y ]|x, Xx, Yx ∈ S(TxM)}, ∀x ∈M. (2.3.12)

Let S(TM) and S(TM)′ be two screen distributions on M , h and h′ their sec-
ond fundamental forms with respect to tr(TM) and tr(TM)′ respectively, for
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the same ξ ∈ Γ(TM⊥|U ). Denote by ω the dual one-form of the vector field
W =

∑m
a=1 faWa (see equation (2.3.10)) with respect to the metric tensor g, that

is
ω(X) = g(X, W ), ∀X ∈ Γ(TM). (2.3.13)

Following is the main result on the existence of a unique screen distribution:

Theorem 2.3.4. [142] Let (M, g, S(TM)) be a screen conformal lightlike hypersur-
face of a semi-Riemannian manifold (M̄, ḡ), with S1 the first derivative of S(TM)
given by (2.3.12). Then,

(1) a choice of the screen distribution S(TM) of M satisfying (2.2.1) is inte-
grable.

(2) The one-form ω in (2.3.13) vanishes identically on S1.

(3) If S1 coincides with S(TM), then, M can admit a unique screen distribu-
tion up to an orthogonal transformation and a unique lightlike transversal
vector bundle. Moreover, for this class of hypersurfaces, the screen second
fundamental form C is independent of its choice.

Proof. It follows from (2.1.25) that, for any lightlike hypersurface, the shape op-
erator A∗ξ of S(TM) is symmetric with respect to g, i.e.,

g(A∗ξX, Y ) = g(A∗ξY, X), ∀ X, Y ∈ Γ(S(TM)), ξ ∈ Γ(RadTM).

This result and the relation (2.3.10), along with Theorem 2.2.6, imply that any
choice of screen distribution of a screen conformal lightlike hypersurface M is
integrable, which proves (1).

As S(TM) is integrable, S1 is its sub-bundle. From the relation (2.3.10),
since its right-hand side is symmetric in X and Y , we obtain

g(∇XPY −∇Y PX, W ) = 0, ∀X, Y ∈ Γ(TM).

Thus, g(∇XY − ∇YX, W ) = 0, ∀X, Y ∈ Γ(S(TM)), that is, ω([X, Y ]) =
g([X, Y ], W ) = 0, ∀X, Y ∈ Γ(S(TM)), which proves (2).

Assume S1 = S(TM), that is, ω vanishes on S(TM), which implies from
(2.3.13) that W = 0. This means that the functions fa vanish. Thus, the transfor-
mation equations (2.3.3) and (2.3.4) become W ′

a =
∑m

b=1W
b
aWb, (1 ≤ a ≤ m)

and N ′ = N , where (W b
a) is an orthogonal matrix of S(TxM) at any point x of

M , which proves the first part of (3). The independence of C follows by putting
W = 0 in (2.3.10) which completes the proof. �

Based on the above theorem, one may ask the following converse question.
Does the existence of a canonical or a unique distribution S(TM) of a lightlike
hypersurface imply that S(TM) is integrable? Unfortunately, the answer, in gen-
eral, is negative, which we support by an example. First we recall the following
known results from pages 114-117 of [149]:
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(a) There exists a canonical screen distribution for any lightlike hypersurface of a
semi-Euclidean space Rm+2

q . In particular, the canonical screen distribution
on a lightlike cone of Rm+2

q is integrable.

(b) The canonical screen distribution on any lightlike hypersurface of Rm+2
1 is

integrable.

Observe that in Example 1 we have shown that there exists a non-integrable
screen distribution of a lightlike hypersurface in R4

2. Connecting this with the
above quoted results we conclude that, in this case, there do exist a canonical or
unique screen distribution which is not integrable. Consequently, in general, the
answer to the above question is negative.

Now we show that, although every screen conformal lightlike hypersurfaces
admits an integrable screen distribution, not every such integrable screen coincides
with a corresponding canonical screen, that is, there are cases for which S1 �=
S(TM). Following is such a class:

Example 6. Consider a smooth function F : Ω → R, where Ω is an open set of
Rm+1. Then

M =
{
(x0, . . . , xm+1) ∈ Rm+2

q : x0 = F (x1, . . . , xm+1 )
}

is a Monge hypersurface [149]. The natural parametrization on M is

x0 = F (v0, . . . , vm) ; xα+1 = vα, α ∈ {0, . . . , m} .

Hence, the natural frames field on M is globally defined by

∂vα = F ′xα+1∂x0 + ∂xα+1 , α ∈ {0, . . . ,m} .

Then

ξ = ∂x0 −
q−1∑
s =1

F ′xs∂xs +
m+1∑
a = q

F ′xa ∂xa

spans TM⊥. Therefore, M is lightlike (i.e., TM⊥ = RadTM), if and only if,
the global vector field ξ spanned by RadTM which means, if and only if, F is a
solution of the partial differential equation

1 +
q−1∑
s =1

(F ′xs)2 =
m+1∑
a = q

(F ′xa)2 .

Along M consider the constant timelike section V ∗ = ∂x0 of Γ(TRm+2
q ). Then

ḡ(V ∗, ξ) = −1 implies that V ∗ is not tangent to M . Therefore, the vector bundle
H∗ = Span{V ∗, ξ} is non-degenerate onM . The complementary orthogonal vector
bundle S∗(TM) to H∗ in TRm+2

q is a non-degenerate distribution on M and is
complementary to RadTM . Thus S∗(TM) is a screen distribution on M . The
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transversal bundle tr∗(TM) is spanned by N = −V ∗ + 1
2ξ and τ(X) = 0 for

any X ∈ Γ(TM). Indeed, τ(X) = ḡ(∇̄XN, ξ) = 1
2 ḡ(∇̄Xξ, ξ) = 0. Therefore,

the Weingarten equations reduce to ∇̄XN = −ANX and ∇Xξ = −A∗ξX , which
implies

ANX =
1
2
A∗ξX, ∀X ∈ Γ(TM).

Hence, any lightlike Monge hypersurface of Rm+2
q is screen globally conformal

with constant positive conformal function ϕ(x) = 1
2 .

We call S∗(TM) the natural screen distribution. Furthermore, it is easy to
see from the above construction that in the case q = 1 only, the natural and the
canonical screen distributions coincide on lightlike Monge hypersurfaces. However,
in general, they are different as explained by the following example:

Example 7 [149]. Let M : x3 = x0+ 1
2
(x1+x2)2 be a lightlike hypersurface in R 4

2.
It is easy to see that

TM⊥ = Span
{
ξ =

∂

∂x0
+ (x1 + x2)

∂

∂x1
− (x1 + x2)

∂

∂x2
+

∂

∂x3

}
= RadTM.

Take as lightlike transversal vector bundle tr(TM) spanned by a vector field

N =
1

2(1 + (x1 + x2)2)

(
∂

∂x0
+ (x1 + x2)

∂

∂x1
+ (x1 + x2)

∂

∂x2
− ∂

∂x3

)
.

It follows that the canonical screen distribution S(TM) is spanned by{
W1 =

∂

∂x1
− (x1 + x2)

∂

∂x0
; W2 =

∂

∂x2
+ (x1 + x2)

∂

∂x3

}
.

On the other hand, if we follow the above construction for M as a Monge hyper-
surface of R 4

2, then, the natural screen distribution is spanned by

{W ∗
1 =

∂

∂x1
+ (x1 + x2)

∂

∂x3
; W ∗

2 =
∂

∂x2
+ (x1 + x2)

∂

∂x3
} ,

which does not coincide with the above canonical screen distribution.

Now, one may ask whether there exists a general class of semi-Riemannian
manifolds which admit screen conformal lightlike hypersurfaces and, therefore,
can admit an integrable unique screen distribution. To answer this question in the
affirmative, we prove the following result:

Theorem 2.3.5. [143] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M̄m+2

q , ḡ), with E a complementary vector bundle of TM⊥

in S(TM)⊥ such that E admits a covariant constant timelike vector field. Then,
with respect to a section ξ of RadTM , M is screen conformal. Thus, M can admit
an integrable unique screen distribution.
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Proof. By hypothesis, consider (without any loss of generality), along M , a unit
timelike covariant constant vector field V ∈ Γ(E|U ). To satisfy the condition given
in (2.1.7), we choose a section ξ of RadTM such that ḡ(V, ξ) �= 0. For conve-
nience in calculations, we set ḡ(V, ξ) = θ−1. It follows that the vector bundle
B = Span{V, ξ} is non-degenerate on M . Take the complementary orthogonal
vector bundle S(TM) to B in TM̄ , which is a non-degenerate distribution on M
complementary to RadTM . This means that S(TM) is a screen distribution on
M such that B = S(TM)⊥, which we choose as a screen distribution onM . Using
this and (2.1.7), the null transversal vector bundle of M takes the form

N = θ (V +
θ

2
ξ). (2.3.14)

Using (2.3.14) in (2.1.14) and (2.1.24) we get

τ(X) = ḡ(∇̄X N, ξ) = X(θ) ḡ(V, ξ) +
1
2
(θ)2 ḡ(∇̄X ξ, ξ)

= X(θ) (θ)−1 = X(ln θ). (2.3.15)

Using this value of τ , (2.3.14) and (2.1.12) we get

∇̄X N = X(θ)V + θX(θ)ξ +
1
2
θ2 ∇̄X ξ

= X(θ)V +
1
2
θX(θ)ξ − 1

2
θ2 A∗ξX. (2.3.16)

On the other hand, substituting the value of τ in (2.1.15), we get

∇̄X N = −AN X +X(θ)V +
1
2
θ X(θ) ξ. (2.3.17)

Equating (2.3.16) and (2.3.17), we obtain AN = (θ2/2)A∗ξ . Thus, by definition,
M is a screen conformal lightlike hypersurface of M̄ with conformal function
ϕ = θ2/2. Finally, the existence of an integrable and possibly a unique screen
distribution S(TM) (if there is an S1 = S(TM)) follows from Theorem 2.3.4,
which completes the proof. �

Remark 2.3.6. (a) In [4], Akivis-Goldberg pointed out that a canonical construc-
tion of a lightlike hypersurface M in a semi-Euclidean space Rm+2

q was neither
invariant nor intrinsically connected with the geometry of M . Therefore, in the
same paper [4], they constructed invariant normalizations intrinsically connected
with the geometry ofM and investigated induced linear connections by these nor-
malizations, using relative and absolute invariants defined by the first and the sec-
ond fundamental forms of M . They further showed that there are three invariant
normalizations and linear connections intrinsically connected with the geometry
of lightlike hypersurface M in 4-dimensional semi-Euclidean spaces.
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(b) As in the case of semi-Euclidean spaces, following the procedure in Akivis-
Goldberg’s paper [4], there is a need to construct invariant normalizations in-
trinsically connected with the geometry of a lightlike hypersurface M of a semi-
Riemannian manifold.

(c) In another direction, recently in [150] an attempt was made to study a
set of distinguished structures, denoted by (S(TM), ξ), on a Lorentzian manifold
M which are useful for a variety of geometric and or physical problems, where ξ
is a global null section of RadTM . It has been shown that there is a large class
of lightlike hypersurfaces of Lorentzian manifolds with distinguished structures,
including a unique structure (see their Theorem 5), having good properties. In the
same paper, they have given a lightlike version of Raychaudhuri’s equation and
found integrability conditions for some well-chosen distinguished structures. Since
the result of Theorem 2.3.5 of this book and the paper [134] was not available at
the time of writing the paper [150], its results can be further strengthened.

2.4 Induced scalar curvature

In this section we deal with a new concept of the “Induced scalar curvature” of
a lightlike hypersurface (M, g, S(TM)) of a semi-Riemannian manifold (M̄, ḡ).
Denote by R̄, R and R∗ the curvature tensors of the Levi-Civita connection ∇̄ on
M̄ and the induced connections ∇ and ∇∗ on M and S(TM), respectively. Since
the second fundamental form h(X, Y ) belongs to tr(TM) we set

(∇Xh)(Y, Z) = ∇t
X(h(Y, Z))− h(∇XY, Z)− h(Y, ∇XZ).

Then, using (1.2.7), (2.1.9) and (2.1.10) we obtain

R̄(X, Y )Z = R(X, Y )Z +Ah(X, Z)Y −Ah(Y, Z)X

+ (∇Xh)(Y, Z)− (∇Y h)(X, Z),

∀X, Y, Z ∈ Γ(TM). Consider curvature tensor R̄ of type (0, 4). From the above
equation and the Gauss-Weingarten equations for M and S(TM) we obtain:

ḡ(R̄(X, Y )Z, PW ) = g(R(X, Y )Z, PW ) + ḡ(h(X,Z), h∗(Y, PW ))
− ḡ(h(Y, Z), h∗(X, PW )), (2.4.1)

ḡ(R̄(X, Y )Z, U) = ḡ((∇X h)(Y, Z)− (∇Y h)(X, Z), U), (2.4.2)
ḡ(R̄(X, Y )Z, V ) = ḡ(R(X, Y )Z, V ), (2.4.3)

for any X, Y, Z, W ∈ Γ(TM), U ∈ Γ(RadTM), V ∈ Γ(tr(TM)). We call (2.4.1)–
(2.4.3) the global Gauss-Codazzi type equations for the lightlike hypersurface M .
Now using the local Gauss-Weingarten equations with respect to a null pair {ξ, N}
on U ⊂M we obtain
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ḡ(R̄(X,Y )Z, PW ) = g(R(X,Y )Z, PW ) +B(X,Z)C(Y, PW )
−B(Y, Z)C(X,PW ), (2.4.4)

ḡ(R̄(X, Y )Z, ξ) = (∇XB)(Y, Z)− (∇Y B)(X,Z)
+B(Y, Z)τ(X)−B(X,Z)τ(Y ), (2.4.5)

ḡ(R̄(X,Y )Z,N) = ḡ(R(X,Y )Z,N), (2.4.6)
g(R(X,Y )PZ, PW ) = g(R∗(X,Y )PZ, PW ) + C(X,PZ)B(Y, PW )

− C(Y, PZ)B(X,PW ), (2.4.7)

for any X, Y, Z, W ∈ Γ(TM| U ), where

(∇XB)(Y, Z) = X(B(Y, Z))−B(∇XY, Z)−B(Y, ∇XZ).

Using (1.2.8) and (1.2.9) in the right-hand side of (2.4.6) we obtain

ḡ(R̄(X, Y )PZ, N) = (∇XC)(Y, PZ)− (∇Y C)(X, PZ)
+ τ(Y )C(X, PZ)− τ(X)C(Y, PZ), (2.4.8)

ḡ(R̄(X, Y )ξ, N) = C(Y, A∗ξ X)− C(X, A∗ξ Y )− 2dτ(X,Y ), (2.4.9)

for any X,Y, Z ∈ Γ(TM| U) , where we set

(∇XC)(Y, PZ) = X(C(Y, PZ))− C(∇XY, PZ)− C(Y, ∇∗XPZ)
and in (2.4.9) we use the following well-known exterior derivative formula:

dτ(X, Y ) =
1
2
{X(τ(Y ))− Y (τ(X))− τ([X, Y ])} .

Note. Observe that the Gauss-Codazzi equations do depend on the choice of a
screen. Therefore, the new information (as presented in the previous section) on
the availability of a canonical or unique screen is valuable for curvature properties
in lightlike geometry.

For the benefit of readers we reproduce from [149] the local expressions
of Gauss-Codazzi equations in a coordinate system on M . Using a frames field
{∂u0 , δa

u, N} on M̄ and {Xi}={∂u0 , δa
u} frames field onM for i, j, k, h∈{0, . . . ,m},

we have the following local components of curvature tensors R̄ and R:

R̄ijkh = ḡ(R̄(Xh, Xk)Xj , Xi), Rijkh = g(R(Xh, Xk)Xj , Xi),
R̄o

ijk = ḡ(R̄(Xk, Xj)Xi, N), Ro
ijk = g(R(Xk, Xj)Xi, N).

Thus, in terms of local coordinates, the local Gauss-Codazzi equations are:

R̄abcd = Rabcd + CacBbd − CadBbc ,

R̄abod = Rabod + CaBbd ,

R̄aocd = Raocd ; R̄aood = Raood ,

R̄obcd = Bbc; d −Bbd; c +Bbcτh −Bbdτc = −Rbocd ,

R̄ojoh = −∂u0(Bbd) + Γc
boBcd − τoBbd = −Rbood ,
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where we put
Bbc ; d = δud(Bbc)−BacΓa

bd −BbaΓa
cd.

R̄o
abc = Ro

abc = Cab; c − Cac; b + τbCac − τcCab

R̄o
abo = Ro

abo = Cab; o − Ca; b + τbCa − τoCab,

R̄o
obc = Ro

obc = Cdb(A∗)dc − Cdc(A∗)db + 2dτ (δub , δuc ) ,

R̄o
ooc = Ro

ooc = Cd(A∗)dc + 2dτ (∂uo , δuc) ,

where we set

Cab; c = δuc(Cab)− Γh
bcCad − Γo

bcCa − Γd
acCdb,

Cab; o = ∂u0(Cab)− Γd
boCad − Γo

boCa − Γd
aoCdb,

Ca; b = δub(Ca)− Γd
obCad − Γo

obCa − Γd
abCd .

Using the local Gauss-Weingarten equations (see Section 1) in the above equa-
tions, we have the following Gauss-Codazzi equations expressed locally by local
components of h, AN and τ as follows:

R̄abcd = Rabcd + gat(At
cBbd −At

dBbc) ,

R̄ijoh = Rijoh + gitA
t
oBjh,

R̄o
abc = Ro

abc = gad

{
Ad

b; c −Ad
c; b + τbA

d
c − τcA

d
b

}
,

R̄o
abo = Ro

abo = gad

{
Ad

b; o −Ad
o; b + τbA

d
o − τoA

d
b

}
,

where we set

Ad
b; c =

δAd
b

δuc
− Γi

bcA
d
a − Γo

bcA
d
o + Γd

acA
a
b ,

Ad
b; o =

∂Ad
b

∂uo
− Γi

boA
d
a − Γo

boA
d
o + Γd

aoA
a
b ,

Ad
o; b =

δAd
o

δub
− Γi

obA
d
a − Γo

obA
d
o + Γd

abA
a
o .

Finally, we have

R̄o
obc = Ro

obc = Aa
bBac −Aa

cBab + 2dτ (δub , δuc) ,
R̄o

ooc = Ro
ooc = Aa

oBac + 2dτ (∂uo , δuc) .

Induced Ricci curvature. Using the equation (1.2.10) of the induced Ricci tensor
R̄ic of M̄ , let R(0, 2) denote a (0, 2) tensor on M given by

R(0, 2)(X, Y ) = tr{Z → R(X, Z)Y } , ∀X,Y ∈ Γ(TM). (2.4.10)
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Using the above local results, we obtain

Ric(X,Y ) = gijg(R(X,
δ

δui
)Y,

δ

δuj
) + g(R(X,

∂

∂uo
)Y,N) .

From this we obtain

Ric(X,Y )− Ric(Y,X) = gij

{
C

(
X,

δ

δuj

)
B

(
Y,

δ

δui

)
−C

(
Y,

δ

δuj

)
B

(
X,

δ

δui

)}
+ ḡ(R̄(X,Y )

∂

∂uo
, N).

Replacing X and Y by δ
δuh and δ

δuk respectively we get

Rkh −Rhk = Ai
hBik −Ai

kBih + R̄o
okh = 2dτ

(
δ

δuk
,
δ

δuh

)
,

where we put Rkh = Ric
(

δ
δuh ,

δ
δuk

)
. Similarly, replacing X and Y by δ

δuh and ∂
∂uo

respectively, we obtain

Roh −Rho = −Ai
oBih + R̄o

ooh = 2dτ
(

∂

∂uo
,
δ

δuh

)
,

where Roh = Ric
(

δ
δuh ,

∂
∂uo

)
and Rho = Ric

(
∂

∂uo ,
δ

δuh

)
. Therefore, we obtain the

following important result.

Theorem 2.4.1. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M̄, ḡ). Then the Ricci tensor of the induced connection
∇ is symmetric, if and only if, each 1-form τ induced by S(TM) is closed, i.e.,
dτ = 0, on any U ⊂M .

Suppose the Ricci tensor is symmetric. By the above theorem and Poincaré’s
lemma we obtain τ(X) = X(f), where f is a smooth function on U . Let α = exp(f)
in the second equation of (2.3.5), then, τ̄(X) = 0, ∀X ∈ Γ(TM| U ). Thus, we have

Proposition 2.4.2. Let (M, g) be a lightlike hypersurface of (M̄, ḡ). If the Ricci
tensor of ∇ is symmetric, then there exists a pair {ξ, N} on U such that the
corresponding 1-form τ from the Weingarten equation vanishes.

It is clear from the above that R(0, 2) is not symmetric. Therefore, in general,
it is just a tensor quantity. This can also be verified in the following alternative way.
Consider the quasi-orthonormal frame {ξ;Wa} on M , where RadTM = Span{ξ}
and S(TM) = Span{Wa} and let E = {ξ,N,Wa} be the corresponding frames
field on M̄ . Then, we obtain

R(0, 2)(X, Y ) =
m∑

a=1

εa g(R(X, Wa)Y, Wa) + ḡ(R(X, ξ)Y, N) (2.4.11)
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where εa denotes the causal character (±1) of respective vector field Wa. Using
Gauss-Codazzi equations, we obtain

g(R(X, Wa)Y, Wa) = ḡ(R̄(X, Wa)Y, Wa)
+B(X, Y )C(Wa, Wa)−B(Wa, Y )C(X, Wa).

Substituting this in (2.4.11), using (2.1.25) and (2.1.26) we obtain

R(0, 2)(X,Y ) = R̄ic(X,Y ) +B(X,Y ) trAN

− g(ANX,A
∗
ξY )− ḡ(R(ξ, Y )X,N), (2.4.12)

for all X, Y ∈ Γ(TM) and R̄ic is the Ricci tensor of M̄ . Thus, R(0, 2) is not
symmetric. Therefore, in general, R(0, 2) has no geometric or physical meaning
similar to the symmetric Ricci tensor of M̄ . In the 1996 book [149], R(0, 2), given
by (2.4.10), was called an induced Ricci tensor which is not correct. For this
correction, the following definition was introduced in [142]:

Definition 2.4.3. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M̄, ḡ). A tensor field R(0, 2) of M , given by (2.4.10), is called
its induced Ricci tensor if it is symmetric.

For historical reasons, we still call R(0, 2) an induced Ricci tensor, but, we
denote it by Ric only if it is symmetric. Now we ask the following question: Are
there any lightlike hypersurfaces with symmetric Ricci tensor? The answer is affir-
mative for screen conformal lightlike hypersurfaces of a semi-Riemannian manifold
of constant curvature for which we prove the following result:

Theorem 2.4.4. [19] Let (M, g, S(TM)) be a screen conformal lightlike hypersurface
of a semi-Riemannian manifold (M̄n+2(c), ḡ) of constant sectional curvature c.
Then, M admits an induced Ricci tensor.

Proof. Using the equation (2.4.13) one can write the general expression of the
Ricci tensor of M as

R0,2(X,Y ) = R̄ic(X,Y )− ḡ(R̄(ξ, Y )X,N)
+B(X,Y ) trAN − g(ANX,A

∗
ξY ). (2.4.13)

As M̄n+2(c) is non-degenerate we have R̄ic(ξ, Y )X = ± cḡ(X,Y )ξ, where one can
take either the sign + or −, depending on the chosen definition of the curvature
tensor. Thus, taking the − sign, (2.4.13) reduces to

Ric(X,Y ) = R̄ic(X,Y ) + cḡ(X,Y ) +B(X,Y ) trAN − g(ANX,A
∗
ξY ).

Since g and B are symmetric, it follows that

R0,2(X,Y )−R0,2(Y,X) = g(ANY,A
∗
ξX)− g(ANX,A

∗
ξY ).

Thus, R0,2(X,Y )−R0,2(Y,X) = ϕg([A∗ξ , A
∗
ξ ]Y,X) = 0, completes the proof. �
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Remark 2.4.5. Observe that, as per Theorem 2.4.1, the existence of a symmetric
Ricci tensor on M is equivalent to dτ = 0, on any U ⊂M and τ need not vanish.
Therefore, only vanishing of dτ is needed to get a symmetric Ricci tensor for M .

Proposition 2.4.6. A Ricci tensor of a lightlike hypersurface (M, g), of a semi-Rie-
mannian manifold M̄ , is independent of the choice of the null section of RadTM .

Proof. Let {ξ,N,W1, . . . ,Wm} be a quasi-orthonormal basis on M̄ , along M ,
adapted to the decomposition (2.1.8). Consider another basis {ξ′, N ′,W ′

1, . . . ,W
′
m}

and its corresponding Ricci tensor Ric′ with respect to a pair {ξ′, N ′}. Then, using
the relation ξ′ = αξ and N ′ = (1/α)N , for some smooth function α > 0, writing
the corresponding expression of Ric′ in (2.4.11) and comparing them we deduce
that Ric′(X,Y ) = Ric(X,Y ) ∀X,Y ∈ Γ(TM), which completes the proof. �
Induced scalar curvature. To introduce a concept of induced scalar curvature for
a lightlike hypersurface M we observe that, in general, the non-uniqueness of
screen distribution S(TM) and its non-degenerate causal structure rules out the
possibility of a definition for an arbitrary M of a semi-Riemannian manifold. Al-
though, as we know from the previous section, there are many cases of a canonical
or unique screen and canonical transversal vector bundle, but, the problem of
scalar curvature must be classified subject to the causal structure of a screen. For
this reason, we start with a hypersurface (M, g, S(TM)) of a Lorentzian mani-
fold (M̄, ḡ) for which we know that any choice of S(TM) is Riemannian. This
case is also physically important (see [2, 3, 4, 74, 77, 139, 150, 285] and many
more cited therein). Let {ξ ; Wa} be the quasi-orthonormal frame for TM induced
from a frame {ξ ; Wa, N} for TM̄ such that S(TM) = Span{W1, . . . , Wm} and
RadTM = Span{ξ}. Set X = Y in (2.4.10). Then,

R(0, 2)(X, X) =
m∑

b=1

g(R(X, Wb)X, Wb) + ḡ(R(X, ξ)X, N). (2.4.14)

Replacing X by ξ and using (2.4.4), (2.4.5) and (2.4.9) we obtain

R(0, 2)(ξ, ξ) =
m∑

a=1

g(R(ξ, Wa)ξ, Wa)− ḡ(R(ξ, ξ)ξ, N)

=
m∑

a=1

g(R(ξ, Wa)ξ, Wa), (2.4.15)

where the second term vanishes due to (2.4.9). Replacing each X successively by
each base vector Wa of S(TM) and taking the sum we get

m∑
a=1

R(0, 2)(Wa, Wa) =
m∑

a=1

{
m∑

b=1

g(R(Wa, Wb)Wa, Wb)

}

+
m∑

a=1

ḡ(R(Wa, ξ)Wa, N). (2.4.16)
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Finally, adding (2.4.15) and (2.4.16) we obtain a scalar r given by

r = R(0, 2)(ξ, ξ) +
m∑

a=1

R(0, 2)(Wa, Wa)

=
m∑

a=1

{
m∑

b=1

g(R(Wa, Wb)Wa, Wb)

}

+
m∑

a=1

{g(R(ξ, Wa)ξ, Wa) + ḡ(R(Wa, ξ)Wa, N)} . (2.4.17)

In general, r given by (2.4.17) can not be called a scalar curvature of M since it
has been calculated from a tensor quantity R(0, 2). It can only have a geometric
meaning if R(0, 2) is symmetric and its value is independent of the screen, its
transversal vector bundle and the null section ξ. Therefore, we need reasonable
geometric conditions on M to recover its scalar curvature. For this purpose we
introduce the following general concept.

We say that a lightlike hypersurface (M, g, S(TM)) of a semi-Riemannian
manifold (M̄, ḡ) and any of its induced objects, denoted by Ωs, are of genus s if
the induced metric tensor g|S(TM)

is of constant signature s.
Although the above general concept is for the study of a scalar curvature

of lightlike hypersurfaces of a semi-Riemannian manifold, in this book, we re-
strict M to a Lorentzian manifold M̄ . Then, we say that M (labeled by M0) is
a lightlike hypersurface of genus zero with screen S(TM)0. Denote by C[M ]0 =
[(M, g, S(TM))]0 a class of lightlike hypersurfaces of genus zero such that

(a) M admits a canonical or unique screen distribution S(TM) that induces a
canonical or unique lightlike transversal vector bundle N ,

(b) M admits an induced symmetric Ricci tensor Ric.

For geometric and physical reasons, the above two conditions are necessary to
assign a well-defined scalar curvature to each member of C[M0].

Definition 2.4.7. Let (M, g, ξ, N) belong to C[M ]0. Then, the scalar r, given by
(2.4.17), is called the induced scalar curvature of genus zero of M .

Since S(TM) and N are chosen, we must assure the stability of r with respect
to a choice of the second fundamental form B and the 1-form τ . Choose another
null section ξ′ = αξ. Then, with respect to ξ′ there is another N ′ = (1/α)N
satisfying (2.1.6). It follows from the transformation equation (2.3.5) that for a
canonical or unique vector bundle N , the function α in that relation will be non-
zero constant which implies that, for this case, both B and τ are independent
of the choice of ξ, except for a non-zero constant factor. Finally, we know that
the Ricci tensor does not depend on the choice of ξ. Consequently, r is a well-
defined induced scalar curvature of a class of lightlike hypersurfaces of genus zero.
To show that there exists a variety of Lorentzian manifolds which admit lightlike
hypersurfaces of class C[M ]0 we prove the following two theorems:
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Theorem 2.4.8. [142] Let (M, g, S(TM)) be a screen conformal lightlike hypersur-
face of a Lorentzian manifold (M̄(c), ḡ), with S1 the first derivative of S(TM)
given by (2.3.12). If S1 coincides with S(TM), then, M belongs to C[M ]0. Con-
sequently, this class of lightlike hypersurfaces admit induced scalar curvature of
genus zero.

Proof. Since S1 = S(TM), it follows from Theorem 2.3.4 that M admits a unique
screen distribution S(TM) that induces a unique lightlike transversal vector bun-
dle, which satisfies the condition (a). The condition (b) also holds as Theorem 2.4.4
says that there exists such a class of screen conformal M of M̄(c) which admits a
symmetric Ricci tensor. �

Consider a class of Lorentzian manifolds (M̄, ḡ) which admit at least one co-
variant constant timelike vector field. Then, we know from section 3 that this class
admits screen conformal lightlike hypersurfaces (M, g, S(TM)). Consequently,M
can admit a unique screen distribution which induces a unique lightlike transversal
vector field. This satisfies the condition (a). Thus, using Theorems 2.3.5 and 2.4.4,
we state the following:

Theorem 2.4.9. Consider a lightlike hypersurface (M, g, S(TM)) of a Lorentzian
manifold (M̄, ḡ). Let E be a complementary vector bundle of TM⊥ in S(TM)⊥

such that E admits a covariant constant timelike vector field. Suppose that M
admits a symmetric Ricci tensor. Then, M is a member of C[M ]0. Consequently,
this class of lightlike hypersurfaces admit induced scalar curvatures of genus zero.

Physical models. Let (M̄, ḡ) be an (m+2)-dimensional globally hyperbolic space-
time manifold [34] with the metric ḡ given by

ds2 = −dt2 + eμ(dx1)2 ⊕ ḡabdx
a dxb, 2 ≤ a, b ≤ m+ 1,

with respect to local coordinates (t, x1, . . . , xm+1), where μ is a function of t
and x1 alone. It is well known that the above prescribed model of spacetimes
admits a timelike covariant constant vector field. Thus, the first hypothesis of
Theorem 2.3.5 is satisfied. Now we construct a set of two lightlike hypersurfaces
of M̄ . Let E = {e0, e1, . . . , em+1} be an orthonormal basis, such that e0 is time-
like and all others are spacelike unit vectors. Transform E into another basis
E = { ∂u, ∂v, e2, . . . , em+1} such that ∂u and ∂v are real null vectors satisfying
ḡ(∂u, ∂v) = 1 with respect to new coordinates {u, v, x2, . . . , xm+1}. Then, the line
element of ḡ transforms into

ds2 = −A2(u, v)du dv + ḡabdx
a dxb, 2 ≤ a, b ≤ m+ 1,

for some function A(u, v) on M . The absence of du2 and dv2 in the above line
element implies that {v = constant} and {u = constant} are two lightlike hyper-
surfaces and their intersection provides a leaf of their common screen distribution
whose Riemannian metric is given by dΩ2 = ḡabdx

a dxb. It follows from Theo-
rem 2.4.4 that each of these hypersurfaces is screen conformal, and, therefore,
each admits an integrable canonical screen distribution.



2.4. Induced scalar curvature 73

It is also possible to consider another physical model of globally hyper-
bolic warped product spacetimes (including asymptotically flat spacetimes, such
as Schwarzschild and Reissner-Nordström and many more) which also admit a
pair of screen conformal lightlike hypersurfaces as explained above. Following are
two sub-cases.

Case 1. This model (M̄, ḡ) belongs to all spacetimes of constant curvature. Ex-
amples are: Minkowski, de-Sitter and anti-de-Sitter. Then, as per Theorem 2.4.4,
the induced Ricci tensor of each such hypersurface is symmetric. Consequently,
each such hypersurface is a member of C[M ]0, so each admits an induced scalar
curvature of genus zero.
Case 2. This model (M̄, ḡ) belongs to all spacetimes of non-constant scalar curva-
ture. For example, a spacetime with the metric

ds2 = − dt2 + S2(t) dΣ 2

which is called a Robertson-Walker spacetime where dΣ 2 is the metric of a spacelike
hypersurface Σ with spherical symmetry and constant curvature k = 1,−1 or 0.
For this case, Theorem 2.4.8 says that any such hypersurface admits induced scalar
curvature if it also admits a symmetric Ricci tensor. Schwarzschild and Reissner-
Nordström spacetimes belong to this model.

Special class. Let (M, g, S(TM), ξ, N) be a class of lightlike hypersurfaces of a
time orientable spacetime manifold M̄(c) of constant curvature c and satisfying
Theorem 2.4.8. The curvature tensor R̄ of M̄(c) is given by

R̄(X, Y )Z = c {ḡ(Y, Z)X − ḡ(X, Z)Y } . (2.4.18)

Using (2.4.18) in (2.4.6) we have ḡ(R(X, ξ)Y, N) = −cḡ(X, Y ). Using this result
and (2.4.18) in (2.4.4) reduces the equation (2.4.11) to

Ric(X,X) =
m∑

b=1

g(R(X, Wb)X, Wb)− cḡ(X, X)

=
m∑

b=1

{B(Wb, X)C(X, Wb)−B(X, X)C(Wb, Wb)}

− cm ḡ(X, X). (2.4.19)

Thus, Ric(ξ, ξ) = 0 and the equations (2.4.15) and (2.4.16) reduce to

m∑
a=1

Ric(Wa, Wa) =
m∑

a=1

{
m∑

b=1

[B(Wb, Wa)C(Wa, Wb)

− B(Wa, Wa)C(Wb, Wb)]} − cm2

= r. (2.4.20)
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It is immediate from the above that, for this class C[M ]0, the induced Ricci tensor
and the corresponding scalar curvature of M can be determined if one knows
Ric|S(TM) and r|S(TM). More precisely,

Ric = Ric|S(TM), r = r|S(TM) − cm2. (2.4.21)

Recall from the proof of Theorem 2.3.5 and (2.3.11) that

C(X, PW ) =
1
2
θ2B(X, W ), θ−1 = ḡ(V, ξ), ∀X, W ∈ Γ(TM).

Using this relation we obtain the following value of r from (2.4.20):

r =
1
2
θ2

m∑
a=1

{
m∑

b=1

[(B)2(Wa, Wb)−B(Wa, Wa)B(Wb, Wb)]

}
− cm2. (2.4.22)

For 3- and 4-dimensional M̄(c) the values of r, respectively, are:

r = −c and r = θ2[(B)2(W1, W2)−B(W1, W1)B(W2,W2)]− 4c.

Example 8. Let (R4
1, ḡ) be a Minkowski space with canonical basis (∂t, ∂1, ∂2, ∂3).

It follows from [149, pages 115-117] that there exists a lightlike hypersurface of
(R4

1, ḡ) with a canonical integrable screen distribution and a canonical lightlike
transversal vector bundle tr(TM). Choose a timelike unit vector field V = ∂t of
TR4

1. We make this choice for a hypersurface (M, g, S(TM), ξ, N) given by an
open subset of the lightlike cone{

t(1, cosu cos v, cosu sin v, sinu) ∈ R4
1 : t > 0, u ∈ (0, π/2), v ∈ [0, 2π]

}
.

Rad(TM) = Span{ξ = ∂t + cosu cos v ∂1 + cosu sin v ∂2 + sinu ∂3},

ltr(TM) = Span{N =
1
2
(−∂t + cosu cos v ∂1 + cosu sin v ∂2 + sinu ∂3)},

respectively and the screen distribution S(TM) is spanned by

{W1 = − sinu cos v ∂1 − sinu sin v ∂2 + cosu ∂3, W2 = − sin v ∂1 + cos v ∂2}.

With respect to a local frames field of M̄ , the metric ḡ has the matrix

[ ḡ ] =

⎡⎢⎢⎣
0 1 0 0
1 0 0 0
0 0 t2 0
0 0 0 t2 cos2 u

⎤⎥⎥⎦ .
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We refer to the local expressions and the notation presented earlier. The Christoffel
symbols Γk

ij and the coefficients Bij and Ai
j of the second fundamental form and

its shape operator respectively, i, j, k ∈ {0, 1, 2}, are given by

Γ1
22 = sinu cosu, Γ2

12 = − tanu, Γ1
1o =

1
t
, Γ2

2o =
1
t
;

Γo
11 = − t

2
, Γo

22 = −1
2
t cos2 u, B11 = −t, B22 = −t cos2 u;

A1
1 = − 1

2t
, A2

2 = − 1
2t
, and all others vanish.

Using the local Gauss-Codazzi equations and R̄abcd = 0, we have

Rac =
2
t
Γ0

ac +
1
t2
Γ0

a1B1c +
1

t2 cos2 u
Γ0

a2B2c

=
1
t
Bac +

1
t2
Ba1Γ0

1c +
1

t2 cos2 u
Ba2Γ0

2c.

Thus R11 = − 1
2 , R12 = R21 = 0 and R22 = − 1

2 cos
2 u. Similarly, we have

Rao =
2
t
Γ0

a0 = 0, Roa = Roo = 0.

Therefore, the Ricci tensor of this lightlike hypersurface is symmetric. Thus, this
class of lightlike hypersurfaces belongs to C[M ]. The components of the second
fundamental form are

B(W1, W1) = −1, B(W2, W2) = − 1
cosu

, B(W1, W2) = 0.

Moreover, in this example, ḡ(V = ∂t, ξ) = −1 implies that in the relation (2.4.21)
we have θ = 1. Using all this data in (2.4.21) we conclude that the induced scalar
curvature of M in (R4

1, ḡ) is given by r = −(cosu)−1.

2.5 Lightlike Einstein hypersurfaces

Recall from the equation (1.2.12) that an (m + 2)-dimensional semi-Riemannian
manifold (M̄, ḡ) is Einstein if R̄ic = k̄ḡ, k̄ is a constant. Moreover, M̄ is Einstein
if and only if k̄ = r̄/(m + 2), where r̄ is the scalar curvature of M̄ . Obviously, a
geometric concept of a lightlike Einstein hypersurface (M, g, S(TM)) must involve
its scalar curvature. Therefore, for a well-defined concept of a lightlike Einstein
hypersurface M one should assure that M admits a symmetric Ricci tensor from
which an induced scalar curvature can be calculated. Based on what we know from
two previous sub-sections, this condition is satisfied ifM is a member of C[M ]0 for
which M̄ is Lorentzian. Therefore, we assume that M̄ is Lorentzian and restrict
M to be a member of C[M ]0. First we need the following related results:
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As in the non-degenerate case, a point p of M is said to be umbilical if

B(X,Y )p = a g(X,Y )p, ∀X,Y ∈ TpM,

where a ∈ R and depends on p. The above definition is independent of any coor-
dinate neighborhood around p. M is totally umbilical in M̄ if every point of M is
umbilical, i.e., if B = ρ g where ρ is a smooth function. As per Proposition 2.3.1(a),
the above definition does not depend on the choice of a screen distribution of M ,
but, it is easy to see from (2.1.25) and (2.1.16) that M is totally umbilical, if and
only if, on each U there exists ρ such that

A∗ξ (PX) = ρPX , for all X ∈ Γ(TM|U) . (2.5.1)

In particular, M is totally geodesic in M̄ if

B = 0⇔ ρ = 0.

We have the following general result on totally geodesic lightlike hypersurfaces:

Theorem 2.5.1. [149] Let (M, g, S(TM)) be a lightlike hypersurface of a semi-
Riemannian manifold (M̄, ḡ). The following are equivalent:

(i) M is totally geodesic.

(ii) h vanishes identically on M .

(iii) A∗U vanishes identically on M , for any U ∈ Γ(RadTM).

(iv) There exists a unique metric connection ∇ on M .

(v) RadTM is a parallel distribution with respect to ∇.

(vi) RadTM is a Killing distribution on M .

Proof. The equivalence of (i) and (ii) follows from (2.1.9) as in the case of non-
degenerate submanifolds. Next, by using (2.1.13) and (2.1.16), we obtain the equiv-
alence of (ii) and (iii). (2.1.20) implies the equivalence of (iii) and (v). By the second
result of (2.3.5) we have the equivalence of (ii) and (iv). Finally, from (2.1.18) we
obtain (∇X g)(ξ, Z) = B(X, Z) which implies g(∇X ξ, Z) = −B(X, Z). Then by
using (1.2.23) of Chapter 1 we obtain

(£ξ g)(X, Z) = g(∇X ξ, Z) + g(∇Z ξ, X) = −2B(X, Z)

which proves the equivalence of (ii) and (vi). �
Consequently, totally geodesic lightlike hypersurfaces are important both for

geometry and physics since they admit a unique metric connection.
In particular, suppose (M, g, S(TM)) is a totally geodesic lightlike hyper-

surface of a semi-Riemannian manifold (M̄(c), ḡ) of constant curvature c. Then,
using (1.2.16) we have R̄(ξ, Y )X = ḡ(X, Y )ξ. Since it follows from (2.4.6) that
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ḡ(R̄(ξ, Y )X, N) = ḡ(R(ξ, Y )X, N), using both these results in (2.4.12) and (ii)
and (iii) of Theorem 2.5.1, we obtain

Ric(X, Y ) = R̄ic(X, Y )− c ḡ(X, Y ),

which is symmetric since ḡ is symmetric. Thus, we have

Proposition 2.5.2. Any totally geodesic lightlike hypersurface of M̄(c) admits an
induced symmetric Ricci tensor.

Some results on totally umbilical lightlike hypersurfaces are available in [149,
Section 4.5, pages 106-114]. We highlight the following:

• There exist no lightlike hypersurfaces in M̄(c), c �= 0, with a totally geodesic
screen distribution.

• Any lightlike hypersurface of M̄(c) with a proper totally umbilical screen dis-
tribution is either totally umbilical or totally geodesic immersed in M̄(c).

• Any lightlike surface of a 3-dimensional Lorentz manifold is either totally
umbilical or totally geodesic.

Now we deal with the concept of lightlike Einstein hypersurfaces. We give a
general definition for hypersurfaces in semi-Riemannian manifolds M̄ , but, for the
above stated reasons we focus our study on when M̄ is Lorentzian.

Definition 2.5.3. Let (M, g, S(TM)) be a lightlike hypersurface of an (m + 2)-
dimensional semi-Riemannian manifold (M̄, ḡ) such that M admits an induced
symmetric Ricci tensor Ric. Then, M is called an Einstein hypersurface if

Ric(X,Y ) = kg(X,Y ), ∀X,Y ∈ Γ(TM). (2.5.2)

where k is a constant if m > 1.

In general, the above definition can not have a geometric meaning unless
we relate the constant k with the induced scalar curvature of M , which is not
possible for a hypersurface of an arbitrary M̄ . Therefore, based on what we know
at the time of writing this book, we start with the case of a screen conformal
(see Definition 2.2.1 of this chapter) lightlike hypersurface (M, g, S(TM)) of an
(m + 2)-dimensional Lorentzian manifold (M̄(c), ḡ) of constant curvature c and
then discuss the geometric meaning of the above definition. For this class ofM we
know that the screen distribution S(TM) is Riemannian and integrable. First we
prove the following:

Proposition 2.5.4. Let (M, g, S(TM)) be a screen homothetic (ϕ is non-zero con-
stant) lightlike hypersurface of (M̄(c), ḡ). Then

2ϕτ(ξ)B(X, PZ) = −cg(X, PZ).
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Proof. Since M̄ is of constant curvature c, by (2.4.18), we have

(∇XB)(Y, Z)− (∇Y B)(X, Z) = B(X, Z)τ(Y )−B(Y, Z)τ(X).

On the other hand, using (2.4.5), (2.4.8) and the last equation, we have

2ϕ{B(X, PZ)τ(Y )−B(Y, PZ)τ(X)} = c{g(Y, PZ)η(X)− g(X, PZ)η(Y )}.
Replacing Y by ξ in this equation, we obtain 2ϕτ(ξ)B(X, PZ) = −cg(X, PZ).

�
Remark 2.5.5. Under the hypothesis of the above proposition, one can show that
if τ = 0, then, c = 0 and if τ(ξ) �= 0, then, M is totally umbilical in M̄ . Then,
from Proposition 2.4.2 and this remark, we have τ = c = 0.

The scalar curvature r̄ of M̄ , defined by (1.2.13), and the scalar quantity r
of M , obtained from R(0, 2) (by the method in the previous section) are given by

r̄ = R̄ic(ξ, ξ) + R̄ic(N, N) +
m∑

a=1

εa R̄ic(Wa, Wa),

r = R(0, 2)(ξ, ξ) +
m∑

a=1

εaR
(0, 2)(Wa, Wa),

respectively. Using these relations and (2.4.12), we obtain

R(0, 2)(ξ, ξ) = R̄ic(ξ, ξ),

R(0, 2)(Wa, Wa) = R̄ic(Wa, Wa) + g(A∗ξWa, Wa) tr(AN )

− g(ANWa, A
∗
ξWa)− ḡ(R(ξ, Wa)Wa, N).

Thus we have

r = r̄ + trA∗ξ trAN − tr(A∗ξAN )

−
m∑

a=1

εa{ḡ(R(ξ, Wa)Wa, N) + ḡ(R̄(N, Wa)Wa, N)}. (2.5.3)

Since M̄ is a Lorentzian space form, we have R̄(ξ, Y )X = cḡ(X, Y )ξ, R̄ic(X, Y ) =
(m+ 1)c ḡ(X, Y ) and r̄ = cm(m+ 1), ḡ(R̄(N, Wa)Wa, N) = 0. Thus

R(0, 2)(X,Y ) = mcg(X,Y ) +B(X,Y ) trAN − g(ANX,A
∗
ξY ); (2.5.4)

r = m2c+ trA∗ξ trAN − tr(A∗ξAN ). (2.5.5)

Using (2.5.4) and (2.5.5) and M is Einstein, we obtain

r = Ric(ξ, ξ) +
m∑

a=1

εa Ric(Wa, Wa)

= kg(ξ, ξ) + k
m∑

a=1

εa g(Wa, Wa) = km. (2.5.6)
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Thus we have
Ric(X,Y ) = (r/m)g(X,Y ) (2.5.7)

which provides a geometric interpretation of lightlike Einstein hypersurfaces as
we have shown that the constant k = r/m. Since ξ is an eigenvector field of A∗ξ
corresponding to the eigenvalue 0 and A∗ξ is Γ(S(TM))-valued real symmetric, A∗ξ
has m real orthonormal eigenvector fields in S(TM) and is diagonalizable by an
orthogonal operator. Consider a frame field of eigenvectors {ξ, E1, . . . , Em} of A∗ξ
such that {E1, . . . , Em} is an orthonormal frame field of S(TM). Then

A∗ξEi = λiEi, 1 ≤ i ≤ m.

Since M is screen conformal and Ric = kg, the equation (2.5.4) reduces to

g(A∗ξX, A
∗
ξY )− sg(A∗ξX, Y ) + ϕ−1(k −mc)g(X, Y ) = 0, (2.5.8)

where s = trA∗ξ . Put X = Y = Ei in (2.5.8), λi is a solution of equation

x2 − sx+ ϕ−1(k −mc) = 0. (2.5.9)

The equation (2.5.9) has at most two distinct solutions which are real-valued
functions on U . Assume there exists p ∈ {0, 1, . . . , m} such that λ1 = . . . = λp = α
and λp+1 = . . . = λm = β, by renumbering if needed. From (2.5.9), we have

s = α+ β = pα+ (m− p)β ; αβ = ϕ−1(k −mc). (2.5.10)

The first equation of the last relationships reduces to

(p− 1)α+ (m− p− 1)β = 0.

Consider the following four distributions Dα, Dβ , D
s
α and Ds

β on M ;

Dα = {X ∈ Γ(TM) | A∗ξX = αPX}, Ds
α = Dα ∩ S(TM),

Dβ = {U ∈ Γ(TM) | A∗ξU = β PU}, Ds
β = Dβ ∩ S(TM).

Observe that E1, . . . , Ep ∈ Γ(Ds
α) and Ep+1, . . . , Em ∈ Γ(Ds

β). The equation
(2.5.5) has only one solution ⇐⇒ α = β ⇐⇒ Dα = Dβ (= TM). If 0 < p < m,
then Dα �= Dβ and Dα ∩Dβ = Rad(TM). In case m ≥ 2 and Dα �= Dβ: If p = 0,
then α is not an eigenvalue of A∗ξ but a root of (2.5.9) and Dα = Rad(TM) ; Dβ =
TM . If p = m, then β is not an eigenvalue of A∗ξ but a root of (2.5.9) and
Dα = TM ; Dβ = Rad(TM).

Lemma 2.5.6. If Dα �= Dβ, then, Dα ⊥
g
Dβ and Dα ⊥

B
Dβ.

Proof. If 0 < p < m, we have A∗ξPX = A∗ξX = αPX for any X ∈ Γ(Dα)
and A∗ξPU = A∗ξU = αPU for any U ∈ Γ(Dβ). Thus the projection P maps
Dα onto Ds

α and Dβ onto Ds
β . Since PX and PU are eigenvector fields of the
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real symmetric operator A∗ξ , they have different eigenvalues α and β respec-
tively. PX ⊥PU and g(X, U) = g(PX, PU) = 0, that is, Dα ⊥

g
Dβ . Also,

since B(X, U) = g(A∗ξX, U) = αg(PX, PU) = 0, we have B(Dα, Dβ) = 0,
that is, Dα ⊥B Dβ. If p = 0 or p = m, then Dα = Rad(TM) ;Dβ = TM or
Dα = TM ;Dβ = Rad(TM) respectively. Thus, Dα ⊥

g
Dβ and Dα ⊥

D
Dβ. �

Lemma 2.5.7. If Dα �= Dβ, then TM = Rad(TM) ⊕orth D
s
α ⊕orth D

s
β.

If Dα = Dβ, then TM = Rad(TM) ⊕orth D
s
α ⊕orth {0}.

Proof. If 0 < p < m, since {Ei}1≤i≤p and {Ea}p+1≤a≤m are vector fields of
Ds

α and Ds
β respectively and Ds

α and Ds
β are mutually orthogonal vector sub-

bundles of S(TM), we show that Ds
α and Ds

β are non-degenerate distributions
of rank p and rank (m − p) respectively and Ds

α ∩ Ds
β = {0}. Thus we have

S(TM) = Ds
α ⊕orth D

s
β. If Dα �= Dβ and p = 0, then Ds

α = {0} and Ds
β = S(TM).

If Dα �= Dβ and p = m, then Ds
α = S(TM) and Ds

β = {0}. Also we have
S(TM) = Ds

α ⊕orth D
s
β . Next, if Dα = Dβ, then Ds

α = Ds
β = S(TM). Thus, from

(2.1.4) we have this lemma. �

Lemma 2.5.8. Im(A∗ξ − αP ) ⊂ Γ(Ds
β) ; Im(A∗ξ − βP ) ⊂ Γ(Ds

α).

Proof. From (2.5.8), we get (A∗ξ)
2 − (α + β)A∗ξ + αβP = 0. If 0 < p < m. Let

Y ∈ Im(A∗ξ −αP ).Then, there exists X ∈ Γ(TM) such that Y = (A∗ξ −αP )X and
(A∗ξ−βP )Y = 0 and Y ∈ Γ(Dβ). Thus Im(A∗ξ−αP ) ⊂ Γ(Dβ). Since the morphism
A∗ξ−αP maps Γ(TM) onto Γ(S(TM)), we have Im(A∗ξ−αP ) ⊂ Γ(Ds

β). By duality,
we also have Im(A∗ξ −βP ) ⊂ Γ(Ds

α). If p = 0, then, since Ds
α = {0} ; Ds

β = S(TM)
and Dβ = TM , we have Im(A∗ξ −αP ) ⊂ Γ(S(TM)) ; A∗ξX = βPX, ∀X ∈ Γ(TM),
that is, Im(A∗ξ − βP ) = {0} or if p = m, then, since Ds

α = S(TM) ; Ds
β = {0}

and Dα = TM , we have A∗ξX = αPX, ∀X ∈ Γ(TM), that is, Im(A∗ξ − αP ) =
{0} ; Im(A∗ξ − βP ) ⊂ Γ(S(TM)). �

Lemma 2.5.9. The distributions Ds
α and Ds

β are always integrable. In particular,
if Dα �= Dβ, then Dα and Dβ are also integrable.

Proof. If Dα �= Dβ , then, for X, Y ∈ Γ(Dα) and Z ∈ Γ(TM), we have

(∇XB)(Y, Z) = − g
(
(A∗ξ − αP )∇XY, U

)
+ αB(X, Y )η(U)

+ (Xα) g(PY, Z) + α2η(Y ) g(PX, Z).

Using this and the fact that

(∇XB)(Y, Z)− (∇Y B)(X, Z) = B(X, Z)τ(Y )−B(Y, Z)τ(X),

we have

g
(
(A∗ξ − αP )[X, Y ], Z

)
= {Xα+ ατ(X)− α2η(X)}g(PY, Z)
− {Y α+ ατ(Y )− α2η(Y )}g(PX, Z). (2.5.11)
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If we take Z = U ∈ Γ(Ds
β), then we have

g
(
(A∗ξ − αP )[X, Y ], U

)
= 0.

SinceDs
β is non-degenerate and Im(A

∗
ξ−αP ) ⊂ Γ(Ds

β), we have (A
∗
ξ−αP )[X, Y ] =

0. Thus [X, Y ] ∈ Γ(Dα) and Dα is integrable. By duality, we know that Dβ is also
integrable. Since S(TM) is integrable, for any X, Y ∈ Γ(Ds

α), we have [X, Y ] ∈
Γ(Dα) and [X, Y ] ∈ Γ(S(TM)). Thus [X, Y ] ∈ Γ(Ds

α) and D
s
α is integrable. So is

Ds
β. While, if Dα = Dβ, then Ds

α = Ds
β = S(TM) is integrable. �

Lemma 2.5.10. If 0 < p < m, then we have

(dα+ ατ − α2η)|Dα = 0 ; (dβ + βτ − β2η)|Dβ
= 0.

Proof. From (2.5.10), for X, Y ∈ Γ(Dα) and Z ∈ Γ(TM), we get{
Xα+ ατ(X)− α2η(X)

}
g(PY,Z) =

{
Y α+ ατ(Y )− α2η(Y )

}
g(PX,Z).

Since S(TM) is non-degenerate, we have{
Xα+ ατ(X) − α2η(X)

}
PY =

{
Y α+ ατ(Y )− α2η(Y )

}
PX.

Suppose there exists a vector field Xo ∈ Γ(Dα) such that {dα+ατ−α2η}(Xo) �= 0
at each point x ∈ M , then PY = fPXo for any Y ∈ Γ(Dα), where f is a
smooth function. It follows that all vectors from the fiber (Dα)x are collinear
with (PXo)x . It is a contradiction as dim((Dα)x) = p + 1 > 1. Thus we have
(dα+ ατ − α2η)|Dα = 0. By duality, we also have (dβ + βτ − β2η)|Dβ

= 0. �
Lemma 2.5.11. Let M be an Einstein screen homothetic lightlike hypersurface of
a Lorentz manifold (M̄(c), ḡ) of constant curvature c. If 0 < p < m, then α and
β are constants along S(TM) if and only if τ = 0 on S(TM).

Proof. By Lemma 2.5.10, we know that (dα+ ατ)|Ds
α
= 0 and (dβ + βτ)|Ds

β
= 0.

Thus τ = 0 on S(TM) if and only if dα = 0 on Ds
α and dβ = 0 on Ds

β. Since M is
screen homothetic , if τ = 0, then c = 0 by Remark 2.5.5. Also, since αβ = ϕ−1γ,
which is the second equation of (2.5.10), is a constant, we have this lemma. �

From now on we let (M, g, S(TM)) be an Einstein screen homothetic light-
like hypersurface with the canonical null pair {ξ, N}).
Remark 2.5.12. If 0 < p < m, then α and β are not constants along TM but
constants along S(TM). Indeed, as explained before τ = 0. From Lemma 2.5.11,
α and β are constants along S(TM). Next, if α and β are constants along TM ,
from Lemma 2.5.10, we have η(X) = 0 for all X ∈ Dα and η(U) = 0 for all
U ∈ Dβ. Observe that a vector field X on M belongs to S(TM) if and only if,
locally on each U ⊂M , we have η(X) = 0. This implies that the distributions Dα

and Dβ are vector sub-bundles of S(TM). Consequently we have Dα = Ds
α and

Dβ = Ds
β. It is a contradiction to Rad(TM) ⊂ Dα and Rad(TM) ⊂ Dβ. Thus α

and β are not constants along TM .
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Lemma 2.5.13. If 0 < p < m, then, for X ∈ Γ(Dα) and U ∈ Γ(Dβ), we have

∇XU ∈ Γ(Dβ) ; ∇UX ∈ Γ(Dα). (2.5.12)

Proof. From (2.4.5) equipped with τ = 0, we get

(∇XB)(U, Z) = (∇UB)(X, Z), i.e.,
g
(
{(A∗ξ − βP )∇XU − (A∗ξ − αP )∇UX}, Z

)
= 0,

for any Z ∈ Γ(TM). Since S(TM) is non-degenerate, we have

(A∗ξ − βP )∇XU = (A∗ξ − αP )∇UX.

Since the left term of the last equation is in Γ(Ds
α) and the right term is in Γ(Ds

β)
and Ds

α ∩ Ds
β = {0}, we have

(A∗ξ − βP )∇XU = 0, (A∗ξ − αP )∇UX = 0.

This implies that ∇XU ∈ Γ(Dβ) and ∇UX ∈ Γ(Dα). �
Lemma 2.5.14. If 0 < p < m, then, for X, Y ∈ Γ(Dα) and U, V ∈ Γ(Dβ), we have

g(∇Y X, U) = 0 ; g(X, ∇V U) = 0. (2.5.13)

Proof. Since g(X, PU) = 0, we have

∇Y (g(X, PU))− g(∇Y X, PU)− g(X, ∇Y PU)
= B(X, Y )η(PU) +B(Y, PU)η(X) = 0,
∇V (g(U, PX))− g(∇V U, PX) + g(U, ∇V PX)
= B(V, U)η(PX) +B(V, PX)η(U) = 0.

Since Dα ⊥g Dβ and B(Dα, Dβ) = 0, we have g(∇Y X, U) = g(∇YX, PU) = 0
and g(X, ∇V U) = g(PX, ∇V U) = 0. �

Since the leaf M ′ of S(TM) is Riemannian and S(TM) = Ds
α ⊥ Ds

β, where
Ds

α and Ds
β are parallel distributions with respect to the induced connection ∇∗

of M ′ due to (2.5.13), by the decomposition theorem of de Rham [334] we have
M ′ = Mα ×Mβ, where Mα and Mβ are some leaves of Ds

α and Ds
β respectively.

Thus we have the following theorem:

Theorem 2.5.15. Let (M, g, S(TM)) be an Einstein screen conformal lightlike hy-
persurface of a Lorentz manifold (M̄(c), ḡ) of constant curvature c. Then M is
locally a lightlike triple product manifold C × (M ′ = Mα × Mβ), where C is a
null curve, M ′ is an integral manifold of S(TM), Mα and Mβ are leaves of some
distributions of M respectively.

Lemma 2.5.16. If 0 < p < m, then γ = ϕαβ = 0. In particular, αβ = 0.
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Proof. For X ∈ Γ(Dα) and U ∈ Γ(Dβ), we have

g(R(X, U)U, X) = g(∇X∇UU, X).

From the second equation of (2.5.12), we know that ∇UU has no component of
Dα. Since the projection morphism P maps Γ(Dα) onto Γ(Ds

α) and Γ(Dβ) onto
Γ(Ds

β), and S(TM) = Ds
α ⊥ Ds

β, we have

∇UU = P (∇UU) + η(∇UU)ξ ; P (∇UU) ∈ Γ(Ds
β).

It follows that

g(∇X∇UU, X) = g(∇XP (∇UU), X) +∇X(η(∇UU)) g(ξ, X)
+ η(∇UU)g(∇Xξ, X) = −αη(∇UU)g(X, X).

Since η(∇UU) = ϕβ g(U, U), we have

g(R(X, U)U, X) = −ϕαβg(X, X)g(U, U).

While, since M is screen homothetic and τ = 0, by Remark 2.5.5, we show that
c = 0. Thus, from the Gauss-Codazzi equations we have

g(R(X, U)U, X) = ϕαβg(X, X)g(U, U).

From the last two equations, we get γ = ϕαβ = 0. Since ϕ is a non-zero constant,
we have αβ = 0. �

Using the above results, we have the following main theorem:

Theorem 2.5.17. [157] Let (M, g, S(TM)) be an Einstein screen homothetic light-
like hypersurface of an (m + 2)-dimensional Lorentz manifold (M̄(c), ḡ) of con-
stant curvature c. Then c = 0 and M is a locally lightlike triple product manifold
C × (M ′ = Mα × Mβ), where C is a null curve, M ′ is an integral manifold of
S(TM), Mα and Mβ are leafs of some distributions of M such that

(1) If k �= 0, either Mα or Mβ is a totally umbilical Riemannian manifold of
constant curvature ϕα2 or ϕβ2 which is isometric to an m-(pseudo)sphere
and the other is a point.

(2) If k = 0, Mα is an (m − 1) or an m-dimensional totally geodesic Euclidean
space and Mβ is a non-null curve or a point in M̄ .

Proof. (1) Let k �= 0 : In case (trA∗ξ)
2 �= 4ϕ−1γ. The equation (2.5.9) has two

non-vanishing distinct solutions α and β. If 0 < p < m, then, by Lemma 2.5.14,
we have γ = 0. Thus p = 0 or p = m. If p = 0, then α is not an eigenvalue of
the shape operator A∗ξ but a solution of the equation (2.5.7) and the equations
(2.5.10) reduce to s = α + β = mβ ; αβ = ϕ−1k. Also if p = m, then β is not
an eigenvalue of A∗ξ but a solution of (2.5.9) and the equations (2.5.10) reduce to
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s = α+ β = mα ; αβ = ϕ−1k. Consequently, if p = 0 or p = m, then α and β are
constants and Ds

α = {0} ; S(TM) = Ds
β or S(TM) = Ds

α ; D
s
β = {0} respectively.

From (2.4.4) and (2.4.7), we have

R∗(X,Y )Z = ϕα2{g(Y, Z)X − g(X, Z)Y }, ∀X, Y, Z ∈ Γ(Dα);

R∗(U, V )W = ϕβ2{g(V, W )U − g(U, W )V }, ∀U, V, W ∈ Γ(Dβ).

Thus eitherMα orMβ , which are leaves of Dα or Dβ respectively, is a Riemannian
manifold M∗ of constant curvature either ϕα2 or ϕβ2 and the other leaf is a
point {x}. If M∗ = Mα, since B(X,Y ) = αg(X,Y ) for all X, Y ∈ Γ(S(TM)),
we have C(X,Y ) = ϕαg(X,Y ) for all X, Y ∈ Γ(S(TM)). If M∗ = Mβ, since
B(U, V ) = βg(U, V ) for all U, V ∈ Γ(S(TM)), we have C(U, V ) = ϕβg(U, V )
for all U, V ∈ Γ(S(TM)). Thus the leaf M∗ is a totally umbilical which is not
totally geodesic. Consequently M is a locally product manifold C × M∗× {x} or
C × {x}× M∗, where M∗ is a totally umbilical Riemannian manifold of constant
curvature ϕβ2 or ϕα2 which is isometric to an m-(pseudo)sphere, and {x} is a
point.

In case (trA∗ξ)
2 = 4ϕ−1γ. The equation (2.5.9) has only one non-zero con-

stant solution, named by α and α is only one eigenvalue of the shape operator A∗ξ .
In this case, the equations (2.5.10) reduce to s = 2α = mα ; α2 = ϕ−1γ. Thus we
have m = 2. From (2.4.4) and (2.4.9), we have

R∗(X,Y )Z = k{g(Y, Z)X − g(X,Z)Y }, ∀X, Y, Z ∈ Γ(S(TM)).

Thus the leaf M∗ is a Riemannian 2-surface of constant curvature k. Since
B(X,Y ) = αg(X,Y ) for all X, Y ∈ Γ(TM), we have C(X,Y ) = ϕαg(X,Y ) for
all X, Y ∈ Γ(S(TM)). Thus the leaf M∗ is also a totally umbilical which is not
totally geodesic. Consequently M is a locally product C ×M∗ × {x} where C is
a null curve in M̄ and M∗ is a Riemannian 2-surface of constant curvature which
is isometric to a 2-(pseudo)sphere.

(2) Let k = 0. The equation (2.5.9) reduces to

λi(λi − s) = 0 , 1 ≤ i ≤ m.

In case trA∗ξ �= 0. Let α = 0 and β = s. Then we have s = β = (m − p)β, i.e.,
(m− p− 1)β = 0. So p = m− 1, i.e.,

A∗ξ =

⎛⎜⎜⎜⎝
0

. . .
0

β

⎞⎟⎟⎟⎠ .

Consider the frame field of eigenvectors {ξ, E1, . . . , Em} of A∗ξ such that {Ei}i

is an orthonormal frame field of S(TM), then B(Ei, Ej) = C(Ei, Ej) = 0 for
1 ≤ i < j ≤ m. Thus the leaf Mα of Dα is a totally geodesic (m− 1)-dimensional
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Riemannian manifold and the leafMβ ofDβ is a curve. From (2.4.4) and (2.4.7), we
have ḡ(R̄(Ei, Ej)Ej , Ei) = g(R∗(Ei, Ej)Ej , Ei) = 0. Thus the sectional curvature
K of the leaf Mα of Dα is given by

K(Ei, Ej) =
g(R∗(Ei, Ej)Ej , Ei)

g(Ei, Ei)g(Ej , Ej)− g2(Ei, Ej)
= 0.

Thus M is a locally product C ×Mα ×Mβ , where Mα is an (m− 1)-dimensional
Euclidean space and Mβ is a curve in M̄ .

In case trA∗ξ = 0. Then we have α = β = 0 and A∗ξ = 0 or equivalently
B = 0 and Ds

α = Ds
β = S(TM). Thus M is totally geodesic in M̄ . Since M is

screen homothetic, we also have C = AN = 0. Thus the leaf M∗ of S(TM) is
also totally geodesic. Thus we have ∇̄XY = ∇∗XY for any tangent vector fields X
and Y to the leaf M∗. This implies that M∗ is a Euclidean m-space. Thus M is a
locally product C ×M∗ × {x} where C is a null curve and {x} is a point. �
Remark 2.5.18. The classification of Einstein hypersurfacesM in Euclidean spaces
Rn+1 was first studied by Fialkow [188] and Thomas [393] in the middle of the
1930s. It was proved that if M is a connected Einstein hypersurface (n ≥ 3) , that
is Ric = γg, for some constant γ, then γ is non-negative. Moreover,

• if γ = 0 then M is locally isometric to Rn and

• if γ > 0 then M is contained in an n-sphere.

Also see in [22, 23] some more results on lightlike Einstein hypersurfaces.

2.6 Semi-symmetric hypersurfaces

In this section, we investigate lightlike hypersurfaces which are semi-symmetric,
Ricci semi-symmetric, parallel or semi-parallel in a semi-Euclidean space. The class
of semi-Riemannian manifolds, satisfying the condition

∇R = 0, (2.6.1)

is a natural generalization of the class of manifolds of constant curvature where R
denotes the corresponding curvature tensor. A semi-Riemannian manifold is called
a semi-symmetric manifold if

R·R = 0, (2.6.2)

where R is the curvature operator corresponding to R. Semi-symmetric hypersur-
faces of Euclidean spaces were classified by Nomizu [310] and a general study of
semi-symmetric Riemannian manifolds was made by Szabo [380].

A semi-Riemannian manifold is said to be a Ricci semi-symmetric manifold
[124], if the following condition is satisfied:

R ·Ric = 0. (2.6.3)
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It is clear that every semi-symmetric manifold is Ricci semi-symmetric; the con-
verse is not true in general. If a manifold M is immersed into a manifold M̄, the
immersion is called parallel if the second fundamental form is covariantly constant,
i.e., ∇h = 0, where ∇ is an affine connection M̄ and h is the second fundamental
form of the immersion. The general classification of parallel submanifolds of Eu-
clidean space was obtained in [187] by D. Ferus. He showed that such an immersion
is an isometric immersion into an n-dimensional symmetric R-space imbedded in
Rn+p in the standard way. As a generalization of parallel hypersurfaces, the semi-
parallel hypersurfaces were defined in [126].

Curvature conditions of symmetry type. Let (M, g) be a semi-Riemannian mani-
fold. Recall from (1.2.7) that the curvature operator of M is given by

R(X,Y ) = ∇X∇Y −∇Y ∇X −∇[X,Y ]

for X,Y ∈ Γ(TM), where ∇ denotes the Levi-Civita connection on M.
For a (0, k)-tensor field T on M , k ≥ 1, the (0, k + 2)-tensor field R · T is

defined by

(R · T )(X1, . . . , Xk, X, Y ) = −T (R(X,Y )X1, X2, . . . , Xk)
. . .− T (X1, . . . , Xk−1, R(X,Y )Xk) (2.6.4)

for X,Y,X1, . . . , Xk ∈ Γ(TM), where R denotes the semi-Riemannian curvature
tensor of M . Curvature conditions, involving the form R.T = 0 , are called cur-
vature conditions of semi-symmetric type [124].

Let M be a semi-symmetric semi-Riemannian manifold. Then, from (2.6.4)
and properties of curvature tensor, we have

(R(X,Y ) · R)(U, V )W = R(X,Y )R(U, V )W −R(U, V )R(X,Y )W
−R(R(X,Y )U, V )W −R(U,R(X,Y )V )W = 0 (2.6.5)

for any X,Y, U, V,W ∈ Γ(TM).
Let M be a Ricci semi-symmetric semi-Riemannian manifold. Then, from

(2.6.4), we have

(R(X,Y ) ·Ric)(X1, X2) = −Ric(R(X,Y )X1, X2)
− Ric(X1, R(X,Y )X2)

= 0, ∀X,Y,X1, X2 ∈ Γ(TM). (2.6.6)

In [126], Deprez defined and studied semi-parallel hypersurfaces in Euclidean n
space. We recall that a hypersurface M of a semi-Riemannian manifold M̄ is said
to be semi-parallel if the following condition is satisfied for every point p ∈M and
every vector field X,Y, Z,W ∈ Γ(TM) :

(R(X,Y )h)(Z,W ) = −h(R(X,Y )Z,W )− h(Z,R(X,Y )W ) = 0. (2.6.7)
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Although the conditions (2.6.2) and (2.6.3) are not equivalent for manifolds in gen-
eral, P.J. Ryan [341] raised the following question for hypersurfaces of Euclidean
spaces in 1972: ˝Are the conditions R·R = 0 and R·Ric = 0 equivalent for hyper-
surfaces of Euclidean spaces˝. Although there are many results which contributed
to the solution of the above question in the affirmative under some conditions
(see: [122], [123], [298], [387]), Abdalla and Dillen [1] gave an explicit example of
a hypersurface in Euclidean space En+1 (n ≥ 4) that is Ricci semi-symmetric but
not semi-symmetric (See also [124] for another example.). This result shows that
the conditions R · R = 0 and R · Ric = 0 are not equivalent for hypersurfaces of
Euclidean space in general. A recent survey on Ricci semi-symmetric spaces and
contributions to solution of the above problem can be found in [124]. We note
that, in [402], I. Van de Woestijne and L. Verstraelen used the standard forms of
a symmetric operator in a Lorentzian vector space to give an algebraic proof that
the shape operator of a semi-symmetric hypersurface at a point with type number
greater than 2 is diagonalizable with exactly two eigenvalues, one of which is zero.
At this point we set AN ≡ A, unless otherwise stated.

Proposition 2.6.1. Let M be a lightlike hypersurface of a semi-Euclidean space
R

(n+2)
q . Then the Gauss equation of M is given by

R(X,Y )Z = B(Y, Z)AX −B(X,Z)AY (2.6.8)

for any X,Y, Z ∈ Γ(TM) and N ∈ Γ(tr(TM)).

Proof. By assumption, M̄ = R
(n+2)
q is a semi-Euclidean space, hence, R̄ = 0.

Then, from (2.4.1) we have

R(X,Y )Z +Ah(X,Z)Y −Ah(Y,Z)X + (∇Xh)(Y, Z)− (∇Y h)(X,Z) = 0.

We note that (∇Xh)(Y, Z) is defined by

(∇Xh)(Y, Z) = ∇t
Xh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ). (2.6.9)

On the other hand, (2.1.9) and (2.1.13) imply that h(X,Y ) = B(X,Y )N for
X,Y ∈ Γ(TM) and N ∈ Γ(tr(TM). Thus, we get

R(X,Y )Z +B(X,Z)ANY −B(Y, Z)ANX + (∇Xh)(Y, Z)− (∇Y h)(X,Z) = 0.

Then, (2.6.8) holds by comparing the tangential and transversal parts. �
Definition 2.6.2. A lightlike hypersurface M of a semi-Euclidean space is semi-
symmetric if the following condition is satisfied:

(R(X,Y ) ·R)(X1, X2, X3, X4) = 0, ∀X,Y,X1, X2, X3, X4 ∈ Γ(TM). (2.6.10)

It is easy to see that

(R(X,Y ) ·R)(X1, X2, X3, ξ) = 0, ξ ∈ Γ(RadTM).
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Thus the condition (2.6.10) is equivalent to the condition

(R(X,Y ) ·R)(X1, X2, X3, PX4) = 0 (2.6.11)

for X,Y,X1, X2, X3, X4 ∈ Γ(TM). We also note that (2.6.10) and (2.6.11) do
not imply (2.6.5) due to g(R(X,Y )Z,W ) �= −g(R(X,Y )W,Z) in general, for
X,Y, Z,W ∈ Γ(TM). From (2.6.11) and (2.6.8), we obtain

(R(X,Y ) ·R)(X1, X2, X3, PX4) = B(Y,X1)[B(AX,X3)g(AX2, PX4)

−B(X2, X3)g(A2X,PX4)] +B(X,X1)[B(X2, X3)g(A2Y, PX4)
−B(AY,X3)g(AX2, PX4)] + g(AX1, PX4)[−B(Y,X2)B(AX,X3)

+B(X,X2)B(AY,X3)] +B(X1, X3)[B(Y,X2)g(A2X,PX4)

−B(X,X2)g(A2Y, PX4)] + g(AX1, PX4)[−B(X3, Y )B(X2, AX)
+B(X,X3)B(X2, AY )] + g(AX2, PX4)[B(X3, Y )B(X1, AX)
−B(X,X3)B(X1, AY )] +B(X2, X3)[−B(Y,X4)g(AX1, AX)
+B(X,PX4)g(AX1, AY )] +B(X1, X3)[B(Y, PX4)g(AX2, AX)
−B(X,PX4)g(AX2, AY )] (2.6.12)

for X,Y,X1, X2, X3, X4 ∈ Γ(TM).

Proposition 2.6.3. Every screen conformal lightlike hypersurface of the Minkowski
spacetime is a semi-symmetric lightlike hypersurface.

Proof. First, from (2.6.12), we have

(R(X,Y ) · R)(ξ,X2, X3, PX4) = B(Y, ξ)[B(AX,X3)g(AX2, PX4)

−B(X2, X3)g(A2X,PX4)]

+B(X, ξ)[B(X2, X3)g(A2Y, PX4)−B(AY,X3)g(AX2, PX4)]
+ g(Aξ, PX4)[−B(Y,X2)B(AX,X3) +B(X,X2)B(AY,X3)]

+B(ξ,X3)[B(Y,X2)g(A2X,PX4)−B(X,X2)g(A2Y, PX4)]
+ g(Aξ, PX4)[−B(X3, Y )B(X2, AX) +B(X,X3)B(X2, AY )]
+ g(AX2, PX4)[B(X3, Y )B(ξ, AX)−B(X,X3)B(ξ, AY )]
+B(X2, X3)[−B(Y, PX4)B(Aξ,AX +B(X,PX4)g(Aξ,AY )]
+B(ξ,X3)[B(Y, PX4)g(AX2, AX)−B(X,PX4)g(AX2, AY )]

for any X,Y,X2, X3, X4 ∈ Γ(TM) and ξ ∈ Γ(RadTM). From (2.1.25), we get

(R(X,Y ) · R)(ξ,X2, X3, PX4) = g(Aξ, PX4)[−B(Y,X2)B(AX,X3)
+B(X,X2)B(AY,X3)]
+ g(Aξ, PX4)[−B(X3, Y )B(X2, AX) +B(X,X3)B(X2, AY )]
+B(X2, X3)[−B(Y, PX4)B(Aξ,AX +B(X,PX4)g(Aξ,AY )].
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Then, equation (2.2.1) of screen conformal M implies that

(R(X,Y ) ·R)(ξ,X2, X3, PX4) = ϕg(A∗ξξ, PX4)[−B(Y,X2)B(AX,X3)

+B(X,X2)B(AY,X3)]
+ ϕg(A∗ξξ, PX4)[−B(X3, Y )B(X2, AX) +B(X,X3)B(X2, AY )]

+ ϕB(X2, X3)[−B(Y, PX4)B(A∗ξξ, AX +B(X,PX4)g(A∗ξξ, AY )].

From (2.1.25) and (2.1.26), we have A∗ξξ = 0. Thus, we derive

R(X,Y ) · R)(ξ,X2, X3, PX4) = 0.

In a similar way, we obtain

(R(X,Y ) ·R)(X1, X2, ξ, PX4) = 0, (R(ξ, Y ) · R)(X1, X2, X3, PX4) = 0,
(R(X,Y ) ·R)(X1, ξ,X3, PX4) = 0, (R(X, ξ) · R)(X1, X2, X3, PX4) = 0

for X1, X2, X3, X4 ∈ Γ(TM) and ξ ∈ Γ(TM⊥). Let {X1, X2, ξ,N} be a quasi-
orthonormal basis of R4

1 such that S(TM) = Span{X1, X2} and tr(TM) =
Span{N}. From (2.6.12), we have

(R(X1, X2) ·R)(X1, X2, X1, X2) = B(X2, X1)[B(AX1, X1)g(AX2, X2)

−B(X2, X1)g(A2X1, PX2)]

+B(X1, X1)[B(X2, X1)g(A2X2, X2)−B(AX2, X31)g(AX2, PX2)]
+ g(AX1, X2)[−B(X2, X2)B(AX1, X1) +B(X1, X2)B(AX2, X1)]

+B(X1, X1)[B(X2, X2)g(A2X1, X2)−B(X1, X2)g(A2X2, X2)]
+ g(AX1, X2)[−B(X1, X2)B(X2, AX1) +B(X1, X1)B(X2, AX2)]
+ g(AX2, X2)[B(X1, X2)B(X1, AX1)−B(X1, X1)B(X1, AX2)]
+B(X2, X1)[−B(X2, X2)B(AX1, AX1 +B(X1, X2)g(AX1, AX2)]
+B(X1, X1)[B(X2, X2)g(AX2, AX1)−B(X1, X2)g(AX2, AX2)].

Since ANX ∈ Γ(S(TM)) for any X ∈ Γ(TM) and N ∈ Γ(tr(TM)) and A = AN

is self-adjoint on S(TM) as M is screen conformal, we get

(R(X1, X2) · R)(X1, X2, X1, X2) = B(X2, X1)[B(AX1, X1)g(AX2, X2)
−B(X2, X1)g(AX1, AX2)]
+B(X1, X1)[B(X2, X1)g(AX2, AX2)−B(AX2, X1)g(AX2, X2)]
+ g(AX1, X2)[−B(X2, X2)B(AX1, X1) +B(X1, X2)B(AX2, X1)]
+B(X1, X1)[B(X2, X2)g(AX1, AX2)−B(X1, X2)g(AX2, AX2)]
+ g(AX1, X2)[−B(X1, X2)B(X2, AX1) +B(X1, X1)B(X2, AX2)]
+ g(AX2, X2)[B(X1, X2)B(X1, AX1)−B(X1, X1)B(X1, AX2)]
+B(X2, X1)[−B(X2, X2)g(AX1, AX1 +B(X1, X2)g(AX1, AX2)]
+B(X1, X1)[B(X2, X2)g(AX2, AX1)−B(X1, X2)g(AX2, AX2)].
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Then, again using (2.2.1), we arrive at

(R(X1, X2) ·R)(X1, X2, X1, X2) = ϕB(X2, X1)[B(AX1, X1)g(A∗ξX2, X2)

−B(X2, X1)g(A∗ξX1, AX2)]

+ ϕB(X1, X1)[B(X2, X1)g(A∗ξX2, AX2)−B(AX2, X1)g(A∗ξX2, X2)]

+ ϕg(A∗ξX1, X2)[−B(X2, X2)B(AX1, X1) +B(X1, X2)B(AX2, X1)]

+ ϕB(X1, X1)[B(X2, X2)g(A∗ξX1, AX2)−B(X1, X2)g(A∗ξX2, AX2)]

+ ϕg(A∗ξX1, X2)[−B(X1, X2)B(X2, AX1) +B(X1, X1)B(X2, AX2)]

+ ϕg(A∗ξX2, X2)[B(X1, X2)B(X1, AX1)−B(X1, X1)B(X1, AX2)]

+ ϕB(X2, X1)[−B(X2, X2)g(A∗ξX1, AX1 +B(X1, X2)g(A∗ξX1, AX2)]

+ ϕB(X1, X1)[B(X2, X2)g(A∗ξX2, AX1)−B(X1, X2)g(A∗ξX2, AX2)].

Thus, using (2.1.25), we obtain

(R(X1, X2) · R)(X1, X2, X1, X2) = ϕB(X2, X1)[B(AX1, X1)B(X2, X2)
−B(X2, X1)B(X1, AX2)]
+ ϕB(X1, X1)[B(X2, X1)B(X2, AX2)−B(AX2, X1)B(X2, X2)]
+ ϕB(X1, X2)[−B(X2, X2)B(AX1, X1) +B(X1, X2)B(AX2, X1)]
+ ϕB(X1, X1)[B(X2, X2)B(X1, AX2)−B(X1, X2)B(X2, AX2)]
+ ϕB(X1, X2)[−B(X1, X2)B(X2, AX1) +B(X1, X1)B(X2, AX2)]
+ ϕB(X2, X2)[B(X1, X2)B(X1, AX1)−B(X1, X1)B(X1, AX2)]
+ ϕB(X2, X1)[−B(X2, X2)B(X1, AX1 +B(X1, X2)B(X1, AX2)]
+ ϕB(X1, X1)[B(X2, X2)B(X2, AX1)−B(X1, X2)B(X2, AX2)].

Since B is symmetric, by direct computations, we get

(R(X1, X2) ·R)(X1, X2, X1, X2) = ϕ{(B(X2, X1))2B(X1, AX2)

− (B(X1, X2))2B(X2, AX1)
−B(X2, X2)B(X1, X1)B(X1, AX2)
+B(X1, X1)B(X2, X2)B(X2, AX1)}. (2.6.13)

On the other hand, from (2.1.25) and (2.2.1), we have

B(AX2, X1) = g(A∗ξX1, AX2) = g(ϕA∗ξX1, A
∗
ξX2) = g(AX1, A

∗
ξX2).

Thus, again using (2.1.25), we get

B(AX2, X1) = B(X2, AX1). (2.6.14)

Then, from (2.6.13) and (2.6.14), we obtain

(R(X1, X2) · R)(X1, X2, X1, X2) = 0.
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In a similar way, we have

(R(X1, X2) · R)(X1, X1, X2, X2) = (R(X1, X2) ·R)(X2, X1, X1, X2) = 0,
(R(X1, X2) · R)(X2, X1, X2, X1) = (R(X1, X2) ·R)(X2, X2, X1, X1) = 0,

and
(R(X1, X2).R)(X1, X2, X2, X1) = 0.

Thus the proof is complete. �

Remark 2.6.4. From Proposition 2.6.3, it follows that a lightlike cone of R4
1, a

lightlike Monge hypersurface of R4
1 and lightlike surfaces of R3

1 are examples of
semi-symmetric lightlike hypersurfaces. We also note that Proposition 2.6.3 is valid
for a semi-Euclidean space R4

q, 1 ≤ q < 4.

LetM be a screen conformal lightlike hypersurface of an (m+2)-dimensional
semi-Euclidean space. Then, its screen distribution S(TM) is integrable. We de-
note a leaf of S(TM) by M ′. Then, we have the following theorem:

Theorem 2.6.5. Let M be a screen conformal lightlike hypersurface of an (m+2)-
dimensional semi-Euclidean space, m ≥ 3. Then M is semi-symmetric if and only
if any leaf M ′ of S(TM) is semi-symmetric in semi-Euclidean space, that is, the
curvature tensor of M ′ satisfies the condition (2.6.5) in semi-Euclidean space.

Proof. Using (2.6.8) and (2.2.1) we obtain

g(R(X,Y )PZ, PW ) = ϕ{B(Y, Z)B(X,PW )
−B(X,Z)B(Y, PW )} (2.6.15)

for any X,Y, Z,W ∈ Γ(TM). Then, by straightforward computations, using
(2.1.23)- (2.1.26) and (2.2.1), we get

g(R(X,Y )PZ, PW ) = g(R∗(X,Y )PZ, PW )− ϕ{B(Y, PZ)B(X,PW )
+B(X,PZ)B(Y, PW )} (2.6.16)

for any X,Y, Z,W ∈ Γ(TM). Thus, from (2.6.15) and (2.6.16), we derive

g(R(X,Y )PZ, PW ) =
1
2
g(R∗(X,Y )PZ, PW ). (2.6.17)

On the other hand, from (2.1.26) and (2.6.8), we get

g(R(X,Y )Z,N) = 0, ∀X,Y, Z ∈ Γ(TM), N ∈ Γ(tr(TM)). (2.6.18)

Thus, from (2.6.17) and (2.6.18), we conclude that

R(X,Y )PZ =
1
2
R∗(X,Y )PZ.
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Hence, using algebraic properties of the curvature tensor field, we have

(R(X,Y ) ·R)(U, V,W,Z) = 1
4
(R∗(X,Y ) · R∗)(U, V,W,Z)

for any X,Y, U, V,W ∈ Γ(S(TM)), which completes the proof. �

Remark 2.6.6. The above theorem shows that the semi-symmetry of a screen
conformal lightlike hypersurface of a semi-Euclidean space is related with the semi-
symmetry of a leafM ′ of its integrable screen distribution. In the Lorentzian case,
since the screen is Riemannian, studying semi-symmetry of a screen conformal
lightlike hypersurface is the same with a Riemannian manifold. In fact, it follows
from the proof of Theorem 2.6.5 that the curvature conditions of a screen conformal
lightlike hypersurface reduces to the curvature conditions of a leaf of its screen
distribution.

Lemma 2.6.7. Let M be a lightlike hypersurface of semi-Euclidean (m+ 2)-space.
Then the Ricci tensor Ric of M is given by

Ric(X,Y ) = −
m∑

i=1

εiB(X,Y )C(wi, wi)− g(A∗ξY,AX), εi = ±1, (2.6.19)

for any X,Y ∈ Γ(TM) and {wi}m
i=1 is an orthonormal basis of S(TM).

Proof. From (2.1.25) and (2.6.8), we have

Ric(X,Y ) = −
m∑

i=1

εi{B(X,Y )C(wi, wi)−B(Y,wi)C(X,wi)}

for any X,Y ∈ Γ(TM), ξ ∈ Γ(TM⊥) and N ∈ Γ(tr(TM), where {wi}m
i=1 is a basis

of S(TM). Using (2.1.25) and (2.1.26), we get

Ric(X,Y ) = −
m∑

i=1

εi{B(X,Y )C(wi, wi)− g(
m∑

i=1

εig(A∗ξY,wi)wi, AX)}.

Hence, we have (2.6.19), which completes the proof. �

Definition 2.6.8. A lightlike hypersurface M of a semi-Euclidean space is Ricci
semi-symmetric if the following condition is satisfied:

(R(X,Y ) · Ric)(X1, X2) = 0 (2.6.20)

for X,Y,X1, X2 ∈ Γ(TM).

Next we prove a result which shows the effect of the Ricci semi-symmetric
condition on the geometry of lightlike hypersurfaces.
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Theorem 2.6.9. Let M be a Ricci semi-symmetric lightlike hypersurface of an
(m + 2)-dimensional semi-Euclidean space. Then either M is totally geodesic or
Ric(ξ, Aξ) = 0 for ξ ∈ Γ(TM⊥).

Proof. From (2.6.8), (2.6.6) and (2.6.20), we obtain

(R(X,Y ) · Ric)(X1, X2) = α{−B(X,X1)B(AY,X2) +B(Y,X1)B(AX,X2)
−B(X,X2)B(X1, AY ) +B(Y,X2)B(X1, AX)}
−B(X,X1)B(AX2, AY ) +B(Y,X1)B(AX2, AX)
−B(X,X2)B(AY,AX1) +B(Y,X2)B(AX,AX1)

for X,Y,X1, X2 ∈ Γ(TM), where α = −∑m
i=1 εiC(wi, wi). Now, suppose that

M is a Ricci semi-symmetric lightlike hypersurface. Taking X1 = ξ in the above
equation and using (2.1.25), we obtain

−B(X,X2)B(AY,Aξ) +B(Y,X2)B(AX,Aξ) = 0.

Hence for Y = ξ we derive

B(X,X2)B(Aξ,Aξ) = 0.

So, if B(X,X2) = 0 for any X,X2 ∈ Γ(TM), then M is totally geodesic. If M is
not totally geodesic, it follows that B(Aξ,Aξ) = 0, then from (2.6.19) we obtain
Ric(ξ, Aξ) = 0. �
Theorem 2.6.10. Let M be a lightlike hypersurface of a semi-Euclidean (m + 2)-
space such that Ric(ξ,X) = 0, ∀X ∈ Γ(TM) , ξ ∈ Γ(TM⊥ and Aξ is a non-null
vector field. Then M is semi-symmetric if and only if M is totally geodesic.

Proof. Suppose that M is a semi-symmetric lightlike hypersurface of a semi-
Euclidean (m+ 2)-space. Taking X1 = ξ in (2.6.12), we obtain

{−B(Y,X2)B(AX,X3) +B(X,X2)B(AY,X3)}g(Aξ, PX4)
{−B(X3, Y )B(X2, AX) +B(X,X3)B(X2, AY )}g(Aξ, PX4)
{−B(Y, PX4)g(Aξ,AX) +B(X,PX4)g(Aξ,AY )}B(X2, X3) = 0.

Then, for Y = ξ, we have

B(X,X2)B(Aξ,X3)g(Aξ, PX4) +B(X,X3)B(X2, Aξ)g(Aξ, PX4)
+B(X,PX4)g(Aξ,Aξ)B(X2, X3) = 0.

Thus, by assumption, Ric(ξ,X) = 0, we have B(X,Aξ) = 0. Hence, we get

B(X,PX4)g(Aξ,Aξ)B(X2, X3) = 0.

Since Aξ is a non-null vector field by hypothesis, for X = X3 and X4 = X2 we
arrive at

B(X2, X3) = 0.

Thus, M is totally geodesic. The converse is clear from (2.6.12). �
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For Lorentzian space R(m+2)
1 , we have the following:

Corollary 2.6.11. Let M be a lightlike hypersurface of a Lorentzian space R(m+2)
1

such that Ric(ξ,X) = 0, ∀X ∈ Γ(TM), ξ ∈ Γ(TM⊥). Then M is totally geodesic
if and only if M is semi-symmetric.

Proof. If M is a lightlike hypersurface of R(m+2)
1 . Then the screen distribution

of M is a Riemannian vector bundle. From (2.1.26), we can see that AX ∈
Γ(S(TM)), ∀X ∈ Γ(TM). Then, the proof follows from Theorem 2.6.10. �

Theorem 2.6.12. The second fundamental form of a lightlike hypersurface M of a
Lorentzian manifold is parallel if and only if M is totally geodesic.

Proof. Suppose that the second fundamental form h of M is parallel. Then, from
(2.6.9) and (2.1.14) we have

(∇Xh)(Y, Z) = X(B(Y, Z)N)−B(∇XY, Z)N −B(Y,∇XZ)N = 0. (2.6.21)

Thus, from (2.1.25), for Y = ξ, we obtain B(∇Xξ, Z)N = 0. Using (2.1.20), we
have B(A∗ξX,Z)N = 0. Hence, B(A∗ξX,Z) = 0. From (2.1.25) we assume that Z ∈
Γ(S(TM)). Thus, g(A∗ξX,A

∗
ξZ) = 0. Then, for X = Z we get g(A∗ξX,A

∗
ξX) = 0.

On the other hand, any screen distribution S(TM) of a lightlike hypersurface of a
Lorentzian manifold is Riemannian. Then, we have A∗ξX = 0 for any X ∈ Γ(TM).
Thus, proof follows from this and (2.1.25). The converse is clear. �

Theorem 2.6.13. Let M be a semi-parallel lightlike hypersurface of a semi-Euclid-
ean (m + 2)-space. Then either M is totally geodesic or C(ξ, A∗ξU) = 0 for any
U ∈ Γ(S(TM)) and ξ ∈ Γ(TM⊥), where C and A∗ξ are the second fundamental
form and shape operator of S(TM), respectively.

Proof. Since M is a semi-parallel lightlike hypersurface, we have

h(R(X,Y )Z,W ) + h(Z,R(X,Y )W ) = 0.

By using (2.6.8), we obtain

B(X,Z)B(AY,W )−B(Y, Z)B(AX,W ) +B(X,W )B(Z,AY )
−B(Y,W )B(AX,Z) = 0 (2.6.22)

for any X,Y, Z,W ∈ Γ(TM). Then, from (2.1.25) and (2.6.22), for X = ξ, we have

B(Y, Z)B(Aξ,W ) +B(Y,W )B(Aξ,Z) = 0.

Thus, for Z = W, we obtain B(Y, Z)B(Aξ,Z) = 0. Now, if B(Y,Z) = 0, then M
is totally geodesic. If B(Y, Z) �= 0, then from (2.1.26), we have C(ξ, A∗ξU) = 0 for
any U ∈ Γ(S(TM)). �
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Example 10. Consider a hypersurface M in R4
2 given by

x1 = x2 +
√
2
√
x3

2 + x4
2.

Then, it is easy to check thatM is a lightlike hypersurface. Its radical distribution
is spanned by

ξ =
√
x3

2 + x4
2∂x1 −

√
x3

2 + x4
2∂x2 +

√
2x3∂x3 +

√
2x4∂x4.

Then the lightlike transversal vector bundle is spanned by

tr(TM) = Span{N =
1

4(x3
2 + x4

2)
(−
√
x3

2 + x4
2 ∂x1 +

√
x3

2 + x4
2 ∂x2

+
√
2 x3 ∂x3 +

√
2 x4 ∂x4)}.

It follows that the corresponding screen distribution S(TM) is spanned by

{Z1 = ∂x1 + ∂x2, Z2 = −x4 ∂x3 + x3 ∂x4}.

By direct computations, we obtain

∇̄XZ1 = ∇̄Z1X = 0, ∇̄ξξ =
√
2ξ , ∇̄Z2ξ = ∇̄ξZ2 =

√
2Z2,

and
∇̄Z2Z2 = −x3 ∂x3 − x4 ∂x4

for any X ∈ Γ(TM). Then, by using the Gauss formula, we obtain

∇XZ1 = 0, ∇Z2Z2 = − 1
2
√
2
ξ ,∇ξZ2 = ∇Z2ξ =

√
2Z2, ∇Z1Z = 0

and
B(Z2, Z2) = −

√
2(x3

2 + x4
2), B(Z1, Z2) = 0, B(Z1, Z1) = 0.

On the other hand, we have

∇̄ξN =
1

2
√
2
√
x3

2 + x4
2
∂x1 −

1
2
√
2
√
x3

2 + x4
2
∂x2

− 1
2

x3

(x3
2 + x4

2)
∂x3 −

1
2

x4

(x3
2 + x4

2)
∂x4,

∇̄Z1N = 0,

∇̄Z2N = − x4

2
√
2(x3

2 + x4
2)
∂x3 +

x3

2
√
2(x3

2 + x4
2)
∂x4.

Thus, from the Weingarten formula (2.1.15), we have

AN ξ = 0, ANZ1 = 0, ANZ2 =
1

2
√
2(x3

2 + x4
2)
Z2.



96 Chapter 2. Lightlike hypersurfaces

Then, from the above equations the following equations are satisfied:

(R(Z1, Z2)h)(Z1, Z1) = 0 , (R(Z1, Z2)h)(Z1, Z2) = 0 , (R(Z1, Z2)h)(Z2, Z2) = 0.

Finally, using (2.1.25) and definition of (R(X,Y ).h), we have R(X,Y )h)(U, ξ) = 0
for any X,Y, U ∈ Γ(TM) and ξ ∈ Γ(TM⊥). Thus, M is a non-totally geodesic
semi-parallel hypersurface of R4

2.



Chapter 3

Applications of lightlike
hypersurfaces

In this chapter we present the latest work on applications of lightlike hypersur-
faces in two active ongoing research areas in mathematical physics. First, we deal
with black hole horizons. We prove a Global Null Splitting Theorem and relate
it with physically significant works of Galloway [197] on null hypersurfaces in
general relativity, Ashtekar and Krishnan’s work [16] on dynamical horizons and
Sultana-Dyer’s work [378, 379] on conformal Killing horizons, with related refer-
ences. Secondly, we present the latest work on Osserman lightlike hypersurfaces
[20].

3.1 Global null splitting theorem

Kinematic quantities of spacetimes. Let (M, g) be a 4-dimensional spacetime man-
ifold of general relativity. This means that M is a smooth (C∞) connected Haus-
dorff 4-dimensional manifold and g is a time orientable Lorentz metric of normal
hyperbolic signature (− + ++). The continuity of M has been observed experi-
mentally for distances down to 10−15 cms and, therefore, should be sufficient for
the general theory of relativity unless the density reaches to about 1058gms/cm3.
In this book we assume that the density is sufficient to maintain the continuity of
the spacetime under investigation.

The set of all integral curves given by a unit timelike or spacelike or null
vector field u is called the congruence of timelike or spacelike or null curves. We
first consider timelike curves, also called flow lines. The acceleration of the flow
lines along u is given by ∇uu or ua

; bu
b where ∇ is the Levi-Civita connection on

(M, g) and (0 ≤ a, b ≤ 3). The projective tensor, defined by

hab = gab + uaub, (3.1.1)
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is used to project a tangent vector at a point p in the spacetime into a spacelike
vector orthogonal to u at p. The rate of change of the separation of flow lines from
a timelike curve, say C, tangent to u is given by the expansion tensor

θab = hc
ah

d
b u(c ; d). (3.1.2)

The volume expansion θ, the shear tensor σab, the vorticity tensor ωab and the
vorticity vector ωa are defined as follows:

θ = div u = θabh
ab, (3.1.3)

σab = θab −
θ

3
hab, (3.1.4)

ωab = hc
ah

d
bu[c;d], (3.1.5)

ωa =
1
2
ηabcdubωcd, (3.1.6)

ηabcd = gaegbfgcggdh ηefgh,

ηefgh = (4!)
√−g δ0[eδ1fδ2gδ3h],

where ηabcd is the Levi-Civita volume-form. The equation (3.1.5) measures the rate
at which the timelike curves rotate about an integral curve of u. The covariant
derivative of u can be decomposed as

ua;b = ωab + σab +
θ

3
hab − ub(uc

;auc). (3.1.7)

The rate at which the expansion θ changes along the flow lines of u is given by
the following Raychaudhuri equation:

uθ =
dθ

ds
= −Rabu

aub + 2ω2 − 2σ2 − 1
3
θ2 + div(∇uu), (3.1.8)

where ω2 = 1
2
ωabω

ab and σ2 = 1
2
σabσ

ab are both non-negative and s is a parameter
of an integral curve of u. Since we will not be using congruence of spacelike curves
in this book, we refer to Greenberg [216] for details on their kinematic quantities.
Now we consider a congruence of null geodesics given by a null vector field �. Since
the arc-length parameterization is not possible for a null curve C generated by {�},
we use a Frenet frame

F = { d
dp

= �, n, U, V }

with respect to a distinguished parameter p. Recall that

g(�, �) = g(n, n) = 0, g(�, n) = −1, g(U,U) = g(V, V ) = 1.

Furthermore, for the congruence of the null geodesic

�̇ = σU = 0 ⇒ σ = 0,



3.1. Global null splitting theorem 99

where σ is the curvature function of the null curve C. We also use the 2-dimen-
sional screen distribution S which is complementary to the tangent space T (C) in
(T (C))⊥ at every point of C. Thus, it is possible to define a projection operator
ĥab by

ĥab = uaub + vavb, (3.1.9)

where
ua = gabU

b va = gabV
b. (3.1.10)

Here ĥab is a positive definite metric induced by gab on the screen distribution S.
The inverse metric is given by ĥab = ĥcdg

cagdb. Then, any tensor (or just geomet-
ric) quantity on M can be projected onto its hatted component in S by using the
projection operator (3.1.9). Then, the covariant derivative of the projection null
vector �̂ can be decomposed as follows:

�̂ a ; b =
θ̂

2
ĥab + σ̂ab + ω̂ab, (3.1.11)

where θ̂, σ̂ab and ω̂ab are respectively called expansion, shear and twist of the null
congruence and given by

θ̂ = ĥab �̂ a ; b,

σ̂ab = �̂( a ; b) −
θ̂

2
ĥab,

ω̂ab = �̂[ a ; b]

and they satisfy (see Hawking-Ellis [228, page 88])

� θ̂ =
dθ̂

dp
= − θ̂

2

2
+ 2 ω̂2 + 2 σ̂2 −Rab �

a �b, (3.1.12)

where 2 ω̂2 = ω̂ab ω̂
ab and 2 σ̂2 = σ̂ab σ̂

ab are non-negative. (3.1.12) is the analogue
of the Raychaudhuri equation (3.1.8) of timelike geodesics.

Matter Tensor and Einstein’s Field Equations. The matter distribution on (M, g)
can be expressed by tensorial equations with regard to the Levi-Civita connection
of the metric tensor g. The matter field is given by a symmetric tensor field,
denoted by Tab, called the energy momentum tensor such that

1. Tab vanishes on an open set U of M iff the matter fields vanish on U .
2. Tab is divergence-free, that is, T a

b ; a = 0.

Let V be a Killing vector field (i.e., Va ; b + Vb ; a = 0) on M . Then, the above
equation can be integrated along V as follows. Denoting the vector field T a

b V
b by

W a and computing its divergence we get

W a
; a = T a

b ; a V
b + T ab Vb ; a = 0
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since Tab is symmetric and divergence-free and V is Killing. Now integrating over
a compact orientable region D with boundary ∂D and using the Gauss divergence
theorem gives ∫

∂D
W a dσa =

∫
D
W a

; adV = 0,

where dσa = Nads ( Na is a unit vector field normal to ∂D and ds is the elementary
surface element of ∂D ) and dV is the volume element of D. The above equation
shows that the total flux of the component of Tab along a Killing vector V taken
over a closed surface is zero. Consequently, this result provides a conservation law.

Energy Conditions. For finding energy conditions we need to determine how a
prescribed Tab determines the geometry of spacetime by considering the following
Einstein-Hilbert action:

I(g) =
∫
D
(A(r + 2Λ) + L)dV

and vary g over a closed region D, where A, r, L and Λ are a suitable coupling
constant, scalar curvature, the matter Lagrangian and the cosmological constant
respectively. Varying g over D implies that the action I(g) is stationary if the
Einstein field equations (see Hawking-Ellis [228])

Rab − (
r

2
− Λ)gab = 8π Tab

are satisfied, where 8π is due to the fact that Einstein field equations reduce to
the Newtonian Poisson equation ∇2φ = 4π ρ for a weak field. Contracting Einstein
field equations we get

r = 4Λ− 8π T , T = T a
a .

The left- and the right-hand sides of the Einstein field equations describe the ge-
ometry and the physics respectively of the spacetime under investigation. Consid-
erable work has been done on exact solutions by prescribing physically meaningful
choices of Tab (see Kramer et al. [267]). For a physically reasonable exact solution,
Tab must satisfy the following energy conditions.

For any non-spacelike vectorX in Tp(M), at each point p ofM , a weak energy
condition implies that

TabX
aXb ≥ 0.

In particular reference to the focus of this book, for any null vector ξ in Tp(M),
weak energy condition implies that Rabξ

aξb ≥ 0.
A dominant energy condition implies that besides satisfying a weak energy

condition for a timelike vector field X , T a
b X

b must be a non-spacelike vector.
Physically this means that the local energy flow vector is non-spacelike along
with the non-negative local energy density. For any orthonormal basis {Ea}, the
dominant energy condition is equivalent to T00 ≥ |Tab|. Thus, the dominant energy
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condition is the weak energy condition plus the condition that the pressure should
not exceed the energy density.

A spacetime M satisfies the strong energy condition if for any non-spacelike
vector X of M ,

RabX
aXb ≥ 0

holds. Moreover, if the Einstein equations hold then, for all timelike X , this con-
dition implies that

TabX
aXb ≥ (

T

2
− Λ
8π
)V aVa,

which reduces to TabX
aXb = 0 for all null vectors. When Λ = 0, the strong energy

condition, for all non-spacelike vectors, is equivalent to the condition

TabX
aXb ≥ (

T

2
)XaXa,

as stated in Hawking-Ellis [228, page 95]. Observe that the strong energy condition
is also called the timelike (resp. null) congruence condition, at any point p of
M , according as V is timelike (resp. null). On the other hand, the weak energy
condition implies that the matter always has a converging effect on the congruence
of null geodesics. Assuming that the vorticity is zero, we get from (3.1.12) that

dθ̂

dP
= − θ̂

2

2
− 2 σ̂2 −Rab �

a �b.

Hence θ̂ would decrease along � if Rab �
a �b ≥ 0, which is the null convergence

condition. Consequently, the weak energy condition implies null convergence con-
dition.

Global Null Splitting Theorem. We follow the general notation of submanifold
theory and let (M, g) be a smooth lightlike hypersurface of an (m+2)-dimensional
Lorentzian manifold (M̄, ḡ). We need the following from [273]. Consider

T̃M = TM/Rad(TM), Π : Γ(TM)→ Γ(T̃M) (canonical projection)

Set X̃ = Π(X) and g̃(X̃, Ỹ ) = g(X,Y ). It is easy to prove that the operator ÃU :
Γ(T̃M) → Γ(T̃M) defined by ÃU (X̃) = −

(
Π(∇̄XU)

)
, where U ∈ Γ(Rad(TM))

and X ∈ Γ(TM) is self-adjoint. It is known that all Riemannian self-adjoint op-
erators are diagonalizable. Let {k1, . . . , kn} be the eigenvalues. If S̃ki , 1 ≤ i ≤ n,
is the eigenspace of ki then

T̃M = S̃k1⊥ . . .⊥S̃kn .

Choose a screen distribution S(TM) and denote by PS : Γ(TM) → Γ(S(TM))
the corresponding projection. Let U ∈ Γ(RadTM) be a null normal section on
M . Denote by AU = A∗U |S(TM) : Γ(S(TM))→ Γ(S(TM)) where A∗U is the shape
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operator on the distribution S(TM) defined by the equation (2.1.20), which is a
self-adjoint and diagonalizable operator. Take W ∈ Γ(S(TM). Let {k∗1, . . . , k∗n}
be the different eigenvalues on M and Sk∗i (TM), 1 ≤ i ≤ n the eigenspace of k∗i ,
respectively. Then

S(TM) = Sk∗1 (TM)⊥ . . .⊥Sk∗n(TM)

and we can find the following local adapted orthonormal basis of eigenvectors

{E1
1 , . . . , E

1
r1
, E2

1 , . . . , E
2
r2
, . . . . . . , En

1 , . . . , E
n
rn
},

where AU (Ei
j) = k∗iE

i
j , with 1 ≤ i ≤ n, 1 ≤ j ≤ ri and ri is the dimension

of the eigenspace of k∗i . Consider a map P̃S : Γ(T̃M) → Γ(S(TM)) defined by
P̃S(X̃) = PSX . Then, P̃S is a vector bundle isomorphism, and we have

P̃S(ÃUX̃) = P̃S

(
−Π(∇̄XU)

)
= PS

(
−∇̄XU

)
= PS

(
−∇̄PSXU

)
= AU (PSX).

Lemma 3.1.1. Let (M, g, S(TM)) be a lightlike hypersurface of a Lorentzian mani-
fold (M̄, ḡ). With the above notation, k is an eigenvalue of ÃU iff k is an eigenvalue
of AU . Furthermore, X̃ is an eigenvector of ÃU associated with k if and only if
PSX is an eigenvector of AU associated with k.

Proof. It is an immediate consequence of P̃S being an isomorphism. �
Therefore, the eigenvalues associated with a null normal section are the same

for all choices of screen distributions. Such eigenvalues {k1, . . . , kn} ofAU are called
the principal curvatures associated with the null normal section U .

Lemma 3.1.2. Let U and Û be two null normal sections such that Û = αU . If k is
an eigenvalue of AU then αk is an eigenvalue of AÛ with the same multiplicity.

Proof. Let S(TM) be a screen distribution. Consider the shape operator AÛ :
Γ(S(TM))→ Γ(S(TM)). From Lemma 3.1.1 we know that the eigenvalues respect
to Û are independent of the screen, so if W is an eigenvector of AU with respect
to k then

AÛ (W ) = PS(−∇̄W Û) = PS(−∇̄W (αU)) = PS(−W (α)U − α∇̄WU) = αkW.

Thus, αk is an eigenvalue associated with Û . �
Let {Ei

j; 1 ≤ i ≤ n, 1 ≤ j ≤ ri} be a local orthonormal basis of eigenvectors
of Γ(S(TM)|U ). In order to facilitate the notation and depending on the context
we will also denote it by {Ea; 1 ≤ a ≤ n} and so AU (Ea) = kaEa, where ka may
be repeated. It is well known that the lightlike mean curvature θU :M → R with
respect to a null section U is given by

θU = −
n∑

a=1

B(Ea, Ea) = −
n∑

a=1

〈AU (Ea), Ea〉.
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It is easy to show that θU does not depend on both the screen distribution and
the orthonormal basis, and so θU = −∑n

a=1 ka. One of the good properties of the
mean curvature is that it does not depend on the screen distribution chosen, but
only on the local null section U .

A local null normal section ξ is called geodesic if ∇̄ξξ = 0 for which the
integral curves of ξ are called the null geodesic generators. This condition has
interesting geometric and physical meanings and also helps in simplifying the
computations. If U is a null normal section on M , then for all p ∈ M one can
scale U to be geodesic on a suitable neighborhood Uof p. Let us suppose that
the local section ξ is geodesic, that is, ∇̄ξξ = 0 on U . We will denote the shape
operator A∗ξ as Aξ on Γ(TM |U ) (note that for simplicity we are making an abuse
of notation, but this should not cause confusion). Consider the tidal force operator
R̄ξ : Γ(TM |U)→ Γ(TM |U) (see [317, Page. 219]) defined as

R̄ξ(X) = R̄(X, ξ)ξ = ∇̄[ξ,X]ξ − ∇̄ξ∇̄Xξ.

This is a linear and self-adjoint operator, and tr(R̄ξ) = Ric(ξ, ξ). Define Rξ :
Γ(TM |U) → Γ(TM |U ) in the same way but using ∇ instead of ∇̄. From (2.4.1)
it is easy to show that R̄ξ = Rξ. Thus, we can define the tidal force by means of
induced objects of a lightlike hypersurface.

Proposition 3.1.3. Let ξ be a local normal null geodesic section. Then, the tidal
force operator Rξ satisfies the equation

〈Rξ(X), Y 〉 = 〈−A2
ξ(X) + (∇̄ξAξ)(X), Y 〉, (3.1.13)

where X,Y ∈ Γ(TM |U) and

(∇̄ξAξ)(X) = ∇̄ξ(AξX)−Aξ(∇̄ξX).

Proof. This is shown by the following easy computation.

〈Rξ(X), Y 〉 = 〈∇̄[ξ,X]ξ − ∇̄ξ∇̄Xξ, Y 〉
= 〈−Aξ([ξ,X ]) + ∇̄ξ(AξX), Y 〉
= 〈−Aξ(∇̄ξX) +Aξ(∇̄Xξ)− ∇̄ξ(AξX), Y 〉
= 〈−Aξ(Aξ(X)) + (∇̄Aξ)(X, ξ), Y 〉. �

Proposition 3.1.4. Let M be a lightlike hypersurface of a Lorentzian manifold M̄
and ξ a geodesic normal null section on U and θξ be the lightlike mean curvature
associated with ξ. Then,

ξ(θξ) = −Ric(ξ, ξ) − tr(A2
ξ) = −Ric(ξ, ξ)−

∑
a

k2
a. (3.1.14)

Proof. Let {E1, . . . , En} be a basis of eigenvectors on S(TM)|U . We can compute
the terms of equation (3.1.13) when X = Y = Ea and obtain
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〈(∇̄ξAξ)(Ea), Ea〉 = 〈∇̄ξ(AξEa)−Aξ(∇̄ξEa), Ea〉
= 〈∇̄ξ(kaEa), Ea〉 − 〈Aξ(∇̄ξEa), Ea〉
= ξ(ka)− 〈Aξ(∇̄ξEa), Ea〉
= ξ(ka)− 〈∇̄ξEa, Aξ(Ea)〉
= ξ(ka).

It is clear that 〈A2
ξ(Ea), Ea〉 = k2

a. Now taking the trace in (3.1.13) we obtain
(3.1.14) which completes the proof. �

Consider the flux of ξ as a local congruence of null geodesic curves. It is
known that the vorticity tensor ω is the antisymmetric part of −Aξ and the shear
tensor σ is the trace-free of the symmetric part of −Aξ. Since Aξ is symmetric,

ω = 0 and σ = −Aξ −
θ

n
I,

where I is the identity operator. From (3.1.14) we obtain a version of the following
vorticity-free Raychaudhuri’s equation for lightlike hypersurfaces

ξ(θξ) = −Ric(ξ, ξ)− tr(σ2)− θ2

m
.

Let γ(t) ⊂ U be a null generator of M ⊂ M̄ , where M̄ is a physical spacetime.
Then, the null mean curvature restricted to γ is the expansion θ(t) = θξ(γ(t)) and
the Raychaudhuri’s equation restricted to each null generator is the Raychaud-
huri’s equation for a null geodesic (see [164, page 60] and [197]). This equation
shows how the Ricci curvature influences the deviation of null geodesics of M .
Since, in general, the screen distribution is not unique there is a need to look for
a unique structure (S(TM), ξ) with a given null normal section ξ of M . Also, it
is desirable to find such globally defined unique structures. For this purpose we
recall the following:

Definition 3.1.5. [150] Let M be a lightlike hypersurface of a Lorentzian manifold
M̄ . A pair (S(TM), ξ) is said to be a global structure on M if and only if ξ is a
non-vanishing global null normal (GNN) section on M .

Definition 3.1.6. [150] Let M be a lightlike hypersurface of a Lorentzian manifold
M̄ admitting a GNN section ξ onM . A Riemannian distribution D(TM) of TM is
said to be ξ-distinguished if each sectionW ofD(TM) satisfies ∇̄W ξ ∈ Γ(D(TM)).
In particular, if a screen distribution S(TM) is ξ-distinguished the pair (S(TM), ξ)
is called a distinguished structure on M .

Let (S(TM), ξ) be a global structure of M , then we can consider a globally
defined shape operator Aξ of S(TM)). From Lemma 3.1.1 we conclude that the
eigenvalues with respect to ξ do not depend on the screen. Thus, we say that the
eigenvalues of Aξ are the principal curvatures associated with the GNN section ξ.
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Theorem 3.1.7. [150] Let M be a lightlike hypersurface in a Lorentzian manifold
M̄ admitting a GNN section ξ. Suppose ∇̄ξξ = −ρξ and {k1, . . . , km} are the prin-
cipal curvatures associated with ξ on M . Then there exist a unique ξ-distinguished
Riemannian distribution Dξ(TM) such that:

(1) If ρ �= ki for all i ∈ {1, . . . ,m}, we have the decomposition

TM = Rad(TM)⊕orth Dξ(TM)

and so (S(TM) = Dξ(TM), ξ) is a unique distinguished structure.

(2) If ρ = ki0 for some i0 ∈ {1, . . . ,m}, we have the decomposition

TM = Rad(TM)⊕orth Sρ(TM)⊥Dξ(TM),

where Sρ(TM) is any eigenspace associated with the eigenvalue ki0 .

Proof. Suppose S(TM) and Ŝ(TM) are two different screens. Let Sk(TM) ≤
S(TM) and Ŝk(TM) ≤ Ŝ(TM) be both vector sub-bundles associated with the
same eigenvalue k. Let {E1, . . . , Er} be an orthonormal basis of Sk(TM) and con-
struct the set {Ê1, . . . , Êr} where Êj = PŜ(Ej), 1 ≤ j ≤ r. From Lemma 3.1.1 we
have that {Ê1, . . . , Êr} is an orthonormal basis of Ŝk(TM) satisfying the formulas:

∇̄Ejξ = −kEj − τ(Ej )ξ,

∇̄Êj
ξ = −kÊj − τ̂ (Êj)ξ, 1 ≤ j ≤ r,

Êj = Ej + μjξ.

We are interested in finding μj such that τ̂ (Êj) vanishes, so that Ŝk(TM) is a
ξ-distinguished Riemannian distribution. Then we have

∇̄Êj
ξ = ∇̄(Ej+μjξ)ξ = ∇̄Ejξ + μj∇̄ξξ = −kEj − τ(Ej )ξ − ρμjξ,

−kÊj = −k(Ej + μjξ)

and, therefore, μj(ρ− k) = τ(Ej). Accordingly, we obtain that if ρ �= k then it is
enough to take μj = τ(Ej )/(ρ− k) and trivially Ŝk(TM) is unique with τ̂ = 0 on
Ŝk(TM). Thus, we have actually proved both statements taking

D(TM) =
⊕
k 
=ρ

Ŝk(TM).

If ki �= ρ for all i, then (Ŝ(TM), ξ) is a unique distinguished structure. �
We know (see Chapter 2) that M is totally geodesic if the shape operator

Aξ vanishes identically for one (and so for all) null normal sections ξ on each
neighborhood U ⊂ M and the second fundamental form of M also vanishes. As
an immediate consequence of the formula (3.1.2) and the use of a unique distin-
guished global structure (S(TM), ξ) for a class of lightlike hypersurfaces we have
the following result (a local version appeared in [150]).
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Theorem 3.1.8 (Global Null Splitting Theorem). Let M be a lightlike hypersurface
in a spacetime M̄ admitting a unique distinguished global structure (S(TM), ξ) and
satisfying the null energy condition Ric(ξ, ξ) ≥ 0 for every GNN ξ ∈ Rad(TM).
Then M is totally geodesic if and only if its lightlike mean curvature vanishes
identically for all GNN sections ξ ∈ Rad(TM).

Remark 3.1.9. Theorem 3.1.8 is a Global Null Splitting Theorem for smooth hyper-
surfaces as follows: It is known (see Theorem 2.5.1 in Chapter 2) that a lightlike
hypersurface M of a semi-Riemannian manifold is totally geodesic if and only
if RadTM is a Killing distribution on M . Thus, using the hypothesis of Theo-
rem 3.1.8 we consider a class of lightlike hypersurfaces (M, g,G) such that each
M carries a smooth 1-parameter group G of isometries each of whose orbits is a
global null curve generated by a corresponding global null vector field in M . Let
M ′ be the orbit space of the action G ≈ C′, where C′ is a 1-dimensional null leaf
of RadTM in M . Then, M ′ is a smooth Riemannian hypersurface of M and the
projection π :M →M ′ is a principle C′-bundle, with null fiber G. The global ex-
istence of a null vector field, ofM , implies thatM ′ is Hausdorff and paracompact.
The infinitesimal generator of G is a global null Killing vector field, say U , on
M . The metric g restricted to its screen distribution space S(TM) then induces
a Riemannian metric, say g′, on M ′. Since U is non-vanishing on M , we can take
U = ∂f as a global null coordinate vector field for some global function f on M .
Thus, f induces a diffeomorphism on M such that (M = M ′ × C ′, g = π�g′) is a
global product manifold.
Example 1. Let (M̄, ḡ) be an (m + 2)-dimensional globally hyperbolic spacetime
[34], with the line element of the metric ḡ given by

ds2 = − dt2 + dx1 + ḡab d x
a d xb, ( a, b = 2, . . . ,m+ 1 ) (3.1.15)

with respect to a coordinate system ( t , x1 , . . . , xm+1, ) on M̄ . Choose the range
0 < x1 < ∞ so that the above metric is non-singular. Take two null coordinates
u and v such that u = t + x1 and v = t − x1. Thus, (3.1.15) transforms into a
non-singular metric:

ds2 = − du dv + ḡab d x
a xb.

The absence of du2 and dv2 in this transformed metric implies that {v = con-
stant.} and {u = constant.} are lightlike sub-spaces of M̄ . Let (M, g, r = 1, v =
constant.) be one of this lightlike pair and let D be the 1-dimensional distribution
generated by the null vector {∂v}, in M̄ . Denote by L the 1-dimensional integral
manifold ofD. A leafM ′ of them-dimensional screen distribution ofM is Rieman-
nian with the metric dΩ2 = ḡab x

a xb and is the intersection of the two lightlike
sub-spaces. In particular, a Minkowski space and a De-Sitter spacetime M̄ have a
pair of lightlike sub-spaces. In particular, there will be many global timelike vec-
tor fields in globally hyperbolic spacetimes M̄ . If one is given a fixed global time
function then its gradient is a global timelike vector field in a given M̄ . With this
choice of a global timelike vector field in M̄ , we conclude that its lightlike subspace
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M (the same is true for the other pair) admits a global null vector field. Thus,
there exists a pair of lightlike hypersurfaces of globally hyperbolic spacetime M̄
both of which have a global structure.

Note. By using the Hopf-Rinow theorem one may choose a unique distinguished
global structure (S(TM), ξ) of one of such hypersurface so that a leafM ′ of S(TM)
is a complete Riemannian hypersurface of M . Thus, it is possible to construct a
pair of globally null hypersurfaces of a globally hyperbolic spacetime. In particular,
a Minkowski and a De-Sitter spacetime can have a pair of subspaces which are glob-
ally null. Similarly, using the technique of warped products (see Chapter 1), one
can show that Robertson-Walker, Schwarzschild and Reissner-Nordström space-
times can have a pair of globally null hypersurfaces. Also see some more examples
of globally null manifolds in [41].

3.2 Killing horizons

For physical applications, we use the symbols (M, g) for an n-dimensional semi-
Riemannian (in particular, Lorentzian) manifold and (Σ, γ) its hypersurface. A
vector field ξ on (M, g) is called a conformal Killing vector field, briefly denoted
by CKV, with conformal function σ if

£ξ gij = 2 σ gij , or ξi;j + ξj;i = 2 σ gij , 1 ≤ i, j ≥ n, (3.2.1)

which reduces to a homothetic or Killing vector field whenever σ is non-zero con-
stant or zero respectively. ξ is called proper CKV if σ is non-constant. The second
set of equations of (3.2.1) are called conformal Killing equations. ξ satisfies the
following integrability conditions (also valid for any Riemannian manifolds [408]):

(£ξ ∇)(X,Y ) = (X σ)Y + (Y σ)X − g (X,Y )Dσ,

(£ξ R)(X,Y, Z) = (∇∇σ)(X,Z)Y − (∇∇σ)(Y, Z)X
+ g (X,Z)∇Y Dσ − g (Y, Z)∇X Dσ,

where Dσ is the gradient of σ. In local coordinates, we have

£ξ Γi
jk = δi

j σk + δi
k σj − gjk σ

i,

£ξ R
i

ijm = − δi
k σj ; m + δi

m σj ; k − σi
; k gjm + σi

; m gjk.

Solutions of the highly non-linear Einstein’s field equations require the assumption
that they admit Killing or homothetic vector fields. This is due to the fact that
the Killing symmetries leave invariant the metric connection, all the curvature
quantities and the matter tensor of the Einstein field equations of a spacetime.
Most explicit solutions (see [267]) have been found by using one or more Killing
vector fields. Related to the theme of this section, here we show that the Killing
symmetry has an important role in the most active area of research on Killing
horizons in general relativity.
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Killing horizon. The concept of Killing horizon in a general semi-Riemannian
manifold (M, g) has its roots in a 1969 paper of Carter [94] as follows: Consider
an open region U on an n-dimensional semi-Riemannian manifold (M, g) such
that there exists a continuous r-parameter group of Killing vector fields ξa, (1 ≤
a ≤ r), generating an r-dimensional sub-tangent space Vx at every x ∈ U , where
( 1 ≤ r ≤ m − 1 ). Then, the group is said to be orthogonally transitive if the
r-dimensional orbits of the group are orthogonal to a family of (n−r)-dimensional
surfaces. Let the respective decomposition be

TxM =Wx + Vx , dim(Wx) = n− r.

The group is said to be invertible at a point x ∈ U if there is an isometry leaving x
fixed , at x, but leaves unaltered the sense of the direction orthogonal to Vx at the
same point x ∈ U . The existence of such an isometry obviously implies that it is an
involution and uniquely determined. It follows from the above decomposition that
a group is invertible at a point x only if both Vx and Wx are non-singular. Indeed,
if any one is lightlike (null), then there exists a self orthogonal null direction in
that one, and, therefore, the group can not be invertible. Carter [94] has shown
that for an Abelian group, the non-singular orthogonal transitive condition is also
sufficient for the group to be invertible. A trivial example is the case of a 1-
parameter group which is Abelian, and, therefore the orthogonal transitivity and
the invertibility are equivalent for a non-null Killing vector. Now, let (Σ, γ) be
a lightlike hypersurface of (M, g). Then, Σ is said to be a local isometry horizon
(LIH) with respect to a group of isometry if

(a) Σ is invariant under the group.

(b) Each null geodesic generator is a trajectory of the group.

In particular, a lightlike hypersurface (Σ, γ) which is an LIH with respect to a
1-parameter group (or sub-group) is said to be a Killing horizon, denoted by KH.
This means that a KH is a lightlike hypersurface M whose generating null vector
can be normalized so as to coincide with one of the Killing vectors ξa. Physically,
an LIH, with respect to a 4-dimensional spacetime manifold M , has the following
significant role. A particle on an LIH, of M , may immediately be traveling at
the speed of light along the single null generator but standing still relative to its
surroundings. This happens because, by definition of an LIH, the variable affine
parameter along a null geodesic leaves invariant both the intrinsic structure of M
and the position of the lightlike hypersurface as an LIH. On the existence of LIH
and a KH, we have the following:

Theorem 3.2.1. (Carter [94]) Let U be an open subregion of an n-dimensional
C2 manifold with a C1 semi-Riemannian metric, such that there is a continuous
group of isometries whose surfaces of transitivity have constant dimension r in U .
Let N be the subset (closed in U) where the surfaces of transitivity become null
and suppose they are never more than single null ( i.e., the rank of the induced
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metric on the surface of transitivity drops from r to r− 1 on N , but never lower).
Then if the group is orthogonally transitive in U , it follows that N is the union
of non-intersecting hypersurfaces which are LIH’s with respect to the group, and
consequently (since N is closed in U) the boundaries of N are members of the
family. Moreover, if the group is Abelian, each of the resulting LIH’s is a KH.

Our aim is to relate the Global Null Splitting Theorem of the previous sec-
tion with Galloway’s works [197, 198] on lightlike (null) hypersurfaces as physical
models in general relativity. To understand this, we first recall the following phys-
ical terminology (details can be seen in [34]). Let (M, g) be a spacetime manifold
which, by definition, is a connected time-orientable Lorentzian manifold. We use
the standard causal relations ‘ <<′ and ‘ <′.

• A timelike curve (resp. causal) curve C(t) : I = [a, b] → M is said to be a
future directed curve if each tangent vector of C is future directed. Similar
definitions follow for past directed curve timelike and causal curves.

• A point p ∈M is called the end point of C for t = b if limt→b C(t) = p.

• A non-spacelike curve is future (resp. past) inextendible if it has no future
(resp. past) end points.

• Given any two points p, q of M , q is chronological future (resp. past) of p,
denoted by p << q (resp. q << p), if there is a future (resp. past) directed
timelike curve from p to q.

• The chronological future (resp. past) of p are the sets I+(p) = {q ∈ M :
p << q} and I−(p) = {q ∈M : q << p}.

• Similarly, the causal future (resp. past) of p are the sets J+(p) = {q ∈ M :
p ≤ q} and J−(p) = {q ∈ M : q ≤ p} for non-spacelike curves. This means
that M , with no closed non-spacelike curve, is a causal space. The sets I+(p)
and I−(p) are always open in any spacetime, but the sets J+(p) and J−(p)
are neither open nor closed in general.

• M is strongly causal if all its points have arbitrarily small neighborhoods in
which no spacelike curve intersects more than once. A strong causal M is
globally hyperbolic, if for each p and q of M , J+(p) ∩ J−(q) is compact.

• A subset N ⊂M is called achronal if no two of its points can be joined by a
timelike curve. In particular, an achronal boundary is a set of the form I+(N)
(or I−(N)), for some N ⊂M , which is generated by null geodesic segments
such that it has past end points but no future end points.

• Let Σ1 and Σ2 be two lightlike hypersurfaces that meet at a point p. We
say that Σ2 lies to the future (resp. past) side of Σ1 near p if for some
neighborhood U of p in M in which Σ1 is closed achronal, Σ2 ∩U ⊂ J+(Σ1 ∩
U ,U) (resp. Σ2 ∩ U ⊂ J−(Σ1 ∩ U ,U)).
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Event horizon. An event horizon is a general term for a boundary in spacetime, de-
fined with respect to an observer, beyond which events cannot affect the observer.
We highlight that an event horizon is an intrinsically global concept, in the sense
that its definition requires the knowledge of the whole spacetime (to determine
whether null geodesics can reach null infinity). In particular, an event horizon is
called a KH if its null hypersurface admits a Killing vector field.

A line in a Riemannian manifold is an inextendible geodesic each segment
of which has minimal length. Contrary to this, as explained in [34, page 8] the
infimum of timelike arc lengths of all piecewise smooth curves joining any two
chronologically related points p << q is zero. Also, if both the two joining points
p, q are in a geodesically convex neighborhood U , then, the timelike line is de-
fined as an inextendible future directed timelike geodesic whose segments in U
have maximal length among causal curves joining those end points. Thus, the
minimal length for Riemannian manifolds corresponds to the maximum length for
Lorentzian manifolds. Due to this marked difference, to understand the concept
of timelike lines let p, q be two points of a Lorentzian manifold (M, g). Denote by
Sp,q the path space of all future directed non-spacelike curves C : [0, 1]→M with
p and q their end points. Let Lg be the Lorentzian arc length as defined in [228,
Page 105]. Now we recall the following definition:

Definition 3.2.2. Given p ∈ M , if q is not in J+(p), set d(p, q) = 0. If q ∈ J+(p),
d(p, q) = sup {Lg(C) : C ∈ Sp,q}, where d denotes the distance function.

We highlight the fact that although, in general, the Lorentzian distance
d(p, q) is not finite for any arbitrary M , it has been established by Beem-Ehrlich
[34] that the globally hyperbolic spacetimes do have finite-valued distance func-
tion. This is why such spacetimes are physically significant.

The famous Cheeger-Gromoll Riemannian splitting theorem [96] describes
the rigidity of Riemannian manifolds with non-negative Ricci curvature which
contain a line. We also know that a complete Riemannian manifold with strictly
positive Ricci curvature is void of any lines. This classical result was extended
by Eschenburg [178] for proving an analogous Lorentzian splitting theorem which
describes the rigidity of spacetimes with strong energy condition, Ric(X,X) ≥ 0
for all timelike vectors X , containing a timelike line. Secondly, as a physical appli-
cation of the Global Null Splitting Theorem 3.1.8, we now recall the latest works
of Galloway [197, 198] and others on the maximum principle for null hypersurfaces
for which smoothness is not required. This is due to the fact that null hypersur-
faces of spacetimes which represent event horizons are in general C0 but not C1

(see an example later on). Galloway’s approach has its roots in the well-known
geometric maximum principle of E. Hopf, a powerful analytic tool which is often
used in the theory of minimal or constant mean curvature hypersurfaces. This
principle implies that two different minimal hypersurfaces in a Riemannian man-
ifold cannot touch each other from one side. A published proof of this fact is not
available, however, for a special case of Euclidean spaces see [370]. In 1989, Eschen-
burg [178] proved the following result on the maximum principle for hypersurfaces
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with suitable mean curvature bounds (also valid for spacelike hypersurfaces of
Lorentzian manifolds). We quote the following result on the interior and bound-
ary maximum principle for smooth hypersurfaces with suitable mean curvature
bounds (also valid for spacelike hypersurfaces).

Theorem 3.2.3. (Eschenburg [178]) Let Σ+ and Σ− be disjoint open domains with
spacelike connected C2-boundaries having a point in common. If the mean curva-
tures θ+ of ∂Σ+ and θ− of ∂Σ− satisfy

θ− ≤ −a , θ+ ≤ a

for some real number a, then ∂Σ− = ∂Σ+ , and −θ− = θ+ = a.

Later on, Galloway [197] proved the following geometric maximum principle
for smooth null hypersurfaces.

Theorem 3.2.4. [198] Let Σ1 and Σ2 be smooth lightlike hypersurfaces in a space-
time manifold M . Suppose,

(1) Σ1 and Σ2 meet at p ∈M and Σ2 lies to the future side of Σ1 near p

(2) the null mean curvature scalars θ1 of Σ1, and θ2 of Σ2, satisfy, θ1 ≤ 0 ≤ θ2.

Then Σ1 and Σ2 coincide near p and this common lightlike hypersurface has mean
curvature θ = 0.

Proof. Let Σ1 and Σ2 have a common null direction at p and let Q be a timelike
hypersurface in M passing through p and transverse to this direction. Take Q so
small such that the intersections

B1 = Σ1 ∩Q and B2 = Σ2 ∩Q

are smooth spacelike hypersurfaces in Q, with B2 to the future side of B1 near
p. These two hypersurfaces may be expressed as graphs over a fixed spacelike
hypersurface B in Q, with respect to normal coordinates around B. Precisely, let
B1 = graph(u1), B2 = graph(u2) and suppose

θ(ui) = θi|Bi=graph(ui), i = 1, 2.

By suitably normalizing the null vector fields ξi ∈ Γ(TMi) determining θ1 and θ2,
respectively, a simple computation shows that

θ(ui) = H(ui) + lower order terms,

where H is the mean curvature operator on a spacelike graph over B in Q. Thus
θ is a second-order quasi-linear elliptic operator. In this case we have:

(1) u1 ≤ u2, and u1(p) = u2(p).

(2) θ(u2) ≤ 0 ≤ θ(u1).
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Then the well-known classical Alexandrov’s [5] strong maximal principle for second
order quasi-linear elliptic PDE’s implies that u1 = u2. Thus B1 and B2 agree near
p. The null normal geodesics to Σ1 and Σ2 inM will then also agree. Consequently,
Σ1 and Σ2 agree near p, which completes the proof. �

Although the above maximum principle theorem is for smooth null hyper-
surfaces, in reality null hypersurfaces occurring in relativity are the null portions
of achronal boundaries as the sets = ∂I±(A), A ⊂M which are always C0 hyper-
surfaces and contain non-differentiable points. For example (see [197]), consider
one such set Σ = ∂I−(A) where A consists of two disjoint closed disks in the t = 0
slice of a Minkowski 3-space. This set can be represented as a merging surface of
two truncated cones having a curve of non-differentiable points corresponding to
the intersection of the two cones, but, otherwise it is a smooth null hypersurface.
The most important feature of these C0 null hypersurfaces is that they are ruled
by null geodesics which are either past or future inextendible and contained in the
hypersurface. Precisely, a C0 future (past is defined in a time-dual manner) null
hypersurface is a locally achronal topological hypersurface Σ of M which is ruled
by future inextendible null geodesics. These null geodesics (entirely contained in
Σ) are the null geodesic generators of Σ. We now understand how the meaning of
mean curvature inequalities can be extended to C0 null hypersurfaces. For this we
need the following general concept of support domains, whose boundaries are at
least C2-hypersurfaces, earlier used for non-null hypersurfaces of Riemannian or
Lorentzian manifolds M . Let W ⊂M be an arbitrary open domain with topolog-
ical boundary ∂W and let b ∈ R.

Definition 3.2.5. [179] ∂W has generalized mean curvature ≤ b if for any p ∈ ∂W
there are open domains Wp,i, i = 1, 2, . . . , called support domains, whose bound-
aries are C2-hypersurfaces near p with shape operator Ap,i and mean curvature
θp,i at some point p, with the following properties:

(a) Wp,1 ⊂Wp,2 ⊂ . . . ⊂W ,

(b) p ∈ ∂Wp,i,

(c) there is a locally uniform upper bound for Ap,1,

(d) θp,i ≤ b+ εi for some sequence εi → 0.

The above concept is used for smooth null support hypersurfaces as follows:

Definition 3.2.6. (Galloway [197]) Let Σ be a C0 future null hypersurface inM . We
say that Σ has a null mean curvature θ ≥ 0 in the sense of support hypersurfaces
provided for each p ∈ Σ and for each ε > 0 there exists a smooth (at least C2)
null hypersurface Σp,ε such that

(1) Sp,ε is a past support hypersurface for Σ at p ∈ Σp,ε, i.e., Σp,ε passes through
p and lies to the past side of Σ near p, and

(2) the null mean curvature of Σp,ε at p satisfies θp,ε ≥ −ε.
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Example 2. The future null cone ∧+(p) of a Minkowski space has null mean cur-
vature θ ≥ 0 in the sense of support hypersurfaces.

Let {Bp,ε : p ∈ Σ, ε > 0} be the collection of null second fundamental forms
which are locally bounded from below, i.e., for all p ∈ Σ there is a neighborhood
U of p in Σ and a constant k > 0 such that

Bp,ε ≥ −kg′q,ε∀q ∈ U and ε > 0

where g′q,ε is the Riemannian metric on the screen distribution of Σ.
Based on the above, we have the following maximum principle for C0 null

hypersurfaces (proof is common with the proof of Theorem 3.2.4):

Theorem 3.2.7. [197] Let M1 be a C0 future null hypersurface and let M2 be a C0

past null hypersurface in a spacetime M . Suppose

(1) M1 and M2 meet at p ∈M and M2 lies in the future side of M1 near p,

(2) M1 has null mean curvature θ1 ≥ 0 in the sense of support hypersurfaces,
with null second fundamental forms {Bp,ε : p ∈ M1, ε > 0} locally bounded
from below, and

(3) M2 has null mean curvature θ2 ≤ 0 in the sense of support hypersurfaces.

Then M1 and M2 coincide near p, i.e., there is a neighborhood U of p such that
M1∩U =M2 ∩U . Moreover, M1 ∩U =M2 ∩U is a smooth null hypersurface with
null mean curvature θ = 0.

Remark 3.2.8. The important use of Theorem 3.2.4 is that it extends in an ap-
propriate manner (see more details in [197]) to C0 null hypersurfaces. Based on
this we now quote the following physically meaningful splitting theorem for null
hypersurfaces arising in spacetime geometry:

Theorem 3.2.9. [197] Let (M, g) be a null geodesically complete spacetime which
obeys the null energy condition, Ric(X,X) ≥ 0 for all null vectors X. If M admits
a null line η, then, η is contained in a smooth closed achronal totally geodesic null
hypersurface Σ.

Remark 3.2.10. Galloway proved the above theorem by using the extended version
of Theorem 3.2.4 for C0 null hypersurfaces. He used Kupeli’s approach [272] of
working with the tangent space of M modeled by the null normal vector field ξ,
i.e, let TpM/ξ = {X̄ : X ∈ TpM} and X̄ − X = aξ for some real number a be
the equivalence class of X . Since the approach in this book is quite different from
Kupeli’s approach we skip Galloway’s proof. However, a closer examination of our
Global Null Splitting Theorem 3.1.8 indicates that Theorem 3.2.9 holds (in an
appropriate use of the properties of C0 null hypersurfaces) as its special case for
those classes of null geodesically complete spacetimes which admit a null line. The
upshot of this comment is that both the Theorems 3.1.8 and 3.2.9 can be seen
as Null Splitting Theorems for smooth and C0 null hypersurfaces respectively of
appropriate classes of spacetimes.
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A Model. Consider a 4-dimensional stationary spacetime (M, g) which is chrono-
logical, that is, M admits no closed timelike curves. It is known [228] that a sta-
tionary M admits a smooth 1-parameter group, say G, of isometries whose orbits
are timelike curves in M . A static spacetime is stationary with the condition that
its timelike Killing vector field, say T , is hypersurface orthogonal, that is, there
exists a spacelike hypersurface orthogonal to T . Our model will be applicable to
both these types. Denote by M ′ the Hausdorff and para compact 3-dimensional
Riemannian orbit space of the action G. The projection π : M → M ′ is a princi-
pal R-bundle, with the timelike fiber G. Let T = ∂t be the non-vanishing timelike
Killing vector field, where t is a global time coordinate on M ′. Then, g induces a
Riemannian metric g′M on M ′ such that

M = R × M ′, g = − u2 (dt+ η)2 + π̄� g′M ,

where η is a connection 1-form for the R-bundle π and

u2 = −ḡ(T, T ) > 0.

It is known that a stationary spacetime (M, g) uniquely determines the orbit data
(M ′, g′M , u, η ) as described above, and conversely. Suppose the orbit spaceM ′ has
a non-empty metric boundary ∂M ′ �= ∅. Consider the maximal solution data in the
sense that it is not extendible to a larger domain (M′, g′M′ , u

′, η′ ) ⊃ (M ′, g′M , u, η )
with u′ > 0 on an extended spacetime M′. Under these conditions, it is known
[228] that in any neighborhood of a point x ∈ ∂M ′, either the metric g′M or the
connection 1-form η degenerates, or u→ 0. The third case implies that the timelike
Killing vector T becomes null and, there exists a Killing horizonKH = {u→ 0} of
M , subject to satisfying the hypothesis of Galloway’s Null Splitting Theorem 3.2.9.
This KH is related to a class of lightlike hypersurfaces Σ admitting a unique
distinguished ξ-structure (S(TΣ), ξ) with respect to a GNN section ξ of RadTΣ
as follows:

Let (Σ, γ) be a totally geodesic lightlike hypersurface of a stationary space-
time M . Then, as per Theorem 2.5.1 of Chapter 2, its RadTΣ is a Killing dis-
tribution. Now consider the case when the timelike vector field T ∈ Γ(TM) is
becoming null, that is,

Lim(T )
u→0 = ξ,

where ξ ∈ Γ(TM) is a null Killing vector field. Then, the spacelike hypersurface
M ′ of M degenerates to a 3-dimensional lightlike hypersurface Σ of M such that
a leaf Ms of S(TM) is identified with the metric boundary ∂ M ′, that is,

Σ ⊃Ms = ∂M ′ ⊂M ⊂ M̄. (3.2.2)

Thus,Ms = ∂M ′ is a common 2-dimensional submanifold of both Σ andM . Since
Σ is totally geodesic in M , we conclude that Σ also admits a smooth 1-parameter
group GΣ of isometries (induced from the group G of M) whose orbits are global
null curves in Σ. Thus, as per conclusion (1) of Theorem 3.1.7 we can take a class of
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unique distinguished ξ-structure (S(TΣ), ξ) totally geodesic lightlike hypersurfaces
Σ evolving from the spacelike hypersurface M ′ of M .

Physically, one must find those stationary spacetimes M which are geodesi-
cally complete, chronological (for details on these concepts see [34]) and their orbit
space M ′ has a non-empty metric boundary ∂M ′. The last condition is necessary
for the existence of null hypersurfaces as event horizons of such a spacetime M .
For this purpose, we recall the following result of Anderson:

Theorem 3.2.11. [6] Let (M, g) be a geodesically complete, chronological, stationary
vacuum spacetime. M is the flat Minkowski space R4

1, or a quotient of Minkowski
space by a discrete group Γ of isometries of R3, commuting with G. In particular,
M is diffeomorphic to R × M ′, dθ = 0, with constant u.

Remark 3.2.12. (a) Anderson’s above result implies that only a non-flat M will
have a non-empty metric boundary of its orbit space. It turns out that asymptot-
ically flat spacetimes are best physical systems for the non-flat stationary space-
times, many of them do have Killing horizons [228].

(b) Mathematically, the existence of geodesically complete and chronological
stationary spacetimes puts strong conditions on both the topology and geometry
of its orbit space M ′ outside large compact sets. For purely geometric reasons,
it is interesting to find those conditions, both with respect to flat and non-flat
stationary spacetimes. However, physically, since there do exist Killing horizons
of some spacetimes, the above model is an application of a class of unique dis-
tinguished ξ-structure (S(TΣ), ξ) totally geodesic lightlike hypersurfaces Σ with
KHs of physically significant stationary spacetimes. Finally, we quote the following
physical result of a class spacetime admitting a KH.

Theorem 3.2.13. [167] Let (M,g) be a globally hyperbolic spacetime which (i) satis-
fies the Einstein equations for a stress tensor T obeying the mixed energy condition
and the dominant energy condition; (ii) admits a homothetic Killing vector field
ξ of g; and (iii) admits a compact hypersurface of constant mean curvature. Then
either (M,g) is an expanding hyperbolic model with T vanishing everywhere, or ξ
is a Killing vector(KV) field.

3.3 Dynamical horizons

A black hole is a region of spacetime which contains a huge amount of mass com-
pacted into an extremely small volume. The gravity inside a certain radius of a
black hole is so overwhelmingly strong that not even light traveling at 186, 000
miles an hour can escape. Shortly after Einstein’s first version of the theory of
gravitation was published in 1915, in 1916, Karl Schwarzschild computed the grav-
itational fields of stars using Einstein’s field equations. He assumed that the star
is spherical, gravitationally collapsed and non-rotating. His solution is called a
Schwarzschild solution which obtained an exact solution of static vacuum fields of
the point-mass. Since then there has been very active ongoing research on exact
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solutions, using the Schwarzschild metric; but, the real formal mathematical for-
malism of black holes was initiated, in 1960, by Kruskal [269] (and independently
by Szekeres [382]) by extending the Schwarzschild solution into the region of the
black hole. Kruskal-Szekeres formulation is now well-known as a reliable funda-
mental theory for the justification of the existence of black holes and there has
been a large body of research papers on this subject. Black holes are now “seen”
everywhere by astronomers, even though no one has ever found an event horizon.
On the mathematical theory of black holes we refer to a book by Chandrasekhar
[95]. To discuss the geometric description of the black hole horizon as a light-
like hypersurface of a spacetime manifold, one needs to understand the following
physical concepts:

Non-Expanding Horizon (NEH). A lightlike hypersurface (Σ, γ) of a spacetime
(M, g) is called a non-expanding horizon(NEH) if and only if

(1) Σ has a topology R× S2,

(2) the expansion θ vanishes on Σ and

(3) stress energy tensor T obeys the null dominant energy condition.

It follows from the Raychaudhury equation (3.1.8) that θ vanishing for an NEH
implies the shear σ also vanishes. Moreover, it is important to know that the
property of being a NEH is an intrinsic property of Σ i,e. it is independent of
the choice of the null normal vector of Σ. A simple example of NEH is the event
horizon of a Schwarzschild black hole [228].

Isolated Horizon (IH). A NEH Σ implies that only its degenerate metric γ is
time-independent. Thus, the NEH provides a limited set of tools to study the
geometry of spacetimes containing a black hole. For this reason, geometrically the
surface of a black hole has been traditionally described in terms of a more general
concept, called an isolated horizon, briefly denoted by IH, which satisfies the three
conditions of a NEH plus all the induced objects defining the null geometry of
(Σ, γ) are time-independent. In a simple way, IH represents the maximum degree
of stationarity for the horizon defined in a quasi-local manner. By quasi-local
we mean an analysis restricted to a 3-dimensional hypersurface with compact
sections (we will discuss this more later on). Contrary to event horizons, IHs
constitute a local concept. Every Killing horizon which is topologically R× S2 is
an isolated horizon, but, in general, spacetimes with isolated horizons need not
admit any Killing field even in a neighborhood ofM . However, contrary to Killing
horizons – which are also local – IHs are well defined even in the absence of any
spacetime symmetry. The classical relation of a black hole with IH has its roots in
Hawking’s area theorem, which states that if matter satisfies the dominant energy
condition, then, the area of the black hole IH cannot decrease [228]. It is important
to understand that the Hawking’s area law, in general, holds for an event horizon
for which no Killing horizon is involved. Moreover, the most extensively studied
family of black holes are the Kerr-Newman black holes, all of which have IHs but
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they admit no null Killing vector on an open set. Thus, the concepts of event
horizons and isolated horizons are more general than that of Killing horizons. We
refer [12, 13, 14] for more information on IH and their use in physics. In particular,
we refer to Lewandowski [288] for some examples of spacetimes admitting IHs.

Expanding black holes. There is clear evidence that our universe is expanding
in time. Indeed, we have proof because very distant stars appear as redshifts. A
redshift is a change in colour when an object that emits light is moving away from
the observer. It is called a redshift because it shifts to the red part of the spectrum.
Stars are moving away from us in every direction, so we know that at one time
the universe was smaller. Going back far enough in time, it is evident from the
above explanation that the universe may have been something the size of an atom;
what we call the Primordial Atom. Along with the expanding universe, since the
black holes are surrounded by a local mass distribution and expand by the inflow
of galactic debris as well as electromagnetic and gravitational radiation, their area
increases in a given physical situation. Thus black holes are also expanding in
time. Therefore, although the classical isolated black holes have been extensively
studied, they do not represent a realistic model in the context of an expanding
universe.

Consequently, in particular, one needs to know the geometry of the surround-
ing of an expanding black hole to find an explicit formula for the increase in area.
To address this issue of representing expanding black holes, recently, a concept of
dynamical horizons was introduced by Ashtekar in collaboration with Krishnan
[16, 268] which are a special type of spacelike hypersurfaces of a spacetime whose
asymptotic states are the IH’s. Note that in most physical situations one expects
the IH state to reach only asymptotically, i.e., in the infinite future. For some
exceptions, see examples in [16, 268]. To understand the concept of dynamical
horizons we need the following terminology:

Trapped and marginally trapped surfaces. In 1965 Penrose introduced the funda-
mental concept of a trapped surface and proved that a spacetime containing such
a surface must come to an end. To understand what a trapped surface is, let Σ
be a compact spacelike hypersurface of a time-orientable 4-dimensional spacetime
manifold (M, g). Since each 2-dimensional normal space of Σ is timelike, it admits
two smooth non-vanishing future directed null normal vector fields, say, � (outer
pointing) and n (inner pointing). Then Σ is a trapped surface [227] if θ+θ−|Σ < 0,
where θ+ and θ− are the expansion functions in the future outer-pointing and
inner-pointing null directions respectively. For this case, both the ingoing and
the outgoing light rays converge so that all signals from the surface are trapped
inside a closed region. This happens when the gravitational field is very strong
and, therefore, such trapped 2-surfaces are associated with black holes. A trapping
boundary is defined as an inextendible region for which each point lies on some
trapped surface. Moreover, if we just consider the outer pointing null normal �,
we say that Σ is a marginally outer trapped surface if θ+|Σ = 0. Relevant to the
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context of this section is the following notion of future, outer, trapping horizons
(FOTH), first proposed by Hayward [227] and then used by Ashtekar-Krishnan
[16] and others in the study of laws of black hole dynamics:

Definition 3.3.1. A future, outer, trapped horizon (FOTH) is a three manifold Σ,
foliated by a family of closed 2-surfaces such that (i) one of its future directed
null normal, say �, has zero expansion, θ(�) = 0; (ii) the other future directed null
normal, n, has negative expansion θ(n) < 0 and (iii) the directional derivative of
θ(�) along n is negative; £nθ(�) < 0.

Σ is either spacelike or null for which θ(n) = 0 and £nθ(�) = 0. Using
the above definition, Hayward [227] derived general laws of black hole dynam-
ics through the following two main results:

(a) Zeroth law. The total trapping gravity of a compact outer marginal surface
has an upper bound, attained if and only if the trapping gravity is constant.

(b) First law. The variation of the area form along an outer trapping horizon is
determined by the trapping gravity and an energy flux.

The Dynamical horizons are closely related to FOTH where the condition (iii) of
Definition 3.3.1 is not required. More precisely, we have

Definition 3.3.2. [16] A smooth, three-dimensional, spacelike submanifold Σ in a
spacetime M is said to be a dynamical horizon if it can be foliated by a family of
closed 2-surfaces such that, on each leaf L (i) one of its future directed null normal,
say �, has zero expansion, θ(�) = 0; (ii) the other future directed null normal, n,
has negative expansion θ(n) < 0.

Thus, a dynamical horizon, briefly denoted by DH, is basically a spacelike
3-manifold Σ which is foliated by closed marginally trapped 2-surfaces. However,
as pointed out in [16], there are some special physical cases which the condition
(iii) also satisfies and, then, DH is the same as FOTH for spacelike H . Following
are special features of DHs:

• Contrary to event horizons, it is clear from the above definition that the
concept of a DH is quasi-local for which the knowledge of full spacetime is
not required.

• The DHs do not refer to the asymptotic structure, which is the case for event
horizons.

• Stationary black holes do not admit DHs simply because such spacetimes are
non-dynamic.

In [16] Ashtekar and Krishnan have obtained the following results:

(i) Expressions of fluxes of energy and angular momentum carried by gravita-
tional waves across these horizons were obtained.
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(ii) Provided a detailed area balance law relating to the change in the area of Σ
to the flux of energy across it.

(iii) The cross sections S of Σ have the topology S2 if the cosmological constant
(of Einstein’s field equations) is positive and of S2 or a 2-torus. The 2-torus
case is degenerate as the matter and the gravitational energy flux vanishes,
the intrinsic metric on each S is flat, the shear of the (expansion free) null
normal vanishes and the derivatives of the expansion along both normals
vanish.

(iv) Obtained a generalization of the first and the second laws of mechanics.

(v) Established a relation between DH’s and IH’s.

Example 3 [16] The Vaidya solutions. Consider the 4-metric

gab = −
(
1− 2GM(v)

r

)
∇av∇bv + 2∇(av∇b)r

+ r2(∇aθ∇bθ + sin2 θ∇aφ∇bφ)

whereM(v) is any smooth non-decreasing function of and (v, r, θ, φ) are the ingo-
ing Edington-Frinkelstein coordinates, with zero cosmological constant.

Observe that, in general relativity, the above coordinates, named for Arthur
Stanley Eddington and David Finkelstein, are a pair of coordinate systems for
a Schwarzschild geometry which are adapted to radial null geodesics, i.e., the
worldliness of photons moving directly towards or away from the central mass.

The stress energy tensor Tab is given by

Tab =
(dM/dv)
4πr2

∇av∇bv,

which satisfies the dominant energy condition if dM/dv ≥ 0 and vanishes if and
only if dM/dv = 0. The metric 2-spheres are given by v = constant, r = constant
and their outgoing and ingoing normals can be taken as:

�a = (∂v)a +
1
2

(
1− 2GM(v)

r

)
(∂r)a and na = −2(∂r)a

where �ana = −2. The expansion of �a is given by

θ� =
−2GM(v)

r2
.

It follows that the only spherically symmetric marginal trapped surfaces are the
2-spheres v = constant and r = 2GM(v). To show that these surfaces are cross
sections of a DH, we notice that na is negative, θ(n) = −4/r and at the marginal
trapped surfaces£nθ(�) = −2/r2 < 0. Due to spherical symmetry the shear of both
the null normals vanish identically. Finally, Tab�

a�b > 0 if and only if dM/dv = 0.
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Hence, it follows from Definition 3.3.2 that the surface given by r = 2GM(v) with
dM/dv > 0 is a cross section of a DH. When dM/dv = 0, this surface becomes
null and a non-expanding IH which happens (in most physical situations) at the
equilibrium state in the infinite future.

We highlight that so far we have the following relationship:

DH−→IH

to the traditional description of a time-independent black hole related to the
asymptotic state of spacetime at null infinity. Recently, there has been an at-
tempt to extend the classical theory to fully dynamical horizons in non-stationary
spacetimes (see a review paper [268] by Krishnan and many other cited therein),
with a focus on numerical relativity applications.

For those interested in details on the above properties of DH’s and their ap-
plications we refer to [16, 268] and several citations therein. Observe that there is
also a case when Σ is timelike for which no additional conditions on the expansion
are required. These horizons are called timelike membranes and are not related to
black hole surfaces. However, they do exist and are relevant to numerical simula-
tions of black hole mergers (see some references in [268]). Also, we refer to a recent
paper of Gourgoulhon and Jaramillo [210] in which they have discussed the geo-
metric description of the black hole horizons as lightlike hypersurfaces embedded
in spacetime, mainly on the numerical relativity applications. To understand how
black holes are formed we refer to a recent monograph by Demetrios Christodoulou
[125] on “The formation of Black Holes in general Relativity”.

Related to the focus of this book, we construct a physical model of spacetimes
which admit dynamical horizons. Observe that an expanded black hole (whose area
increases) will not be time independent and so for such spacetimes an event horizon
cannot be described by a Killing horizon. This is due to the fact that an expanding
universe (in which DHs can exist) does not admit a global timelike Killing vector
field needed to generate a Killing horizon. Thus, to study the geometry of black
holes, among other possible ways, a differential geometric approach is to use a
higher symmetry than the Killing symmetry. Since the causal structure is invariant
under a conformal transformation, there has been interest in the study of the effect
of conformal transformations on properties of expanding black holes (see [91, 241,
378, 379] and more cited therein). This suggests the use of those spacetimes which
admit a higher symmetry defined by a timelike conformal Killing vector (CKV)
field (see equation (3.2.1)). A physically significant and suitable choice is the use of
the (1+3)-splitting ADMmodel (see, Arnowitt-Deser-Misner [10]) of the spacetime
(M, g). This assumes a thin sandwich of M evolved from a spacelike hypersurface
Σt at a coordinate time t to another spacelike hypersurface Σt+dt at coordinate
time t+ dt whose metric g is given by

ds2 = (−λ2 + |V |2)dt2 + 2γabV
adxbdt+ γabdx

adxb, (3.3.1)
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where x0 = t, and xa(a = 1, 2, 3)(x1 = x, x2 = y, x3 = z) are three spatial
coordinates of the spacelike hypersurface Σt with γab its 3-metric induced from g,
λ = λ(t, x, y, z) is the lapse function and V a∂/∂xa is a shift vector. For brevity we
denote Σt by Σ. Choice of ADM assures the existence of a CKV field ξ defined by
equation (3.2.1). For example, ADM includes Robertson-Walker spacetimes which
admit a G9 of CKV fields [290] (also see [291]).

We consider this choice of ADM model of a spacetime (M, g) and, under some
specified conditions on the extrinsic curvature of the hypersurface Σ and sectional
curvature of the spacetime M with respect to the sections containing the normal
vector field, we show that Σ is (i) conformally diffeomorphic to a sphere or (ii) a
flat space or (iii) a hyperbolic space or (iv) the product of an open real interval and
a complete 2-surface of M . Selecting the possibility (iv), we justify the existence
of Σ as a DH of a ADM spacetime, subject to its physical requirements as stated
in Definition 3.3.2. We now proceed with the details of proving the above claim.

Let N = −λ∇̄t be the future pointing unit timelike normal vector field
where ∇̄ is the spacetime covariant derivative operator. Let X,Y, Z,W be arbi-
trary vector fields to Σ and K the Weingarten (Shape) operator of Σ defined by
k(X,Y ) = g(KX,Y ) where k denotes the second fundamental form of Σ. Then,
the Gauss and Weingarten formulas (which appeared in Chapter 2 with different
notation) are

∇̄XY = ∇XY + k(X,Y )N, ∇̄XN = KX (3.3.2)

where γ = i∗g is the 3-metric induced as the pullback of g under the embedding
i : Σ → M and ∇ is the metric connection on Σ. The pair (γ, k) is the initial
data for the evolution of Σ in spacetime over an infinitesimal time dt. Let L be
the traceless part of K, i.e., L = K − τ

3
I, where τ = tr(K), and I is the identity

tensor. The Gauss-Codazzi equations are

g(R̄(X,Y )Z,W ) = g(R(X,Y )Z,W ) + k(Y, Z)k(X,W )
− k(X,Z)k(Y,W ), (3.3.3)

g(R̄(X,Y )N,Z) = (∇Xk)(Y, Z)− (∇Y k)(X,Z), (3.3.4)

where R̄ andR denote curvature tensors for g and γ respectively. Then, contracting
the above two equations with respect to a local orthonormal basis of the tangent
space of M at each of its points we obtain

R̄ic(X,Y ) + g(R̄(N,X)Y,N) = Ric(X,Y ) + τ(KX,Y )
− g(KX,KY ), (3.3.5)

R̄ic(X,N) = (divK)X −Xτ, (3.3.6)

where R̄ic and Ric are the Ricci tensors g and γ respectively. Using the above and
Einstein’s field equations

R̄ic− r̄
2
ḡ = 8πT (3.3.7)
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one obtains the constraint equations

r +
2τ2

3
− |L|2 = 16πTnn,

(div .L)X − 2
3
Xτ = 8πT (X,N), (3.3.8)

(divL)X =
2
3
Xτ = 8πT (X,N), (3.3.9)

where r̄ and r are the scalar curvatures of g, and γ respectively. Also, T is the
stress-energy tensor, Tnn = T (N,N) and || the norm operator with respect to γ.
Assume that the mixed energy condition holds, that is, at any point x on Σ the
strong energy condition Tnn + Tm

m |x ≥ 0 holds and equality implies vanishing of
all components of T at x. Assume that (M, g) admits a CKV field ξ satisfying
the equation (3.2.1). The (1 + 3)-splitting allows us to decompose ξ = V + ρN
where V is the tangential component of ξ. Then, as derived in [373] we need the
following two evolution equations:

(£V γ)(X,Y ) = σγ(X,Y )− 2ργ(LX, Y )− 2
ρτ

3
γ(X,Y ), (3.3.10)

(£V L)X = −
(
∇XDρ−

∇2ρ

3
X

)
− 8πρ

(
TX − Tm

m

3
X

)
+ ρτ −

(σ
2

)
+ ρ

(
QX − r

3
X
)
, (3.3.11)

∇̄NV = KV +Dρ− ρD lnλ+ (V lnλ)N, (3.3.12)

where D is the spatial gradient operator, Q is the Ricci operator of γ and ∇2 =
∇a∇a(a summed over 1, 2, 3). A normal section of (M, g) at a point p of a spacelike
hypersurface Σ is the timelike plane section spanned by the normal N and a
tangential vector X at p. The normal sectional curvature K̄(N,X) of M at p
along a unit tangent vector X of Σ is defined as g(R̄(N,X)N,X). If K̄(N,X) is
independent of the choice of X at each point, then it can be shown [408] that
R̄(N,X) = fN for some smooth function f and arbitrary vector field X tangent
to Σ. We quote the following result needed in the next result:

Theorem 3.3.3. (Kuehnel [270]) Let (Σ, γ) be a complete connected n-dimensional
Riemannian manifold admitting a non-constant solution ρ of ∇∇ρ = (∇2ρ/n)γ.
Then the number of critical points of ρ is a ≤ 2, and Σ is conformally diffeomorphic
to

(i) a sphere if a = 2,

(ii) the Euclidean space or hyperbolic space if a = 1, and

(iii) the product of an (n−1)-dimensional Riemannian manifold and an open real
line, if a = 0.

Now we state (with proof) a recent similar result as follows:
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Theorem 3.3.4. (Sharma [373]) Let (M, g) be an ADM spacetime solution of Ein-
stein’s field equations admitting a CKV field ξ and be evolved out of a complete
spacelike hypersurface Σ such that

(a) Σ is totally umbilical in M ,

(b) the normal component ρ of ξ is non-constant on Σ, and

(c) the normal sectional curvature of M is independent of the tangential direction
of each point of Σ.

Then, Σ is conformally diffeomorphic to

(i) a 3-sphere, or

(ii) a 3-Euclidean space, or

(iii) a 3-hyperbolic space, or

(iv) the Riemannian product of a complete 2-surface and an open real interval.

Proof. By hypothesis (b), we have R̄(N,X) = fN for some smooth function f
and arbitrary vector field X tangent to Σ. A contraction of this equation implies
that f = (−1/3)Ric(N,N). This with σ umbilical in (3.3.5) provides

R̄ic = Ric+
1
3

(
2τ2

3
− R̄ic(N,N)

)
. (3.3.13)

A contraction of the above and using (3.3.7) provides

r̄ + 2 R̄ic(N,N) = r +
2τ2

3
= 16πTnn.

All this and again using (3.3.7) in (3.3.13) we obtain

8πTX = QX +
(
2τ2

9
− 8πTnn +

2 R̄ic(n,N)
3

)
X,

whose trace free part is

8π
(
TX − Tm

m

3
X

)
= QX − (r/3)X.

By hypothesis L vanishes. Thus, using all this in (3.3.11) we obtain

∇XDρ =
∇2ρ

3
X.

Since by hypothesis ρ is non-constant and it satisfies the above equation, Kuehnel’s
result [270] (as stated above) is applicable, which completes the proof. �
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Consider the above model of spacetimes such that (iv) holds, that is, Σ is
a product of a complete 2-surface H and an open real interval. Take a pseudo-
orthonormal basis {�, n, u, v} at each point p ∈ M , where {�, n} are future di-
rected null vectors, {u, v} are unit spacelike vectors. Let TpH be spanned by
{u, v}. Thus, we have

TM = TH ⊥ TH⊥ ,

where the normal bundle TH⊥ is generated by {�, n}. Let Σ be foliated by a
family of 2-surfaces Hs (which are 2-dimensional submanifolds of spacetime M)
and containing Hs as a codimension-one submanifold, where s ∈ (0, δ) and δ > 0.
Suppose each slice Hs is a marginally trapped 2-surface and Σ satisfies Defini-
tion 3.3.2. Then, according to Ashtekar-Krishnan [16], Σ is a DH. Observe that Σ
as a DH is justified since it comes from the (1+3)-splitting ADM model also used
in Ashtekar-Krishnan’s frame work. Furthermore, it is important to note that in
addition to the occurrence of a DH, the above model of Sharma [373] also provides
a CKV field ξ and Σ is totally umbilical in M . However, this model will include a
DH only if its metric symmetry vector field ξ is never Killing. In the next section
we use this latter new information to study physically real models of expanding
black holes of a large class of time dependent black hole spacetimes.

3.4 Conformal Killing horizons

We know from discussion in previous section that an isolated horizon(IH) is not a
realistic model and dynamical horizon(DH) models are needed to understand the
properties of black holes of expanding spacetimes. However, since the asymptotic
states of DHs are again the IHs, there is need to find realistic models whose asymp-
totic states are non-isolated and time-dependent black hole spacetimes. Among
other approaches to get such a model, this raises the possibility of using a metric
symmetry. For this approach, the first candidate is the use of a Killing symme-
try, but, we know that stationary black holes do not admit DHs simply because
such spacetimes are non-dynamic. Thus, in the case of time-dependent expand-
ing spacetimes, a Killing horizon (KH) can not be used to define a non-isolated
horizon. The second choice is to use a higher than the Killing symmetry. For this
reason we present latest work of using differential geometric technique for study-
ing those null hypersurfaces of spacetimes whose null geodesic trajectories coincide
with conformal Killing trajectories of a null conformal Killing vector(CKV) field
(see defining equation (3.2.1)). This happens when a spacetime admits a timelike
CKV field which becomes null on a boundary as a null geodesic hypersurface. Such
a horizon is called a conformal Killing horizon(CKH) [378, 379]. See an example
of CKH later on in this section. We use as our working space a (1 + 3)-splitting
ADM spacetime (M, g) with a CKV field ξ, evolved out of a complete spacelike
hypersurface Σ which is totally umbilical in M , and assume that ξ is a null vector
field. This choice is due to the fact that an ADM spacetime admits both DHs and
CKVs. We need the following results on totally umbilical submanifolds:
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Proposition 3.4.1. [165] A null CKV on a spacetime is a geodesic vector field.

Proof. The conformal Killing equation for a CKV field ξ is given by

ḡ(∇̄Xξ, Y ) + ḡ(∇̄Y ξ,X) = σḡ(X,Y ).

Substituting ξ for Y , and using ḡ(∇̄Xξ, ξ) = 0 (since ξ is null) we obtain ∇̄ξξ = σξ,
which completes the proof. �

Proposition 3.4.2. Let (M, g) be a lightlike hypersurface of a Lorentzian manifold
M̄ . Then M is totally umbilical if and only if every section ξ ∈ Γ(RadTM)|U) is
a conformal killing vector field on U .

Proof. We obtain the result from a straightforward computation

£ξg(X,Y ) = ξg(X,Y )− g(£ξX,Y )− g(X,£ξY ) = −g(AξX,Y )− g(X,AξY )
= −2g(AξX,Y ).

Then £ξg(X,Y ) = 2σg(X,Y ) if and only if g(2AξX +2σX, Y ) = 0 for all X,Y ∈
Γ(TM) if and only if AξX = −σPX , so as per [149, page 107, equation (5.3)], M
is totally umbilical. �

Proposition 3.4.3. [332] Let (Σ, γ) be a totally umbilical submanifold of a semi-
Riemannian manifold (M, g). Then,

(a) a null geodesic vector field of M that starts tangential to Σ remains within
Σ (for some parameter interval around the starting point).

(b) Σ is totally geodesic if and only if every geodesic vector field of M that starts
tangential to Σ remains within Σ (for some parameter interval around the
starting point).

Proof. We know from Chapter 2 that for a totally umbilical M , the second fun-
damental form B is proportional to the degenerate metric g, that is, B(X,Y ) =
λg(X,Y ) for some function λ of M . Putting this in the local Gauss equation
(2.1.14) we read that for any null vector field X on M the equation ∇XX = 0
is equivalent to ∇̄XX = 0. In other words, the null geodesics of M̄ with lightlike
initial vectors tangent to M are null geodesics of M and thus remain within M .
This proves (a). In the totally geodesic case B vanishes so that the same argu-
ment works and also if and only if holds for any null or non-null initial vectors as
well. �

First, we deal with the case of a Killing horizon which is defined as the union
Σ0 =

⋃
Σs

0, where Σ
s
0 is a connected component of the set of points forming a

family of null hypersurfaces Σs
0 whose null geodesic (see Proposition 3.4.3) gener-

ators coincide with the Killing trajectories of nowhere vanishing ξs
0. For this case,

the event horizon of a static or stationary asymptotically flat black hole is rep-
resented by the Killing horizon if M is analytic and the mixed energy condition
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holds for the stress-energy tensor of the Einstein equations (see [167] at the end
of Section 2). In the following we consider a physical class of an ADM spacetime
(M, g) such that the evolution vector field is a null CKV field ξ on M .

Theorem 3.4.4. [166] Let (M, g) be an ADM spacetime evolved through a 1-para-
meter family of spacelike hypersurfaces Σt such that the evolution vector field is a
null CKV field ξ on M . Then, ξ reduces to a Killing vector field if and only if the
part of ξ tangential to Σt is asymptotic everywhere on Σt for all t. Moreover, ξ is
a geodesic vector field.

Proof. First we write equation (3.3.10) as

(£V γ)(X,Y ) = σγ(X,Y )− 2ργ(KX,Y ) (3.4.1)

for any vector fields tangent to Σt. As ξ is null, we have

γ(V, V ) = ρ2, (3.4.2)

which gives γ(∇XV, V ) = ρXρ. Substituting V for Y in (3.4.1) we get

∇V V + ρDρ = σV − 2ρKV, (3.4.3)

where D is the gradient operator of the 3-metric γ. Taking the inner product of
the equation (3.3.12) with V gives g(∇̄NV, V ) + ρV lnλ − γ(KV, V ) − V ρ = 0,
which in view of (3.4.2) assumes the form

ρNρ+ ρV lnλ− γ(KV, V )− V ρ = 0. (3.4.4)

As γ(∇V V, V ) = ρV ρ, taking the inner product of (3.4.3) with V yields

ργ(KV, V ) =
σ

2
|V |2 − ρV ρ. (3.4.5)

As ξ is the evolution vector field, we have λ = ρ, and hence ρ > 0. The use of
(3.4.5) in (3.4.4) gives ρNρ = V ρ+ σ

2ρ
|V |2. Using this last equation and (3.4.5) we

get ρNρ = σ
ρ
|V |2 − γ(KV, V ). Now using (3.4.4) in this last equation we obtain

γ(KV, V ) = σ
2 ρ. This shows that σ = 0 on M if and only if γ(KV, V ) = 0,

i.e., V is asymptotic everywhere on Σt for all t. Finally, ξ geodesic follows from
Proposition 3.4.1, which completes the proof. �

Next we obtain time-dependent spacetimes (M,G) admitting conformal Kil-
ling horizons related to a stationary, asymptotically flat black hole spacetime
(M, g) admitting a Killing horizon Σ0 generated by the null geodesic Killing field,
with the conformal factor G = Ω2g. Under this transformation, the Killing vec-
tor field is mapped to a conformal Killing field ξ0 defined by the equation (3.2.1)
provided ξa

0∇aΩ �= 0. Since the causal structure and null geodesics are invariant
under a conformal transformation, Σ0 still remains a null hypersurface of (M,G).
As per Proposition 3.4.2, the null geodesic vector field ofM that starts tangential
to Σ0 will remain within Σ0. Also, its null geodesic generators coincide with the
conformal Killing trajectories. Thus, Σ0 is a CKH in (M,G). On the existence of
a class of ADM spacetimes with a null CKV field, we have the following result:
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Theorem 3.4.5. [146] Let (M, g) be an ADM spacetime solution of Einstein’s field
equations admitting a null CKV field ξ and be evolved out of a complete spacelike
hypersurface Σ such that

(i) Σ is totally umbilical in M ,

(ii) the normal component ρ of ξ is equal to the lapse function λ.

Then, the conformal function of ξ is

σ = 2ξ(lnλ) and £V γ = 2V (ln λ)γ.

Proof. By hypothesis, ρ = λ, so the orthogonal decomposition of ξ is ξ = V +λN .
Using this and L = 0 in (3.3.10) we obtain

£V γ = (σ − 2λτ
3
)γ. (3.4.6)

Operating the CKV equation on an arbitrary tangent vector X and N gives

∇̄NV =
τ

3
V + αN

where α is a function on M . Finally, operating CKV equation on N,N gives
α = σ

2
−Nλ. Thus, the above equation becomes

∇̄NV =
τ

3
V + (

σ

2
−Nλ)N. (3.4.7)

For null ξ, it is immediate from ξ = V + λN that

γ(V, V ) = |V |2 = λ2. (3.4.8)

Differentiating (3.4.8) along N , and using (3.4.7) and again (3.4.8) we find

Nλ =
τ

3
λ (3.4.9)

which shows that τ = 3N(lnλ). We know from [164] that

∇̄NN = D lnλ (3.4.10)

where D is the spatial gradient operator. Since N⊥V , g(∇̄NN,V )=−g(∇̄NV,N).
Using (3.4.10) and (3.4.8) in this equation we find

V (lnλ) =
σ

2
− τ

3
λ. (3.4.11)

Using ξ = V + λN in (3.4.11) we obtain σ = 2ξ(lnλ). Then, (3.4.8) and (3.4.11)
transforms (3.4.6) into £V γ = 2V (lnλ)γ which completes the proof. �
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Remark 3.4.6. A straightforward calculation shows that £ξN = −σ
2N , i.e., ξ

preserves the unit normal vector N up to a conformal factor. Such conformal
vector fields were studied by Coley and Tupper [119] and were termed inheriting
conformal vector fields where N can be seen as the 4-velocity.

It follows from (3.4.8) that the coefficient of dt2 in the metric (3.3.1) vanishes
so it takes the form

ds2 = 2γabV
adxbdt+ γabdx

adxb. (3.4.12)

In Theorem 3.4.5 we assume that the normal component of ξ is equal to the lapse
function. Now we also assume that the tangential component of ξ is equal to the
shift vector so that ξ is the evolution vector field. Then, the absence of dt2 in
(3.4.12) implies that there exists a null hypersurface (Σ0, γ

0), of M , defined by
taking say {x1 = constant} whose induced degenerate metric γ0 is given by

ds2γ0 = γ0
aαV

adxαdt+ γ0
αβdx

αdxβ , 2 ≤ α, β ≤ 3, (3.4.13)

where γ0
αβ are the coefficients of a degenerate metric γ0 induced on Σ0 by the

metric g and ξ is tangent to Σ0. In this way, one can generate a null hypersurface
(Σ0, γ0)s of M . Contrary to the non-degenerate case, for null hypersurfaces both
the tangent space Tp(Σ0) and the normal space Tp(Σ0)⊥, at every point p of Σ0,
are degenerate. Moreover,

Tp(Σ0) ∩ Tp(Σ0)⊥ = Tp(Σ0)⊥, dim(Tp(Σ0)⊥) = 1,

and they do not span the whole tangent space TpM . In other words, a vector
in TpM cannot be decomposed uniquely into a component tangent to Tp(Σ0)
and a component to its perpendicular. Therefore, the standard Gauss-Weingarten
equations of semi-Riemannian hypersurfaces do not work for the null geometry.
To deal with this anomaly, null hypersurfaces have been studied in several ways
corresponding to their use in a given problem. Here we let S(TΣ0) be the 2-
dimensional complementary spacelike distribution to T (Σ0)⊥ in T (Σ0), called a
screen distribution [149]. Then,

T (M) = S(TΣ0) ⊥ S(TΣ0)⊥, S(TΣ0) ∩ S(TΣ0)⊥ = {0}, (3.4.14)

where S(TΣ0)⊥ is a 2-dimensional complementary orthogonal distribution of
T (M). Let T (Σ0)⊥ be spanned by {�}, where � is a real null vector. Then, we
know that (see Section 1 of Chapter 2) with respect to each local coordinate
neighborhood of Σ0, there exists a unique null distribution E = ∪p∈Σ0 Ep, where
E is spanned by a unique null vector field n such that

g(�, n) = 1, g(n, n) = g(n,X) = 0, ∀X ∈ Γ(S(TΣ0). (3.4.15)

Using (3.4.14) and (3.4.15) we have the following decompositions:

T (M) = S(TΣ0) ⊥ (T (Σ0)⊥ ⊕ E),

T (Σ0) = S(TΣ0)⊕orth T (Σ0)⊥. (3.4.16)
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Using the above and (3.4.12) we say that the metric on S(TΣ0) is given by

ds2|S(TΣ0) = γαβdx
αdxβ . (3.4.17)

Remark 3.4.7. The above anomaly in null geometry can also be handled by con-
sidering the quotient space TpM

∗ = TpΣ0/Tp(Σ0)⊥ and using the canonical pro-
jection π : TpM → TpM

∗ (see details in Kupeli [272]). However, consistent with
the technique used in this book, we use a screen distribution S(Σ0) to relate our
work with the concept of a DH with that of a CKH. It is true that the screen
distribution of Σ0 is not unique, but, fortunately now we have a large class of
Lorentzian manifolds with the choice of a unique or canonical screen [143].
Relating dynamical horizons with conformal Killing horizons. In the following
we establish a smooth transition from spacelike DHs to CKHs when each Σs

degenerates to a null hypersurface Σs
0 of M . This is done by using the null limit

technique (first introduced by Swift [381]) and the concept of CKH introduced by
Sultana-Dyer [378].

Let Cs be a differentiable curve of a slice Σs such that for each s, the unit
normal vector field Ns is given by

Ns =
1√
2
(s−1n− s�),

and the component of Ns in the �-direction approaches zero as s→ 0. This means
that Ns approaches a null vector field Ns

0 which is entirely in the n-direction as
s→ 0. From this data we construct a null hypersurface Σs

0 of M as follows:
Suppose Ω(Σs) is an object defined on each hypersurface Σs. Then, the con-

cept of null limit (explained above) can be used to define an analogous object
Ω(Σs

0), for the null hypersurface Σ
s
0, by defining

Ω(Σs
0) = Lims→oΩ(Σs).

In this way, we say that

Σs
0 = Lims→o(Σs) such that Lims→o(ξs) = ξs

0

is the null CKV field of Σs
0, where the spacelike hypersurface Σs degenerates to

the null hypersurface Σs
0. Contrary to the non-degenerate case, ξs

0 can not be
uniquely expressed as a sum of its tangential and normal components. Instead,
using (3.4.16) we can decompose null ξs

0 of Σ
s
0 in terms of three components as

ξs
0 = V +

λ√
2
(�− n).

Furthermore, we choose a screen distribution Ss(Σs
0), of Σ

s
0, so that its leaf Ls

coincides with the spacelike 2-surface Hs ⊂ Σs ⊂ M and its metric induced from
g (see equation (3.3.1)) is expressed as

ds2|Hs = γs
αβdx

αdxβ , 2 ≤ α, β ≤ 3.



130 Chapter 3. Applications of lightlike hypersurfaces

With this choice, we have the following common 2-surface of Σs
0 and Σs (which is

a 2-dimensional submanifold of M :

M ⊃ Σs
0 ⊃ Ls = Hs ⊂ Σs ⊂M. (3.4.18)

The above null limit technique provides the relationship

DH
CKV−→ CKH. (3.4.19)

Now we introduce the following definition of a time-dependent event horizon:

Definition 3.4.8. (Homothetic Event Horizon) We say that an event horizon is
a homothetic event horizon, briefly denoted by HEH, if its corresponding null
hypersurface admits a null homothetic vector (HV) field and its null geodesic
trajectories coincide with the homothetic trajectories of this HV field.

Recently, Sultana and Dyer [378] have studied this problem for those space-
times which admit a conformal Killing vector field (CKV). They considered a
conformal transformation , G = Ω2g, to stationary asymptotically flat black hole
spacetimes which admits a Killing horizon, Σ0, generated by the Killing vector
field ξ. Under such a conformal transformation, ξ is mapped to a CKV. Although
spacetimes are asymptotically conformally flat, nevertheless, there can be non-
asymptotically flat spacetimes having conformal Killing horizons. In this partic-
ular paper [378] Sultana-Dyer considered spacetimes admitting a timelike CKV
which becomes null on a boundary called the conformal stationary limit hyper-
surface and locally described as the time-dependent event horizon (which we call
a homothetic event horizon(HEH)) by using this boundary, provided that it is a
null geodesic hypersurface. They have shown that such a hypersurface M is null
geodesic if and only if the twist of the conformal Killing trajectories on M van-
ish. Following is their main result on the extension of Hawking’s strong rigidity
theorem (see in [228]):

Theorem 3.4.9. [378] Let (M,G) be a spacetime which is conformally related to
an analytic black hole spacetime (M, g), with a Killing horizon Σ0, such that the
conformal factor in G = Ω2g goes to a constant at null infinity. Then the conformal
Killing horizon Σ0 in (M,G) is globally equivalent to the event horizon, provided
that the stress energy tensor satisfies the weak energy condition.

Proof. The proof follows from the global definition of the event horizon and the
properties of conformal transformations. Recall that the event horizon is the
boundary of the set of a union of the terminal indecomposable past sets (TPIs)
which is defined as the chronological past of a future endless (or future inextensi-
ble, i. e., having no future end point) causal curve. The TPIs are represented by the
points in the set. Each TPI being a past set is unchanged if the metric is altered
by the introduction of a finite conformal factor. Hence the global definition of an
event is conformally invariant, provided the conformal factor tends to a constant
at null infinity. This means that, at the null infinity state, the CKV field reduces to
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the homothetic vector(HV) field and, then, the event horizon is a HEH. Since, as
opposed to the proper conformal symmetry, the Einstein equations are invariant
with respect to a homothetic symmetry, the structure of homothetic infinity in
(M,G) is preserved. Therefore, the manifold (M,G), with a CKH, reduces to a
HEH at null infinity, which completes the proof. �

Following is the picture view of the relationship proved in the above theorem:

KH
CKV−→ CKH

HV−→ HEH, (3.4.20)

at null infinity. This Sultana-Dyer paper also contains the case as to what hap-
pens when the conformal stationary limit hypersurface does not coincide with the
HEH. For this case, they have proved a generalized weak rigidity theorem which
establishes the conformal Killing property of the event horizon and the rigidity of
its rotating conformal Killing horizons.

In another paper [379], they gave an example of a dynamical cosmological
black hole, which is a spacetime that describes an expanding black hole in the
asymptotic background of the Einstein-de Sitter universe. For this case, the black
hole is primordial in the sense that it forms ab initio with the big bang singular-
ity and its expanding event horizon (which we call homothetic event horizon) is
represented by a CKH whose conformal factor goes to a constant at null infinity.
The metric representing the black hole spacetime is obtained by applying a time-
dependent conformal transformation on the Schwarzschild metric, such that the
result is an exact solution with the matter content described by a perfect fluid
and the other a null fluid. They have also studied properties of several physical
quantities related to black holes.

Finally, using (3.4.19) and (3.4.20) we have the relationship

DH
CKV−→ CKH

HV−→ HEH, (3.4.21)

at null infinity. However, since a single black hole may admit more than one DHs
as it comes from a chosen foliation of closed 2-surfaces, it is important to deal with
this anomaly to assure the well-defined concept of a CKH and a HEH. Ashtekar-
Galloway [15] have studied this problem and have concluded that the following
are two reasons for the lack of uniqueness:

(1) A dynamical horizon Σ comes with an assigned foliation by marginally trap-
ped surfaces (MTSs). This raises the following question: Can a given spacelike
Σ admit two distinct foliations by MTSs?

(2) Can a connected trapped region of the spacetime admit distinct spacelike
3-manifolds Σ, each of which is a DH?

In [15], the authors addressed both the above uniqueness problems as follows:
For the first question, they have shown that, subject to a maximum principal (see
details in [220]), the intrinsic geometric structure of a DH is unique, which provides
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a full positive answer to this question. For the second question, they have provided
partial answers and proved (subject to physically reasonable constraints) some
uniqueness results for the location of trapped and marginally trapped surfaces in
the vicinity of any DH.

Here we highlight that, using the null limit technique (when Σ degenerates
to a null hypersurface Σ0) we have chosen a screen distribution S(Σ0) (which
is also in general not unique) such that one of its leaves, Ls, is the same as a
member of the family of closed 2-surfaces Hs (see equation (3.4.18)) which foliates
a DH. This identification is valid since Ashtekar-Krishnan’s framework [16] and
Sharma’s model [373] are based on the ADM (1 + 3)-splitting. Thus, the unique
existence of the geometric structure of a DH also assures a unique choice of a
screen distribution for the model of a family of null hypersurfaces discussed in this
section. Furthermore, for the same reason, the use of the null limit technique and
all the induced objects of the null hypersurface Σ0 are also well defined due to the
choice of a unique screen.

Finally, we say that to get a model of time-dependent black holes, in par-
ticular, via the full relationship (3.4.21), using the link with a conformal Killing
horizon, so far there are only two publications by Sultana-Dyer [378, 379] and the
material presented in this section. Further research in this direction is needed to
have well-defined concepts of CKH as well as HEH in the relation (3.4.21). Active
research work on this topic is still going on.

3.5 Differential operators on hypersurfaces

The introduction of a Riemannian metric on a smooth manifold gives rise to a series
of differential operators which reveal deep relationships between the geometry
and the topology of the manifold. Consider the Laplace-Beltrami operator �p

on p-forms; it is well known that on a compact manifold, its spectrum {λp
i },

contains topological and geometric information on the manifold. According to the
Hodge decomposition theorem, the dimension of the kernel of �p equals the pth

Betti number, so that the Laplacian determines the Euler characteristic χ(M) of
compact Riemannian manifolds (M, g).

Among usual differential operators on (M, g), the exterior derivative d which
takes p-forms to (p+ 1)-forms is defined only in terms of the smooth structure of
the manifold M . Recall from Section 2 of Chapter 1, the gradient, the divergence
and the Laplace-Beltrami operator which are defined by means of the metric on
the dual bundle, which is the inverse of the given metric in the semi-Riemannian
case.

Many situations arise in mathematical physics where the metric is degener-
ated, and it is not possible to define the inverse. A typical case arises in the coupling
of Einstein’s theory of gravity to both a quantum mechanics particle with spin and
an electromagnetic field, that is, the Einstein–Dirac–Maxwell (EDM) system. If,
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for instance, we consider a Lorentz manifold M̄ endowed with the Eddington-
Finkelstein metric (cf. Hawking-Ellis [228, page 150])

ds2 = −(1− 2m
r
)du2 + 2dudr + r2(dθ2 + sin2 θdφ2),

given in a coordinate system (u, r, θ, φ), where u = t + r̄ is an advanced null
coordinate with

r̄ =
∫

dr

1− 2m
r

= r + 2m ln(r − 2m) (r > 2m),

the hypersurfaceM : u = constant is a lightlike hypersurface. The Dirac operator
can be written outside M and in its interior region. But it is not easy to match
the two operators on M , because of the fact that the inverse metric

∗
g can not be

defined on a lightlike hypersurface M .
Secondly, the concept of harmonic maps constitutes a very useful tool for both

Global Analysis and Differential Geometry (see the harmonic maps and harmonic
morphisms bibliographies [80] and [220], respectively and a book by Baird-Wood
[25]). We know that any harmonic function μ is a local solution to the Laplace-
Beltrami equation �Mμ = 0, but one cannot use this equation for the lightlike
case. Also, the Jacobi and Szabó type operators (in the next section we discuss
their role in the study of lightlike Osserman hypersurfaces) need an inverse of a
metric.

It is, therefore, reasonable to look for a possible non-degenerate metric, say g̃,
associated with the degenerate metric g and work with the inverse of g̃ in defining
all those concepts which need the inverse of a metric. Recently, Atindogbe-Ezin-
Tossa [21] followed this approach and introduced a pseudo-inversion of degenerate
metrics which we explain as follows:

Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemannian manifold
(M̄, ḡ). Consider on M a pair {ξ,N} satisfying (2.1.6) and define the one-form

η(•) = ḡ(N, • ).

For all X ∈ Γ(TM), X = PX + η(X)ξ and η(X) = 0 if and only if X ∈
Γ(S(TM)). Now define � by

� : Γ(TM) −→ Γ(T ∗M)

X �−→ X� = g(X, • ) + η(X)η( • ). (3.5.1)

Clearly, such a � is an isomorphism of Γ(TM) onto Γ(T ∗M) which generalizes
the usual non-degenerate theory. In the latter case, Γ(S(TM)) coincides with
Γ(TM), and as a consequence the 1-form η vanishes identically and the projection
morphism P becomes the identity map on Γ(TM). We let � denote the inverse of
the isomorphism � given by (3.5.1). For X ∈ Γ(TM) (resp. ω ∈ T ∗M), X� (resp.
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ω�) is called the dual 1-form of X (resp. the dual vector field of ω) with respect
to the degenerate metric g. It follows from (3.5.1) that if ω is a 1-form on M then

ω(X) = g(ω�, X) + ω(ξ)η(X), ∀X ∈ Γ(TM).

Define a (0, 2)-tensor g̃ by

g̃(X,Y ) = X�(Y ), ∀X,Y ∈ Γ(TM). (3.5.2)

Clearly, g̃ defines a non-degenerate metric on M associated with the degenerate
metric g ofM . Also, observe that g̃ coincides with g if the latter is non-degenerate.
The (0, 2)-tensor g[·, ·], inverse of g̃ is called the pseudo-inverse of g. With respect
to a quasi-orthonormal local frame field {ξ,W1, . . . ,Wm, N} adapted to the de-
compositions (2.1.8) we have

g̃(ξ, ξ) = 1, g̃(ξ,X) = η(X), (3.5.3)

g̃(X,Y ) = g(X,Y ), ∀X,Y ∈ Γ(S(TM)).

This pseudo-inverse metric g̃ of g has been used (see more details in [21]) in
defining the usual differential operators gradient, divergence and Laplacian on
lightlike hypersurfaces as follows:

Consider a local coordinate system (x0, . . . , xn+1) adapted to decomposition
(2.1.8), that is, (

ξ : =
∂

∂x0
, Xi : =

∂

∂xi
, N : =

∂

∂xn+1

)
is a local quasi-orthogonal basis of TM̄|M such that

RadTM = Span {ξ}
S(TM) = Span {X1, . . . , Xn} (3.5.4)
ltr(TM) = Span {N} .

Using (3.5.2) and a standard computation gives(
∂

∂x0

)�

(
∂

∂x0
) = 0 + η(

∂

∂x0
)η(

∂

∂x0
) = 1 = dx0

(
∂

∂x0

)
, (3.5.5)

(
∂

∂x0

)�

(Xi) = g(Pξ,Xi) + η(ξ)η(Xi) = 0 = dx0

(
∂

∂xi

)
, (3.5.6)

(
∂

∂x0

)�

= dx0. (3.5.7)

The first terms in (3.5.5) and (3.5.6) are g̃00 and g̃0i respectively. Hence,

g̃00 = 1, g̃0i = g̃i0 = 0, i = 1, . . . , n. (3.5.8)
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We also have (
∂

∂xi

)�(
∂

∂xk

)
= g(PXi, Xk) + η(Xi)η(Xk) = gik. (3.5.9)

Consequently
g̃ij = gij i, j = 1, . . . , n. (3.5.10)

Thus, with respect to the quasi-orthonormal basis (ξ,X1, . . .Xn, N) the matrices
of g̃ and g[.,.] are given by

g̃ =

⎛⎜⎜⎜⎝
1 0 . . . 0
0
... gij

0

⎞⎟⎟⎟⎠ , (3.5.11)

g[.,.] =

⎛⎜⎜⎜⎝
1 0 . . . 0
0
... (gij)

−1

0

⎞⎟⎟⎟⎠ , (3.5.12)

and

g[ ] · g = g · g[ ] =

⎛⎜⎝ 0 . . . 0
... 1

. . .
0 1

⎞⎟⎠ . (3.5.13)

From (3.5.9) and (3.5.10) we get(
∂

∂xi

)�(
∂

∂xk

)
= gik = g̃ijdx

j

(
∂

∂xk

)
, i, j = 1, . . . , n. (3.5.14)

Hence (
∂

∂xi

)�

= g̃ijdx
j . (3.5.15)

Taking into account (3.5.6) and (3.5.14) one gets

dxβ = g[αβ]

(
∂

∂xα

)�

α, β = 0, . . . , n. (3.5.16)

From (3.5.11), (3.5.12) and (3.5.16) we say that if ρ is an endomorphism of TM
(a bilinear form on TM resp) its trace with respect to g is given by

trg ρ =
n∑

α=0

g̃(ρ(Xα), Xα), (3.5.17)
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trg ρ = g[αβ]ραβ (3.5.18)

respectively. Now, let f : M → R be a smooth function on M . One defines
intrinsically the gradient of f by gradg f = (df)#. But

df =
∂f

∂xα
dxα ⇒ (df)# =

∂f

∂xα
(dxα)#,

hence from (3.5.16) we infer

gradg f =
∂f

∂xα
g[αβ]

((
∂

∂xβ

)�
)#

=
∂f

∂xα
g[αβ] ∂

∂xβ
,

gradg f = g[αβ] ∂f

∂xα

∂

∂xβ
. (3.5.19)

Let X be a smooth vector field defined on U ⊂ M . The divergence divg X of X
w.r.t the degenerate metric g is intrinsically defined by

divg X =
n∑

α=0

εαX
�
α (∇XαX) .

Therefore, from (3.5.2) we have

divg X =
n∑

α=0

εαg̃(∇XαX,Xα), ε0 = 1. (3.5.20)

To sum up we state the following result on these three operators:

Theorem 3.5.1. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemann-
ian (n+ 2)-dimensional manifold (M̄, ḡ). There exists an associate metric g̃ and
a pseudo-inverse g[.] of g on M such that locally on U ⊂M the following holds:

(i) For any smooth function f : U ⊂M → R we have

gradg f = g[αβ]fα∂β where fα =
∂f

∂xα
∂β =

∂

∂xβ
α, β = 0, . . . n.

(ii) For any vector field X on U ⊂M

divg X =
n∑

α=0

εαg̃(∇XαX,Xα) ; ε0 = 1.

(iii) For a smooth function f defined on U ⊂M we have

Δgf =
n∑

α=0

εαg̃(∇Xα grad
g f,Xα).

Here �g is the D’Alembertian w.r.t g on U .
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An application. One of the most important concepts which have been found to be
useful in semi-Riemannian geometry (and especially in General Relativity) is the
scalar curvature. Physically, the scalar curvature has the following interpretation.
Start at a point in a D-dimensional space and move a geodesic distance ε in all
directions. In essence you would form the equivalent of a generalized sphere in this
space. The area of this sphere can be calculated in flat space. But in curved space
the area will deviate from the one we calculated by an amount proportional to the
scalar curvature. Precisely,

r = lim
ε→0

6D
ε2

[
1− Acurved(ε)

Aflat(ε)

]
.

From a geometric point of view, this is just the contraction of the Ricci tensor Ric
with (a non-degenerate) g,

r = gij Ricij .

In Chapter 2, the problem of inducing scalar curvature on lightlike manifolds of a
Lorentzian manifold has been presented. Such a problem arises, mainly due to two
difficulties: Since the induced connection is not a Levi-Civita connection (unless
M be totally geodesic) the (0, 2) induced Ricci tensor is not symmetric in general.
Also, as the induced metric is degenerate, its inverse does not exist and it is not
possible to proceed in the usual way by contracting the Ricci tensor to get a scalar
quantity. To overcome these difficulties, a special class of lightlike hypersurfaces
in ambient Lorentzian signature, called lightlike hypersurfaces of genus zero, has
been discussed in Chapter 2. Elements of such a class are subject to the following
constraints: To admit a canonical screen distribution that induces a canonical
transversal vector bundle and to admit an induced symmetric Ricci tensor.

To recover an induced scalar curvature for lightlike hypersurfaces of a large
class of semi-Riemannian manifolds, recently Atingdogbe [17] used the concept of
pseudo-inversion of a degenerate metric. We present his work as follows:

Consider a lightlike hypersurface (M, g, S(TM)) of an (n + 2)-dimensional
semi-Riemannian manifold (M̄, ḡ), with induced Ricci tensor Ric. Then we define
the symmetrized induced Ricci tensor to be the (0, 2)-tensor Ricsym on M such
that for X , Y tangents to M ,

Ricsym(X,Y ) =
1
2
[Ric(X,Y ) + Ric(Y,X)], (3.5.21)

where Ric(X,Y ) = tr{Z �−→ R(Z,X)Y }. In index notation,

Ricsym
αβ =

1
2
[Rαβ +Rβα], (3.5.22)

which we shorten to Rαβ := Ricαβ . Now, g[ ] being the pseudo-inverse of g, con-
tracting above equation we obtain the scalar quantity

r = g[αβ]Ricsym
αβ . (3.5.23)
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We know that for a fixed hypersurface (M, g, S(TM)), the pair (ξ,N) is not
uniquely determined as it is subject to the scaling ξ �−→ ξ′ = αξ and N �−→
N ′ = 1

αN (α smooth non-vanishing function); the right-hand side of (3.5.23) is
independent of the choice of the pair (ξ,N). We define r to be the extrinsic scalar
curvature of the hypersurface (M, g, S(TM)).

Now, we give an expression of symmetrized Ricci and extrinsic scalar cur-
vature r in terms of induced shape operators AN , A∗ξ and ambient curvatures.
Let {E0 = ξ, Ei} be a quasi-orthonormal frame for TM induced from a frame
{E0 = ξ, Ei, En+1 = N} for TM̄ such that S(TM) = Span{E1, . . . , Em} and
Rad(TM) = Span{ξ}. By use of (3.5.3) we have

Ric(X,Y ) =
n∑

γ=0

g̃γγ g̃(R(Eγ , X)Y,Eγ)

= g̃00g̃(R(ξ,X)Y, ξ) +
n∑

i=1

g̃iig̃(R(Ei, X)Y,Ei)

= ḡ(R(ξ,X)Y,N) +
n∑

i=1

giig(R(Ei, X)Y,Ei), g̃00 = 1.

Then, using Gauss-Codazzi equations (see Chapter 2)provides

Ric(X,Y ) = R̄ic(X,Y )− ḡ(R̄(N,X)Y, ξ) +B(X,Y ) trAN − g(ANX,A
∗
ξY )

= R̄ic(X,Y ) +B(X,Y ) trAN − g(ANX,A
∗
ξY )− η(R̄(ξ, Y )X).

Thus, we obtain the following expression of the symmetrized induced Ricci curva-
ture,

Ricsym(X,Y ) = R̄ic(X,Y ) +B(X,Y ) trAN

− 1
2
[η(R̄(ξ, Y )X) + η(R̄(ξ,X)Y ) (3.5.24)

+ g(ANX,A
∗
ξY ) + g(ANY,A

∗
ξX)],

where R̄ic denotes the Ricci curvature of M̄ . In local coordinates,

Ricsym
αβ = R̄icαβ +Bαβ trAN

− 1
2
[η(R̄(ξ, ∂β)∂α) + η(R̄(ξ, ∂α)∂β) (3.5.25)

+ g(A∗ξAN∂α, ∂β) + g(A∗ξAN∂β , ∂α)],

where we make use of the symmetry of A∗ξ with respect to g. In the sequel, we let

θ =
1√

2(n+ 1)
g[αβ]Bαβ
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denote the mean curvature function of M and

ē = R̄ic(N,N)

represents the transverse energy in null direction N . Now applying (3.5.23) by
contracting (3.5.25) with respect to g[αβ] we get the following expression of the
extrinsic scalar curvature on the structure (M, g, S(TM)),

r = R̄+
√
2(n+ 1)θ trAN − tr(A∗ξAN )

− θ̄ − 1
2
g[αβ][η(R̄(ξ, ∂α)∂β) + η(R̄(ξ, ∂β)∂α)]. (3.5.26)

For an ambient manifold M̄ with constant sectional curvature c, we have

Proposition 3.5.2. Let (M, g, S(TM)) be a lightlike hypersurface of an (n + 2)-
dimensional space form M̄(c). Then

r = n2c+
√
2(n+ 1)θ trAN − tr(A∗ξAN ). (3.5.27)

Proof. For M̄(c), we have R̄ic = (n+ 1)cḡ, η(R̄(ξ, Y )X) = cg(X,Y ). Then

Ricsym(X,Y ) = ncg(X,Y ) +B(X,Y ) trAN

− 1
2
[g(A∗ξANX,Y ) + g(A∗ξANY,X)].

In local coordinates,

Ricsym
αβ = ncgαβ +Bαβ trAN

− 1
2
[g(A∗ξAN∂α, ∂β) + g(A∗ξAN∂β , ∂α)],

and as given by (3.5.27), which completes the proof. �

Example 4. The null cone ∧n+1
0 in Rn+2

1 is given by the equation −(x0)2+
∑n+1

a=1 =
0, x �= 0. For convexity we use either x0 < 0 or x0 > 0. It is known that ∧n+1

0 is
a lightlike hypersurface with radical distribution spanned by the global position
vector field ξ =

∑n+1
A=0 x

A∂xA on ∧n+1
0 . The corresponding null transversal section

is given byN = 1
2(x0)2

{−x0∂0+
∑n+1

a=1 x
a∂a} and is globally defined. The associated

screen distribution S(T∧n+1
0 ) is such that X =

∑n+1
a=1 X

a∂a belongs to S(T∧n+1
0 )

if and only if
∑n+1

a=1 x
aXa = 0. Then direct calculations (using some structure

equations in Chapter 2) leads to the following expressions of two shape operators,
A∗ξX = −PX and ANX = − 1

2(x0)2PX where P denotes the projection morphism
of the tangent bundle T∧n+1

0 onto S(T∧n+1
0 ). Then we get θ = −n√

2(n+1)
, A∗ξAN =

1
2(x0)2 ◦ P and trAN = −n

2(x0)2 . Finally, since Rn+2
1 is flat, the extrinsic scalar

curvature of the lightlike cone ∧n+1
0 is given by

r =
n2 − n

2(x0)2
. (3.5.28)
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Notes. We highlight the following observations from the above example:

• Induced scalar curvature (3.5.28) is actually independent of the elements
defining the screen distribution and depends only upon ∧n+1

0 .

• The above screen distribution on ∧n+1
0 is integrable and induces a foliation

F . By (3.5.28), the extrinsic scalar curvature r is constant along leaves of
S(T∧n+1

0 ). Actually, these leaves are n-spheres.

• r vanishes at infinity on ∧n+1
0 .

Example 4. Lightlike Monge hypersurfaces of Rn+2
q . Consider a smooth function

F : Ω→ R, where Ω is an open set of Rn+1, then

M = {(x0, . . . , xn+1) ∈ Rn+2
q , x0 = F (x1, . . . , xn+1)}

is a hypersurface which is called a Monge hypersurface [149]. Such a hypersurface
is lightlike if and only if F is a solution of the partial differential equation

1 +
q−1∑
i=1

(F ′xi)2 =
n+1∑
a=q

(F ′xa)2.

The radical distribution is spanned by a global vector field

ξ = ∂x0 −
q−1∑
i=1

F ′xi∂xi +
n+1∑
a=q

F ′xa∂xa. (3.5.29)

Along M consider the constant timelike section V ∗ = ∂x0 of Rn+2
q . The vector

bundle H∗ = Span{V ∗, ξ} is non-degenerate on M . The complementary orthogo-
nal vector bundle S∗(TM) to H∗ in TRn+2

q is an integrable screen distribution on
M called the natural screen distribution on M . The transversal bundle tr∗(TM)
is spanned by N = −V ∗+ 1

2
ξ and τ(X) = 0 ∀X ∈ Γ(TM). It follows that S�(TM)

is a globally conformal screen on M with constant positive conformal factor 1
2 ,

that is AN = 1
2
A∗ξ . The natural parameterization on M is given by

x0 = F (v0, . . . , vn), xα+1 = vα, α ∈ {0, . . . , n}.

Then the natural frame field on M is globally defined by

∂vα = F ′xα+1∂x0 + ∂xα+1, α ∈ {0, . . . , n}. (3.5.30)

Now, direct calculations, using the above two equations, lead to

Bαβ = B(∂vα, ∂vβ) = − ∂2F

∂vα∂vβ
.

Let A∗ξ∂v
α = Kμ

α∂v
μ. Since A∗ξ∂v

α belongs to S(TM) we have from (3.5.3),

B(∂vα, ∂vβ) = g(A∗ξ∂v
α, ∂vβ) = g̃(∂vα, ∂vβ).
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Thus,

− ∂2F

∂vα∂vβ
= Kμ

α g̃(∂v
μ, ∂vβ) = Kμ

α g̃μβ.

That is

Kμ
α = −g[μβ] ∂2F

∂vα∂vβ
,

and

A∗ξ∂v
α = 2AN∂v

α = −g[μβ] ∂2F

∂vα∂vβ

∂

∂vμ
. (3.5.31)

Let F̃ = (Fαβ) be the matrix with entries Fαβ = ∂2F
∂vα∂vβ . It follows that

trAN =
1
2
trA∗ξ = −1

2
g[αβ]g[μγ] ∂2F

∂vα∂vγ
g̃μβ

= −1
2
g[αβ]Fμ

α g̃μβ = −1
2
trg F̃ . (3.5.32)

Also,

A∗ξAN∂v
α =

1
2
A∗ξ∂v

α = −g[μβ] ∂2F

∂vα∂vβ
A∗ξ

∂

∂vμ

=
1
2
g[μβ]g[γδ] ∂2F

∂vα∂vβ

∂2F

∂vμ∂vδ

∂

∂vγ
.

Then,

tr(A∗ξAN ) = g[αν](̃A∗ξAN∂v
α, ∂vν)

=
1
2
g[αν]g[μβ]g[γδ] ∂2F

∂vα∂vβ

∂2F

∂vμ∂vδ
g̃γν .

tr(A∗ξAN ) =
1
2
g[αν]Fμ

αF
γ
μ g̃γν =

1
2
trg(F̃ 2). (3.5.33)

From the last two equations and the definition of θ it follows that

r =
1
2

[
[trg(F̃ )]2 − trg(F̃ 2)

]
. (3.5.34)

We now examine how the operators and induced geometric objects involved in
(3.5.26) defining the extrinsic scalar curvature r change with a change in screen
distribution. First, note that the local fundamental form B of M is independent
of the choice of screen distribution. Hence the mean curvature function σ of M
is invariant. Now, starting with a S(TM) with local orthonormal basis {Wi},
consider another screen distribution S(TM)′ with orthonormal basis

W ′
i =

n∑
j=1

P j
i (Wj − εjcjξ),
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where ci and P
j
i are smooth functions and {εj} represents the signature of {Wj}.

Below, we let W =
∑n

i=1 ciWi and ρ =
∑n

i=1 εi(ci)2 denote characteristic vec-
tor and scalar fields in respect of this screen change. Then, the following local
transformations are derived:

η′ = η + ω, A∗ξ
′ = A∗ξ − μ⊗ ξ

with ω = g(W, ·) and μ = B(W, ·). Also,

AN ′X = AN +
n∑
i

{εiciX(cc)− τ(X)εi(ci)2 +
1
2
εi(ci)2μ(X)

− ciC(X,Wi)}ξ +
n∑
i

{ci(τ(X) + μ(X))−X(ci)}Wi

−
∑

i

ci∇ ∗X Wi −
1
2
ρA∗ξX, ∀X ∈ Γ(TM |U)

and

ē′ = ē− 1
2
ρ2 R̄ic(ξ, ξ) + R̄ic(W,W )− ρR̄ic(N, ξ)

− θ R̄ic(ξ,W ) + 2 R̄ic(W,N).

3.6 Osserman lightlike hypersurfaces

Introduction. A primary interest in differential geometry is to determine the cur-
vature and the metric of a given smooth manifold, which distinguishes the ge-
ometry of this subject from the others that are analytic , algebraic or topolog-
ical. It is now well known that the research on the Osserman condition (which
involves sectional curvature and Jacobi operator) has provided substantial infor-
mation on the curvature and metric tensors of Riemannian [114, 115, 116] and
semi-Riemannian [201, 203] manifolds. This introduction is intended to provide
some background information for understanding the key role of Osserman mani-
folds in semi-Riemannian geometry and, in particular, Lorentzian geometry. This
information will help readers to understand a new class of lightlike Osserman hy-
persurfaces studied in a recent paper [20]. For details on the Osserman conjecture
in Riemannian geometry, we refer to [114, 115, 116]. Since an up-to-date account
of the semi-Riemannian Osserman geometry is available in a recent book [201] we
only state the needed results with appropriate references to the proofs.

Let (M, g) be a semi-Riemannian manifold. We write:

S−p (M) = {x ∈ TpM | g(x, x) = −1},
S+

p (M) = {x ∈ TpM | g(x, x) = 1},
Sp(M) = {x ∈ TpM | |g(x, x)| = 1} = S−p (M) ∪ S+

p (M),
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S−(M) = ∪p∈MS−p (M) the unit timelike bundle of (M, g),

S+(M) = ∪p∈MS+
p (M) the unit spacelike bundle of (M, g),

S(M) = ∪p∈MSp(M) the unit non-null bundle of (M, g).

Let z ∈ TpM and ∇ be a metric connection on M . Consider

R(· , z)z : TpM → TpM, p ∈M

a linear map defined by (R(· , z)z)x = R(x, z)z for anyX ∈ TpM , where R denotes
the curvature tensor of ∇. Then, using the curvature identities we have

R(· , z)z : TpM → Z⊥ (3.6.1)

where Z⊥ is a non-degenerate orthogonal space to Span{z} in TpM .

Definition 3.6.1. Let (M, g) be a semi-Riemannian manifold and Z ∈ S(M). Then,
the restriction R : z⊥ → z⊥ of the linear map (3.6.1) is called the Jacobi operator
to z, that is,

Rz x = R(x, z)z, ∀x ∈ z⊥.

It is easy to see that the Jacobi operator is a self-adjoint map. We say that
F ∈ ⊗4T �

pM is an algebraic curvature map (tensor) on TpM if it satisfies the
following symmetries:

F (x, y, z, w) = −F (y, x, z, w) = F (z, w, x, y),
F (x, y, z, w) + F (y, z, x, w) + F (z, x, y, w) = 0 (3.6.2)

for all x, y, z, w ∈ TpM , p ∈ M . The Riemann curvature tensor R is an algebraic
curvature tensor on the tangent space TpM , for every p ∈ M . For an algebraic
curvature map F on TpM , the associated Jacobi operator Fz is the linear map on
TpM characterized by the identity

g(Fzx, y) = F (x, z, z, y), (3.6.3)

where z ∈ TpM and x, y ∈ z⊥. Fz is a self-adjoint map and F is a spacelike
(respectively timelike) Osserman tensor if Spec{Fz} is constant on the pseudo-
sphere of unit spacelike (respectively unit timelike) vectors in TpM . These are
equivalent notions [203] and such a tensor is called an Osserman tensor. It is easy
to calculate that trRz = Ric(z, z). Also, let π = Span{x, z} be a non-degenerate
plane in TpM . Then, the sectional curvature of π is given by

K(π) =
g(R(x, z)z, x)

g(x, x)g(z, z)− g(z, z)2
=

g(Rzx, x)
g(x, x)g(z, z)

.

The basic problem is to what extent general sectional curvatures can provide
information on the curvature and metric tensors.

In general, for a semi-Riemannian case, Rz may not be diagonalizable. Thus,
we state the following Osserman conditions in terms of the characteristic polyno-
mial of Rz instead of the eigenvalues as in Riemannian geometry.
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Definition 3.6.2. A semi-Riemannian manifold (M, g) is called timelike (respec-
tively spacelike) Osserman at a point p ∈M if the characteristic polynomial of Rz

is independent of z ∈ S−p (M) (respectively S+
p (M)).

Theorem 3.6.3. [201] A semi-Riemannian manifold (M, g) is timelike Osserman
at p ∈M if and only if (M, g) is spacelike Osserman at p.

Remark 3.6.4. It follows from the above theorem that (M, g) is Osserman at
p ∈ M if (M, g) is both timelike and spacelike Osserman at p. Generalization of
the above local result for a global Osserman condition was first proved in [205]
for Riemannian manifolds and then its semi-Riemannian version was presented as
follows (proof is common with the Riemannian case).

Theorem 3.6.5. [201] Let (M, g) be a connected semi-Riemannian pointwise Os-
serman manifold such that,

(i) the Jacobi operators have only one eigenvalue and dimM ≥ 3, or

(ii) the Jacobi operators have exactly two distinct eigenvalues, which are either
complex or, real with constant multiplicities, at every p ∈M and dimM > 4.

Then (M, g) is globally Osserman.

Lorentzian Osserman manifolds. The solution to the Osserman condition in Lo-
rentzian geometry was originally studied separately for the timelike and the space-
like cases (see [71, 200]). However, in [201] the authors have given a simple proof
by using Theorem 3.6.5. Following are two of their main results.

Theorem 3.6.6. [201] A Lorentzian manifold (M, g) is Osserman at p ∈M if and
only if (M, g) is of constant sectional curvature at p.

Theorem 3.6.7. [201] If (M, g) is a connected (n ≥ 3)-dimensional Lorentzian
pointwise Osserman manifold, then, (M, g) is a real space form.

Null Osserman condition. Let ξ ∈ TpM be a null vector of an n-dimensional
Lorentzian manifold (M, g). Then ξ⊥ = (Span{ξ})⊥ is a degenerate vector space
containing Span{ξ}. Denote by ξ̄⊥ = ξ⊥/ Span{ξ} the (n−2)-dimensional quotient
space with the projection π : ξ⊥ → ξ̄⊥.

Definition 3.6.8. Let ξ be a null vector of a Lorentzian manifold (M, g). Then, the
linear map R̄ξ : ξ̄⊥ → ξ̄⊥ defined by

R̄x̄ = π (R(x, ξ)ξ) , x ∈ Γ(TM), π(x) = x̄,

where R is the curvature tensor of a linear connection ∇ onM , is called the Jacobi
operator with respect to ξ.

Remark 3.6.9. Note that, since R(ξ, ξ)ξ = 0, R̄ξ is well defined for any ξ ∈
Γ(RadTM). Also, R̄ξ is self-adjoint. Since g(ξ, ξ) = 0 for every null vector ξ,
there is no canonical way of determining a set of null vectors with respect to
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which the null Osserman condition can be defined. For this reason we use the
property that g(ξ, z) �= 0 for every null ξ and for every timelike z on a Lorentzian
manifold (see [317]) and define a canonical set of null vectors as follows:

Definition 3.6.10. Let (M, g) be a Lorentzian manifold with a null vector ξ and a
timelike unit vector z. Then, the null congruence N(z), determined by z at p, is
defined by

N(z) = {ξ ∈ Tp(M) : g(ξ, ξ) = 0 and g(ξ, z) = −1}.

Definition 3.6.11. Let (M, g) be a Lorentzian manifold of dim(M) ≥ 3.M is called
null Osserman with respect to a unit timelike vector z ∈ TpM if the characteristic
polynomial of R̄ξ is independent of ξ ∈ N(z).

Theorem 3.6.12. [201] Let (M, g) be a Lorentzian manifold of dimM ≥ 4 and
z, z′ ∈ TpM be linearly independent timelike unit vectors. A null Osserman man-
ifold (M, g), with respect to z and z′, is of constant sectional curvature at p ∈M .

Remark 3.6.13. See Chapters 1 through 3 of [201] for details on above introductory
notes. Also, for some special cases, such as semi-Riemannian Osserman manifolds
of signature (2, 2), new classification results for higher dimensions and the affine
Osserman condition, we suggest Chapters 4 through 6 of [201].

Since any semi-Riemannian manifold has lightlike subspaces, one reasonably
expects a role for Jacobi and Szabó type operators in the study of lightlike hyper-
surfaces M . However, since these operators need the use of an inverse of a metric,
the definition of these operators is not possible in the usual way for the lightlike
case. To deal with this problem, recently Atingdogbe-Duggal [20] have used the
concept of pseudo-inverse of a degenerate metric g [21] (see details in previous
section), defined pseudo-Jacobi operators and studied the Osserman condition in
lightlike hypersurfaces. To the best of our knowledge, at the time of publishing
this book, reference [20] is the only paper on the Osserman condition in lightlike
geometry. The objective of this section is to present the results of this sole paper.

Let (M, g, S(TM)) be a lightlike hypersurface of an (m+2)-dimensional semi-
Riemannian manifold (M̄, ḡ). Then, besides the problem of its degenerate metric
g, in general, induced Riemann curvature tensors on lightlike hypersurfaces are not
algebraic curvature tensors, i.e (3.6.2) does not hold. Therefore, as a first step, we
find conditions on a lightlike hypersurface to have an induced algebraic Riemann
curvature tensor so that (3.6.2) holds, using the pseudo-inverse of the degenerate
g.

Pseudo-Jacobi operators. We choose a screen distribution S(TM) of a lightlike
manifold M for obtaining an algebraic curvature tensor for M . Later on we
choose a canonical screen for results on Osserman hypersurfaces. Consider the
non-degenerate metric g̃ associated to g such that (3.5.1) and (3.5.2) hold. Let us
start by an intrinsic interpretation of relation (3.6.3) which in a semi-Riemannian
setting characterizes the Jacobi operator J associated to an algebraic curvature
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map R ∈ ⊗4T �
pM, (p ∈M). Indeed, we have equivalently for x in the unit bundle,

y, w in TpM ,

(JR(x)y)�g (w) = R(y, x, x, w), that is, (3.6.4)

JR(x)y = R(y, x, x, •)�g , (3.6.5)

where �g and �g are the usual isomorphisms between TpM and its dual T �
pM , for

a non-degenerate g. As stated above, the metric g and its associated metric g̃
coincide if the former is non-degenerate, and equivalently, relation (3.6.5) can be
written in the form

g̃(JR(x)y, w) = R(y, x, x, w),

in which JR(x)y is well defined. This leads to the following definitions.

Definition 3.6.14. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M̄, ḡ), p ∈ M , x ∈ Sp(M) and R ∈ ⊗4T �

pM an algebraic
curvature map. By a pseudo-Jacobi operator of R with respect to x, we mean the
self-adjoint linear map JR(x) of x⊥ defined by

JR(x)y = R(y, x, x, •)�g ,

where �g denotes the isomorphism on the triplet (M, g, S(TM)).

Definition 3.6.15. We say that a lightlike hypersurface (M, g, S(TM)) of a semi-
Riemannian manifold (M̄, ḡ) is null transversally closed if its transversal lightlike
bundle tr(TM) is parallel along the radical direction, that is

∇̄UV ∈ tr(TM), ∀ U ∈ RadTM and V ∈ tr(TM).

Contrary to the non-null case, the induced curvature tensor of a lightlike
hypersurface (M, g, S(TM)) may not be an algebraic curvature tensor. For this
we prove the following result.

Theorem 3.6.16. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemann-
ian manifold (M̄, ḡ). If the induced Riemann curvature tensor of M is an algebraic
curvature tensor, then at least one of the following holds:

(a) M is totally geodesic.

(b) M is null transversally closed.

Proof. Let ∇̄ and ∇ be the Levi-Civita connection on M̄ and the induced con-
nection on M , with R̄ and R their curvature tensors, respectively. We use the
following range of indices: indices 0 ≤ α, β, γ, . . . ≤ m; 1 ≤ i, j, k, . . . ≤ m and
0 ≤ A,B,C, . . . ≤ m+1. Consider on M̄ a local frame {ξ = ∂

∂u0 ,
∂

∂ui , N} such that
{ξ = ∂

∂u0 ,
∂

∂ui } is a frame on M . Write ∂A for ∂
∂uA . Using the local expressions of

R̄ and R and Gauss-Weingarten equations, we obtain

Rijkh = R̄ijkh + CihBjk − CikBjh, (3.6.6)
Rij0h = R̄ij0h − CiBjh (3.6.7)
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where Bij = B(∂i, ∂j), Cij = C(∂i, ∂j), Cα = C(∂α, ξ) are the components of
second fundamental forms of M and S(TM). Thus, the tensor R ∈ ⊗4T ∗pM does
not have the usual symmetries of a semi-Riemannian curvature tensor. Now assume
that the induced Riemann curvature tensor R defines an algebraic curvature map.
Using (3.6.7) we obtain

Rij0h = R̄ij0h − CiBjh = −R̄ji0h − CiBjh = −(R̄ji0h + CiBjh).

Thus,
Rij0h = −Rji0h ⇐⇒ CiBjh = −CjBih, ∀1 ≤ i, j, h ≤ n.

Using the symmetry of B and (2.1.6) leads to

CiBjh = −CjBih = −CjBhi = ChBji (From (2.1.6))
= ChBij = −CiBhj = −CiBjh ∀ 1 ≤ i, j, h ≤ n.

Hence,
CiBjh = 0, ∀ i, j, h, (3.6.8)

that is, Ci = 0 ∀ i or Bjh = 0 ∀j, h. Since B(ξ, •) = 0, Bjh = 0 ∀j, h leads to
M totally geodesic. Now, assume that in (3.6.8) there exist h0 and j0 such that
Bj0h0 �= 0. Then Ci = 0 ∀i. This leads to the following:

Ci = C(ξ, ∂i) = ḡ(∇ξ∂i, N) = ḡ(∇̄ξ∂i, N)
= −ḡ(∂i, ∇̄ξN), ∀ 1 ≤ i ≤ n.

Hence, the null transversally closed condition (see Definition 3.6.15) is equivalent
to Ci = 0 ∀ i and the proof is complete. �

We know from the previous chapter that a large number of lightlike hyper-
surfacesM of semi-Riemannian manifolds do have integrable screen distributions.
Moreover, we know that every screen distribution of a screen conformal M (see
Section 2 of Chapter 2) is integrable. So it seems reasonable to prove the following
characterization result.

Theorem 3.6.17. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Rie-
mannian manifold (M̄, ḡ), with non-totally geodesic integrable screen distribution
S(TM). Then, the induced Riemann curvature tensor of M defines an algebraic
curvature map if and only if M is either totally geodesic or locally screen confor-
mal, with ambient holonomy condition

R̄(X,PY )(RadTM) ⊂ RadTM ∀X,Y ∈ Γ(TM).

Proof. Assume the induced Riemann curvature tensor defines an algebraic curva-
ture map and consider relation (3.6.6). We have

Rijkh = R̄ijkh + CihBjk − CikBjh

= −R̄jikh + CihBjk − CikBjh

= −
(
R̄jikh + CikBjh − CihBjk

)
.
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Thus,
Rijkh = −Rjikh ⇐⇒ CikBjh − CihBjk = CjhBik − CjkBih.

Also,

Rijkh = R̄ijkh + CihBjk − CikBjh

= R̄khij + CihBjk − CikBjh.

So,
Rijkh = Rkhij ⇐⇒ CihBjk − CikBjh = CkjBhi − CkiBhj .

Then, since S(TM) is integrable, C is symmetric and we have

CjkBih = CihBkj , ∀i, j, k, h.

Now, we distinguish two cases:M is totally geodesic or not. IfM is totally geodesic
then M is not screen conformal since C �= 0. If M is not totally geodesic, there
exist j0 and k0 such that Bj0k0 �= 0. Then, we have

Cih =
Ck0j0

Bk0j0

Bih, ∀ i, h.

Observe that Ck0j0 �= 0, otherwise C would vanish identically at some p ∈ M .
Also, by continuity, Bk0j0 is non-zero in a neighborhood U of p in M . Define
the function ϕ on U by ϕ(x) = Ck0j0

Bk0j0
(x). Then C(X,Y ) = ϕB(X,Y ) for all

X , Y in Γ(S(TM |U )), which is equivalent to ANX = ϕ
�

Aξ X , for all X , Y in

Γ(S(TM |U)). Finally note that
�

Aξ ξ = 0. Also, since M is non-totally geodesic, it

is null transversally closed, that is ANξ = 0. Thus ANX = ϕ
�

Aξ X for all X , Y
in Γ(TM |U), that is, M is screen conformal as per (2.2.1). In addition,

〈R̄(X,PY )ξ, Z〉 = −〈R̄(Z, ξ)X,PY 〉 (2.4.4)
= −〈R(Z, ξ)X,PY 〉

−B(Z,X)C(ξ, PY ) +B(ξ,X)C(Z, PY )
= −〈R(Z, ξ)X,PY 〉 = −〈R(X,PY )Z, ξ〉 = 0.

Thus, R̄(X,PY )RadTM ⊂ RadTM .
Conversely, assume that M is either totally geodesic or screen locally con-

formal with required ambient holonomy condition. Observe that the first Bianchi
identity is straightforward. Also, if M is totally geodesic there is nothing more to
prove since R̄|TM = R. Now we consider M to be screen conformal with B �= 0
and show that R defines an algebraic curvature map. From (2.4.4) we have for X ,
Y , Z ∈ Γ(TM) and W ∈ S(TM),

〈R̄(X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+B(X,Z)C(Y,W )−B(Y, Z)C(X,W ).
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Thus, since C(X,W ) = ϕB(X,W ), the above equation becomes

〈R̄(X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+ ϕ [B(X,Z)B(Y,W )−B(Y, Z)B(X,W )] .

Put
B(X,Y, Z,W ) = B(X,Z)B(Y,W )−B(Y, Z)B(X,W ).

We have
〈R(X,Y )Z,W 〉 = 〈R̄(X,Y )Z,W 〉 − ϕB(X,Y, Z,W ), (3.6.9)

and it is straightforward that B has the required symmetries. So the left-hand
side of (3.6.9) has the required symmetries. For the right-hand side, first we have
〈R(X, Y )Z, ξ〉 = −〈R(Y,X)Z, ξ〉 = 0. Now,

〈R(Z, ξ)X,Y 〉 = 〈R(Z, ξ)X,PY 〉
= 〈R̄(Z, ξ)X,PY 〉 −B(Z,X)C(ξ, PY ) +B(ξ,X)C(Z, PY ),
= 〈R̄(Z, ξ)X,PY 〉 = −〈R̄(X,PY )ξ, Z〉 = 0,

by the ambient holonomy condition and the proof is complete. �

Example 6. A simple but basic example is the lightlike cone ∧n+1
0 at the origin of

Rn+2
1 for which the null transversal normalization

N =
1

2(x0)2

[
−x0 ∂

∂x0
+

n+1∑
a=1

xa ∂

∂xa

]

induces the algebraic curvature tensor

R(X,Y )Z =
1

2(x0)2
[g(Y, Z)PX − g(X,Z)PY ] ,

where P is the projection morphism on the screen associated to N . Its associated
pseudo-Jacobi operator is then given, for x ∈ Sp(∧n+1

0 ), by

JR(x) =
1

2(x0)2
〈x, x〉 ◦ P.

Remark 3.6.18. (a) If the screen distribution S(TM) is integrable and for any
x ∈ Sp(M), (p ∈M), JR(x) preserves the radical distribution, then, since g and g̃
coincide on S(TM), relation (3.6.4) (or equivalently (3.6.5) shows that the pseudo-
Jacobi operator JR induces a Jacobi operator JR′ on (M ′, g′ = g|M′), where M ′

is a leaf of S(TM) and R′ the restriction on S(TM) of R.
(b) LetR be the induced (algebraic) Riemann curvature tensor ofM , (p ∈M)

and ξ ∈ RadTpM . Then, we have

JR(x)ξ = 0. (3.6.10)
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Indeed, for all x ∈ Sp(M), z ∈ TpM ,

g̃(JR(x)ξ, z) = R(ξ, x, x, z) = g(R(z, x)x, ξ) = 0,

and since g̃ is non-degenerate on TM , we have JR(x)ξ = 0.
(c) Note also that the screen subspace is preserved by JR. For this, it suffices

to show that for all x ∈ Sp(M), z ∈ S(TpM), η(JR(x)z) = 0 which is equivalent
to g̃(J(x)z, ξ) = 0 using (2.5.2). But

g̃(JR(x)z, ξ) = R(z, x, x, ξ)
def.
= g(R(ξ, x)x, z)

(3.6.2)
= −g(R(x, z)x, ξ) = 0.

Lightlike Osserman hypersurfaces. By the approach following [149]), the extrinsic
geometry of lightlike hypersurfaces (M, g, S(TM)) depends on a choice of screen
distribution, or equivalently, normalization. Since the screen distribution is not
uniquely determined, a well-defined concept of the Osserman condition is not pos-
sible for an arbitrary lightlike hypersurface of a semi-Riemannian manifold. Thus,
one must look for a class of normalization for which the induced Riemann curva-
ture and associated Jacobi operator has the desired symmetries and properties.
Precisely, we introduce the following:

Definition 3.6.19. A screen distribution S(TM) of a lightlike hypersurface M is
said to be admissible if the associated induced Riemann curvature of M is an
algebraic curvature.

Based on Theorem 3.6.17, we observe that any screen conformal lightlike
hypersurface in a semi-Euclidean space admits an admissible screen distribution
since its induced curvature tensor defines an algebraic curvature map. In particu-
lar, the canonical screens on the lightlike cones, Monge hypersurfaces and totally
geodesic lightlike hypersurface all admit admissible screens. Thus, there exists a
large class of semi-Riemannian manifolds of an arbitrary signature which admit
admissible canonical screen distributions. We make the following definition:

Definition 3.6.20. A lightlike hypersurface (M, g) of a semi-Riemannian manifold
(M̄, ḡ) of constant index is called timelike (resp. spacelike) Osserman at p ∈M if,
for each admissible screen distribution S(TM) and associated induced algebraic
curvature R, the characteristic polynomial of JR(x) is independent of x ∈ S−p (M)
(resp. x ∈ S+

p (M) ). Moreover, if this holds at each p ∈ M , then (M, g) is called
pointwise Osserman .

Remark 3.6.21. Based on the discussion so far, it is clear that the above defi-
nition of Osserman condition is independent of the choice of admissible screen
distribution. This conclusion is noteworthy for the entire study of the geometry of
Osserman lightlike hypersurfaces.

Example 7. Being totally umbilical is independent of the choice of screen distri-
bution. Now for a given admissible screen on the lightlike cone ∧n+1

0 of Rn+2
1 , the
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induced curvature tensor is given by

R(X,Y )Z =
1

2(x0)2
[g(Y, Z)PX − g(X,Z)PY ]

with P the projection morphism of the tangent bundle T∧n+1
0 onto the screen

distribution and the pseudo-Jacobi operator is given for z ∈ Sp(∧n+1
0 ) by

JR(z) =
1

2(x0)2
〈z, z〉 ◦ P.

It follows that the characteristic polynomial is given by

fz(t) = −t[ ε

2(x0)2
− t]n−1, ε = sign(z) = ±1,

which is independent of both admissible screen distributions and z ∈ S−p (∧n+1
0 )

(resp. z ∈ S+
p (∧n+1

0 )). The lightlike cone is then timelike (resp. spacelike) pointwise
Osserman.

An adaptation of the technique in [201, pp. 4-5] to the lightlike case and
following the same steps show that (M, g) being timelike Osserman at p ∈ M is
equivalent to (M, g) being spacelike Osserman at p. More precisely, we have

Theorem 3.6.22. Let (M, g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M̄, ḡ). Then, (M, g) is timelike Osserman at p if and only if it is spacelike
Osserman at p.

From now on we refer to Osserman at p as both timelike and spacelike. Recall
[149] that the screen distribution S(TM) is totally umbilical if and only if on any
coordinate neighborhood U ∈ M , there exists a smooth function λ such that
C(X,PY ) = λg(X,Y ), ∀X,Y ∈ TM |U . Then, since C is symmetric in S(TM),
it follows that any totally umbilical S(TM) is integrable. In case λ = 0 there is a
totally geodesic screen foliation on M . For this latter case, the following holds:

Theorem 3.6.23. Let (M, g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M̄, ḡ), whose admissible screen distributions are totally geodesic in a neigh-
borhood U of a p ∈ M . Then, (M, g) is Osserman at p if and only if the semi-
Riemannian screen leaves are Osserman at this point. In particular, if (M̄, ḡ)
has constant index ν = 2, then, (M, g) is Osserman at p if and only if semi-
Riemannian admissible screen leaves are of constant sectional curvature at p.

Proof. Consider a totally geodesic admissible screen distribution S(TM) on U ⊂
M . Let R, R′ and R∗ denote the algebraic curvature tensors induced on (M, g) by
S(TM), the restriction of R on S(TM) and the Riemann curvature tensor given
by the Levi-Civita connection ∇ on the screen distribution, respectively. We first
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show that under the hypothesis, we have R′ = R∗ at p. Let x, y, z ∈ S(TpM). By
straightforward calculation using equations of (2.4.1) and (2.4.2), we have

R′(x, y)z = R(x, y)z = R∗(x, y)z +
[
C(x, z)A∗ξy − C(y, z)A∗ξx

]
+ [(∇xC)(y, z)− (∇yC)(x, z) + τ(y)C(x, z)
− τ(x)C(y, z)] ξ.

Thus, we get R′(x, y)z = R∗(x, y)z from C = 0. Also, x ∈ Sp(M) if and only if
x∗ ∈ Sp(M�), with x∗ = Px and M� the leaf of S(TM) through p. Moreover,
x⊥ = (Px)⊥ and JR(x) = JR(Px). We infer that JR∗x

∗ is the restriction of JR(x)
to x∗⊥S(TM) . On the other hand, observe that

x⊥ = x∗⊥S(T M) ⊕orth TM⊥

and from (3.6.10) we have JR(x)ξ = 0 for all ξ ∈ RadTM . Then, let fx(t) and
hx∗ denote the characteristic polynomials of JR(x) (x ∈ S−p (M)) and JR∗x

∗ (x∗ ∈
S−p (M�)) with x∗ = Px, respectively. We have

fx(t) = t hx∗(t)

which shows that the characteristic polynomial of JR(x) is independent of x ∈
S−p (M) if and only if the characteristic polynomial of JR∗x

∗ is independent of
x∗ ∈ S−p (M�). Hence, (M, g) is timelike Osserman at p if and only if M� (as
a semi-Riemannian manifold) is timelike Osserman at p. Similar is the case for
S+

p (M) and x∗ ∈ S+
p (M

�). Since S(TM) is an arbitrary admissible screen, the
first part of the theorem is proved. Now, assume that (M̄, ḡ) has constant index
ν = 2. Then, TpM is a degenerate space of signature (0,−,+, . . . ,+). It follows
that screen leaves through p are Lorentzian manifolds. but it is well known [201,
p.41] that the latter are Osserman at p if and only if they are constant sectional
curvature at this point. This completes our proof. �
Theorem 3.6.24. Let (M, g) be a totally umbilical lightlike hypersurface of an
(m + 2)-dimensional semi-Riemannian manifold of constant sectional curvature
(M̄(c), ḡ). The set of admissible screen distributions reduces to totally umbilical
ones. Also, M is pointwise Osserman and for each admissible S(TM), RicS(TM)

is symmetric and M is locally Einstein.

Proof. If ρ �= 0 then M is proper totally umbilical. Using (2.5.1), we get

R(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y }
+ ρ{g(Y, Z)ANX − g(X,Z)ANY }. (3.6.11)

Now pick an admissible screen S(TM) and let R denote the associate induced
curvature tensor. Then, under the hypothesis, g(R(X,Y )Z, V ) = g(R(Z, V )X,Y )
for all X,Y, Z, V , we have

ρ{g(Y, Z)g(ANX,V )− g(X,Z)g(ANY, V )
−g(V,X)g(ANZ, Y ) + g(Z,X)g(ANV, Y )} = 0
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∀X,Y, Z, V ∈ Γ(TM). Since ρ �= 0, choose a Z ⊥ X and g(Y, Z) = 1 to get

g (ANX − g(ANZ, Y )X,V ) = 0

for all X,V ∈ TM |U . Thus, ANX = λPX with λ = g(ANZ, Y ), that is the screen
distribution is totally umbilical.

Conversely, suppose ANX = λPX for some smooth λ in C∞(M). Then,
(3.6.11) becomes

R(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y }
+ λρ{g(Y, Z)PX − g(X,Z)PY }, (3.6.12)

which defines an algebraic curvature map, that is S(TM) is admissible.
Now, let S(TM) be an arbitrary admissible screen distribution on M . We

compute the induced Ricci curvature with respect to S(TM) using (3.6.12). Con-
sider a quasi-orthonormal basis {ξ,W1, . . . ,Wn} on TM |U . Then,

Ric(X,Y ) =
m∑

i=1

g(R(X,Wi)Y,Wi) + ḡ(R(X, ξ)Y,N)

= c [g(X,Y )− ng(X,Y )] + λρ [g(X,Y )− ng(X,Y )]− cg(X,Y )
= [(1− n)λρ− nc] g(X,Y ).

Hence, the Ricci tensor is symmetric. Moreover M is locally Einstein. Finally, let
x ∈ Sp(M), p ∈M , y ∈ x⊥. Then,

JR(x)y = R(y, x, x, ·)�g

(3.6.12)
= [c{g(x, x)g(·, y)− g(·, x)g(x, y)}

λρ{g(x, x)g(·, y)− g(·, x)g(x, y)}]�g

= (c+ λρ)g(x, x)g(·, y)�g

= (c+ λρ)g(x, x)Py.

Hence, in an adapted quasi-orthonormal basis and using Remark 3.6.18(b), the
matrix of JR(x) has the form⎛⎜⎜⎜⎜⎝

0 . . . . . . 0
...
... (c+ λρ)g(x, x)In−1

0

⎞⎟⎟⎟⎟⎠ .

Then, the characteristic polynomial fx of JR(x) is given by

fx(t) = −t [(c+ λρ)g(x, x) − t]n−1 ,

with g(x, x) = ±1 and for arbitrary given admissible screen distribution. Thus M
is pointwise Osserman, which completes the proof. �
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Corollary 3.6.25. A lightlike surface M of a 3-dimensional Lorentz manifold M̄(c)
is pointwise Osserman if and only if it is null transversally closed.

Proof. It is well known [149, page 111] that any lightlike surface of a 3-dimensional
Lorentz manifold M̄ is either proper totally umbilical or totally geodesic. Hence,
it remains only to find a necessary and sufficient condition for existence of an
umbilical screen line bundle S(TM) on M . As such a S(TM) is non-degenerate,
let λ = C(W,W )

g(W,W )
with S(TM) = Span{W}. Then C(X,PY ) = λg(X,Y ) ∀X,Y ∈

TM |U if and only if C(ξ,W ) = 0, that is M is null transversally closed. �

In the semi-Riemannian case, we know [201] that being Osserman at a point
simplifies the geometry at that point as the manifold is Einstein at that point.
Moreover, if the latter is connected and of at least dimension 3, by Schur’s lemma
in [62], it is Einstein. For lightlike hypersurface, this is not always the case as is
shown in the next theorem using the following lemma.

Lemma 3.6.26. Let (M, g, S(TM)) be a lightlike hypersurface of an (n+2)-dimen-
sional semi-Riemannian manifold (M̄, ḡ), with induced algebraic Riemannian cur-
vature map R. For all x ∈ SpM , p ∈M we have

trJR(x) = Ric(x, x)− η(R̄(ξ, x)x).

Proof. Let (e0 = ξ, e1 = Px, e2, . . . , en, N) be a ḡ-quasi orthonormal basis of TpM̄
with TpM = Span{(e0, e1, e2, . . . , en)} and S(TpM) = Span{(e1, e2, . . . , en)}. We
have

tr JR(x) =
n∑

α=0
α
=1

g[αα]g̃(JR(x)eα, eα)

=
n∑

α=2

g[αα]g̃(JR(x)eα, eα) + g[0 0]g̃(JR(x)ξ, ξ)

=
n∑

α=2

g[αα]R(eα, x, x, eα) =
n∑

α=2

g[αα]g(R(eα, x)x, eα)

= g[e1e1]g(R(x, x)x, x) +
n∑

α=2

g[αα]g(R(eα, x)x, eα)

+ ḡ(R(ξ, x)x,N) − ḡ(R(ξ, x)x,N)

= Ric(x, x) − η(R(ξ, x)x)
(2.4.1)
= Ric(x, x) − η(R̄(ξ, x)x). �

Theorem 3.6.27. Let (M, g) be a lightlike hypersurface that is Osserman at p ∈M .
If for an admissible screen distribution S(TM), RS(TM)(ξ, •)ξ is zero for a ξ ∈
RadTM , and |η(R̄(ξ, x)x)| < μ ∈ R for every x ∈ S−p (M) (or every x ∈ S+

p (M)),
then (M, g, S(TM)) is Einstein at p ∈M .



3.6. Osserman lightlike hypersurfaces 155

Proof. Let M̄ be the ambient semi-Riemannian manifold of M . Denote by R′ and
g′ the restriction on S(TM) of the induced algebraic curvature tensor R and the
metric tensor g on M , respectively. The Osserman condition at p implies that
the characteristic polynomial of JR is the same for every x ∈ S−p (M) (or every
x ∈ S+

p (M)). Then | tr JR(x)| is bounded on S−p (M) (and S+
p (M)). Now, using

Lemma 3.6.26, we have for every x ∈ S−p (M) (or every x ∈ S+
p (M)),

|Ric(x, x)| ≤ | trJR(x)|+ |η(R̄(ξ, x)x)|.

It follows that there exist α ∈ R such that |Ric(x, x)| ≤ α for every x ∈ S−p (M)
(or every x ∈ S+

p (M)). In particular, we have

|Ric′(x, x)| ≤ α

for every x ∈ S(TpM) ∩ S−p (M) (or every x ∈ S(TpM) ∩ S+
p (M)). Therefore,

since (S(TpM), g′) is non-degenerate, it follows from a well-known algebraic result
(see [121]) that

Ric′(x, y) = λg′(x, y) ∀x, y ∈ S(TpM), withλ ∈ R. (3.6.13)

Consider (e0 = ξ, e1, . . . , en, N) a ḡ-quasi orthonormal basis of TpM̄ with TpM =
Span{(e0, e1, . . . , en)} and S(TpM) = Span{(e1, . . . , en)}. We show that for all
x ∈ TpM , Ric(ξ, x) = Ric(x, ξ) = 0. Indeed, we have

Ric(ξ, x) = g[00]g̃(R(ξ, ξ)x, ξ) +
n∑

i=1

g[ii]g̃(R(ei, ξ)x, ei)

=
n∑

i=1

g′iig(R(ei, ξ)x, ei) =
n∑

i=1

g′iig(R(x, ei)ei, ξ) = 0.

Now,

Ric(x, ξ) = g[00]g̃(R(ξ, x)ξ, ξ) +
n∑

i=1

g′iig(R(x, ei)ξ, ei)

= η(R(ξ, x)ξ)
(2.4.9)
= η(R̄(ξ, x)ξ) = 0

by hypothesis. Hence, since g(ξ, •) = g(•, ξ) = 0, the latter together with (3.6.13)
leads to Ric(x, y) = λg(x, y), for all x, y ∈ TpM , that is, (M, g, S(TM)) is
Einstein at p ∈M . �
Corollary 3.6.28. Let (M, g) be a lightlike hypersurface of a flat semi-Riemannian
manifold M̄ . If (M, g) is Osserman at p ∈M then it is Einstein at p.

Proof. This is an immediate consequence of the previous theorem since the flat
condition implies R̄(ξ, ·)ξ = 0, ∀ξ ∈ RadTM and η(R̄(ξ, x)x) = 0. �
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Half-lightlike submanifolds

There are two cases of codimension 2 lightlike submanifolds M since for this type
the dimension of their radical distribution RadTM is either one or two. A codi-
mension 2 lightlike submanifold is called half-lightlike [147] if dim(RadTM) = 1.
The objective of this chapter is to present up-to-date results of this sub-case.

4.1 Basic general results

Let ( M̄, ḡ ) be an (m+2)-dimensional semi-Riemannian manifold of index q ≥ 1
and (M, g) a lightlike submanifold of codimension 2 of M̄ . Since g is degenerate,
there exists locally a vector field ξ ∈ Γ (TM), ξ �= 0, such that g ( ξ , X ) = 0, for
any X ∈ Γ (TM). Then, for each tangent space TxM we consider

TxM
⊥ = {u ∈ Tx M̄ : ḡ (u , v ) = 0, ∀ v ∈ TxM }

which is a degenerate 2-dimensional subspace of Tx M̄ . Since M is lightlike, both
TxM and TxM

⊥ are degenerate orthogonal subspaces but no longer complemen-
tary. In this case the dimension of RadTxM = TxM

⋂
TxM

⊥ depends on the
point x ∈ M. Denote by RadTM a radical (null) distribution of the tangent bun-
dle space TM of M . The radical subspace RadTxM is either a 1-dimensional or
a 2-dimensional subspace of TxM . There exists a complementary non-degenerate
distribution S(TM) to RadTM in TM , called a screen distribution of M , with
the orthogonal distribution

TM = RadTM ⊕orth S(TM).

The submanifold (M, g, S(TM)) is called a half-lightlike submanifold [147, 154]
if dim(RadTM) = 1. The term half-lightlike has been used since for this class
(TM)⊥ is half lightlike. On the other hand, if dim(RadTM) = 2, then, RadTM =
T M⊥ and (M, g, S(TM)) is called a coisotropic submanifold [154]. The latter
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[147, 154] class is discussed in the next chapter. In this section, we present results
on half-lightlike submanifolds (published in [147, 154, 158]) for which there exist
ξ , u ∈ TxM

⊥ such that

ḡ ( ξ, v ) = 0, ḡ (u , u ) �= 0, ∀ v ∈ TxM
⊥.

The above relations imply that ξ ∈ TxM , so ξ ∈ RadTx M . Therefore, locally
there exists a lightlike vector field ξ on M such that

ḡ ( ξ , X ) = ḡ ( ξ , u ) = 0, ∀X ∈ Γ(TM), u ∈ Γ(TM⊥).

Thus, the 1-dimensional RadTM of a half-lightlike submanifold M is locally
spanned by ξ. In this case there exists a supplementary distribution S(TM)
to RadTM in TM . Next, consider the orthogonal complementary distribution
S(TM⊥) to S(TM) in TM̄ . Certainly ξ and u belong to Γ (S(TM)⊥ ). From now
on, we choose u as a unit vector field and put

ḡ (u , u ) = ε ,

where ε = ± 1. Since RadTM is a 1-dimensional vector sub-bundle of TM⊥ we
may consider a supplementary distribution D to RadTM such that it is locally
represented by u. We call D a screen transversal bundle of M . Hence we have the
orthogonal decomposition

S(TM)⊥ = D ⊥ D⊥,

where D⊥ is the orthogonal complementary distribution to D in S(TM)⊥. Taking
into account that D⊥ is non-degenerate and ξ ∈ Γ (D⊥ ), there exists a unique
locally defined vector field N ∈ Γ (D⊥ ), satisfying

ḡ (N , ξ ) �= 0, ḡ (N , N ) = ḡ (N , u ) = 0 (4.1.1)

if and only if N is given by

N =
1

ḡ(ξ, V )
{V − ḡ(V, V )

2 ḡ(ξ, V )
ξ }, V ∈ Γ(F|U ) (4.1.2)

such that ḡ(ξ, V ) �= 0. Here, F is a complementary vector bundle of RadTM
in D⊥. Hence N is a lightlike vector field which is neither tangent to M nor
collinear with u since ḡ(u , ξ) = 0. If we choose ξ∗ = α ξ on another neighborhood
of coordinates, then we obtain N∗ = 1

α
N . Thus we say that the vector bundle

tr(TM) defined over M by

tr(TM) = D ⊕orth ltr(TM),

where ltr(TM) is a 1-dimensional vector bundle locally represented by N , is the
lightlike transversal bundle of M with respect to the screen distribution S(TM).
Therefore,

TM̄ = S(TM) ⊥ (RadTM ⊕ tr(TM))
= S(TM) ⊥ D ⊥ (RadTM ⊕ ltr(TM)). (4.1.3)
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As per decomposition (4.1.3), choose the field of frames {ξ, F1, . . . , Fm−1} and
{ξ, F1, . . . , Fm−1, u,N} on M and M̄ respectively, where {F1 , . . . , Fm− 1 } is an
orthonormal basis of Γ(S(TM)). Denote by P the projection of TM on S(TM)
with respect to the decomposition (4.1.3) and obtain

X = PX + η(X) ξ , ∀X ∈ Γ(TM) ,

where η is a local differential 1-form on M given by

η (X) = ḡ(X , N). (4.1.4)

Suppose ∇̄ is the metric connection on M̄ . Using (4.1.3), we put

∇̄XY = ∇XY + h (X , Y ) ,
∇̄XN = −ANX +∇XN , (4.1.5)
∇̄Xu = −AuX +∇Xu ,

for any X ,Y ∈ Γ (TM), where ∇XY , ANX and AuX belong to Γ (TM), while
h (X , Y ),∇XN and ∇Xu belong to Γ (tr (TM)). It is easy to check that ∇ is a
torsion-free linear connection on M , h is a Γ (tr (TM))-valued symmetric F (M)-
bilinear form on Γ (TM). Since {ξ , N} is locally a pair of lightlike sections on U ⊂
M , we define symmetric F (M)-bilinear forms D1 and D2 and 1-forms ρ1 , ρ2 , ε1
and ε2 on U by

D1 (X , Y ) = ḡ (h (X , Y ) , ξ ),
D2 (X , Y ) = ε ḡ (h (X , Y ) , u ),

ρ1 (X) = ḡ (∇XN , ξ ), ρ2 (X) = ε ḡ (∇XN , u ),
ε1 (X) = ḡ (∇Xu , ξ ), ε2 (X) = ε ḡ (∇Xu , u ),

for any X , Y ∈ Γ (TM). It follows that

h (X , Y ) = D1 (X , Y )N +D2 (X , Y )u, (4.1.6)
∇XN = ρ1 (X)N + ρ2 (X)u ,
∇Xu = ε1 (X)N + ε2 (X)u .

Hence, on U , equations (4.1.5) become

∇̄XY = ∇XY +D1 (X , Y )N +D2 (X , Y )u , (4.1.7)
∇̄XN = −ANX + ρ1 (X)N + ρ2 (X)u , (4.1.8)
∇̄Xu = −AuX + ε1 (X)N + ε2 (X)u , (4.1.9)

for any X , Y ∈ Γ (TM). We call h, D1 and D2 the second fundamental form, the
lightlike second fundamental form and the screen second fundamental form of M
with respect to tr (TM) respectively. Both AN and Au are linear operators on
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Γ (TM). The first one is Γ (S(TM))-valued, called the shape operator of M . Since
u is a unit vector field, (4.1.8) implies ε2 (X) = 0. In a similar way, since ξ and N
are lightlike vector fields, from (4.1.6)–(4.1.8) we obtain

D1 (X , ξ) = 0, (4.1.10)
ḡ (ANX , N) = 0, (4.1.11)
ḡ (AuX ,Y ) = εD2 (X ,Y ) + ε1 (X) η (Y ). (4.1.12)

Next, by using (4.1.4), (4.1.7) - (4.1.8) and (4.1.12), we obtain

ρ1 (X) = − η (∇Xξ), (4.1.13)
ρ2 (X) = ε η (AuX), (4.1.14)
ε1 (X) = − εD2(X , ξ), ∀X ∈ Γ (TM). (4.1.15)

Since ∇̄ is a metric connection, using (4.1.7) we obtain

(∇Xg) (Y , Z) = D1(X ,Y ) η (Z) +D1 (X ,Z) η (Y ) (4.1.16)

for any X , Y , Z ∈ Γ (TM). Thus, in general, the induced connection ∇ is linear
but not a metric (Levi-Civita) connection. From (4.1.7) it follows that D1 and D2

are symmetric bilinear forms on Γ (TM) and they do not depend on the screen
distribution. In fact, we have

ḡ (∇̄XY , ξ) = D1 (X ,Y ), ḡ (∇̄XY , u) = εD2 (X ,Y ),

for any X ,Y ∈ Γ (TM). However, we note that both D1 and ρ1 depend on
the section ξ ∈ Γ (RadTM). Indeed, in case we take ξ∗ = α ξ, it follows that
N∗ = 1

α
N . Hence we obtain D∗1 = αD1 and

ρ1 (X) = ρ∗1 (X) +X (log α),

for any X ∈ Γ (TM). Thus, using the differential 2-form

d ρ1 (X , Y ) =
1
2
{X(ρ1(Y ))− Y (ρ1(X))− ρ1([X , Y ])},

we obtain

Theorem 4.1.1. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold (M̄ , ḡ) of codimension 2. Suppose ρ1 and ρ∗1 are 1-forms on U with respect
to ξ and ξ∗, respectively. Then, d ρ∗1 = d ρ1 on U .

Next, consider the decomposition (4.1.3) and obtain

∇XPY = ∇∗XPY + h∗ (X ,PY ),

∇Xξ = −A∗ξX +∇⊥Xξ (4.1.17)
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for any X ,Y ∈ Γ (TM), where ∇∗XPY and A∗ξ belong to Γ (S(TM)), while
h∗ (X ,PY ) and ∇⊥Xξ belong to Γ (RadTM). Also ∇∗ and ∇⊥ are linear connec-
tions on the screen and radical distribution respectively, A∗ξ is a linear operator
on Γ (TM), h∗ is a bilinear form on Γ (TM) × Γ (S(TM)) and ∇∗ is a metric
connection on S(TM). Locally, we define on U ,

E1 (X , PY ) = ḡ (h∗ (X , PY ) , N ), ∀X,Y ∈ Γ (TM),

and
u1 (X) = ḡ (∇⊥Xξ , N ), ∀X ∈ Γ (TM).

It follows that

h∗ (X , PY ) = E1 (X , PY ) ξ, ∀X,Y ∈ Γ (TM),

and
∇⊥Xξ = u1 (X) ξ.

Hence, on U , locally, equations (4.1.17) become

∇XPY = ∇∗XPY + E1(X ,PY ) ξ, (4.1.18)
∇Xξ = −A∗ξX + u1 (X) ξ. (4.1.19)

We call h∗ and E1 the second fundamental form and the local second fundamental
form of S(TM) with respect to Rad(TM ) and A∗ξ the shape operator of the screen
distribution. The geometric objects from Gauss and Weingarten equations (4.1.7)–
(4.1.9) on one side and (4.1.18) and (4.1.19) on the other side are related by

E1 (X , PY ) = g(ANX , PY ), (4.1.20)
D1 (X , PY ) = g(A∗ξX , PY ), (4.1.21)

u1(X) = − ρ1 (X),

for any X ,Y ∈ Γ (TM). Hence (4.1.19) becomes

∇Xξ = −A∗ξX − ρ1 (X) ξ.

From (4.1.10) and (4.1.21) we derive

A∗ξξ = 0. (4.1.22)

Thus, ξ is an eigenvector of A∗ξ corresponding to the zero eigenvalue. Using torsion-
free linear connection ∇ and (4.1.18) we obtain

[X, Y ] = {∇∗XPY −∇∗Y PX + η(X)A∗ξY − η(Y )A∗ξX }
+ {E1 (X , PY )− E1 (Y , PX) + X(η(Y ))
− Y (η(X)) + η(X) ρ1(Y ) − η(Y ) ρ1(X) } ξ.
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Taking the scalar product of the last equation with PZ and N respectively and
using (4.1.21), we obtain

g(∇∗XPY, PZ)− g(∇∗Y PX,PZ)− g([X,Y ], PZ)
= η(Y )D1(X,PZ) − η(X)D1(Y, PZ),

2dη(X,Y ) = E1(Y, PX)− E1(X,PY )
+ ρ1(X)η(Y )− ρ1(Y )η(X). (4.1.23)

From the second equation in (4.1.23) and (4.1.4) we obtain

η ([PX, PY ]) = E1 (PX , PY )− E1 (PY , PX).

From the last equation and (4.1.20) we have:

Theorem 4.1.2. [147] Let M be a half-lightlike submanifold of M̄ . Then the follow-
ing assertions are equivalent:

(1) The screen distribution S(TM) is integrable.

(2) The second fundamental form of S(TM) is symmetric on Γ (S(TM)).

(3) The shape operator AN of the immersion of M in M̄ is symmetric with
respect to g on Γ (S(TM)).

Proof. From the second equation in (4.1.23) and (4.1.4) we obtain

η ([PX, PY ]) = E1 (PX , PY )− E1 (PY , PX)

which is (1) ⇔(2). Then, using (4.1.20) in the above equation we obtain

η ([PX, PY ]) = g(ANPX , PY )− g(PX, ANPY )

which proves (2)⇔ (3). �

Next by using (4.1.10), (4.1.16), (4.1.19) and (4.1.21) we obtain

Theorem 4.1.3. [147] Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M̄ . Then the following assertions are equivalent:

(1) The induced connection ∇ on M is a metric connection.

(2) D1 vanishes identically on M .

(3) A∗ξ vanishes identically on M .

(4) ξ is a Killing vector field.

(5) TM⊥ is a parallel distribution with respect to ∇.
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Proof. (1)⇒(2): Suppose that ∇ is a metric connection, then for Y = ξ in (4.1.16),
we obtain

0 = D1(X , ξ) η (Z) +D1 (X ,Z) η (ξ).

Then, η (ξ) = 1 and (4.1.10) imply that D1(X,Z) = 0 for every X,Z ∈ Γ(TM).
(2)⇒(3) follows from (4.1.21). (3)⇒ (4): By direct computation, we get

(£ξ ḡ)(X,Y ) = ξḡ(X,Y )− ḡ(£ξX,Y )− ḡ(X,£ξY )

for ξ ∈ Γ(RadTM), X,Y ∈ Γ(TM). Since ḡ is a semi-Riemannian metric (then
∇̄ is a metric connection), we obtain

(£ξ ḡ)(X,Y ) = ḡ(∇̄Xξ, Y )− ḡ(X, ∇̄Y ξ).

Then, from (4.1.7), (4.1.10) and (4.1.19), we derive

(£ξ ḡ)(X,Y ) = −g(A∗ξX,Y ) + g(X,A∗ξY ).

Thus, (4) ⇒(5) and (5)⇒ (1) follows from Theorem 1.4.2 of Chapter 1. �
Denote by R̄ and R the curvature tensors of ∇̄ and ∇ respectively. Then,

using (4.1.7), (4.1.8), (4.1.9) and (4.1.10)–(4.1.15), we obtain

R̄(X,Y )Z = R(X,Y )Z
+ D1(X,Z)ANY −D1(Y, Z)ANX

+ D2(X,Z)AuY −D2(Y, Z)AuX

+ {(∇XD1)(Y, Z)− (∇Y D1)(X,Z) (4.1.24)
+ ρ1(X)D1(Y, Z)− ρ1(Y )D1(X,Z)
+ ε1(X)D2(Y, Z)− ε1(Y )D2(X,Z)}N
+ {(∇XD2)(Y, Z)− (∇Y D2)(X,Z)
+ ρ2(X)D1(Y, Z)− ρ2(Y )D1(X,Z)}u,

R̄(X,Y )N = −∇X(ANY ) +∇Y (ANX) +AN [X,Y ]
+ ρ1(X)ANY − ρ1(Y )ANX

+ ρ2(X)AuY − ρ2(Y )AuX

+ {D1(Y,ANX)−D1(X,ANY ) (4.1.25)
+ 2dρ1(X,Y ) + ε1(X)ρ2(Y )− ε1(Y )ρ2(X)}N
+ {D2(Y,ANX)−D2(X,ANY )
+ 2dρ2(X,Y ) + ρ1(Y )ρ2(X)− ρ1(X)ρ2(Y )} u,

R̄(X,Y )u = −∇X(AuY ) +∇Y (AuX) +Au[X,Y ]
+ ε1(X)ANY − ε1(Y )ANX

+ {D1(Y,AuX)−D1(X,AuY )
+ 2dε1(X,Y ) + ρ1(X)ε1(Y )− ρ1(Y ) ε1(X)}N
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+ {D2(Y,AuX)−D2(X,AuY )
+ ε1(Y )ρ2(X)− ε1(X)ρ2(Y )}u (4.1.26)

for any X,Y, Z ∈ Γ (TM). Consider the Riemannian curvature of type (0 , 4) of
∇̄. Using (4.1.24)–(4.1.26) and the definition of curvature tensors, we derive the
following structure equations:

ḡ(R̄(X,Y )PZ, PW ) = g(R(X,Y )PZ, PW ) (4.1.27)
+ D1(X,PZ)E1(Y, PW )
− D1(Y, PZ)E1(X,PW )
+ ε{D2(X,PZ)D2(Y, PW )
− D2(Y, PZ)D2(X,PW )},

ḡ(R̄(X,Y )PZ, ξ) = g(R(X,Y )PZ, ξ) (4.1.28)
+ ε1(X)D2(Y, PZ)− ε1(Y )D2(X,PZ)

= (∇XD1)(Y, PZ)− (∇Y D1)(X,PZ)
+ ρ1(X)D1(Y, PZ)− ρ1(Y )D1(X,PZ)
+ ε1(X)D2(Y, PZ)− ε1(Y )D2(X,PZ),

ḡ(R̄(X,Y )PZ, u) = g(∇X(AuY )−∇Y (AuX)−Au[X,Y ], PZ)
− ε1(X)E1(Y, PZ) + ε1(Y )E1(X,PZ)

= ε{(∇XD2)(Y, PZ)− (∇YD2)(X,PZ)
+ ρ2(X)D1(Y, PZ)
− ρ2(Y )D1(X,PZ)}, (4.1.29)

ḡ(R̄(X,Y )PZ,N) = ḡ(R(X,Y )PZ,N)
+ ε{ρ2(Y )D2(X,PZ)− ρ2(X)D2(Y, PZ)}

= g(∇X(ANY )−∇Y (ANX)
− AN [X,Y ], PZ) + ρ1(Y )E1(X,PZ)
− ρ1(X)E1(Y, PZ)ε{ρ2(Y )D2(X,PZ)

− ρ2(X)D2(Y, PZ)}, (4.1.30)
ḡ(R̄(X,Y )ξ,N) = ḡ(R(X,Y )ξ,N)

+ ρ2(X)ε1(Y )− ρ2(Y )ε1(X) (4.1.31)
= D1(X,ANY )−D1(Y,ANX)
− 2dρ1(X,Y ) + ρ2(X)ε1(Y )− ρ2(Y )ε1(X),

ḡ(R̄(X,Y )ξ, u) = ε{(∇XD2)(Y, ξ)− (∇Y D2)(X, ξ)}
= D1(X,AuY )−D1(Y,AuX) (4.1.32)
− 2dε1(X,Y ) + ρ1(Y ) ε1(X)− ρ1(X) ε1(Y ),

ḡ(R̄(X,Y )N, u) = ε{D2(Y,ANX)−D2(X,ANY )
+ 2dρ2(X,Y ) + ρ1(Y )ρ2(X)− ρ1(X)ρ2(Y )}
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= ḡ(∇X(AuY ), N)− ḡ(∇Y (AuX), N)
− ερ2([X,Y ]). (4.1.33)

Denote by R∗ the curvature tensors of ∇∗. Similarly, using (4.1.24)- (4.1.26) and
(4.1.27)–(4.1.33), (4.1.18) and (4.1.19), we obtain

R(X,Y )PZ = R∗(X,Y )PZ + E1(X,PZ)AξY (4.1.34)
− E1(Y, PZ)AξX + {X(E1(Y, PZ))
− Y (E1(X,PZ))− E1([X,Y ], PZ)
+ E1(X,∇∗Y PZ)− E1(Y,∇∗XPZ)
− ρ1(X)E1(Y, PZ) + ρ1(Y )E1(X,PZ)}ξ,

R(X,Y )ξ = −∇∗X(AξY ) +∇∗Y (AξX) +Aξ[X,Y ]
− ρ1(X)AξY + ρ1(Y )AξX (4.1.35)
+ {E1(Y,AξX)− E1(X,AξY )− 2dρ1(X,Y )}ξ,

g(R(X,Y )PZ, PW ) = g(R∗(X,Y )PZ, PW )
+ E1(X,PZ)D1(Y, PW )
− E1(Y, PZ)D1(X,PW ), (4.1.36)

ḡ(R(X,Y )PZ,N1) = X(E1(Y, PZ))− Y (E1(X,PZ))
+ E1([X,Y ], PZ) + E1(X,∇∗Y PZ)
− E1(Y,∇∗XPZ)− ρ1(X)E1(Y, PZ)
+ ρ1 (Y )E1 (X,PZ)

= g(∇X(ANY )−∇Y (ANX)
− AN [X,Y ], PZ)− ρ1(X)E1(Y, PZ)
+ ρ1(Y )E1(X,PZ), (4.1.37)

g(R(X,Y )PZ, ξ) = g(∇∗X(AξY ), PZ)− g(∇∗Y (AξX), PZ)
− D1([X,Y ], PZ) (4.1.38)
+ ρ1(X)D1(Y, PZ)− ρ1(Y )D1(X,PZ)

= (∇XD1)(Y, PZ)− (∇Y D1) (X,PZ)
+ ρ1(X)D1(Y, PZ)− ρ1(Y )D1(X,PZ),

ḡ(R(X,Y )ξ,N1) = E1(Y,AξX)− E1(X,AξY )
− 2dρ1(X,Y )

= D1(X,ANY )−D1(Y,ANX)
− 2dρ1(X,Y ). (4.1.39)

4.2 Unique existence of screen distributions

The general theory of lightlike submanifolds uses a non-degenerate screen distri-
bution which (due to the degenerate induced metric) is not unique. Therefore, the



166 Chapter 4. Half-lightlike submanifolds

induced objects of the submanifold depend on the choice of a screen that creates a
problem. As presented in Chapter 2, now there are large classes of lightlike hyper-
surfaces of semi-Riemannian manifolds with the choice of a canonical or unique
screen distribution. The objective of this section is to show that there exist unique
screen distributions for a large variety of half-lightlike submanifolds subject to
some reasonable geometric conditions.

Let a screen S(TM) change to another screen S(TM)′, where {ξ, N, Wa, u }
and {ξ, N ′, W ′

a, u
′ } respectively are two quasi-orthonormal frame fields for the

same null section ξ. Following are the transformation equations due to this change:

W ′
a =

m−1∑
b =1

Ab
a (Wb − εb fb ξ) ; u′ = u− εfξ, (4.2.1)

N ′ = N − 1
2

{
m−1∑
a =1

εaf2
a + εf2

}
ξ +

m+1∑
a =1

faWa + fu, (4.2.2)

∇′XPY = ∇XPY +
1
2
D1(X,PY )

(
m−1∑
a=1

εaf2
a + εf2

)
ξ

+ εD2(X,PY )fξ −D1(X,PY )

(
m−1∑
a=1

fa Wa

)
, (4.2.3)

D′1(X,Y ) = D1(X,Y ), D′2(X,Y ) = D2(X,Y )−D1(X,Y )f , (4.2.4)

E′(X, PY ) = E1(X, PY )−
1
2
(
||W ||2 − εf2

)
D1(X, PY )

+ g(∇XPY, W ) + εD2(X,PY )f , (4.2.5)

where W =
∑m

a=1 faWa. Let ω be the dual 1-form of W given by

ω(X) = g(X,W ), ∀X ∈ Γ(TM). (4.2.6)

Denote by S the first derivative of a screen distribution S(TM) given by

S(x) = Span{[X,Y ]x, Xx, Yx ∈ S(TM), x ∈M}, (4.2.7)

where [, ] denotes the Lie-bracket. If S(TM) is integrable, then, S is a sub-bundle
of S(TM). We state and prove the following theorem:

Theorem 4.2.1. [144] Let (M, g, S(TM)) be a half-lightlike submanifold of a semi-
Riemannian manifold M̄m+2 with m > 1. Suppose the sub-bundle F of D⊥ admits
a covariant constant non-null vector field. Then, with respect to a section ξ of
RadTM , M admits an integrable screen S(TM). Moreover, if the first derivative
S defined by (4.2.7) coincides with an integrable screen S(TM), then, S(TM) is
a unique screen of M , up to an orthogonal transformation with a unique lightlike
transversal vector bundle and invariant screen second fundamental form.
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Proof. By hypothesis, consider along M , a unit covariant constant vector field
V ∈ Γ(F|U ), that is, ḡ(V, V ) = e = ±1. To satisfy the condition given in (4.1.2),
we choose a section ξ of RadTM such that ḡ(V, ξ) �= 0. Set ḡ(V, ξ) = θ−1. Using
this in (4.1.2), the null transversal vector bundle of M takes the form

N = θ (V − e θ

2
ξ ). (4.2.8)

Then using (4.2.8) in (4.1.8) and (4.1.19) we get

ρ1(X) = ḡ(∇̄X N, ξ) = X(θ) ḡ(V, ξ)− e

2
(θ)2 ḡ(∇̄X ξ, ξ)

= X(θ) (θ)−1 = X(log θ), (4.2.9)

ρ2(X) = ḡ(∇̄XN, u) = ḡ
(
∇̄X(θV )−

e

2
∇̄X(θ2ξ), u)

)
= −eθ

2

2
εD2(X, ξ). (4.2.10)

Using the above value of τ , (4.2.8) and (4.1.19) we obtain

∇̄X N = X(θ)V − e

2
θ2D2(X, ξ)u +

e

2
θ2 A∗ξX − e

2
θX(θ) ξ. (4.2.11)

On the other hand, substituting the value of ρ1 and ρ2 in (4.1.8), we get

∇̄X N = −AN X +X(log θ)N − εθ2e

2
D2(X, ξ)u. (4.2.12)

Equating (4.2.11) and (4.2.12) we obtain

ANX = −e θ
2

2
A∗ξX − e

2
θX(θ) ξ +X(log θ)N −X(θ)V (4.2.13)

for X ∈ Γ(TM|U ). Thus, for X,Y ∈ Γ(S(TM)), we have

g(ANX,Y ) = −e θ
2

2
g(A∗ξX,Y ).

Since A∗ξ is symmetric with respect to g on S(TM), it follows that AN is also self-
adjoint on M. Then Theorem 4.1.2 says that S(TM) is integrable. This means
that S is a sub-bundle of S(TM). Using (4.2.13) in (4.1.20) and (4.1.21), we get

E1(X,PY ) = −e θ
2

2
D1(X,Y ), ∀X,Y ∈ Γ(S(TM)|U). (4.2.14)

Using (4.2.13), (4.2.5) and D′1 = D1 we obtain

g(∇XPY,W ) =
1
2
(
||W ||2 − εf2

)
D1(X, Y )− εD2(X,Y )f (4.2.15)
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∀X,Y ∈ Γ(S(TM)|U ). Since the right-hand side of (4.2.15) is symmetric in X
and Y , we have g([X,Y ],W ) = ω([X,Y ]) = 0, ∀X,Y ∈ Γ(S(TM)|U ), that is, ω
vanishes on S. By hypothesis, if we take S = S(TM), then, ω vanishes on this
choice of S(TM) which implies from (4.2.6) that W = 0. Therefore, the functions
fa vanish. Finally, substituting this data in (4.2.5) it is easy to see that the function
f also vanishes. Thus, the transformation equations (4.2.1), (4.2.2) and (4.2.3)
become W ′

a =
∑m−1

b =1 Ab
aWb (1 ≤ a ≤ m − 1), N ′ = N and E′ = E where (Ab

a)
is an orthogonal matrix of S(TM) at any point x ∈ M . Therefore, S(TM) is a
unique screen up to an orthogonal transformation with a unique transversal vector
field N and invariant screen fundamental form E. This completes the proof. �

To understand some examples of half-lightlike submanifolds, satisfying the
above theorem, we first need the following result.

Proposition 4.2.2. [147] Let (M, g, S(TM)) be a half-lightlike submanifold of a
semi-Riemannian manifold M̄ , with ḡ of index q ∈ {1, . . . ,m+ 1}. Then we have
the following:

(i) If u is spacelike then S(TM) is of index q − 1. In particular S(TM) is Rie-
mannian for q = 1 and Lorentzian for q = 2.

(ii) If u is timelike then S(TM) is of index q − 2. In particular S(TM) is Rie-
mannian for q = 2 and Lorentzian for q = 3.

Proof. Consider the vector fields

e1 =
1√
2
(ξ −N), e2 =

1√
2
(ξ +N).

It is clear that RadTM⊕ltr(TM) = Span{e1, e2} and ind(RadTM⊕ltr(TM) = 1.
On the other hand, we have

ind(M̄) = ind(S(TM)) + ind(RadTM ⊕ ltr(TM)) + ind(D).

Then (i) and (ii) follow, which completes the proof. �

Remark 4.2.3. It follows from (i) of the above proposition that M can be a half-
lightlike submanifold of a Lorentzian manifold for which ḡ(u, u) = ε = 1. Thus, it
is obvious from the structure equations that we choose ḡ(V, V ) = e = −1, a covari-
ant constant timelike unit vector field. There are many examples of n-dimensional
product Lorentzian spaces (such as warped product globally hyperbolic space-
times [34]) which possess at least one timelike covariant constant vector field and,
therefore, can satisfy the hypothesis of Theorem 4.2.1.

Example 1. Consider in R5
1 the submanifold M given by the equations

x1 = x3, x5 =
√
1− {x2

4 + x2
2}.
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Then we have

TM = Span{ξ = ∂x1 + ∂x3, Z1 = x5 ∂ x2 − x2 ∂ x5, Z2 = x5 ∂ x4 − x4 ∂ x5}.
It follows that M is 1-lightlike. Take the complementary sub-bundle F spanned
by V = −∂ x1 and observe that g(ξ, V ) �= 0. We obtain

N =
1
2
(−∂ x1 + ∂ x3)

and
u = x2 ∂ x2 + x4 ∂ x4 +

√
1− {x2

4 + x2
2} ∂ x5.

It is easy to see that V is covariant constant. Then, we have

∇̄Z2Z1 = −x4 ∂ x2, ∇̄Z1Z2 = −x2 ∂ x4.

Hence,
[Z1, Z2] =

x5x4

x2
5 + x2

2

Z1 −
x5x2

x2
5 + x2

4

Z2

which implies that S(TM) is integrable, so Theorem 4.2.1 is satisfied.

4.3 Totally umbilical submanifolds

The results of this section have been taken from [154]. A half-lightlike submanifold
(M, g) of a semi-Riemannian manifold (M̄, ḡ) is said to be totally umbilical in M̄
if there is a normal vector field Z ∈ Γ (tr (TM)) on M , called an affine normal
curvature vector field of M , such that

h (X , Y ) = Z ḡ (X , Y ), ∀X , Y ∈ Γ (TM).

In particular, (M, g) is said to be totally geodesic if its second fundamental form
h (X, Y ) = 0 for any X , Y ∈ Γ (TM). By direct calculation it is easy to see
that M is totally geodesic if and only if both the lightlike and the screen second
fundamental tensors D1 and D2 respectively vanish on M , i.e.,

D1 (X, Y ) = D2 (X, Y ) = 0, ∀X , Y ∈ Γ (TM).

Moreover, from (4.1.12), (4.1.14), (4.1.15) and (4.1.21) we obtain

Aξ = Au = ε1 = ρ2 = 0.

A straight calculation and using (4.1.6) implies that M is totally umbilical if and
only if on each coordinate neighborhood U there exist smooth functions H1 and
H2 on ltr(TM) and D, respectively, such that

D1 (X , Y ) = H1 ḡ (X , Y ), D2 (X , Y ) = H2 ḡ (X , Y ), (4.3.1)

for any X , Y ∈ Γ (TM). The above definition does not depend on the screen
distribution ofM . On the other hand, from (4.1.12), (4.1.21) and (4.1.10), (4.1.11)
and non-degenerate S(TM) we obtain
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Theorem 4.3.1. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M̄ , ḡ). Then M is totally umbilical, if and only if, on each U there exist
H1 , H2 such that

A∗ξX = H1 PX, ∀X ∈ Γ (TM),

P (AuX ) = εH2 PX, ∀X ∈ Γ (TM) (4.3.2)

and ε1 = 0 on Γ(TM).

Remark 4.3.2. Note that in case M is totally umbilical, we have

D2 (X , ξ) = 0, ρ2 (ξ) = 0, Auξ = 0, (4.3.3)
εAuX = H2 PX + ρ2 (X) ξ, ∀X ∈ Γ (TM). (4.3.4)

The curvature tensors of M and M̄ are related by the following equations:

ḡ(R̄(X,Y )PZ, ξ) = g(R(X,Y )PZ, ξ)
= (∇XD1)(Y, PZ)− (∇Y D1)(X,PZ) (4.3.5)
+ ρ1(X)D1(Y, PZ)− ρ1(Y )D1(X,PZ),

ḡ(R̄(X,Y )PZ, u) = g(∇X(AuY )−∇Y (AuX)−Au[X,Y ], PZ)
= ε{(∇XD2)(Y, PZ)− (∇Y D2)(X,PZ)
+ ρ2(X)D1(Y, PZ)
− ρ2(Y )D1(X,PZ)}, (4.3.6)

ḡ(R̄(X,Y )ξ,N1) = ḡ(R(X,Y )ξ,N1)
= D1(X,AN1Y )−D1(Y,AN1X)
− 2dρ1(X,Y ), (4.3.7)

ḡ(R̄(X,Y )ξ, u) = ε{(∇XD2)(Y, ξ)− (∇Y D2)(X, ξ)}
= D1(X,AuY )−D1(Y,AuX) (4.3.8)

and (4.1.27), (4.1.30) and (4.1.33) are unchanged. Using these equations we obtain

Theorem 4.3.3. Let M be a totally umbilical half-lightlike submanifold of an
(m+2)-dimensional semi-Riemannian manifold of constant curvature (M̄ (c̄) , ḡ).
Then the functions H1 , H2 from (4.3.1) satisfy the differential equations

ξ (H1)− (H1)2 +H1 ρ1 (ξ) = 0, H1 = ξ (log H2), (4.3.9)

and the curvature tensor of M is given by

R (X , Y )Z = c̄ { g (Y , Z)X − g (X , Z)Y }
+ H1 { g (Y , Z)AN1X − g (X , Z)ANY }
+ H2 { g (Y , Z)AuX − g (X , Z)AuY },

for any X , Y ∈ Γ (TM). Moreover, PX(Hi) +H1 ρi (PX) = 0.
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Proof. Taking account of (4.3.1) in (4.3.5) and (4.3.6), and using the fact that M̄
is a space of constant curvature, we obtain

{X(Hi)−H1Hiη(X) +H1ρi(X)}g(Y, PZ)
= {Y (Hi)−H1Hiη(Y ) +H1ρi(Y )}g(X,PZ) (4.3.10)

for any X , Y , Z ∈ Γ (TM). Take X = ξ and Z = Y ∈ Γ (S(TM)) such that
g (Y , Y ) �= 0 on U and use (4.3.5) to obtain the first equation in (4.3.9). Next,
the second equation in (4.3.9) follows from (4.1.24) taking into account that M̄
is a space of constant curvature and using its first equation. Taking X = PX
and Y = PY in (4.3.10) and by using (4.1.4) and the fact that S(TM) is non-
degenerate, we obtain

{PX (Hi) +H1 ρi (PX) }PY = {PY (Hi) +H1 ρi (PY ) }PX.

Now suppose there exists a vector field Xo ∈ Γ (TM) such that PXo (Hi) +
H1 ρi (PXo) �= 0 at each point u ∈ M . Then, from the last equation it follows
that all vectors from the fiber (S(TM))u are collinear with (PXo)u. This is a
contradiction as dim((S(TM))u) = m−1. Hence the last equation in the theorem
is true at any point of U , which completes the proof. �

From (4.3.1), (4.3.7) and M̄ a space of constant curvature we obtain

2 d ρ1 (X, Y ) = H1 { g (X, AN1Y ) − g (Y, AN1X )}.

Using (4.3.1) and Theorems 4.1.2 and 4.1.3, we have

Theorem 4.3.4. Let M be a totally umbilical half-lightlike submanifold of a semi-
Riemannian manifold of constant curvature (M̄ (c̄) , ḡ). Then each 1-form ρ1 in-
duced by S(TM) is closed, i.e., d ρ1 = 0 on any U ⊂ M , if and only if, either
(1) the screen distribution S(TM) is integrable, or (2) the induced connection ∇
on M is a metric connection.

M is proper totally umbilical if H1 �= 0 and H2 �= 0 on U . From the above
theorem and the equation (4.1.33) and (4.3.1) we obtain

Theorem 4.3.5. Let M be a proper totally umbilical half-lightlike submanifold of a
semi-Riemannian manifold of constant curvature (M̄ (c̄) , ḡ). Then the following
assertions are equivalent:

(1) The screen distribution S(TM) is integrable.

(2) Each 1-form ρ1 induced by S(TM) is closed, i.e., d ρ1 = 0 on any U ⊂ M .

(3) Each 1-form ρ2 induced by S(TM) satisfies

2dρ2(X,Y ) = ρ1(X)ρ2(Y )− ρ2(X)ρ1(Y ), ∀X, Y ∈ Γ (TM).
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Proof. Taking account of (4.3.1) in (4.1.33) and using the fact that M̄ is a space
of constant curvature, we obtain

2d ρ2 (X, Y ) − ρ1 (X) ρ2 (Y ) + ρ2 (X) ρ1 (Y )
= H2 { g (X, ANY ) − g (Y, ANX )}

which proves the assertion. �
Next, the screen distribution S(TM) is said to be totally umbilical in M if

there is a smooth vector field W ∈ Γ (RadTM) on M , such that, h∗ (X , PY ) =
W g (X , PY ) for all X , Y ∈ Γ (TM). A straight calculation implies that S(TM)
is totally umbilical, if and only if, on any coordinate neighborhood U ⊂ M , there
exists a function K such that

E1 (X , PY ) = K g (X , PY ), (4.3.11)

for any X , Y ∈ Γ (TM). It follows that E1 is symmetric on Γ (S(TM)) and
hence according to Theorem 4.1.2, the screen space S(TM) is integrable. In case
K = 0 (K �= 0) on U we say that S(TM) is totally geodesic (proper totally
umbilical). From (4.1.11), (4.1.20) and (4.3.11) we obtain

ANX = K PX , E1 (ξ , PX) = 0 , ∀X ∈ Γ (TM). (4.3.12)

From the second equation in (4.1.23) and the fact that the screen distribution
S(TM) is totally umbilical we have

2 d η (X, Y ) = ρ1 (X) η (Y ) − η (X) ρ1 (Y ).

Thus we have

Theorem 4.3.6. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M̄, ḡ) with totally umbilical screen S(TM). Then

d η = 0 ⇐⇒ ρ1 = 0.

Theorem 4.3.7. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M̄ (c̄), ḡ) of constant curvature c̄, with a proper totally umbilical screen
distribution S(TM). If M is also totally umbilical, then the mean curvature vector
K of S(TM) is a solution of the differential equations

ξ (K)−K ρ1 (ξ)− c̄ = KH1,

PX(K)−K ρ1 (PX) = εH2 ρ2 (PX).

Proof. Taking account of (4.3.11) and (4.3.12) into (4.1.30), and using (4.1.4),
(4.1.18), (4.1.23) and M̄ a space of constant curvature, we obtain

{X(K) − K ρ1 (X) − c̄ η (X) } g (Y , PZ)
− {Y (K) − K ρ1 (Y ) − c̄ η (Y ) } g(X , PZ)

= K {η (X)D1 (Y , PZ)− η (Y )D1 (X , PZ) }
+ ε {ρ2 (X)D2 (Y , PZ)− ρ2 (Y )D2 (X , PZ)}.
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This implies

{ξ(K)−Kρ1(ξ)− c̄}g(Y, PZ)
= KD1(Y, PZ) + ε{ρ2(ξ)D2(Y, PZ)− ρ2(Y )D2(ξ, PZ)}.

From the last two relations and by the method of Theorem 4.3.2, (4.3.1) and
(4.3.2), the equations in the theorem hold. �

From the last two equations we have the following corollaries.

Corollary 4.3.8. Under the hypothesis of Theorem 4.3.7, the induced connection
∇ on M is a metric connection, if and only if, the mean curvature vector K of
S(TM) is a solution of the following equations

ξ (K)−K ρ1 (ξ)− c̄ = 0.

Corollary 4.3.9. Let (M, g) be a totally umbilical half-lightlike submanifold of a
semi-Riemannian manifold (M̄ (c̄), ḡ) of constant curvature c̄. If the screen distri-
bution S(TM) is totally geodesic, then, c̄ = 0, i.e., the ambient semi-Riemannian
manifold M̄ is semi-Euclidean space.

For those who prefer to work with local coordinate systems, we find the
following local expressions of structure equations. RadTM being of rank 1, it is
integrable and therefore there exists an atlas of local charts {U ; u0, . . . , um−1}
such that ∂

∂ u0 ∈ Γ (RadTM|U ). Thus, the matrix of the metric g on M with
respect to the natural frame field { ∂

∂u0 , . . . ,
∂

∂um−1 } is

[g] =
[
0 0
0 gij (u0, . . . , um−1

]
,

where gij = g ( ∂
∂ ui ,

∂
∂ uj ), i, j ∈ {1, 2, . . . m− 1}, and det (gij) �= 0. We use the

range of indices: i , j , k, . . . ∈ {1, . . . ,m− 1}. According to the general transfor-
mations on a foliated manifold (see Chapter 1), we have

ū0 = ū0 (u0, u1, . . . , um−1),
ūi = ūi (u1, u2, . . . , um−1). (4.3.13)

It follows that
∂

∂ u0
= B(u)

∂

∂ ū0
,

∂

∂ ui
= Bj

i (u)
∂

∂ ūj
+Bi (u)

∂

∂ ū0
,

where we put Bj
i (u) =

∂ ūj

∂ ui , Bi = ∂ ū0

∂ ui . As the screen distribution is a transversal
distribution to the involutive distribution RadTM , there exist m−1 differentiable
functions Si (u0, . . . , um−1) satisfying

Si (u)B(u) = S̄j (u)B
j
i (u) +Bi(u),
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with respect to the transformations (4.3.13). Then a local basis of Γ (S(TM)) is
given by the vector fields

δ

δ ui
=

∂

∂ ui
− Si (u)

∂

∂ uo
. (4.3.14)

Moreover, we derive
δ

δ ui
= Bj

i (u)
δ

δ ūj
,

with respect to (4.3.13). Hence, we obtain the local field of frames { ∂
∂ u0 ,

δ
δ ui , N1, u}

on M̄ , where { ∂
∂ u0 ,

δ
δ ui } is a local field of frames on M with ξ ≡ ∂

∂ u0 .

Next, with respect to the metric connection ∇̄ on M̄ and using (4.1.7)–
(4.1.10) and (4.1.15), we obtain

∇̄ δ
δ uj

δ

δ ui
= Γo

ij

∂

∂ u0
+ Γk

ij

δ

δ uk
+ D�

ij N + Ds
ij u,

∇̄ δ
δ uj

∂

∂ u0
= Γo

oj

∂

∂ u0
+ Γk

oj

δ

δ uk
+ Ds

oj u, (4.3.15)

∇̄ ∂
∂ u0

δ

δ ui
= Γo

io

∂

∂ u0
+ Γk

io

δ

δ uk
+ Ds

io u,

∇̄ ∂
∂ u0

∂

∂ u0
= Γo

oo

∂

∂ u0
− ε ε�

o u,

and

∇̄ δ
δ ui

N = −Ak
i

δ

δ uk
+ ρ�

i N + ρs
i u,

∇̄ ∂
∂ u0

N = −Ak
o

δ

δ uk
+ ρ�

oN + ρs
o u, (4.3.16)

∇̄ δ
δ ui

u = −ε ρs
i

∂

∂ u0
− Āk

i

δ

δ uk
+ ε�

i N,

∇̄ ∂
∂ u0

u = −ε ρs
o

∂

∂ u0
− Āk

o

δ

δ uk
+ ε�

oN,

where
{
Γk

ij ,Γ
o
ij ,Γ

k
oj ,Γ

k
io,Γ

o
oj ,Γ

o
io,Γ

o
oo

}
are the coefficients of the induced linear

connection ∇ on M with respect to the frames field
{

∂
∂ uo ,

δ
δ ui

}
; {Ak

i , A
k
o} and

{Āk
i , Ā

k
o} are the entries of the matrices of AN1 , Au : Γ (TM|U) −→ Γ (S(TM)|U)

with respect to the basis
{

∂
∂ uo ,

δ
δ ui

}
and

{
δ

δ ui

}
of Γ (TM|U) and Γ (S(TM)|U)

respectively.

D�
ij = D1

(
δ

δ uj
,
δ

δ ui

)
= D1

(
∂

∂ uj
,
∂

∂ ui

)
,

Ds
ij = D2

(
δ

δ uj
,
δ

δ ui

)
, Ds

oj = D2

(
δ

δ uj
,

∂

∂ u0

)
,

Ds
io = D2

(
∂

∂ u0
,
δ

δ ui

)
, ρ�

i = ρ1

(
δ

δ ui

)
,
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ρs
i = ρ2

(
δ

δ ui

)
, ρ�

o = ρ1

(
∂

∂ u0

)
, ρs

o = ρ2

(
∂

∂ u0

)
,

ε�
i = ε1

(
δ

δ ui

)
, ε�

o = ε1

(
∂

∂ u0

)
.

By straightforward calculations from (4.3.14) we have[
δ

δ ui
,

δ

δ uj

]
= Sij

∂

∂ u0
, (4.3.17)[

δ

δ ui
,

∂

∂ u0

]
=
∂ Si

∂ u0

∂

∂ u0
, (4.3.18)

where
Sij =

δ Si

δ uj
− δ Sj

δ ui
.

As ∇̄ is torsion-free, by using (4.3.17), we obtain

Γk
ij = Γk

ji, Γo
ij = Γo

ji + Sji,

Γk
oi = Γk

io, Γo
oi = Γo

io +
∂ Si

∂ u0

D�
ij = D�

ji, Ds
ij = Ds

ji, Ds
io = Ds

oi.

Further, we decompose the following Lie brackets:[
N ,

δ

δ uk

]
= N o

k

∂

∂ u0
+ Nh

k

δ

δ uh
+ N �

k N + N s
k u,[

N ,
∂

∂ u0

]
= N o ∂

∂ u0
+ Nh

o

δ

δ uh
+ N �

o N + N s
o u,[

u ,
δ

δ uk

]
= Lo

k

∂

∂ u0
+ Lh

k

δ

δ uh
+ L�

kN + Ls
k u, (4.3.19)[

u ,
∂

∂ u0

]
= Lo ∂

∂ u0
+ Lh

o

δ

δ uh
+ L�

oN + Ls
o u,

[N , u] =Mo ∂

∂ u0
+ Mh δ

δ uh
+ M �N + Ms u.

Using the non-holonomic frames field {N, u, ∂
∂ u0 ,

δ
δ uk } of M̄ , the semi-Riemannian

metric ḡ has the matrix

[ḡ] =

⎡⎣ 0 1 0 0
1 0 0 0
0 0 0 g′

⎤⎦ ,
where

gij = ḡ

(
δ

δ ui
,

δ

δ uj

)
= g

(
∂

∂ ui
,

∂

∂ uj

)
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and g′ = gij (u0, . . . , um−1). Consider the inverse matrix (gij(u)) of the invertible
matrix (gij(u)). Then, by using the Koszul formula

2g(∇̄XY, Z) = X(g(Y, Z)) + Y (g(X,Z))− Z(g(X,Y ))
+ g([X,Y ], Z) + g([Z,X ], Y )− g([Y, Z], X),

for anyX,Y, Z ∈ Γ (TM) and using (4.3.17) - (4.3.19), and next, by using (4.1.18),
(4.1.19), (4.3.17), we obtain

Γ k
ij =

1
2
gkh

(
δ gih

δ uj
+
δ gjh

δ ui
− δ gij

δ uh

)
= Γ∗kij , (4.3.20)

Γ o
ij =

1
2
{
Sji +Nk

j gki +Nk
i gkj −N1 (gij)

}
= gjk A

k
j = Eij , (4.3.21)

Γ o
jo =

1
2

{
− ∂ Sj

∂ u0
+N �

j +Nk
o gkj

}
= gjk A

k
o = Ej , (4.3.22)

Γ o
oj =

1
2

{
∂ Sj

∂ u0
+N �

j +Nk
o gkj

}
= gjk A

k
o +

∂ Sj

∂ u0
= − ρ�

j, (4.3.23)

Γ k
jo = Γ k

jo =
1
2
gki ∂ gji

∂ u0
= −A∗kj , (4.3.24)

D�
ij = −1

2
∂ gij

∂ u0
= gik A

∗k
j , (4.3.25)

Ds
ij =

1
2
ε
{
Lk

j gki + Lk
i gkj − u (gij)

}
= ε gik Ā

k
j , (4.3.26)

Ds
oj = Ds

jo =
1
2
ε
{
L�

j + Lk
o gkj

}
= ε gjk Ā

k
o = −ε ε�

j, (4.3.27)

Γo
oo = N �

o = −ρ�
o, L

�
o = −ε�

o,

2 ρs
i = −εMk gki + ε Lo

i −N s
i ,

2 ρs
o = −εM � + ε Lo −N s

o ,

where {Γ∗kij ,Γ
∗k
io } are the coefficients of the linear connection ∇∗ on S(TM) with

respect to the frames field { ∂
∂ u0 ,

δ
δ uk } and A∗ij are the entries of A∗ ∂

∂ u0
with respect

to the basis { δ
δ ui } and Eji = E1 ( δ

δ uj ,
δ

δ ui ), Ei = E1 ( ∂
∂ u0 ,

δ
δ ui ).

Replacing Y and Z from (4.1.16) by δ
δ ui and δ

δ uj respectively, and using
(4.1.4), we obtain

gij;k =
δ gij

δ uk
− Γh

ik ghj − Γh
jk gih = 0 (4.3.28)

and
gij;o =

∂ gij

∂ u0
− Γh

io ghj − Γh
jo gih = 0. (4.3.29)
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For the local expression of Gauss–Codazzi equations of a half-lightlike submanifold,
consider the frames field { ∂

∂ u0 ,
δ

δ ui , N , U} on M̄ . In the sequel we use the range
of indices: i , j , k , , . . . ∈ {1 , 2 , . . . ,m− 1};A , B , C , D, . . . ∈ {0 , 1 , 2 , . . . ,m−
1}. Denote by {XA} the frame fields { ∂

∂ u0 ,
δ

δ ui } on M , i.e.,X0 = ∂
∂ u0 , Xi = δ

δ ui .
Then consider the local components of curvature tensors R̄ and R as follows:

R̄ABCD = ḡ (R̄ (XD , XC)XB , XA),
RABCD = g (R (XD , XC)XB , XA),
R̄1BCD = ḡ (R̄ (XD , XC)XB , N),
R1BCD = ḡ (R (XD , XC)XB , N),
R̄2BCD = ḡ (R̄ (XD , XC)XB , U),
R2BCD = ḡ (R (XD , XC)XB , U).

We are now concerned with local expression of a Ricci-tensor of a half-lightlike
submanifold M of an (m+ 2)-dimensional semi-Riemannian manifold (M̄, ḡ). By
using the frames field { ∂

∂ u0 ,
δ

δ ui } on M we obtain the following local expression
for the Ricci tensor,

Ric (X , Y ) = gij g (R(X ,
δ

δ ui
)Y ,

δ

δ uj
) + ḡ (R(X ,

∂

∂ u0
)Y , N).

By using the symmetries of curvature tensor and the first Bianchi identity with
respect to R̄ and taking into account (4.1.27) we obtain

Ric (X , Y )− Ric (Y , X)

= gij {E1(X ,
δ

δ uj
)D1(Y ,

δ

δ ui
)− E1(Y ,

δ

δ uj
)D1(X ,

δ

δ ui
)}

+ ḡ (R (X , Y )
∂

∂ u0
, N).

Replacing X and Y by δ
δ uh and δ

δ uk respectively and using (4.1.39) and (4.3.21),
we infer

Rkh − Rhk = Ai
h D

�
ik − Ai

k D
�
ih + R1okh = 2 d ρ1

(
δ

δ uk
,

δ

δ uh

)
,

where we put Rkh = Ric ( δ
δ uh ,

δ
δ uk ). Similarly, replacing X and Y by δ

δ uh and
∂

∂ u0 respectively and using (4.1.10), (4.1.39) and (4.3.22), we obtain

Roh − Rho = −Ai
oD

�
ih + R1ooh = 2 d ρ1

(
∂

∂ u0
,

δ

δ uh

)
,

where Roh = Ric ( δ
δ uh ,

∂
∂ u0 ) and Rho = Ric ( ∂

∂ u0 ,
δ

δ uk ). Therefore, from the
above last two equations and by using Theorem 4.2.1 we obtain
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Theorem 4.3.10. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold (M̄ , ḡ). Then the Ricci tensor of the induced connection ∇ on M is
symmetric, if and only if, each 1-form ρ1 induced by S(TM) is closed, i.e., d ρ1 =
0 on any U ⊂ M .

Combining Theorems 4.3.5 and the above theorem, we have

Theorem 4.3.11. Let (M, g) be a proper totally umbilical half-lightlike submani-
fold of a semi-Riemannian manifold of constant curvature (M̄ (c̄) , ḡ). Then the
following assertions are equivalent:

(1) The Ricci tensor of the connection ∇ on M is symmetric.

(2) The screen distribution S(TM) is integrable.

(3) Each 1-form ρ1 induced by S(TM) is closed, i.e., d ρ1 = 0 on any U ⊂ M .

(4) Each 1-form ρ2 induced by S(TM) satisfies

2dρ2(X,Y ) = ρ1(X)ρ2(Y )− ρ2(X)ρ1(Y ), ∀X, Y ∈ Γ (TM).

Example 2. Consider a surface M in R4
2 given by the equation

x3 =
1√
2
(x1 + x2) ; x4 =

1
2
log(1 + (x1 − x2)2).

Then TM = Span{U1, U2} and TM⊥ = Span{ξ, u} where

U1 =
√
2(1 + (x1 − x2)2)∂1 + (1 + (x1 − x2)2)∂3 +

√
2(x1 − x2)∂4,

U2 =
√
2(1 + (x1 − x2)2)∂2 + (1 + (x1 − x2)2)∂3 −

√
2(x1 − x2)∂4,

ξ = ∂1 + ∂2 +
√
2 ∂3,

u = 2 (x2 − x1)∂2 +
√
2 (x2 − x1)∂3 + (1 + (x1 − x2)) ∂4.

By direct calculations we check that RadTM is a distribution on M of rank 1
spanned by ξ. Hence M is a half-lightlike submanifold of R4

2. Choose S(TM) and
D spanned by U2 and u which are timelike and spacelike respectively. We obtain
the null canonical affine normal bundle

ltr (TM) = Span{N = − 1
2
∂1 +

1
2
∂2 +

1√
2
∂3 },

and the canonical affine normal bundle tr(TM) = Span{N, u }.
Denote by ∇̄ the Levi–Civita connection on R4

2. Then by straightforward
calculations we obtain

∇̄U2U2 = 2(1 + (x1 − x2)2){2(x2 − x1)∂2 +
√
2(x2 − x1)∂3 + ∂4 },

∇̄ξU2 = 0 , ∇̄Xξ = ∇̄XN1 = 0 , ∀X ∈ Γ (TM).
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Then using the Gauss and Weingarten formulae we infer

D1 = 0; Aξ = 0; AN = 0; ∇Xξ = 0; ρi (X) = 0;

D2 (X , ξ) = 0; D2 (U2, U2) = 2;

∇XU2 =
2
√
2 (x2 − x1)3

1 + (x1 − x2)2
X2 U2;

for any X = X1 ξ + X2U2 tangent to M . As D1 = 0, by Theorem 4.1.3 it
follows that the induced connection ∇ is a metric connection. Since ḡ (U2, U2) =
− (1 + (x1 − x2)4) we have

D2(U2, U2) = H2 ḡ(U2, U2), H2 ≡ − 2
(1 + (x1 − x2)4)

.

Therefore, M is a totally umbilical half-lightlike submanifold of R4
2.

As the Riemannian curvature tensor R of an arbitrary manifold, M can be
considered as an F (M)-multilinear function on individual vector fields. If X , Y ∈
Γ (TM) the operator

RXY : Γ (TM) → Γ (TM),

sending each Z to R(X , Y )Z, is called a curvature operator. From the equation
(4.1.39) we have

Theorem 4.3.12. Let (M, g) be a half-lightlike submanifold of (M̄, ḡ), with its
induced connection ∇ which is a metric connection. Then the radical distribution
RadTM of M is an eigenspace for the curvature operator RXY , of M , with respect
to the eigenfunction −2dρ1(X,Y ), ∀X,Y ∈ Γ(TM).

4.4 Screen conformal submanifolds

It is well known that the second fundamental form and its shape operator of
a non-degenerate submanifold are related by means of the metric tensor field.
Contrary to this we see from equations (4.1.20) and (4.1.21) in Section 1 that in
the case of half-lightlike submanifolds M there are interrelations between these
geometric objects and those of its screen distribution. As the shape operator is
an information tool in studying the geometry of submanifolds, in this section, we
consider a class of half-lightlike submanifolds with conformal screen shape operator
defined as follows:

Definition 4.4.1. [158] A half-lightlike submanifoldM , of a semi-Riemannian man-
ifold, is called screen locally (resp. globally) conformal if on any coordinate neigh-
borhood U (resp. U =M) there exists a non-zero smooth function ϕ such that for
any null vector field ξ ∈ Γ(TM⊥) the relation

ANX = ϕA∗ξX, ∀X ∈ Γ(TM |U) (4.4.1)

holds between the shape operators AN and A∗ξ of M and S(TM) respectively.
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Remark 4.4.2. In case of a half-lightlike submanifold, since ANX and A∗ξX belong
to the screen distribution for any X ∈ Γ(TM), this definition is well defined. The
results of this section have appeared in [158].
Example 3. Consider in R5

2 a submanifold M given by the equations

x4 = (x2
1 + x2

2)
1
2 , x3 = (1− x2

5)
1
2 , x5 , x1 , x2 > 0.

Then we have

TM = Span{ξ = x1∂x1 + x2∂x2 + x4∂x4, U = x4∂x1 + x1∂x4,

V = −x5∂x3 + x3∂x5},
TM⊥ = Span{ξ , u = x3∂x3 + x5∂x5}.

Thus RadTM = Span{ξ} is a distribution onM and S(TM⊥) = Span{u}. Hence
M is a half-lightlike submanifold of R5

2 with S(TM) = Span{U, V }. Also, the
lightlike transversal bundle n tr(TM) is spanned by

N =
1
2x2

2

{x1∂x1 − x2∂x2 + x4∂x4}.

By direct calculations, we obtain

∇̄Uξ = U , ∇̄V ξ = 0 , ∇̄ξξ = ξ,

∇̄UN =
1
2x2

2

U , ∇̄V N = 0 , ∇̄ξN = −N.

Then, from (4.1.8) and (4.1.19) we obtain

A∗ξU = −U , A∗ξV = 0,

ANU = − 1
2x2

2

U , ρ1(U) = 0 , ρ2(U) = 0,

ANV = 0 , ρ1(V ) = 0 , ρ2(V ) = 0,
AN ξ = 0 , ρ1(ξ) = −1 , ρ2(ξ) = 0.

Hence we derive ANX = 1
2x2

2
A∗ξX, ∀X ∈ Γ(TM). ThusM is a screen conformal

lightlike submanifold with ϕ = 1
2x2

2
.

Proposition 4.4.3. Let (M, g) be a half-lightlike submanifold of a semi-Riemannian
manifold M̄ . Then, M is screen conformal if and only if

E1(X,PY ) = ϕD1(X,PY ), ∀X,Y ∈ Γ(TM). (4.4.2)

Proof. Suppose M is a screen conformal half-lightlike submanifold. Then, from
(4.1.20), (4.1.21) and (4.4.1), we get

E1(X,PY ) = g(ANX,PY ) = ϕg(A∗ξX,PY ) = ϕD1(X,PY )
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∀X,Y ∈ Γ(TM). Conversely, if E1(X,PY ) = ϕD1(X,PY ), ∀X,Y ∈ Γ(TM),
then (4.1.20) and (4.1.21) imply g(ANX,PY ) = g(ϕA∗ξX,PY ). Thus, we get
ANX = ϕA∗ξX which completes the proof. �

Let M be screen conformal. Then, from (4.1.18) and (4.4.2) we get

∇XPY = ∇∗XPY + ϕD1(X,PY )ξ, ∀X,Y ∈ Γ(TM). (4.4.3)

Now we show that a screen conformal half-lightlike submanifold can admit a unique
screen distribution.

Theorem 4.4.4. Let (M, g, S(TM)) be a screen conformal half-lightlike subman-
ifold of a semi-Riemannian manifold (M̄m+2, ḡ). Then, any screen distribution
S(TM) of M is integrable. Moreover, if the first derivative S defined by (4.2.7)
coincides with S(TM), then, S(TM) is a unique screen of M , up to an orthogo-
nal transformation with a unique lightlike transversal vector bundle and invariant
screen second fundamental form.

Proof. Using (4.1.7) and (4.4.3), we obtain

ḡ([X,Y ], N) = ḡ(∇XY,N)− ḡ(∇YX,N)
= ϕD1(X,Y )ḡ(ξ,N)− ϕD1(Y,X)ḡ(ξ,N)
= ϕ{D1(X,Y )−D1(Y,X)}, ∀X,Y, Z ∈ Γ (TM).

Since D1 is symmetric we get ḡ([X,Y ], N) = 0. Hence S(TM) is integrable. The
remainder of the proof follows from the proof of Theorem 4.2.1 of this chapter. �

Definition 4.4.5. Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M̄. Then, we say that M is a minimal half-lightlike submanifold if
tr |S(TM) h = 0 and ε1(ξ) = 0.

From (4.1.7) and (4.1.12), it follows that M is minimal if and only if

n−1∑
i=1

D1(ei, ei) = 0,
n−1∑
i=1

D2(ei, ei) = 0, and ε1(ξ) = 0,

where {ei}n−1
i=1 is an orthonormal basis of S(TM).

Theorem 4.4.6. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold M̄ , with a leaf M ′ of S(TM). Then

1. M is totally geodesic,

2. M is totally umbilical,

3. M is minimal,

if and only if M ′ is so immersed as a submanifold of M̄ and ε1 vanishes on M .
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Proof. Using (4.4.2) we obtain

∇̄XY = ∇∗XY + ϕD1(X,Y )ξ +D1(X,Y )N +D2(X,Y )u (4.4.4)

for any X,Y ∈ Γ(TM ′). Note that a screen conformal half-lightlike submanifold
has an integrable screen distribution. Thus a leaf of S(TM) is a semi-Riemannian
submanifold. Therefore, we have

∇̄XY = ∇′XY + h′(X,Y ) (4.4.5)

where h′ and ∇′ are second fundamental form and the Levi-Civita connection of
M ′ in M̄ . Thus, from (4.4.4) and (4.4.5) we obtain

h′(X,Y ) = (ϕ ξ +N)D1(X,Y ) +D2(X,Y )u (4.4.6)

for any X,Y ∈ Γ(TM ′). On the other hand, from (4.1.12) we have

εD2(ξ, PZ) = g(Auξ, PZ) and εD2(PZ, ξ) = −ε1(PZ).

Since D2 is symmetric we obtain −ε1(PZ) = g(Auξ, PZ). Similarly we get that
εD2(ξ, ξ) = ε1(ξ). Consequently, we obtain

D2(ξ, PZ) = D2(PZ, ξ) = D2(ξ, ξ) = 0 ⇔ ε1(Z) = 0, (4.4.7)

for all Z ∈ Γ(TM). Thus the proof follows from equations (4.4.6) and (4.4.7). �
Definition 4.4.7. [273] A lightlike submanifoldM is said to be irrotational if ∇̄Xξ ∈
Γ(TM) for any X ∈ Γ(TM), where ξ ∈ Γ(RadTM) .

For a half-lightlike M , since D1(X, ξ) = 0, the above definition is equivalent
to D2(X, ξ) = 0 = ε1(X), ∀X ∈ Γ(TM). Using this in (4.4.7) we state

Corollary 4.4.8. Let M be an irrotational screen conformal half-lightlike subman-
ifold of a semi-Riemannian manifold M̄ . Then

1. M is totally geodesic,

2. M is totally umbilical,

3. M is minimal,

if and only if a leaf M ′ of any S(TM) is so immersed as a submanifold of M̄.

Theorem 4.4.9. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian manifold. The following assertions are equivalent:

(1) Any leaf of S(TM) is totally geodesic in M .

(2) M is a lightlike product manifold of M ′ and L, where M ′, a leaf of S(TM),
is a non-degenerate manifold and L is a one-dimensional lightlike manifold.

(3) D1 vanishes identically on M .
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(4) The induced connection ∇ on M is a metric connection.

Proof. From (4.1.7) we have g(∇ξξ,X) = ḡ(∇̄ξξ,X) for X ∈ Γ(S(TM)) and
ξ ∈ Γ(Rad(TM)). Now ∇̄ a metric connection implies g(∇ξξ,X) = ḡ(ξ, ∇̄ξX).
Now using (4.1.7), (4.1.10) and (4.1.11) we obtain g(∇ξξ,X) = −D1(ξ,X)ḡ(ξ,N).
Thus we get

g(∇ξξ,X) = 0. (4.4.8)

Similarly, from (4.1.8) we derive ḡ(∇XY,N) = g(ANX,Y ) ∀X,Y ∈ Γ(S(TM))
and N ∈ Γ(ltr(TM)). Then from (4.4.1) we obtain ḡ(∇XY,N) = ϕg(A∗ξX,Y ).
Thus (4.1.21) implies that

ḡ(∇XY,N) = ϕD1(X,Y ). (4.4.9)

Now, from (4.4.8) and (4.4.9), the equivalent of (1) and (2) follows. If M is a
lightlike product, then any leaf of S(TM) is parallel. Thus from (4.4.9) D1 = 0,
since D1(X, ξ) = 0.

Conversely, if D1 = 0 then from (4.4.9) a leaf of S(TM) is parallel and
considering (4.4.8) we obtain (2). Thus (2) ⇔ (3). Finally, the equivalent of (3)
and (4) comes from Theorem 4.1.3, which completes the proof. �

Let M be a screen conformal half-lightlike submanifold. Consider the Rie-
mannian curvature of type (0 , 4) of ∇̄, by using (4.1.24) and the definition of
curvature tensors, we derive the following structure equations:

ḡ(R̄(X,Y )Z, PW ) = g(R(X,Y )Z, PW )
+ ϕ{D1(X,Z)D1(Y, PW )
−D1(Y, Z)D1(X,PW )}
+ ε{D2(X,Z)D2(Y, PW )
−D2(Y, Z)D2(X,PW )}, (4.4.10)

ḡ(R̄(X,Y )PZ,N) = ḡ(R(X,Y )PZ,N)
+ ε{ρ2(Y )D2(X,PZ)− ρ2(X)D2(Y, PZ)}

= g(∇X(ANY )−∇Y (ANX)
− AN [X,Y ], PZ) + ϕ{ρ1(Y )D1(X,PZ)
− ρ1(X)D1(Y, PZ)}+ ε{ρ2(Y )D2(X,PZ)
− ρ2(X)D2(Y, PZ)}, (4.4.11)

ḡ(R̄(X,Y )ξ, PZ) = g(R(X,Y )ξ, PZ) + εD2(X, ξ)D2(Y, PZ)
− εD2(Y, ξ)D2(X,PZ) (4.4.12)

Let R∗ be the curvature tensors of ∇∗. Using (4.1.18) and (4.4.2) we obtain
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R(X,Y )PZ = R∗(X,Y )PZ − ϕ{D1(Y, PZ)A∗ξX −D1(X,PZ)A∗ξY }
+ ϕ{(∇XD1)(Y, PZ)− (∇Y D1)(X,PZ)}ξ
+D1(Y, PZ){X(ϕ)− ϕρ1(X)}ξ
−D1(X,PZ){Y (ϕ)− ϕρ1(Y )}ξ. (4.4.13)

Theorem 4.4.10. Let M be a screen conformal half-lightlike submanifold of a semi-
Riemannian space form M̄(c). Then, the induced Ricci tensor of M is symmetric
if and only if

(D2 ∧ ρ2)(ξ,X, Y ) = D2(X,Y )ρ2(ξ).

Proof. The Ricci tensor of a half-lightlike submanifold is given by

Ric(X,Y ) =
m−1∑
i=1

εg(R(X, ei)Y, ei) + ḡ(R(X, ξ)Y,N), ∀X,Y ∈ Γ(TM).

For a space form M̄(c), from (4.4.2), (4.4.10) and (4.4.11), we have

Ric(X,Y ) = (1−m)cg(X,Y ) +
m−1∑
i=1

{(−D1(X,Y )D1(ei, ei)

+ D1(ei, Y )D1(X, ei))ϕ
− ε(D2(X,Y )D2(ei, ei) +D2(ei, Y )D2(X, ei))}
− εD2(X,Y )ρ2(ξ) + εD2(ξ, Y )ρ2(X).

Thus we get

Ric(X,Y )− Ric(Y,X) = ε{D2(ξ, Y )ρ2(X)−D2(ξ,X)ρ2(Y )

or

Ric(X,Y )− Ric(Y,X) = (D2 ∧ ρ2)(ξ,X, Y )−D2(X,Y )ρ2(ξ) (4.4.14)

which proves the theorem. �
The following result holds from Definition 4.4.7 and (4.4.14).

Corollary 4.4.11. The Ricci tensor of any irrotational screen conformal half-light-
like submanifold, of M̄(c), is symmetric.

Let p ∈M and ξ be a null vector of TpM . A plane H of TpM is called a null
plane directed by ξ if it contains ξ, ḡ(ξ,W ) = 0 for any W ∈ H and there exits
W0 ∈ H such that ḡ(W0,W0) �= 0. Then the null sectional curvature of H with
respect to ξ and ∇ is defined by [34, page 431]

Kξ(H) =
Rp(W, ξ, ξ,W )
gp(W,W )

.



4.4. Screen conformal submanifolds 185

Theorem 4.4.12. Let M be a screen conformal half-lightlike submanifold of an
M̄(c). Then, the null sectional curvature of M is given by

Kξ(H) = ε{D2(ξ, ξ)D2(X,X)−D2(X, ξ)D2(ξ,X)}, (4.4.15)

for X ∈ Γ(S(TM)) and ξ ∈ Γ(RadTM).

Proof. From (4.4.10) we have

Kξ(H) = ϕ{D1(X, ξ)D1(ξ,X) − D1(ξ, ξ)D1(X,X)}
+ ε{D2(ξ, ξ)D2(X,X)−D2(X, ξ)D2(ξ,X)}.

Using (4.1.10) we obtain (4.4.15) which proves the theorem. �

Moreover, using (4.1.15) in (4.4.15) and Definition 4.4.5, we have

Corollary 4.4.13. The null sectional curvature of a screen conformal half-lightlike
submanifold M , of M̄(c), vanishes identically if and only if

(D2 ∧ ε1 )(X, ξ,X) = −εε1 2(X), ∀X ∈ Γ(S(TM)), ξ ∈ Γ(RadTM).

Consequently, the null sectional curvature of any irrotational conformal half-light-
like submanifold, of M̄(c), vanishes identically.

Theorem 4.4.14. Let (M, g, S(TM)) be a screen conformal half-lightlike submani-
fold of M̄(c) with D2 = 0. Then, M is flat if and only if a leaf M ′ of S(TM) is
flat and c = 0.

Proof. Suppose M is flat. For M̄(c), from (4.4.11) we derive

g(R(X,Y )PZ,N) = − εD2(X,PZ)ρ2(Y ) + εD2(Y, PZ)ρ2(X)
+ c{g(Y, PZ)η(X)− g(X,PZ)η(Y )}

= 0 ∀X,Y, Z ∈ Γ(TM) (4.4.16)

and N ∈ Γ(ltr(TM)). Since D2 = 0 and M is flat, we obtain

c{g(Y, PZ)η(X)− g(X,PZ)η(Y )} = 0.

Thus, for X = ξ and Y = PZ we derive cg(PZ, PZ) = 0 hence c = 0. On the
other hand, from (4.4.10) we have

g(R(X,Y )PZ, PW ) = c{g(Y, PZ)g(X,PW )− g(X,PZ)g(Y, PW )}
− ϕ{D1(Y, PW )D1(X,PZ)
− D1(Y, PZ)D1(X,PW )}
− εD2(X,PZ)D2(Y, PW )
+ εD2(Y, PZ)D2(X,PW ). (4.4.17)
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Using (4.4.17) in (4.4.13) we get

2g(R(X,Y )PZ, PW ) = g(R∗(X,Y )PZ, PW ) + ε(D2(X,PW )D2(Y, PZ)
− D2(X,PZ)D2(Y, PW ) + c{g(Y, PZ)g(X,PW )
− g(X,PZ)g(Y, PW )}. (4.4.18)

Thus, from (4.4.17) we have R∗ = 0 due to c = 0 and D2 = 0. Now suppose that
M ′ is flat and c = 0. Using (4.4.16) and (4.4.18)we obtain

g(R(X,Y )PZ, PW ) = 0, g(R(X,Y )PZ,N) = 0. (4.4.19)

On the other hand, since M̄ is a space form and D1(X, ξ) = 0, we have

ḡ(R(X,Y )ξ,N) = 0, ∀X ∈ Γ(TM). (4.4.20)

Moreover, since D2 = 0, from (4.4.12) we get

g(R(X,Y )ξ, PZ) = 0. (4.4.21)

Thus, (4.4.19) to (4.4.21) implies R = 0 which proves the theorem. �
Example 4. Consider the screen conformal half-lightlike submanifoldM ofR5

2 given
in Example 3, and by direct calculations, we obtain

∇̄UV = ∇̄V U = ∇̄ξV = ∇̄V ξ = 0 , ∇̄Uξ = U,

∇̄UU =
1
2
ξ + x2

2N , ∇̄V V = −u , ∇̄ξξ = ξ,

∇̄Uu = 0 , ∇̄V u = V , ∇̄ξu = 0.

Thus from (4.1.7)–(4.1.9) , (4.1.19) and (4.1.20) we derive

∇UU =
1
2
ξ , E1(U , U) =

1
2
, AuU = 0 , AuV = −V , Auξ = 0,

D1(U,U) = x2
2 , D1(V, V ) = 0 , D2(U,U) = 0 , D2(V, V ) = −1,

D2(X, ξ) = 0 , ε1(X) = 0 ∀X ∈ Γ(TM).

Hence M is irrotational with a symmetric Ricci tensor (Theorem 4.4.10) and
vanishing null sectional curvature (Corollary 4.4.13). D1 �= 0 implies that ∇ is not
a metric connection and M is not totally geodesic. Also M ′ is not totally geodesic
in M̄ (Theorem 4.4.8). Moreover, S(TM) is not parallel inM due to E1(U,U) �= 0.
Thus M is not a lightlike product (Theorem 4.4.9).

Theorem 4.4.15. Let M be a half-lightlike submanifold of a semi-Riemannian
manifold M̄ . Suppose S(TM) is integrable and any leaf M ′ of S(TM) is totally
umbilical immersed in M̄ as a codimension 3 non-degenerate submanifold with
αβ > 0. Then M is screen locally conformal if and only if E1(ξ, PX) = 0 for
ξ ∈ Γ(RadTM) and X ∈ Γ(TM), where α and β are components of a mean
curvature vector field of the leaf, in the direction to ξ and N .
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Proof. Let M ′ be a leaf of S(TM). Then we have

∇̄XY = ∇∗XY + E1(X,Y )ξ +D1(X,Y )N +D2(X,Y )u

for any X,Y ∈ Γ(TM ′). The mean curvature vector field H∗is H∗ = αξ+βN+γu.
Since M ′ is totally umbilical in M̄ we get

E1(X,Y )ξ +D1(X,Y )N +D2(X,Y )u = g(X,Y ){αξ + βN + γu}.

Thus we have

E1(X,Y ) = αg(X,Y ) (4.4.22)
D1(X,Y ) = βg(X,Y ) D2(X,Y ) = γg(X,Y ). (4.4.23)

(4.4.22) and (4.4.23) imply E1(X,Y )= α
βD1(X,Y ). Hence, E1(X,Y )= α

β D1(X,Y )
for all X,Y ∈ Γ(TM ′). Since A∗ξξ = 0 and E1(ξ, Y ) = 0 we obtain ANX = ϕA∗ξX
for X ∈ Γ(TM). Conversely, if M is screen conformal, then, it can be seen that
E1(ξ,X) = 0, which completes the proof. �

For screen conformal M , (4.3.11) and (4.4.2) imply M ′ is totally umbilical if

D1(X,PY ) =
K

ϕ
g(X,PY ), ∀X ∈ Γ(TM). (4.4.24)

Theorem 4.4.16. Let M be a screen conformal half-lightlike submanifold of M̄ .
Then M is totally umbilical if and only if

P (AuX) = H2PX , ε1(X) = 0, X ∈ Γ(TM)

and a leaf M ′ of any S(TM) is totally umbilical in M .

Proof. From (4.3.1) we obtain thatD2(X,Y )=g(X,Y )H2 if and only if P (AuX)=
H2PX and ε1(X) = 0, ∀X ∈ Γ(TM). Suppose D1(X,Y ) = g(X,Y )H1. Then, M
is screen conformal and (4.4.2) implies E1(X,Y ) = ϕH1g(X,Y ). Hence M ′ is
totally umbilical with K = ϕH1. Conversely, if M ′ is totally umbilical then using
(4.4.2), (4.3.11) and (4.1.10) we obtain D1(X,Y ) = H1 g(X,Y ), where H1 = K

ϕ
,

which completes the proof. �

Theorem 4.4.17. Let M be a screen conformal totally umbilical half-lightlike sub-
manifold of a semi-Riemannian manifold M̄. Then:

1. M ′ is totally umbilical in M̄ .

2. M is totally geodesic if and only if M ′ is totally geodesic in M̄ .

Proof. Totally umbilical M implies D2(X, ξ) = 0 and (4.4.6), (4.3.1) imply
h′(X,Y ) = g(X,Y )(H1 ϕ ξ + H1N + H2 u), ∀X,Y ∈ Γ(TM ′), which completes
the proof. �
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Let M be a totally umbilical half-lightlike submanifold in M̄(c). Then, by
direct calculations, using (4.1.7), (4.1.8), (4.1.9), the definition of totally umbilical
submanifold and taking the tangential parts, we obtain

R(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y } − g(X,Z)H1ANY

+ g(Y, Z)H1ANX +H2{ g(Y, Z)AuX

− g(X,Z)AuY }. (4.4.25)

From (4.1.15), (4.4.25), (4.3.1) , (4.1.21), (4.4.1) and (4.4.24) we get

g(R(X,Y )Z,W ) = c{g(Y, Z)g(X,W )− g(X,Z)g(Y,W )}
− g(X,Z)ϕg(Y,W )(H1)2 + g(Y, Z)ϕg(X,W )(H1)2

− g(X,Z)H2εD2(Y,W ) + g(Y, Z)H2εD2(X,W ),

for all X,Y, Z ∈ Γ(TM) and W ∈ Γ(S(TM)). Thus we obtain

g(R(X,Y )Z,W ) = [g(Y, Z)g(X,W )− g(X,Z)g(Y,W )][c+ ϕ(H1)2 + ε(H2)2].
(4.4.26)

On the other hand, from (4.4.13) we obtain

g(R(X,Y )Z,W ) = R∗(X,Y )Z,W )− ϕg(Y, Z)H1g(A∗ξX,W )

+ ϕg(X,Z)H1g(A∗ξY,W ) ∀X,Y ∈ Γ(TM)

and Z,W ∈ Γ(S(TM)). Here, using (4.3.2) and (4.4.1) we get

g(R(X,Y )Z,W ) = R∗(X,Y )Z,W )− ϕ (H1)2[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )].
(4.4.27)

Thus from (4.4.26) and (4.4.27) we obtain

g(R∗(X,Y )Z,W ) = {g(Y, Z)g(X,Z)− g(X,Z)g(Y,W )}{c+ 2ϕ (H1)2

+ ε(H2)2}, ∀X,Y ∈ Γ(TM) (4.4.28)

and Z,W ∈ Γ(S(TM)). As a result of (4.4.28) we have the following result.

Theorem 4.4.18. Let (M, g, S(TM)) be a screen conformal totally umbilical half-
lightlike submanifold of a semi-Riemannian M̄(c), with a leaf M ′ of S(TM). If
dim(M ′) > 2, then M ′ is a semi-Riemannian space form if and only if ϕ =
constant.

From the proofs of Theorems 4.4.17 and above, the following results hold:

(a) The Ricci tensor of a screen conformal totally umbilical half-lightlike sub-
manifold M of M̄(c) is symmetric.

(b) The null sectional curvature of a screen conformal totally umbilical half-
lightlike submanifold M of M̄(c) vanishes identically.
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Example 5. Consider in R4
1 a surface M given by the equations

x1 = x3 , x2 = (1 − x2
4)

1
2 .

Then we have

TM = Span{ξ = ∂x1 + ∂x3 , u = −x4∂x2 + x2∂x4},
TM⊥ = Span{ξ = ∂x1 + ∂x3 , v = x2∂x2 + x4∂x4}.

Thus, M is a half-lightlike submanifold of R4
1 with RadTM = Span{ξ} and

S(TM) = Span{u} , S(TM⊥) = Span{v},

ltr(TM) = Span{N =
1
2
(−∂x1 + ∂x3)}.

Hence, we obtain A∗ξu = ANu = 0. Thus M is a trivial screen conformal half-
lightlike submanifold. On the other, by direct calculations, we derive

D1 = 0 , D2(ξ,X) = 0, ∀X ∈ Γ(TM), D2(u, u) = − g(u, u).

Thus M is a screen conformal totally umbilical half-lightlike submanifold. More-
over, D1 = 0 implies that ∇ is a metric connection.
Remark 4.4.19. Active research on half-lightlike submanifolds is in progress. See
some recent papers [247, 248, 249].





Chapter 5

Lightlike submanifolds

The objective of this chapter is to present an up-to-date account of the works pub-
lished on the general theory of lightlike submanifolds of semi-Riemannian mani-
folds. This includes unique existence theorems for screen distributions, geometry
of totally umbilical, minimal and warped product lightlike submanifolds.

5.1 The induced geometric objects

Let (M̄, ḡ) be a real (m+n)-dimensional semi-Riemannian manifold, wherem > 1,
n ≥ 1 with ḡ a semi-Riemannian metric on M̄ of constant index q ∈ {1, . . . ,m+
n−1}. Hence M̄ is never a Riemannian manifold. SupposeM is an m-dimensional
submanifold of M̄ . The condition m > 1 implies that M is not a curve of M̄ . For
p ∈M, we now consider

TpM
⊥ =

{
Vp ∈ TpM̄ ; ḡp(Vp,Wp) = 0, for all Wp ∈ TpM

}
.

For a lightlike M there exists a smooth distribution such that

RadTpM = TpM ∩ TpM
⊥ �= {0}, ∀p ∈M.

If the rank of RadTM is r (> 0), then,M is called an r-lightlike submanifold [149].
Following are four sub-cases with respect to the dimension and codimension of M
and rank of RadTM :

(A) r-lightlike submanifold, 0 < r < min{m,n}.

(B) Coisotropic submanifold, 1 < r = n < m.

(C) Isotropic submanifold, 1 < r = m < n.

(D) Totally lightlike submanifold, 1 < r = m = n.
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We now give details for these classes of lightlike submanifolds.

Case (A) (0 < r < min {m, n}). Consider a complementary distribution S(TM)
of RadTM in TM which is called a screen distribution. As M is supposed to be
paracompact, such a distribution always exists on M . Clearly, S(TM) is orthogo-
nal to RadTM and non-degenerate with respect to ḡ. Besides, we suppose S(TM)
is of a constant index on M , i.e., ḡp has the same index on the fiber S(TM)p, for
any p ∈ M . In this way S(TM) has a causal character. Thus we have the direct
orthogonal sum

TM = RadTM ⊕orth S(TM). (5.1.1)

Certainly, S(TM) is not unique, however it is canonically isomorphic to the factor
vector bundle TM∗ = TM/RadTM [273]. Also, see the next section on existence
of unique screens. Consider the vector bundle

TM⊥ = ∪p∈M TpM
⊥ .

Notice that, for the lightlike M , TM⊥ is not complementary to TM in TM̄|M
since RadTM = TM ∩ TM⊥ is now a distribution on M of rank r > 0. Consider
a complementary vector bundle S(TM⊥) of RadTM in TM⊥. It follows that
S(TM⊥) is also non-degenerate with respect to ḡ and TM⊥ has the orthogonal
direct decomposition

TM⊥ = RadTM ⊕orth S(TM⊥).

The vector sub-bundle S(TM⊥) is called a screen transversal vector bundle of
M . As S(TM) is a non-degenerate vector sub-bundle of TM̄|M , we have the
decomposition

TM̄|M = S(TM) ⊥ S(TM)⊥,

where S(TM)⊥ is the complementary orthogonal vector bundle of S(TM) in
TM̄|M . Note that S(TM⊥) is a vector sub-bundle of S(TM)⊥ and since both
are non-degenerate we have the orthogonal direct decomposition

S(TM)⊥ = S(TM⊥) ⊥ S(TM⊥)⊥.

Since the theory of lightlike submanifold M is mainly based on both S(TM) and
S(TM⊥), a lightlike submanifold is denoted by

(
M, g, S(TM), S(TM⊥)

)
.

We use the following range for indices used in this section:

i, j, k, . . . ∈ {1, . . . , r} ; a, b, c, . . . ∈ {r + 1, . . . ,m} ; α, β, γ, . . . ∈ {r + 1, . . . , n}.

It is known that for non-degenerate submanifolds, the normal bundle is a comple-
mentary orthogonal bundle to the tangent bundle of a submanifold. Contrary to
this, we have seen from the above that the normal bundle TM⊥ is orthogonal to
but not a complement to TM , since it intersects the null tangent bundle RadTM .
This creates a problem as a vector of TxM̄ cannot be decomposed uniquely into
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a component tangent to TxM and a component of TxM
⊥. Therefore, the stan-

dard text-book definition of second fundamental forms and the Gauss-Weingarten
formulas do not work, in the usual way, for lightlike submanifolds.

To deal with this problem, we use the approach in the 1996 book [149] of a
geometric technique by splitting the tangent bundle TM̄ into four non-intersecting
complementary (but not orthogonal) vector bundles (two null and two non-null).
For the benefit of readers we start with proofs of some results taken from [149]
which are needed to understand new results of this book.

Theorem 5.1.1. [149] Let
(
M, g, S(TM), S(TM⊥)

)
be an r-lightlike submanifold

of (M̄, ḡ) with r > 1. Suppose U is a coordinate neighborhood of M and {ξi},
i ∈ {1, . . . , r} is a basis of Γ(RadTM|U). Then there exist smooth sections {Ni}
of S(TM⊥)⊥|U such that

ḡ(Ni, ξj ) = δi j (5.1.2)

and
ḡ(Ni , Nj ) = 0, ∀i, j ∈ {1, . . . , r}. (5.1.3)

Proof. Consider a complementary vector bundle F of RadTM in S(TM⊥)⊥ and
choose a basis {Vi}, i ∈ {1, . . . , r} of Γ(F| U ). Thus the sections we are looking for
are expressed as

Ni =
r∑

k =1

{Ai k ξk + Bi k Vk} ,

where Ai k and Bi k are smooth functions on U . Then {Ni} satisfy (5.1.2) if and
only if

r∑
k =1

Bi k ḡj k = δi j ,

where ḡj k = ḡ(ξj , Vk ), j, k ∈ {1, . . . , r}. Observe that G = det [ḡj k] is everywhere
non-zero on U , otherwise S(TM⊥)⊥ would be degenerate at least at a point of U .
It follows that the above system has the unique solution

Bi k =
(ḡi k)′

G
,

where (ḡik)′ is the cofactor of the element ḡik in G. Finally, we see that (5.1.3) is
equivalent with

Ai j + Aj i +
r∑

k, h = 1

{Bi kBj h ḡ (Vk , Vh ) } = 0,

which proves the existence of Aij . �

Let tr(TM) and ltr(TM) be complementary (but not orthogonal) vector
bundles to TM in TM̄ |M and to RadTM in tr(TM) respectively. Then, we obtain
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tr(TM) = ltr(TM) ⊕orth S(TM⊥), (5.1.4)
TM̄ |M = TM ⊕ tr(TM)

= S(TM) ⊥ S(TM⊥) ⊥ (RadTM ⊕ ltr(TM)). (5.1.5)

Consider the following local quasi-orthonormal frame of M̄ along M :

{ξ1, . . . , ξr, N1, . . . , Nr, Xr+1, . . . , Xm, Wr+1, . . . , Wn} (5.1.6)

where {ξ1, . . . , ξr} is a lightlike basis of Γ (RadTM), {N1, . . . , Nr} a lightlike
basis of Γ (ltr(TM)), {Xr+1, . . . , Xm} and {Wr+1, . . . , Wn} orthonormal basis
of Γ (S(TM)|U) and Γ (S(TM⊥)|U) respectively.
Example 1. [149] Consider a surface (M, g) in R4

2 given by the equations

x3 =
1√
2
(x1 + x2) ; x4 =

1
2
log(1 + (x1 − x2)2 ),

where (x1, . . . , x4) is a local coordinate system for R4
2. Using a simple procedure

of linear algebra, we choose a set of vectors {U, V, ξ,W} given by

U =
√
2(1 + (x1 − x2)2) ∂1 + (1 + (x1 − x2)2) ∂3 +

√
2(x1 − x2) ∂4,

V =
√
2(1 + (x1 − x2)2) ∂2 + (1 + (x1 − x2)2) ∂3 −

√
2(x1 − x2) ∂4,

ξ = ∂1 + ∂2 +
√
2 ∂3,

W = 2(x2 − x1) ∂2 +
√
2(x2 − x1) ∂3 + (1 + (x1 − x2)2) ∂4,

so that TM and TM⊥ are spanned by {U, V } and {ξ, W} respectively. By direct
calculations it follows that RadTM is a distribution on M of rank 1 and spanned
by the lightlike vector ξ. Choose S(TM) and S(TM⊥) spanned by the timelike
vector V and the spacelike vector W , respectively. Then,

ltr(TM) = Span{N = −1
2
∂1 +

1
2
∂2 +

1√
2
∂3},

tr(TM) = Span{N, W},

where N is a lightlike vector such that g(N, ξ) = 1. Thus, M is a 1-lightlike
submanifold of Case A, with basis {ξ, N, V, W} of R4

2 along M .

For Case B, we have RadTM = TM⊥. Therefore, S(TM⊥) = {0} and
from (5.1.4) tr(TM) = ltr(TM). Thus, (5.1.5) and (5.1.6) reduce to

TM̄ |M = TM ⊕ tr(TM) = (TM⊥ ⊕ ltr(TM)) ⊥ S(TM), (5.1.7)

{ξ1, . . . , ξr, N1, . . . , Nr, Xr+1, . . . , Xm}. (5.1.8)

Example 2. Consider the unit pseudo-sphere S3
1 of Minkowski space R4

1 given by
the equation −t2 + x2 + y2 + z2 = 1. Cut S3

1 by the hypersurface t − x = 0
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and obtain a lightlike surface (M, g) of S3
1 with RadTM spanned by a lightlike

vector ξ = ∂t+ ∂x. Clearly, RadTM = TM⊥ and, therefore, this example belongs
to Case B. Consider a screen distribution S(TM) spanned by a spacelike vector
X = z ∂y − y ∂z. Then, we obtain a lightlike transversal vector bundle tr(TM) =
ltr(TM) spanned by N = − 1

2
{(1 + t2) ∂t + (t2 − 1) ∂x + 2 t y ∂y + 2 t z ∂z} such

that g(N, ξ) = 1, with a basis { ξ, N, X } for S3
1 along M .

For Case C, we have RadTM = TM . Therefore, S(TM) = {0}. Therefore,
(5.1.5) and (5.1.6) reduce to

TM̄ |M = TM ⊕ tr(TM) = (TM ⊕ ltr(TM)) ⊥ S(TM⊥), (5.1.9)

{ξ1, . . . , ξr, N1, . . . , Nr, Wr+1, . . . , Wn}. (5.1.10)

Example 3. Suppose (M, g ) is a surface of R5
2 given by equations

x3 = cos x1, x4 = sin x1, x5 = x2.

We choose a set of vectors { ξ1, ξ2, U1, U2 } given by

ξ1 = ∂2 + ∂5, ξ2 = ∂1 − sinx1 ∂3 + cosx1 ∂4,

U1 = − sinx1 ∂1 + ∂3, U2 = cosx1 ∂1 + ∂4,

so that RadTM = TM = Span{ ξ1 , ξ2 }, TM⊥ = Span{ ξ1 , U1, U2}. Therefore,
M belongs to Case C. Construct two null vectors

N1 =
1
2
{− ∂2 + ∂5 },

N2 =
1
2
{− ∂1 − sinx1 ∂3 + cosx1 ∂4 },

such that g(Ni, ξj) = δij for i, j ∈ {1, 2 } and ltr(TM) = Span{N1, N2}. Let
W = cosx1 ∂3 + sinx1 ∂4 be a spacelike vector such that S(TM⊥) = Span{W}.
Thus, {ξ1, ξ2, N1, N2, W} is a basis of R5

2 along M .

For Case D, RadTM = TM = TM⊥, S(TM) = S(TM⊥) = {0}. There-
fore, (5.1.5) and (5.1.6) reduce to

TM̄ |M = TM ⊕ ltr(TM), (5.1.11)

{ξ1, . . . , ξr, N1, . . . , Nr}. (5.1.12)

Example 4. Suppose (M, g) is a surface of R4
2 given by the equations

x3 =
1√
2
(x1 + x2), x4 =

1√
2
(x1 − x2).

We choose a set of vectors {ξ1, ξ2, U, V } given by

ξ1 = ∂1 +
1√
2
∂3 +

1√
2
∂4, ξ2 = ∂2 +

1√
2
∂3 −

1√
2
∂4,
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U = ∂1 + ∂2 +
√
2 ∂3, V = ∂1 − ∂2 +

√
2 ∂4,

so that TM and TM⊥ are spanned by {ξ1, ξ2} and {U, V } respectively. By direct
calculations we check that Span{ξ1, ξ2} = Span{U, V }, that is, TM = TM⊥.
Finally, the two lightlike transversal vector fields are:

N1 = ∂1 +
√
2 ∂3 +

√
2 ∂4, N2 = ∂2 +

√
2 ∂3 −

√
2 ∂4,

such that g(Ni, ξj) = δij , i, j = 1, 2. Thus, M is of Case D, with a basis
{ξ1, ξ2, N1, N2} of R4

2 along M .

From now on, we denote an m-dimensional lightlike submanifold simply by
M instead of

(
M, g, S(TM), S(TM⊥)

)
and (m+ n)-dimensional semi-Riemannian

manifold by M̄ . Let ∇̄ be the Levi-Civita connection on M̄ . As TM and tr(TM)
are complementary sub-bundles of TM̄|M we set

∇̄XY = ∇XY + h(X,Y ), ∀X, Y ∈ Γ(TM) , (5.1.13)

∇̄XV = −A(V,X) + ∇ t
XV, ∀V ∈ Γ(tr(TM) ) , (5.1.14)

where {∇XY, A(V,X)}, {h(X,Y ), ∇ t
XV } belong to Γ(TM) and Γ(tr(TM)) re-

spectively. It follows that ∇ and ∇ t are linear connections on M and on the
vector bundle tr(TM) respectively. Besides, ∇ is a torsion-free linear connection.
Also, h is a Γ(tr(TM))-valued symmetric F(M)-bilinear form on Γ(TM). Finally,
A is a Γ(TM)-valued F(M)-bilinear form defined on Γ(tr(TM)) × Γ(TM). We
call ∇ and ∇ t the induced linear connection and the transversal linear connection
onM respectively. Also h is called the second fundamental form ofM with respect
to tr(TM). For any V ∈ Γ(tr(TM)) define the F(M)-linear operator

AV : Γ(TM) −→ Γ(TM), AV (X) = A(V,X), ∀X ∈ Γ(TM) ,

and call it the shape operator of M with respect to V .
Suppose S(TM⊥) �= {0}, that is, M is either in Case (A) or in Case (C).

Using the decomposition (5.1.5), consider the projection morphisms L and S of
tr(TM) on ltr(TM) and S(TM⊥) respectively. Then (5.1.13) and (5.1.14) become

∇̄XY = ∇XY + hl(X,Y ) + hs(X,Y ), (5.1.15)

∇̄XV = −AVX + Dl
XV + Ds

XV, (5.1.16)

where we put

hl(X,Y ) = L(h(X,Y )) ; hs(X,Y ) = S(h(X,Y ) ),

Dl
XV = L(∇ t

XV ) ; Ds
XV = S(∇ t

XV ).

As hl and hs are Γ(ltr(TM))-valued and Γ(S(TM⊥))-valued respectively, we call
them the lightlike second fundamental form and the screen second fundamental
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form ofM . Also note that Dl and Ds do not define linear connections on tr(TM).
In fact, they are Otsuki connections, see [149].

For any X ∈ Γ(TM), by means of the above Otsuki connections define the
following differential operators:

∇l
X : Γ(ltr(TM))→ Γ(ltr(TM)) ; ∇l

X(LV ) = Dl
X(LV ), (5.1.17)

∇ s
X : Γ(S(TM⊥)) → Γ(S(TM⊥)) ; ∇ s

X(SV ) = Ds
X(SV ), (5.1.18)

for any V ∈ Γ(tr(TM)). It is easy to check that both ∇l and ∇ s are linear
connections on ltr(TM) and S(TM⊥) respectively. We call ∇l and ∇ s the lightlike
connection and the screen transversal connection on M , respectively. Besides, we
define the following F(M)-bilinear mappings:

Dl : Γ(TM) × Γ(S(TM⊥)) −→ Γ(ltr(TM)) ,

Dl(X, SV ) = Dl
X(SV ) , (5.1.19)

Ds : Γ(TM) × Γ(ltr(TM)) −→ Γ(S(TM⊥)) ,
Ds(X, LV ) = Ds

X(LV ), ∀X ∈ Γ(TM) (5.1.20)

and V ∈ Γ(tr(TM)). Due to (5.1.17)–(5.1.20), the equation (5.1.16) becomes

∇̄XV = −AVX + ∇l
X (LV ) + ∇ s

X(SV ) + Dl(X, SV ) +Ds(X, LV ). (5.1.21)

In particular, from (5.1.21) we derive

∇̄XN = −ANX + ∇l
XN + Ds(X,N), (5.1.22)

∇̄XW = −AWX + Dl(X,W ) + ∇ s
XW, (5.1.23)

for any X ∈ Γ(TM), N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)).
Next, suppose M is coisotropic or totally lightlike. Since in these cases there

is no screen vector bundle, (5.1.15) and (5.1.22) become

∇̄XY = ∇XY + hl(X,Y ), (5.1.24)

∇̄XN = −ANX + ∇l
XN, ∀X, Y ∈ Γ(TM) (5.1.25)

and N ∈ Γ(ltr(TM)). As in the case of non-degenerate submanifolds we call
(5.1.13), (5.1.15), (5.1.24) the Gauss formulae and (5.1.14), (5.1.16), (5.1.22),
(5.1.23), (5.1.25) the Weingarten formulae for the lightlike submanifold M .

Suppose M is either r-lightlike with r < min{m,n} or coisotropic. Then
according to (5.1.1) and (5.1.9) we set

∇XPY = ∇∗XPY + h∗(X,PY ), (5.1.26)

∇Xξ = −A∗(ξ, X) + ∇∗ t
X ξ , (5.1.27)

for any X, Y ∈ Γ(TM) and ξ ∈ Γ(RadTM), where {∇∗XPY, A∗(ξ, X)} and
{h∗(X,PY ), ∇∗ t

X ξ } belong to Γ(S(TM)) and Γ(Rad(TM)) respectively. It follows
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that ∇∗ and ∇∗ t are linear connections on S(TM) and RadTM respectively. On
the other hand, h∗ and A∗ are Γ(RadTM)-valued and Γ(S(TM))-valued F(M)-
bilinear forms on Γ(TM)×Γ(S(TM)) and Γ(RadTM)×Γ(TM) respectively. Call
h∗ and A∗ the second fundamental forms of distributions S(TM) and Rad(TM)
respectively. For any ξ ∈ Γ(RadTM) consider the F(M)-linear operator

A
∗
ξ : Γ(TM) −→ Γ(S(TM)) ; A∗ξX = A∗(ξ, X), ∀X ∈ Γ(TM) ,

and call it the shape operator of S(TM) with respect to ξ. Also, call ∇∗ and ∇∗ t

the induced connections on S(TM) and RadTM respectively. It is important to
note that both ∇∗ and ∇∗ t are metric linear connections.

By using the above and ∇̄ a metric connection we obtain

ḡ(hs(X,Y ),W ) + ḡ(Y, Dl(X,W ) ) = g(AWX, Y ), (5.1.28)

ḡ(hl(X,Y ), ξ ) + ḡ(Y, hl(X, ξ ) ) + g(Y,∇X ξ ) = 0 , (5.1.29)
ḡ(h∗(X,PY ), N) = ḡ(ANX,PY ), (5.1.30)

ḡ(hl(X,PY ), ξ) = g(A∗ξX,PY ), (5.1.31)

ḡ(ANX,PY ) = ḡ(N, ∇̄XPY ), (5.1.32)

g(hl(X, ξ), ξ) = 0, A∗ξξ = 0, (5.1.33)

∀X, Y ∈ Γ(TM), ξ ∈ Γ(RadTM), W ∈ Γ(S(TM⊥)), N, N ′ ∈ Γ(ltr(TM)).
Next, consider a coordinate neighborhood U of M and let {Ni,Wα} be a

basis of Γ(tr(TM)|M ) where Ni ∈ Γ(ltr(TM)|M ), i ∈ {1, . . . , r} and Wα ∈
Γ(S(TM⊥)| U), α ∈ {r + 1, . . . , n}. Then (5.1.15) becomes

∇̄XY = ∇XY +
r∑

i =1

hl
i(X,Y )Ni +

n∑
α = r+1

hs
α(X,Y )Wα (5.1.34)

and

∇̄XY = ∇XY +
m<n∑
i =1

hl
i(X,Y )Ni +

n∑
α = m+1

hs
α(X,Y )Wα (5.1.35)

for an r-lightlike submanifold with r < min{m,n} and for an isotropic submanifold
respectively. Similarly, (5.1.24) becomes

∇̄XY = ∇XY +
n<m∑
i =1

hl
i(X,Y )Ni (5.1.36)

∇̄XY = ∇XY +
n = m∑
i = 1

hl
i(X,Y )Ni (5.1.37)

for a coisotropic submanifold and a totally lightlike submanifold respectively. We
call {hl

i} and {hs
α} the local lightlike second fundamental forms and the local screen

second fundamental forms of M on U .
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Since the screen distributions are not unique, the following two results are
very important for the entire study of lightlike submanifolds.

Theorem 5.1.2. [149] The local lightlike second fundamental forms of a lightlike
submanifold M do not depend on S(TM), S(TM⊥) and ltr(TM).

Proof. Consider the basis {ξi}, i ∈ {1, . . . , r} of Γ(RadTM| U ) with respect to
which we constructed the basis {Ni} of Γ(ltr(TM)), (see Theorem 5.1.1.) Then
from (5.1.34)–(5.1.37) and taking into account (5.1.2), we get

hl
i(X,Y ) = ḡ(∇̄XY, ξi ), ∀X, Y ∈ Γ(TM),

which proves our assertion. �
Proposition 5.1.3. [41] Let M be a lightlike submanifold of a semi-Riemannian
manifold M̄ . Then, hl = 0 on Rad(TM).

Proof. Since ∇̄ is a metric connection, using the Koszul formula we have

ḡ(∇̄ξ′ξ
′′,K) = ξ′ ḡ(ξ′′,K) + ξ′′ ḡ(ξ′,K)−Kḡ(ξ′, ξ′′) (5.1.38)

+ ḡ([K, ξ′], ξ′′)− ḡ([ξ′′,K], ξ′) + ḡ([ξ′, ξ′′],K),

for any ξ′, ξ′′ ∈ Γ(Rad(TM)) and K ∈ Γ(TM̄ |M ). Suppose hl is not identically
zero on Rad(TM) and let ξ1, ξ2 ∈ Γ(Rad(TM)) such that hl(ξ1, ξ2) �= 0. As the
direct sum Rad(TM) ⊕ ltr(TM) is semi-Riemannian and hl(ξ1, ξ2) is a non-zero
section of the lightlike vector bundle ltr(TM), there exists ξ ∈ Γ(Rad(TM)) such
that ḡ(hl(ξ1, ξ2), ξ) = 1. If we substitute K = ξ, ξ′ = ξ1, ξ′′ = ξ2 in (5.1.38), then
from (5.1.15) we obtain

ḡ(hl(ξ1, ξ2), ξ) = ḡ(∇̄ξ1ξ2, ξ) = 0,

which is a contradiction. �
From the geometry of Riemannian submanifolds [97] and non-degenerate

submanifolds [317], it is known that the induced connection on a non-degenerate
submanifold is a Levi-Civita connection. Unfortunately, in general, this is not true
for a lightlike submanifold. Indeed, considering that ∇̄ is a metric connection and
by using (5.1.15), (5.1.24) and (5.1.14), we obtain

(∇Xg) (Y, Z) = ḡ(hl(X,Y ), Z) + ḡ(hl(X,Z), Y ), (5.1.39)

(∇t
X ḡ) (V, V

′) = − {ḡ(AV X,V
′) + ḡ(AV ′X,V )} , (5.1.40)

for any X, Y, Z ∈ Γ(TM) and V, V ′ ∈ Γ(tr(TM)). Thus, it follows that the
induced connection∇ is not a Levi-Civita connection. From (5.1.39), it also follows
that the induced connection on an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of (M̄, ḡ) is a metric connection if and only if hl vanishes
identically onM . However, the induced connection ∇ on an isotropic submanifold
and on a totally lightlike submanifold is a Levi-Civita connection. We now quote
the following characterization theorem on the existence of an induced Levi-Civita
connection on M .
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Theorem 5.1.4. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M̄ . Then the induced linear connection ∇ on M is a
metric connection if and only if one of the following conditions is fulfilled:

(i) A∗ξ vanish on Γ(TM) for any ξ ∈ Γ(RadTM).

(ii) RadTM is a Killing distribution.

(iii) RadTM is a parallel distribution with respect to ∇.

Proof. From Proposition 5.1.3 and (5.1.39), by using (5.1.31) we obtain that ∇ is
a metric connection if and only if (i) is satisfied. Next, the equivalence of (i) and
(iii) follows from (5.1.27). Finally, by using (1.2.23) of Chapter 1 and (5.1.27) we
conclude that RadTM is a Killing distribution if and only if

g(A∗ξX,PY ) + g(A∗ξY, PX) = 0, ∀X, Y ∈ Γ(TM). (5.1.41)

Thus clearly (i) implies (ii). Conversely, suppose (5.1.41) is satisfied. Then replace
X by ξ ′ ∈ Γ(RadTM) and obtain A∗ξξ

′ = 0. Replace X and Y by PX and
PY respectively and taking into account that A∗ξ is a self-adjoint operator, obtain
A∗ξPX = 0. Hence (ii) implies (i), which completes the proof. �

In general, S(TM) is not necessarily integrable. The following result gives
equivalent conditions for the integrability of a S(TM):

Theorem 5.1.5. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M̄ . Then the following assertions are equivalent:

(i) S(TM) is integrable.

(ii) h∗ is symmetric on Γ(S(TM) ).

(iii) AN is self-adjoint on Γ(S(TM) ) with respect to g.

Proof. First, note that S(TM) is integrable if and only if, locally on each U ⊂M
we have ḡ([X,Y ], N) = 0 for X,Y ∈ Γ(TM) and N ∈ Γ(ltr(TM)). By using
(5.1.15) and (5.1.26) we obtain

ḡ([X,Y ], N) = g(h∗(X,Y )− h∗(Y,X), N),

which implies the equivalence of (i) and (ii). The equivalence of (ii) and (iii) follows
from (5.1.30), which completes the proof. �

Also, from (5.1.26) and (5.1.30) we obtain

Theorem 5.1.6. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M̄ . Then the following assertions are equivalent:

(i) S(TM) is a parallel distribution with respect to ∇.

(ii) h∗ vanishes identically on M .
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(iii) AN is Γ(RadTM)-valued operator.

For integrability of Rad(TM), we have the following.

Theorem 5.1.7. [149] Let M be an r-lightlike submanifold with r < min{m,n} or
a coisotropic submanifold of M̄ . Then the following assertions are equivalent:

(i) RadTM is integrable.

(ii) The lightlike second fundamental form of M satisfies

hl(PX, ξ ) = 0, ∀ ξ ∈ Γ(RadTM), X ∈ Γ(TM).

(iii) For any ξ ∈ Γ(RadTM) the shape operator A∗ξ of S(TM) vanishes identically
on Γ(RadTM).

Proof. Taking into account that ∇̄ is both metric and torsion-free and by using
(5.1.15) we obtain

g ( [ ξ , ξ ′ ], PX) = ḡ
(
ξ, hl(ξ ′, PX)

)
− ḡ

(
ξ ′, hl(ξ, PX)

)
(5.1.42)

for any ξ, ξ ′ ∈ Γ(RadTM) and X ∈ Γ(TM). On the other hand, replace Y by ξ ′

in (5.1.29) and derive

ḡ
(
hl(ξ, PX), ξ ′

)
+ ḡ

(
hl(ξ ′, PX), ξ

)
= 0. (5.1.43)

Thus the equivalence of (i) and (ii) follows from (5.1.42) and (5.1.43). As a con-
sequence of (5.1.31) we deduce the equivalence of (ii) and (iii), since A∗ξ is a
Γ(S(TM) )-valued linear operator. �

5.2 Unique screen distributions

Coisotropoic submanifolds. We have seen in the previous two chapters that there
do exist large classes of lightlike hypersurfaces and half-lightlike submanifolds
which admit unique screen distribution. A next step in this direction is to de-
termine whether the same is true for coisotropic submanifolds. The objective of
this section is to present an affirmative answer to this important question.

Let (M, g, S(TM)) be an m-dimensional coisotropic submanifold of a semi-
Riemannian manifold (M̄, ḡ) of codimension n. Then, RadTM = TM⊥ and
S(TM⊥) = {0}. Therefore, the frame (5.1.6) reduces to

{ξ1, . . . , ξn, N1, . . . , Nn, Xn+1, . . . , Xm}.
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We need the following three Gauss and Weingarten type equations:

∇̄XY = ∇XY +
n∑

i=1

hi (X, Y )Ni,

∇̄XNi = −ANiX +
n∑

j=1

τij (X)Nj , (5.2.1)

∇Xξi = −Aξi X −
n∑

j=1

τij(X) ξj , ∀X , Y ∈ Γ (TM),

∀i = 1, . . . , n. Let a screen S(TM) change to another screen S(TM)′, where

{ξ1, . . . , ξn, N ′1, . . . , N ′n, X ′1, . . . , X ′m−n, }
is another quasi-orthonormal frame for the same set of null sections {ξ1, . . . , ξn}.
Following are the transformation equations due to this change:

X ′a =
m−n∑
b =1

Ab
a

(
Xb − εb

n∑
i=1

fib ξi

)
, (5.2.2)

N ′i = Ni +
n∑

j=1

Nijξj +
m−n∑
a =1

fiaXa, (5.2.3)

with the conditions

2Nii = −
m−n∑
a=1

εa(fia)2, Nij +Nji +
m−n∑
a=1

εafiafja = 0, ∀i �= j, (5.2.4)

h′i(X,Y ) = hi(X,Y ), ∀X , Y ∈ Γ (TM), (5.2.5)

∇′XPY = ∇XPY −
n∑

j=1

(
n∑

i=1

hi(X,PY )Nij

)
ξj

−
m−n∑
a=1

(
n∑

i=1

hi(X,PY )fia

)
Xa. (5.2.6)

Lemma 5.2.1. The second fundamental forms h∗ and h′∗ of the screen distributions
S(TM) and S(TM)′ respectively are related as follows:

h′∗i (X, PY ) = h∗i (X, PY ) +
1
2
||Zi||2hi(X,PY ) + g(∇XPY, Zi)

−
∑
j 
=i

{g(Zj ,Zj)−Nij}hj(X,PY ) (5.2.7)

for a fixed i and j summed from 1 to n and each Zi =
∑m−n

a=1 fia Xa are n char-
acteristic vector fields of the screen change.



5.2. Unique screen distributions 203

Proof. Using (5.2.6) and then (5.2.3) we obtain

ḡ(∇′XPY,N ′i) = ḡ(∇XPY,Ni) + ḡ(∇XPY,

m−n∑
a =1

fiaXa)

−
n∑

j=1

(
n∑

i=1

hi(X,PY )Nij

)
ḡ(ξj , Ni)

− g(
m−n∑
a=1

(
n∑

i=1

hi(X,PY )fia

)
Xa,

m−n∑
a =1

fiaXa).

Hence, we get

ḡ(∇′XPY,N ′i) = ḡ(∇XPY,Ni) + ḡ(∇XPY,Zi)

− hl
i(X,PY )(Nii +

m−n∑
a =1

f2
ia)

−
n∑

i
=j

hl
j(X,Y )[Nji +

m−n∑
a =1

fiafja].

Thus, from (5.2.5) we get

ḡ(∇′XPY,N ′i) = ḡ(∇XPY,Ni) + ḡ(∇XPY,Zi)

− hl
i(X,PY )(−

1
2
‖ Zi ‖2 +

m−n∑
a =1

f2
ia)

−
n∑

i
=j

hl
2(X,Y )Nij .

Finally, using (5.1.26) we get (5.2.7), which completes the proof. �
Let ωi be the respective n dual 1-forms of Zi given by

ωi(X) = g(X,Zi), ∀X ∈ Γ(TM), 1 ≤ i ≤ n. (5.2.8)

Denote by S the first derivative of a screen distribution S(TM) given by

S(x) = Span{[X,Y ]x, Xx, Yx ∈ S(TM), x ∈M}. (5.2.9)

If S(TM) is integrable, then, S is a sub-bundle of S(TM).
It is known that the second fundamental forms and their respective shape

operators of a non-degenerate submanifold are related by means of the metric
tensor. Contrary to this we see from equations (5.1.25) and (5.1.26) that there
are interrelations between the lightlike and the second fundamental forms of the
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lightlike M and its screen distribution and their respective shape operators. This
interrelation indicates that the lightlike geometry depends on a choice of screen
distribution. While we know from equation (5.2.5) that the second fundamental
forms of the lightlike M are independent of a screen, the same is not true for
the fundamental forms of S(TM) (see equation (5.2.6)), which is the root of non-
uniqueness anomaly in the lightlike geometry. Since, in general, it is impossible to
remove this anomaly, in two previous cases (i.e., hypersurfaces and half-lightlike
submanifolds) we used the conditions (2.2.1) and (4.4.1). However, this condition
can not be used for the case of general submanifolds for the following reason.

In a lightlike hypersurface and a half-lightlike submanifold, the equations
(2.1.26) and (4.1.11) imply that AN is S(TM)-valued. Thus, it is meaningful to
use the conditions (2.2.1) and (4.4.1). However, for a general lightlike submanifold,
there is no guarantee that AN is S(TM)-valued. Thus, we can not use shape
operators to define the notion ‘screen conformal’ for the general case.

For the above reason we use a new geometric condition as follows: Consider a
class of coisotropic submanifoldsM such that the respective fundamental forms of
M and the screen distribution S(TM) are related by conformal smooth functions
in F(M). The motivation for this geometric restriction comes from the classical
geometry of non-degenerate submanifolds for which there are only one type of
fundamental forms with their one type of respective shape operators. Thus, we
make the following definition.

Definition 5.2.2. [145]. A coisotropic submanifold (M, g, S(TM)) of a semi-Rie-
mannian manifold (M̄, ḡ) is called a screen locally conformal submanifold if the
fundamental forms h∗i of S(TM) are conformally related to the corresponding
lightlike fundamental forms hi of M by

h∗i (X,PY ) = ϕihi(X,Y ), ∀X,Y,Γ(TM |U), i ∈ {1, . . . , r}, (5.2.10)

where ϕ′is are smooth functions on a neighborhood U in M .

In order to avoid trivial ambiguities, we will consider U to be connected and
maximal in the sense that there is no larger domain U ′ ⊃ U on which (5.2.10)
holds. In case U =M the screen conformality is said to be global.

Theorem 5.2.3. [145] Let (M, g, S(TM)) be an m-dimensional coisotropic screen
conformal submanifold of a semi-Riemannian manifold M̄m+n. Then:

(a) Any choice of a screen distribution of M satisfying (5.2.10) is integrable.

(b) All the n-forms ωi in (5.2.8) vanish identically on the first derivative S given
by (5.2.9).

(c) If S = S(TM), then, there exists a set of n null sections {ξ1, . . . , ξn} of
Γ(RadTM) with respect to which S(TM) is a unique screen distribution of
M , up to an orthogonal transformation with a unique set {N1, . . . , Nn} of
lightlike transversal vector bundles and the screen fundamental forms h∗i are
independent of a screen distribution.
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Proof. Substituting (5.2.10) in (5.1.25) and then using (5.1.26) we get

g(ANiX,PY ) = ϕig(AξiX,PY ) ∀X ∈ Γ(TM|U ). (5.2.11)

Since each Aξi is symmetric with respect to g, equation (5.2.11) implies that each
ANi is self-adjoint on Γ(S(TM)) with respect to g, which further follows from
Theorem 5.1.5 that any choice of a screen distribution of M , satisfying (5.2.10) is
integrable. Thus, (a) holds. Choose an integrable screen S(TM). This means that
S is a sub-bundle of S(TM). Using (5.2.10) in (5.2.7) and h′i = hi we obtain

g(∇XPY,Zi) =
1
2
||Zi||2hi(X, PY )

+
∑
j 
=i

{g(Zj ,Zj)−Nji}hj(X,PY ) (5.2.12)

∀X,Y ∈ Γ(TM|U ) and for each fixed i. Since the right-hand side of (5.2.12)
is symmetric in X and Y , we have g([X,Y ],Zi) = ωi([X,Y ]) = 0, ∀X,Y ∈
Γ(S(TM)|U ), that is, ωi vanishes on S. Similarly, repeating above steps n-times
for each i we claim that each ωi vanishes on S which proves (b). If we take
S = S(TM), then, each ωi vanish on this choice of S(TM) which implies that all
the n characteristic vector fields Zi vanish. Therefore, all the functions fia vanish.
Finally, substituting this data in (5.2.4) and (5.2.6) it is easy to see that all the
functions Nij also vanish. Thus, the transformation equations (5.2.2), (5.2.3) and
(5.2.6) become X ′a =

∑m−n
b =1 Ab

aXb (1 ≤ a ≤ m− n), N ′i = Ni and h′∗i = h∗i where
(Ab

a) is an orthogonal matrix of S(TM) at any point x ∈ M . Therefore, S(TM)
is a unique screen up to an orthogonal transformation with unique transversal
vector fields Ni and the screen fundamental forms h∗i are independent of a screen
distribution. This completes the proof. �
Example 5. Consider the following example of a coisotropic submanifold of co-
dimension two.

x2 = (x2
3 + x2

5)
1
2 , x4 = x1, x3 > 0, x5 > 0.

Then, we have

S(TM) = Span{X = x5 ∂ x2 + x2 ∂ x5},
Rad(TM) = Span{ξ1 = ∂ x1 + ∂ x4, ξ2 = x2 ∂ x2 + x3 ∂ x3 + x5 ∂ x5},

ltr(TM) = Span{N1 =
1
2
(−∂ x1 + ∂ x4),

N2 =
1
2x2

3

{−x2 ∂ x2 + x3 ∂ x3 − x5 ∂ x5}}.

Then, by direct calculations, we get

∇̄ξ1X = 0, ∇̄ξ2X = X, ∇̄ξ1ξ2 = 0,
∇̄XX = x2 ∂ x2 + x5 ∂ x5.
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Then, using Gauss’ formula, we obtain

∇XX =
1
2
ξ2, h

∗
1(X,X) = 0, h∗1(ξ1, X) = h∗2(ξ1, X) = 0,

h∗1(ξ2, X) = h∗2(ξ2, X) = h2(ξ,X) = h2(ξ2, X) = 0, h1 = 0,

h2(X,X) = −(x2
3), h

∗
2(X,X) =

1
2
.

Thus, M is screen conformal with ϕ1 arbitrary and ϕ2 = − 1
2x2

3
.

Now one may ask whether there exists another class of coisotropic light-
like submanifolds of semi-Riemannian manifolds of an arbitrary signature which
admits an integrable unique screen distribution. We answer this question in the
affirmative, subject to the following geometric condition (different from the screen
conformal condition) on the embedding.

Consider a complementary vector bundle F of RadTM in S(TM)⊥ and
choose a basis {Vi}, i ∈ {1, . . . , n} of Γ(F| U ). Thus the sections we are looking for
are expressed as

Ni =
n∑

k = 1

{Ai k ξk + Bi k Vk} , (5.2.13)

where Ai k and Bi k are smooth functions on U . Then {Ni} satisfy (5.1.2) if and
only if

∑n
k =1 Bi k ḡj k = δi j , where ḡj k = ḡ(ξj , Vk ), j, k ∈ {1, . . . , n}. Observe

that G = det [ḡj k] is everywhere non-zero on U , otherwise S(TM)⊥ would be
degenerate at least at a point of U . Assume that F is parallel along the tangent
direction.

Theorem 5.2.4. [145]. Let (M, g, S(TM), F ) be a coisotropic submanifold of a semi-
Riemannian manifold M̄ such that the complementary vector bundle F of RadTM
in S(TM)⊥ is parallel along the tangent direction. Then all the assertions from
(a) through (c) of Theorem 5.2.3 will hold.

Proof. Taking the covariant derivative of Ni (given by (5.2.13)) with respect to
X ∈ Γ(TM), we get

∇̄XNi =
n∑

k=1

{X(Aik)ξk +X(Aik)∇̄Xξk +X(Bik)Vk +Bik∇̄XVk}.

Using the three equations of (5.2.1) we obtain

ANiX =
n∑

k=1

⎧⎨⎩(AikA
∗
ξk
X −Aik)ξk +

n∑
j=1

τkj(X)ξj +X(Bik)Vk +Bik∇̄XVk

⎫⎬⎭
+

n∑
j=1

τij(X)Nj .
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Since F is parallel, ∇̄XVk ∈ Γ(F ). Thus for Y ∈ Γ(S(TM)), we get

g(ANiX,Y ) =
n∑

k=1

Aikg(A∗ξk
X,Y ).

Then using (5.1.31) we get

ḡ(h∗(X,Y ), Ni) =
r∑

k=1

Aik ḡ(hl(X,Y ), ξk). (5.2.14)

Since the right side of (5.2.14) is symmetric, it follows that each h∗i is symmetric
on S(TM). This implies from Theorem 5.1.5 that any choice of S(TM) of M ,
with parallel vector bundle F , is integrable. Thus, (a) holds. Choose an integrable
screen S(TM) so that S is a sub-bundle of S(TM). Now using (5.2.14) in (5.2.7)
and hi = h′i, we obtain

g(∇XPY,Zi) =
∑
i
=j

hj(X,PY )[Nji + g(Zi,Zj)]

+
1
2
hi(X,PY ) ‖ Zi ‖2, (5.2.15)

Then the rest of the proof is similar to the proof of Theorem 5.2.3. �
r-lightlike submanifolds. Let (M, g) be an r-lightlike submanifold of (m + n)-
dimensional semi-Riemannian manifold (M̄, ḡ) of codimension n. Consider two
quasi-orthonormal frames {ξi, Ni, Xa,Wα} and {ξi, N ′i , X ′a,W ′

α} induced on U by
{S(TM), S(TM⊥), F} and {S′(TM), S′(TM⊥), F ′}, respectively. Here F and F ′

are the complementary vector bundles of RadTM in S(TM⊥)⊥ and S′(TM⊥)⊥,
respectively. By direct calculations, using (5.1.5), (5.1.2) we obtain

X ′a =
m∑

b = r+1

{
Xb

a(Xb − εb

r∑
i =1

fi b ξ i )

}
, (5.2.16)

W ′
α =

n∑
β = r+1

{
W β

α (Wβ − εβ

r∑
i = 1

Qi β ξ i )

}
, (5.2.17)

N ′i = Ni +
r∑

j =1

Ni j ξ j +
m∑

a = r+1

fi aXa +
n∑

α = r+1

Qi αWα , (5.2.18)

where {εa} and {εα} are signatures of basis {Xa} and {Wα} respectively, Xb
a,W β

α ,
Ni j , fi a, Qi α are smooth functions on U such that [Xb

a] and [W
β

α ] are (m− r) ×
(m− r) and (n− r) × (n− r) semi-orthogonal matrices , and

Ni j + Nj i +
m∑

a = r+1

εa fi a fj a +
n∑

α= r +1

εαQi αQj α = 0. (5.2.19)
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Using (5.1.5), we have

∇XY = ∇ ′
XY +

r∑
j =1

⎧⎨⎩
r∑

i =1

hl
i(X,Y )Ni j −

n∑
α, β=r+1

εβh
′s
α (X,Y )W

β
α Qj β

⎫⎬⎭ ξj

+
m∑

a = r+1

{
r∑

i =1

hl
i(X,Y )fi a

}
Xa , (5.2.20)

and

hs
α(X,Y ) =

r∑
i =1

hl
i(X,Y )Qi α +

n∑
β = r+1

h′sβ(X,Y )W
α
β . (5.2.21)

Also note that, from Theorem 5.1.2, we get

hl
i(X,Y ) = h′li(X,Y ), ∀X,Y ∈ Γ(TM). (5.2.22)

Lemma 5.2.5. The second fundamental forms h∗ and h′∗ of the screen distributions
S(TM) and S(TM)′, respectively, in an r-lightlike submanifold M are related as
follows:

h′∗i (X,PY ) = h∗i (X,PY ) + g(∇XPY,Zi)−
∑
i
=j

hl
j(X,PY )[Nji + g(Zi,Zj)]

+
1
2
hl

i(X,PY )[‖ Wi ‖2 − ‖ Zi ‖2]

+
n∑

α=r+1

εα h
s
α(X,PY )Qiα, (5.2.23)

where Zi =
∑m

a=r+1 fiaXa and Wi =
∑n

α=r+1QiαWα.

Proof. From (5.2.20), we have

ḡ(∇ ′
XPY,N

′
i) = ḡ(∇XPY,N

′
i)−

r∑
j = 1

{
r∑

i =1

hl
i(X,PY )Ni j

+
n∑

α, β=r+1

εβh
′s
α (X,PY )W

β
α Qj β}ḡ(ξj , N ′i)

−
m∑

a = r+1

{
r∑

i =1

hl
i(X,PY )fi a

}
ḡ(Xa, N

′
i).
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Then, using (5.1.26) and (5.2.18), we obtain

h′∗i (X,PY ) = h∗i (X,PY ) + g(∇XPY,Zi)

− hl
i(X,PY )Nii −

∑
i
=j

hl
i(X,PY )Nji

+
∑
α,β

εβh
′s
α(X,PY )W

β
αQiβ

−
∑

j

∑
a

hl
j(X,PY )g(fiaXa, PjaXa)

− hl
i(X,PY )g(Zi,Zi). (5.2.24)

On the other hand, from (5.2.19), we have

Nii = −1
2
{

m∑
a=r+1

εa (fia)2 +
n∑

α=r+1

εα (Qiα)2}. (5.2.25)

Then, using (5.2.25) in (5.2.24), we get

h′∗i (X,PY ) = h∗i (X,PY ) + g(∇XPY,Zi)

+
1
2
hl

i(X,PY ){‖ Zi ‖2 + ‖ Wi ‖2}

−
∑
i
=j

hl
i(X,PY )Nji +

∑
α,β

εβh
′s
α(X,PY )W

β
αQiβ

−
∑

j

∑
a

hl
j(X,PY )g(Zi,Zj)− hl

i(X,PY ) ‖ Zi ‖2 .

Finally, using (5.2.21), we obtain (5.2.23). �
Let ωi be the respective n dual 1-forms of Zi given by

ωi(X) = g(X,Zi), ∀X ∈ Γ(TM), (5.2.26)

where 1 ≤ i ≤ n. At a point x ∈M let N 1(x) be the space spanned by all vectors
hs(X,Y ), Xx, Yx ∈ TxM ,i.e.,

N 1(x) = Span{hs(X,Y )x ; Xx, Yx ∈ TxM}.

We call N 1 a first screen transversal space.

Theorem 5.2.6. Let (M, g, S(TM)) be an m-dimensional r-lightlike screen confor-
mal submanifold of a semi-Riemannian manifold M̄m+n. Then:

(a) Any choice of a screen distribution of M , satisfying (5.2.10), is integrable.

(b) All the n-forms ωi in (5.2.26) vanish identically on the first derivative S
given by (5.2.9).
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(c) If S and N 1 coincide with S(TM) and S(TM⊥), respectively, then, there ex-
ists a set of r null sections {ξ1, . . . , ξr} of Γ(RadTM) with respect to which
S(TM) is a unique screen distribution of M , up to an orthogonal transforma-
tion with a unique set {N1, . . . , Nr} of lightlike transversal vector bundles and
the screen fundamental forms h∗i are independent of a screen distribution.

Proof. (a) follows as in Theorem 5.2.3(a). To prove (b), take S = S(TM). Then
one can obtain that all fia = 0. From (5.2.24) we obtain

∑
i
=j

hl
j(X,PY )Nji −

1
2
hl

i(X,PY ) ‖ Wi ‖2 −
n∑

α,β=r+1

h′sα(X,PY )W
β
α Qiβ = 0.

On the other hand, by direct computations, we have∑
i
=j

hl
j(X,PY )Nji =

∑
i
=j

ḡ(h′l(X,PY ), ξj)ḡ(N ′j , Ni).

Adding and subtracting ḡ(h′l(X,PY ), ξi)ḡ(N ′i , Ni) to the above, we get∑
i
=j

hl
j(X,PY )Nji =

r∑
k

ḡ(h′l(X,PY ), ξk)ḡ(N ′k, Ni)− ḡ(h′l(X,PY ), ξi)ḡ(N ′i , Ni).

Hence we have∑
i
=j

hl
j(X,PY )Nji =

r∑
k

ḡ(ḡ(h′l(X,PY ), ξk)N ′k, Ni)− ḡ(h′l(X,PY ), ξi)ḡ(N ′i , Ni).

Thus we obtain∑
i
=j

hl
j(X,PY )Nji = ḡ(h′l(X,PY ), Ni)− ḡ(h′l(X,PY ), ξi)ḡ(N ′i , Ni).

Since hl is invariant, we arrive at∑
i
=j

hl
j(X,PY )Nji = −hl

i(X,PY )Nii.

Since [Xb
a], [W

β
α ] and [Nij ] are semi-orthogonal matrices, without any lose of gen-

erality, we can assume that these matrices are diagonal. Then the above equation
implies that Nii = 0. Using this in (5.2.24), we derive

n∑
α=r+1

εαQ
2
iα = 0

which shows that
‖ Wα ‖2= 0. (5.2.27)
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Moreover, (5.2.19) and Nij = 0 implies that

n∑
α=r+1

εα QiαQjα = 0

which means that
ḡ(Wi,Wj) = 0. (5.2.28)

Then, using (5.2.23), (5.2.27) and (5.2.28) we obtain

n∑
α=r+1

εαh
s
α(X,PY )Qiα = ḡ(hs(X,PY ),Wi) = 0. (5.2.29)

Then (5.2.29) implies that Wi = 0, on N1. Similarly, repeating n-times above
steps for each i we claim that each Wi vanishes on N 1 which proves (b). If we
take N1 = S(TM⊥), then, each Wi vanishes on this choice. Therefore, all the
functions Qiα vanish. Thus the proof is complete. �

Example 6. Let M̄ = (R7
2, ḡ), where R7

2 is a semi-Euclidean space of signature
(−,−,+,+,+,+,+) with respect to the canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7}.

Let M be a submanifold of R7
2 given by

x1 = u1, x2 = u2, x3 =
u1

√
2
sinu3, x4 =

u1

√
2
cosu3,

x5 =
u1

√
2
sinu4, x6 =

u1

√
2
cosu4, x7 = u2,

where u3 ∈ R − {k π
2 } and u4 ∈ R − {kπ, k ∈ Z}. Then TM is spanned by

Z1 = ∂x1 +
1√
2
sinu3 ∂x3 +

1√
2
cosu3 ∂x4 +

1√
2
sinu4 ∂x5 +

1√
2
cosu4 ∂x6

Z2 = ∂x2 + ∂x7

Z3 =
1√
2
u1 cosu3 ∂x3 −

1√
2
u1 sinu3∂ x4

Z4 =
1√
2
u1 cosu4 ∂x5 −

1√
2
u1 sinu4 ∂ x6.

Thus M is 2-lightlike with RadTM = Span{Z1, Z2}. Choose S(TM) =
Span{Z3, Z4}. Then a screen transversal bundle S(TM⊥) is spanned by

W = sinu3 ∂x3 + cosu3 ∂x4 − sinu4 ∂x5 − cosu4 ∂x6,
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and a lightlike transversal bundle ltr(TM) is spanned by

N1 =
1

2
√
2
{−

√
2∂ x1 + sinu3 ∂x3 + cosu3 ∂x4 + sinu4 ∂x5 + cosu4 ∂x6}

N2 =
1
2
{−∂ x2 + ∂ x7}.

Then by direct computations, we have

∇̄XZ2 = ∇̄Z1Z1 = ∇̄Z2Z2 = ∇̄Z2Z3 = ∇̄Z2Z4 = 0,

∇̄Z3Z1 = Z3, ∇̄Z4Z1 = Z4, ∇̄Z1Z3 = u1 Z3, ∇̄Z1Z4 = u1 Z4,

∇̄Z3Z3 = −1
2
u1 {sinu3 ∂ x3 + cosu3 ∂ x4},

∇̄Z4Z4 = −1
2
u1 {sinu4 ∂ x5 + cosu4 ∂ x6}.

Thus, we obtain

hl(Z1, Z1) = 0, h∗(Z1, Z1) = 0

hl(Z2, Z2) = 0, h∗(Z2, Z2) = 0

hl(Z1, Z2) = 0, h∗(Z1, Z2) = h∗(Z2, Z1) = 0

hl(Z3, Z4) = 0, h∗(Z3, Z4) = h∗(Z4, Z3) = 0

hl(Z1, Z3) = 0, h∗(Z1, Z3) = h∗(Z3, Z1) = 0

hl(Z3, Z2) = 0, h∗(Z3, Z2) = h∗(Z2, Z3) = 0

hl(Z1, Z4) = 0, h∗(Z1, Z4) = h∗(Z4, Z1) = 0

hl(Z4, Z2) = 0, h∗(Z4, Z2) = h∗(Z2, Z2) = 0
h2(Z3, Z3) = 0, h∗2(Z3, Z3)
h2(Z4, Z4) = 0, h∗2(Z4, Z4) = 0

hl
1(Z3, Z3) = − 1

2
√
2
u1, hl

1(Z4, Z4) = − 1
2
√
2
u1

h∗1(Z3, Z3) = − 1
4
√
2
u1, h∗1(Z4, Z4) = − 1

4
√
2
u1.

Hence ϕ1 = 1
2 and ϕ2 is an arbitrary function on M . Thus M is locally screen

conformal and satisfies the hypothesis of the above theorem.

Just as in the coisotropic case, we show that there exists another class of
r-lightlike submanifolds of semi-Riemannian manifolds of an arbitrary signature
which admit integrable unique screen distributions, subject to a geometric condi-
tion (different from the screen conformal condition).

Consider a complementary vector bundle F of RadTM in S(TM⊥)⊥ and
choose a basis {Vi}, i ∈ {1, . . . , r} of Γ(F| U ). Thus the sections we are looking for
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are expressed as

Ni =
r∑

k =1

{Ai k ξk + Bi k Vk} , (5.2.30)

where Ai k and Bi k are smooth functions on U . Then {Ni} satisfy (5.1.2) if and
only if

r∑
k =1

Bi k ḡj k = δi j ,

where ḡj k = ḡ(ξj , Vk ), j, k ∈ {1, . . . , r}. Observe that G = det [ḡj k] is everywhere
non-zero on U , otherwise S(TM⊥)⊥ would be degenerate at least at a point of U .
Assume that F is parallel along the tangent direction.

Theorem 5.2.7. Let M be an r-lightlike submanifold of a semi-Riemannian mani-
fold M̄ such that the complementary vector bundle F of RadTM in S(TM⊥)⊥ is
parallel along the tangent direction. Then, all the assertions from (a) through (c)
of Theorem 5.2.6 will hold.

Proof. The covariant derivative of (5.2.30) provides

∇̄XNi =
r∑

k=1

(X(Aik)ξk +Aik∇̄Xξk +X(Bik)Vk +Bik∇̄XVk).

Using (5.1.15), (5.1.22) and (5.1.27), we obtain

ANiX = ∇l
XNi +Ds(X,Ni)−

r∑
k=1

[X(Aik)ξk

+Aik{−A∗ξk
X +∇∗t

Xξk + hl(X, ξk)

+ hs(X, ξk)}+X(Bik)Vk +Bik∇̄XVk].

Since F is parallel, ∇̄XVk ∈ Γ(F ). Thus for Y ∈ Γ(S(TM)), we get

g(ANiX,Y ) =
r∑

k=1

Aikg(A∗ξk
X,Y ).

Then using (5.1.31) we get

ḡ(h∗(X,Y ), Ni) =
r∑

k=1

Aik ḡ(hl(X,Y ), ξk). (5.2.31)

Since the right side of (5.2.31) is symmetric, it follows that h∗ is symmetric on
S(TM). Thus Theorem 5.1.5 implies that S(TM) is integrable. On the other hand,
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using (5.2.31) in (5.2.23) and hl = h′l, we obtain

g(∇XPY,Zi) =
∑
i
=j

hl
j(X,PY )[Nji + g(Zi,Zj)]

− 1
2
hl

i(X,PY )[‖ Wi ‖2 − ‖ Zi ‖2]

+
n∑

α=r+1

εα h
s
α(X,PY )Qiα.

The rest of the proof is similar to the proofs of Theorems 5.2.4 and 5.2.6. �
Remark 5.2.8. Observe from Example 6 that the screen conformal condition does
not necessarily imply that F is parallel along the tangent direction. Indeed, in this
example ∇̄Z3Z1 does not belong to F .

5.3 Totally umbilical submanifolds

Let {Ni, Wα} be a basis of Γ(tr (TM)|U) on a coordinate neighborhood U of M ,
where Ni ∈ Γ(ltr(TM)|U ) and Wα ∈ Γ(S(TM⊥)|U ). Then (5.1.15) becomes

∇̄XY = ∇XY +
r∑

i=1

hl
i(X, Y )Ni +

n∑
α=r+1

hs
α(X, Y )Wα, (5.3.1)

∇̄XY = ∇XY +
m<n∑
i=1

hl
i(X, Y )Ni +

n∑
α=m+1

hs
α(X, Y )Wα, (5.3.2)

for an r-lightlike or an isotropic submanifold respectively. (5.1.24) becomes

∇̄XY = ∇XY +
n<m∑
i=1

hl
i(X, Y )Ni, (5.3.3)

∇̄XY = ∇XY +
n=m∑
i=1

hl
i(X, Y )Ni, (5.3.4)

for a coisotropic and a totally lightlike submanifold respectively. {hl
i} and {hs

α}
are the local lightlike second fundamental forms and the local screen second fun-
damental forms of M . Also (5.1.22) and (5.1.23) become

∇̄XNi = −ANiX +
r∑

j=1

ρij(X)Nj +
n∑

α=r+1

τiα(X)Wα,

∇̄XWα = −AWαX +
r∑

i =1

ναi(X)Ni +
n∑

β = r+1

θαβ(X)Wβ ,
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∇̄XNi = −ANiX +
m<n∑
j=1

ρij(X)Nj +
n∑

α=m+1

τiα(X)Wα,

∇̄XWα = −AWαX +
m<n∑
i =1

ναi(X)Ni +
n∑

β = m+1

θαβ(X)Wβ ,

for an r-lightlike and an isotropic submanifold respectively, where

ρij(X) = ḡ(∇l
XNi, ξj), εα τiα(X) = ḡ(Ds(X, Ni), Wα), (5.3.5)

ναi(X) = ḡ(Dl(X, Wα), ξi), εβ θαβ(X) = ḡ(∇s
XWα, Wβ),

and εα is the signature of Wα. Similarly, (5.1.26) and (5.1.27) become

∇XPY = ∇∗XPY +
r∑

i=1

h∗i (X, PY )ξi,

∇Xξi = −A∗ξi
X +

r∑
j =1

μij(X)ξj ,

where h∗i (X, PY ) = ḡ(h∗(X, PY ), Ni) and μij(X) = ḡ (∇∗tXξi, Nj). Using the
above equations we obtain μij(X) = − ρj i(X). Thus,

∇Xξi = −A∗ξi
X −

r∑
j =1

ρji(X)ξj . (5.3.6)

Definition 5.3.1. [155] A lightlike submanifold (M, g) of a semi-Riemannian man-
ifold (M̄, ḡ) is said to be totally umbilical in M̄ if there is a smooth transversal
vector field H ∈ Γ(tr(TM)) on M , called the transversal curvature vector field of
M , such that, for all X, Y ∈ Γ(TM),

h(X, Y ) = H ḡ(X, Y ). (5.3.7)

Using (5.1.15) and (5.3.7) it is easy to see that M is totally umbilical, if and
only if on each coordinate neighborhood U there exist smooth vector fields H l ∈
Γ(ltr(TM)) and Hs ∈ Γ(S(TM⊥)), and smooth functions H l

i ∈ F (ltr(TM)) and
Hs

i ∈ F (S(TM⊥)) such that

hl(X, Y ) = H l ḡ(X, Y ), hs(X, Y ) = Hs ḡ(X, Y ),

hl
i(X, Y ) = H l

i ḡ(X, Y ), hs
α(X, Y ) = Hs

α ḡ(X, Y ) (5.3.8)

for any X, Y ∈ Γ(TM). The above definition does not depend on the screen
distribution and the screen transversal vector bundle of M . On the other hand,
from the equation (5.1.29) we obtain

g(AWαX, Y ) = εα h
s
α(X, Y ) +

r∑
i =1

Dl
i(X, Wα) ηi(Y ). (5.3.9)
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Now replace Y by ξj and obtain

Dl
i(X, Wα) = − εα h

s
α(ξi, X). (5.3.10)

Using (5.1.28), (5.1.29), (5.3.8) and (5.3.10), we state (the relations (5.3.8) trivially
hold in case S(TM) or S(TM⊥) vanish) the following:

Theorem 5.3.2. [155]. A lightlike submanifold (M, g), of a semi-Riemannian man-
ifold (M̄, ḡ), is totally umbilical if and only if on each coordinate neighborhood U
there exist smooth vector fields Hl and Hs such that

Dl(X, W ) = 0, A∗ξX = H lPX, P (AWX) = εHsPX,

Dl
i(X, Wα) = 0, A∗ξi

X = H l
iPX, P (AWαX) = εαH

s
αPX,

for any X ∈ Γ(TM), where ε is the signature of W ∈ Γ(S(TM⊥).

Example 8. Let M be a surface of R4
2, of Example 1, given by

x3 =
1√
2
(x1 + x2) ; x4 =

1
2
log(1 + (x1 − x2)2 ),

where (x1, . . . , x4) is a local coordinate system forR4
2. As explained in Example 1,

M is a 1-lightlike surface of Case A, having a local quasi-orthonormal field of
frames {ξ, N, V, W} along M . Denote by ∇̄ the Levi-Civita connection on R4

2.
Then, by straightforward calculations, we obtain

∇̄V V = 2(1 + (x1 − x2)2)
{
2(x2 − x1)∂2 +

√
2(x2 − x1)∂3 + ∂4

}
,

∇̄ξ1 V = 0 , ∇̄Xξ1 = ∇̄XN = 0 , ∀X ∈ Γ (TM).

For this example, the equations (5.3.8) reduce to

h1(X,Y ) = H1 ḡ(X,Y ) ; h2(X,Y ) = H2 ḡ(X, Y )

where h1 and h2 are Γ(ltr(TM))-valued and Γ(S(TM⊥)-valued bilinear forms (see
equation (5.1.15). Using the Gauss and Weingarten formulae we infer

h1 = 0; Aξ1 = 0; AN = 0; ∇Xξ1 = 0; ρij (X) = 0;

where for the symbol ρij see the equation (5.3.5). h2 (X , ξ) = 0;

H2 (V, V ) = 2; ∇X V =
2
√
2 (x2 − x1)3

1 + (x1 − x2)2
X2 V,

∀X = X1 ξ1 + X2 V ∈ Γ(TM). Since ḡ (V, V ) = − (1 + (x1 − x2)4) we get

h2(V, V ) = H2 ḡ(V, V ), H2 = − 2
(1 + (x1 − x2)4)

.
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Therefore, M is a totally umbilical 1-lightlike submanifold of R4
2.

In particular, just like the case of hypersurfaces, we say that M is a totally
geodesic lightlike submanifold of M̄ if any geodesic ofM with respect to the Levi-
Civita connection ∇̄ is a geodesic of M̄ . For this we recall the following result:

Theorem 5.3.3. [149]. Let M be a lightlike submanifold of a semi-Riemannian
manifold M̄ . Then the following assertions are equivalent:

(i) M is totally geodesic.

(ii) hl and hs vanish identically on M .

(iii) A∗ξ vanishes identically on M , for any ξ ∈ Γ(RadTM), AW is Γ(RadTM)-
valued for any W ∈ Γ(S(TM)) and Dl(X,SV ) = 0 for any X ∈ Γ(TM) and
V ∈ Γ(tr(TM)).

Proof. (i) =⇒ (ii). Consider uo ∈ M , vo ∈ TuoM and Γ : uα = uα(t), α ∈
{1, . . . ,m}, the unique geodesic ofM such that uα(o) = uo and duα

dt
(o) = vo. As Γ

is a geodesic of M̄ too, from (5.1.15) it follows that h�(v, v) = hs(v, v) = 0, for any
v tangent to Γ. Thus (ii) follows by polarization. (ii) =⇒ (i). It is a consequence
of (5.1.15). From Theorem 5.1.4 it follows that h� = 0 if and only if A∗ξ = 0 for
any ξ ∈ Γ(RadTM). Finally, from (5.1.28) we obtain that hs = 0, if and only if,
AW is Γ(RadTM) and D�(X,SV ) = 0. Thus (ii) and (iii) are equivalent too. �

Curvature equations. Denote by R̄, R and Rl the curvature tensors of ∇̄, ∇ and
∇l respectively. We obtain

R̄(X, Y )Z = R(X, Y )Z
+Ahl(X, Z)Y − Ahl(Y, Z)X

+Ahs(X, Z)Y − Ahs(Y, Z)X (5.3.11)

+ (∇Xh
l)(Y, Z) − (∇Y h

l)(X, Z)

+Dl(X, hs(Y, Z)) − Dl(Y, hs(X, Z))
+ (∇Xh

s)(Y, Z) − (∇Y h
s)(X, Z)

+Ds(X, hl(Y, Z)) − Ds(Y, hl(X, Z)),

for any X, Y, Z ∈ Γ(TM). For the curvature tensor R̄ of type (0, 4), we have

R̄(X,Y, PZ, PU) = g (R(X,Y )PZ, PU) + ḡ
(
h∗(Y, PU), h l(X,PZ)

)
− ḡ

(
h∗(X,PU), hl(Y, PZ)

)
+ ḡ (hs(Y, PU), hs(X,PZ))

− ḡ (hs(X,PU), hs(Y, PZ)) , (5.3.12)
R̄(X, Y, ξ, PU) = g (R(X, Y )ξ, PU)

+ ḡ (h∗(Y, PU), hl(X, ξ)) − ḡ (h∗(X, PU), hl(Y, ξ))
+ ḡ (hs(Y, PU), hs(X, ξ)) − ḡ (hs(X, PU), hs(Y, ξ))
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= ḡ ((∇Y h
l)(X, PU) − (∇Xh

l)(Y, PU), ξ)
+ ḡ (hs(Y, PU), hs(X, ξ)) − ḡ (hs(X, PU), hs(Y, ξ)),

R̄(X, Y, N, PU) = − ḡ (R(X, Y )PU, N)

+ ḡ (ANY, h
l(X, PU)) − ḡ (ANX, h

l(Y, PU))
+ ḡ (hs(Y, PU), Ds(X, N)) − ḡ (hs(X, PU), Ds(Y, N))

= ḡ ((∇Y A)(N, X) − (∇XA)(N, Y ), PU)
+ ḡ (hs(Y, PU), Ds(X, N)) − ḡ (hs(X, PU), Ds(Y, N)),

R̄(X, Y, W, PU) = ḡ ((∇Y A)(W, X) − (∇XA)(W, Y ), PU)

+ ḡ (h∗(Y, PU), Dl(X, W )) − ḡ (h∗(X, PU), Dl(Y, W ))
= ḡ ((∇Y h

s)(X, PU) − (∇Xh
s)(Y, PU), W )

+ ḡ (hl(X, PU), AWY ) − ḡ (hl(X, PU), AWX),

R̄(X, Y, N, ξ) = ḡ (Rl(X, Y )N, ξ) (5.3.13)

+ ḡ (hl(Y, ANX), ξ) − ḡ (hl(X, ANY ), ξ)
+ ḡ (Ds(X, N), hs(Y, ξ)) − ḡ (Ds(Y, N), hs(X, ξ))

= − ḡ(R(X, Y )ξ, N)

+ ḡ (ANY, h
l(X, ξ)) − (ANY, h

l(Y, ξ))
+ ḡ (Ds(X, N), hs(Y, ξ)) − ḡ (Ds(Y, N), hs(X, ξ)),

X, Y, U ∈ Γ(TM). Let R∗t be the curvature tensor of ∇∗t. Then,

g(R(X, Y )ξ, PU) = g((∇Y A
∗)(ξ,X)− (∇X A∗)(ξ, Y ), PU),

g (R(X, Y )ξ, N = ḡ(R∗t(X, Y )ξ, N) (5.3.14)
+ g(ANY, A

∗
ξX) − g(ANX, A

∗
ξY ),

ḡ (R(X,Y )PU,N) = ḡ ((∇XA)(N,Y )− (∇Y A)(N,X), PU) (5.3.15)

+ ḡ
(
h l(X,PU), ANY

)
− ḡ

(
h l(Y, PU), ANX

)
= ḡ ((∇Xh

∗)(Y, PU)− (∇Y h
∗)(X,PU), N) ,

ḡ(R(X, Y )ξ, N) + ḡ(Rl(X, Y )N, ξ) = g(A∗ξX, ANY )

− g(A∗ξY, ANX). (5.3.16)

For structure equations of Case B, delete all the components of S(TM⊥). Similarly,
one can find equations for the other two cases.

Induced Ricci Tensor. First note that hl
i, ρij and τiα depend on the section ξ ∈

Γ(RadTM). Indeed, take ξ∗i =
∑r

j=1 αij ξj , where αij are smooth functions with
Δ = det(αij) �= 0 and let Aij be the co-factors of αij in the determinant of
Δ. It follows that N∗i = 1

Δ

∑r
j=1 Aij Nj. Hence by straightforward calculation

and using (5.3.1)–(5.3.5) we obtain hl∗
i =

∑r
j=1 αij h

l
j . Denote by ρ

∗
ij and τ

∗
iα the
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affine combinations of ρij and τiα with coefficients αij , Aij and X(Aij). Moreover,

tr(ρij)(X) = tr(ρ∗ij)(X) + X(logΔ), ∀X ∈ Γ(TM).

Thus, using the formula d ρ (X, Y ) = 1
2
{X(ρ(Y )) − Y (ρ(X)) − ρ([X, Y ]) } of

a differential 2-form, we obtain:

Proposition 5.3.4. Let (M, g ) be a lightlike submanifold of a semi-Riemannian
manifold (M̄, ḡ). Suppose tr(ρij) and tr(ρ∗ij) are 1-forms on U with respect to ξi
and ξ∗i . Then d(tr(ρ∗ij)) = d(tr(ρij)) on U .

To find a local expression of a Ricci tensor of M , consider the frames field

{ ξ1, , . . . , ξr; N1, . . . , Nr; Xr +1, . . . , Xm; Wr + 1, . . . , Wn }

on M̄ , with {FA} = { ξ1, , . . . , ξr, Xr +1, . . . , Xm } the frame on M . Then,

R̄ABCD = ḡ (R̄ (FD, FC)FB , FA), RABCD = g (R (FD, FC)FB, FA),
R̄iBCD = ḡ (R̄ (FD, FC)FB , Ni), RiBCD = ḡ (R (FD, FC)FB, Ni),
R̄αBCD = ḡ (R̄ (FD, FC)FB , Wα), RαBCD = ḡ (R (FD, FC)FB , Wα),
R̄iαCD = ḡ (R̄ (FD, FC)Wα, Ni), RiαCD = ḡ (R (FD, FC)Wα, Ni).

Using the above we have the following expression for a (0, 2) tensor:

R(0,2) (X, Y ) =
m∑

a, b = r +1

gab g (R(X, Xa)Y, Xb) +
r∑

i =1

ḡ (R(X, ξi)Y, Ni).

Note. As we discussed in Chapter 2, since the induced connection ∇ on M is
not a metric connection, in general, R(0,2) is not symmetric. Indeed, using the
symmetries of curvature tensor and the first Bianchi identity and taking into
account (5.3.11) and (5.3.12) we obtain

R(0,2) (X, Y )−R(0,2) (Y, X)

=
m∑

a, b = r +1

gab
{
ḡ(h∗(X, Xb), hl(Y, Xa) )− ḡ(h∗(Y, Xb), hl(X, Xa) )

}
+

r∑
i =1

{
g(A∗ξi

X, ANiY ) − g(A∗ξi
Y, ANiX) + ḡ(R∗t(X, Y )ξi, Ni)

}
.

Replacing X , Y by XA, XB respectively, using (5.1.33), (5.3.6) and

r∑
i =1

ḡ (R∗t(X, Y )ξi, Ni ) = − 2
r∑

i, j =1

ḡ ( d (ρji)(X, Y )ξj , Ni )

= − 2 d (tr(ρij)(X, Y ),
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we have
RAB − RBA = 2 d (tr(ρij)) (XA, XB)

where RAB = Ric (XB, XA). Thus, R(0,2) is not symmetric and has no geometric
meaning similar to the symmetric Ricci tensor. Thus, as per Definition 2.4.3 in
Chapter 2, a symmetric R(0,2) is called the induced Ricci tensor ofM . We conclude
from the above that the following holds:

Theorem 5.3.5. Let (M, g, S(TM) ) be an r-lightlike or a coisotropic submani-
fold of a semi-Riemannian manifold (M̄, ḡ). Then the Ricci tensor of the induced
connection ∇ on M is symmetric, if and only if, each 1-form tr(ρij) induced by
S(TM) is closed, i.e., on any U ⊂M ,

d (tr(ρij)) = 0.

Relating the above theorem with Theorem 5.1.5 of integrability conditions
for a screen distribution, we quote the following result:

Theorem 5.3.6. [155] Let (M, g, S(TM) ) be a proper totally umbilical r-lightlike or
a coisotropic submanifold of a semi-Riemannian manifold (M̄(c̄), ḡ) of a constant
curvature c̄. Then, the induced Ricci tensor on M is symmetric, if and only if its
screen distribution S(TM) is integrable.

Proof. From (5.3.13), (5.3.14), (5.3.16) and (1.2.16), we get

2 d (tr(ρij))(X, Y ) +
r∑

i =1

H l
i {g (Y, ANiX) − g (X, ANiY )} = 0.

The proof follows from the above equation. �

Remark 5.3.7. We know from Theorems 5.2.4 and 5.2.6 that the geometric condi-
tion of a screen conformal or parallel vector field F provides an integrable screen
distribution, which is the root requirement for an r-lightlike or coisotropic sub-
manifold to admit a canonical screen. We also know that, in general, the induced
Ricci tensor of any lightlike submanifold is not symmetric. Since a symmetric in-
duced Ricci tensor is also a desirable property (along with a canonical or unique
screen) the above Theorem 5.3.6 tells us that a large class of totally umbilical
r-lightlike or coisotropic lightlike submanifolds of (M̄(c̄), ḡ) are candidates for the
existence of an integrable canonical or unique screen distribution and an induced
symmetric Ricci tensor.

5.4 Minimal lightlike submanifolds

Let (M, gM ) and (N, gN ) be semi-Riemannian manifolds and suppose that ϕ :
M −→ N is a smooth mapping between them. Then the differential dϕ of ϕ can be
viewed as a section of the bundle Hom(TM,ϕ−1TN) −→M, where ϕ−1TN is the
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pullback bundle which has fibers (ϕ−1TN)p = Tϕ(p)N, p ∈M . Hom(TM,ϕ−1TN)
has a connection ∇ induced from the Levi-Civita connection ∇M and the pullback
connection. Then the second fundamental form of ϕ is given by

∇dϕ(X,Y ) = ∇ϕ
Xdϕ(Y )− dϕ(∇M

X Y ), ∀X,Y ∈ Γ(TM).

It is known that the second fundamental form is symmetric. A smooth map ϕ :
(M, gM ) −→ (N, gN ) is said to be harmonic if tr∇dϕ = 0. On the other hand, the
tension field of ϕ is the section τ(ϕ) of Γ(ϕ−1TN) defined by

τ(ϕ) = div dϕ =
m∑

i=1

∇dϕ(ei, ei), (5.4.1)

where {e1, . . . , em} is the orthonormal frame on M . Then it follows that ϕ is
harmonic if and only if τ(ϕ) = 0; for more information on harmonic maps and
morphisms, see [25]. In the semi-Riemannian context, a minimal isometric immer-
sion is a particular harmonic map. In [323], a harmonic map φ between lightlike
manifolds is defined with the assumption that φ is radical preserving (i.e., φ maps
the radical of the domain into the radical of the target). This does not apply
here to define minimality, since an isometric immersion from M to M̄ is not radi-
cal preserving. In [141], harmonic maps from a semi-Riemannian manifold into a
lightlike manifold are defined only when the target is a Riemannian hypersurface
of a globally null manifold. This also does not apply here to define minimality,
since our domain M is lightlike. In [149], a minimal lightlike submanifold is de-
fined only in the particular case whenM is a hypersurface of the Minkowski space
M̄ = R4

1. Recently, a general notion of minimal lightlike submanifolds M of a
semi-Riemannian manifold M̄ was introduced in [41] as follows:

Definition 5.4.1. [41] We say that a lightlike submanifold (M, g, S(TM)) of a semi-
Riemannian manifold (M̄, ḡ) is minimal if:

(i) hs = 0 on Rad(TM) and

(ii) tr h = 0, where trace is written w.r.t. g restricted to S(TM).

In the case B, the condition (i) is trivial. It has been shown in [41] that
the above definition is independent of S(TM) and S(TM⊥), but it depends on
tr(TM). As in the semi-Riemannian case, any lightlike totally geodesic M is min-
imal. Thus, it follows that any totally lightlike M (case D) is minimal.

Example 9. Let (R4
1, <,>) be the Minkowski space with signature (+,+,+,−)

and the canonical basis ∂1, . . . , ∂4. Let S3
1 = {p ∈ R4

1 |< p, p >= 1} be the
3-dimensional pseudo-sphere of index 1 which is a Lorentzian hypersurface of
(R4

1, <,>). Consider (M̄ = S3
1 ×R2

1, g) the semi-Riemannian cross product, where
R2

1 is semi-Euclidean space with signature (+,−) with respect to the canonical
basis {∂5, ∂6} and g is the inner product of R6

2 = R4
1 ×R2

1 restricted to M̄ . Then
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the submanifold (M, g |M , S(TM), S(TM⊥)) is a minimal lightlike submanifold
of M̄ given by

M = S1 ×H ×R = {(p, t, t) ∈ S3
1 × R2

1 | t ∈ R}

p =
√
2
2
(cos θ, sin θ, cosh ϕ, sinh ϕ) ∈ S3

1 ,

where θ ∈ [0, 2π], ϕ ∈ R}, H is the hyperbola and

S(TM) = Span{e1 = − sin θ ∂1 + cos θ ∂2, e2 = − sinh ϕ∂3 + cosh ϕ∂4}.

Here ε1 = g(e1, e1) = 1, ε2 = g(e2, e2) = −1, Rad(TM) = Span{ξ = ∂5 + ∂6},
ltr(TM) = Span{N = 1

2
(∂5 − ∂6)} and

S(TM⊥) = Span{W =
√
2
2
(cos θ ∂1 + sin θ ∂2 − cosh ϕ∂3 − sinh ϕ∂4)}

where {e1, e2, ∂5, ∂6,W} is an orthonormal basis of M̄ . Let p̄ =
√

2
2
(cos θ ∂1 +

sin θ ∂2 + cosh ϕ∂3 + sinh ϕ∂4) be the position vector of an arbitrary point p of
S3

1 which is normal to S
3
1 inR4

1. Since the Levi-Civita connection M̄ ofR4
1 satisfies

∇̄e1e1 = − 1
2
(W + p̄) and ∇̄e2e2 =

1
2
(−W + p̄), it follows that h(e1, e1) = − 1

2
W,

h(e1, e2) = 0 and h(e2, e2) = − 1
2W . Hence, we get

trg|S(T M)
h = ε1h(e1, e1) + ε2h(e2, e2) = h(e1, e1)− h(e2, e2) = 0.

We also have h(ξ, ξ) = 0. Therefore, M is a non-totally geodesic minimal lightlike
submanifold of M̄ .

The classical notion of minimality is connected to the geometric interpreta-
tion of being an extremal of the volume functional [168]. Here we relate the classical
minimality (in the semi-Riemannian case) with the minimality introduced in the
lightlike case by Definition 5.4.1, as follows:

Theorem 5.4.2. [41] Let
(
M, g, S(TM), S(TM⊥)

)
be a lightlike submanifold of a

semi-Riemannian manifold (M̄, ḡ), with S(TM) integrable. If its leaves are min-
imal (semi-Riemannian) submanifolds of (M̄, ḡ) and hs = 0 on Rad(TM), then,
M is a minimal lightlike submanifold of M̄ . Conversely, if M is a minimal lightlike
submanifold of M̄ , then Rad(TM) contains the mean curvature vector field of any
leaf of S(TM).

Proof. Let i : Σ → M̄ denote the inclusion map of any leaf Σ of S(TM). The
tension field τ(i) of Σ can be decomposed from (5.1.15) into:

τ(i) = τ�(i) + trg|S(T M) h,

where τ�(i) ∈ Rad(TM) . Since Σ is minimal in M̄ iff the map i is harmonic,
which means τ(i) = 0, the statement follows from Definition 5.4.1. �
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We observe that Example 9 satisfies Theorem 5.4.2 with respect to the leaves
S1 ×H of S(TM). Let Λ = {x ∈ Rn+1

q / < x, x >= 0} be the lightlike cone in the
semi-Euclidean space (Rn+1

q , <>). Related to the non-existence result of compact
minimal spacelike submanifolds isometrically immersed in semi-Euclidean spaces,
we have the following:

Proposition 5.4.3. There are no minimal lightlike isometric immersions

φ : (M, <>|M , S(TM), s(TM⊥)) → (Rn+1
q , <>)

with φ(M) ⊂ Λ.

Proof. Suppose there exists such a map φ. Then, the function p given by

p ∈M → 1
2
< φ(p), φ(p) >∈ R

is identically zero and hence,

0 =
1
2
X < φ(p), φ(p) > =< X, φ(p) > and

0 =
1
2
X(X < φ(p), φ(p) >) =< ∇c

X X, φ(p) > + < X, X >,

∀p ∈M,X ∈ Γ(TM),

where ∇c is the canonical Levi-Civita connection of (Rn+1
q , <>). If we replace X

consecutively by ea, where {ea} is the orthonormal basis of S(TM), then from the
minimality condition we have:

0 =< tr<>|S(T M) h, φ(p) >= −(
∑

a

εa < ea, ea >) < 0,

where εa =< ea, ea >, ∀a. This contradiction completes the proof. �

In support of Proposition 5.4.3, we give the following example:

Example 10. Let (R4
1, <>) be the Minkowski space with signature (+,+,+,−)

w.r.t. the canonical basis (∂1, . . . , ∂4). Then the manifold (M,<>|M , S(TM)) is a
lightlike hypersurface, given by an open subset of the lightlike cone

M = {t(cos u cos v, cos u sin v, sin u, 1) ∈ R4
1/t > 0, u ∈ (o, π/2), v ∈ [0, 2π]},

where

S(TM) = Span{e1 = − sin u cos v∂1 − sin u sin v∂2 + cos u∂3,

e2 = − sin v∂1 + cos v∂2}.
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We note that e1 and e2 are orthonormal,

Rad(TM) = Span{ξ = cos u cos v∂1 + cos u sin v∂2 + sin u∂3 + ∂4},

ltr(TM) = Span {N =
1
2
(cos u cos v∂1 + cos u sin v∂2 + sin u∂3 − ∂4)},

and < ξ,N >= 1. We have h(e1, e1) = −( 1
t cos u )N, h(e2, e2) = −( 1

t cos u )N and
h(e1, e2) = 0. It turns out that the open subset of the lightlike cone (M,<>|M )
is globally null, since ξ is globally defined and S(TM) is a spacelike integrable
distribution.

Thus, the above example of the lightlike submanifold M , which is an open
subset of the lightlike cone Λ of (R4

1, <>), is never minimal.
Since Λ is a proper totally umbilical lightlike submanifold of (R4

1, <>),
Proposition 5.4.3 can be generalized, by using the definition of totally umbilical
lightlike submanifolds, as follows:

Theorem 5.4.4. There are no minimal lightlike submanifolds contained in a proper
totally umbilical lightlike submanifold of a semi-Riemannian manifold.

Theorem 5.4.5. [160] Let M be a lightlike submanifold of a semi-Riemannian man-
ifold M̄ . Then M is minimal if and only if

trA∗ξk
|S(TM)= 0, trAWj |S(TM)= 0,

ḡ(Y,Dl(X,W )) = 0, ∀X,Y ∈ Γ(RadTM),

where W ∈ Γ(S(TM⊥), k ∈ {1, . . . , r} and j ∈ {1, . . . , (n− r)}.
Proof. Since tr h |S(TM)=

∑m−r
i=1 εi(hl(ei, ei) + hs(ei, ei)) we have

tr h |S(TM)=
m−r∑
i=1

εi
1
r

r∑
k=1

ḡ(hl(ei, ei), ξk)Nk +
1

n− r

n−r∑
j=1

ḡ(hs(ei, ei),Wj)Wj ,

where {W1, . . . ,Wn−r} is an orthonormal basis of S(TM⊥). Using (5.1.28) and
(5.1.31) we get

tr h |S(TM)=
m−r∑
i=1

εi(
1
r

r∑
k=1

g(A∗ξk
ei, ei)Nk +

1
n− r

n−r∑
j=1

g(AWjei, ei)Wj).

On the other hand, from (5.1.14) and (5.1.28) we have

ḡ(hs(X,Y ),W ) = ḡ(Y,Dl(X,W )), ∀X,Y ∈ Γ(RadTM)

and ∀W ∈ Γ(S(TM⊥)). Thus our assertion follows from the above two equations
and Proposition 5.1.3. �
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Theorem 5.4.6. [160] Let M be a totally umbilical lightlike submanifold of a semi-
Riemannian manifold. Then M is minimal if and only if M is totally geodesic.

Proof. Suppose M is minimal , then hs(X,Y ) = 0, ∀X,Y ∈ Γ(RadTM) and,
from Proposition 5.1.3, hl = 0 on RadTM . Now choose an orthonormal basis
{e1, . . . , em−r} of (Γ(S(TM)). Then, from (5.3.8) we obtain

tr h(ei, ei) =
m−r∑
i=1

εig(ei, ei)H l + εig(ei, ei)Hs.

Hence we have trh(ei, ei) = (m − r)H l + (m − r)Hs. Then, since M is minimal
and ltr(TM) ∩ S(TM⊥) = {0} we get H l = 0 and Hs = 0. Hence M is totally
geodesic. The converse is clear. �

5.5 Warped product lightlike submanifolds

For basic information on Riemannian (semi-Riemannian), Lorentzian and lightlike
warped products see Chapter 1. In this section we first present a new class of
lightlike submanifold of semi-Riemannian manifold and investigate the geometry
of this class by using warped products.

First of all, we briefly review the notion of lifting which is crucially important
for computations on product manifolds; details can be found in [317]. Consider a
product manifold M ×N . If f ∈ C∞(M,R) the lift of f to M ×N is f̃ = foπ ∈
C∞(M,R). If x ∈ Tp(M), p ∈M and q ∈ N then the lift x̃ to (p, q) is the unique
vector in T(p,q)M such that π∗(x̃) = x. If X ∈ Γ(TM) the lift of X to M × N is
the vector field X̃ whose value at each (p, q) is the lift of Xp to (p, q). Product
coordinate systems show that X̃ is smooth. Let us denote vector fields on M
(resp.N), lifted to M ×N , by !(M) (resp. !(N).) Then we have:
Lemma 5.5.1. [317]

(1) If X̃, Ỹ ∈ !(M) then [X̃, Ỹ ] = [X,Y ]̃ ∈ !(M), and similarly for !(N).
(2) If X̃ ∈ !(M) and Ṽ ∈ !(N), then [X̃, Ṽ ] = 0.

Definition 5.5.2. Let (M1, g1) be a totally lightlike submanifold of dimension r and
(M2, g2) be a semi-Riemannian submanifold of dimension m of a semi-Riemann
manifold (M̄, ḡ). Then the product manifoldM =M1×fM2 is said to be a warped
product lightlike submanifold of M̄ with the degenerate metric g defined by

g(X,Y ) = g1(π∗X,π∗Y ) + (foπ)2g2(η∗X, η∗Y ) (5.5.1)

for every X,Y ∈ Γ(TM) and ∗ is the symbol for the tangent map. Here, π : M1×
M2 → M1 and η : M1 × M2 → M2 denote the projection maps given by
π(x, y) = x and η(x, y) = y for (x, y) ∈M1 ×M2.
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It follows that the radical distribution RadTM ofM has rank r and its screen
S(TM) has rank m. Thus M is an r-lightlike submanifold of M̄ . From now on we
consider warped product lightlike submanifolds in the form M1 ×f M2, where M1

is a totally lightlike submanifold andM2 is a semi-Riemannian submanifold of M̄ .
We say that M is a proper warped product lightlike submanifold if M1 �= {0},
M2 �= {0} and f is non-constant on M .

Example 11. Let M̄ = (R7
2, ḡ), where R7

2 is a semi-Euclidean space of signature
(−,−,+,+,+,+,+) with respect to the canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7}.
Let M be a submanifold of R7

2 presented in Example 7 and, keeping the notation,
we obtain that RadTM and S(TM) are integrable. Now, we denote the leaves
of RadTM and S(TM) by M1 and M2, respectively. Then, the induced metric
tensor of M is given by

ds2 = 0(du2
2 + du2

3) +
(u1)2

2
(du2

3 + du2
4)

=
(u1)2

2
(du2

3 + du2
4).

Hence M =M1 ×f M2 with f = u1√
2
.

Proposition 5.5.3. There exist no proper isotropic or totally lightlike warped prod-
uct submanifolds of a semi-Riemannian manifold M̄ .

Proof. LetM be an isotropic warped product lightlike submanifold. Then S(TM)
= {0}, so M2 = 0. The proof of the other assertion is similar. �
Proposition 5.5.4. Let M = M1 ×f M2 be a proper warped product lightlike sub-
manifold of a semi-Riemannian manifold M̄ . Then M1 is totally geodesic in M
as well as in M̄ .

Proof. Let ∇ be a linear connection on M induced from ∇̄. We know that ∇ is
not a metric connection. From the Kozsul formula we have

2ḡ(∇̄XY, Z) = Xḡ(Y, Z) + Y ḡ(X,Z)− Zḡ(X,Y )
+ ḡ([X,Y ], Z) + ḡ([Z,X ], Y )− ḡ([Y, Z], X)

for X,Y ∈ Γ(TM1) and Z ∈ Γ(S(TM)). On the other hand, from Lemma 5.5.1,
we have [X,Z] = 0 for X ∈ Γ(RadTM) and Z ∈ Γ(S(TM)). Thus we get

2ḡ(∇̄XY, Z) = ḡ([X,Y ], Z).

Using again Lemma 5.5.1, we get [X,Y ] ∈ Γ(RadTM). Hence we derive
2ḡ(∇̄XY, Z) = 0. Thus, from (5.1.15) we have g(∇XY, Z) = 0. This shows that
M1 is totally geodesic in M . On the other hand, from Proposition 5.1.3 of this
chapter we conclude that any totally lightlike submanifold of a semi-Riemannian
manifold M̄ is totally geodesic in M̄ . Thus the proof is complete. �
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Corollary 5.5.5. Let M =M1 ×f M2 be a proper warped product lightlike subman-
ifold of a semi-Riemannian manifold M̄ . Then we have

hl(X,Z) = 0, h∗(X,Z) = 0, ∀X ∈ Γ(RadTM), Z ∈ Γ(S(TM)). (5.5.2)

Proof. From (5.1.15) we have ḡ(hl(X,Z), Y ) = ḡ(∇̄XZ, Y ) forX,Y ∈ Γ(RadTM)
and Z ∈ Γ(S(TM)). Hence, ḡ(hl(X,Z), Y ) = −ḡ(∇̄XY, Z) = −g(∇XY, Z). From
Proposition 5.5.4, we have known that M1 is totally geodesic in M . Hence we get
ḡ(hl(X,Z), Y ) = 0, thus we obtain the first assertion of (5.5.2). In a similar way,
we obtain the second assertion. �
Proposition 5.5.6. Let M = M1 ×f M2 be a proper warped product lightlike sub-
manifold of a semi-Riemannian manifold M̄ . Then M is totally umbilical in M̄
if and only if hs(X,Y ) = g(X,Y )Hs for X,Y ∈ Γ(TM), where Hs is a smooth
vector field on coordinate neighborhood U ⊂M .

Proof. Let us suppose that ∇XZ ∈ Γ(RadTM)) for X ∈ Γ(RadTM) and Z ∈
Γ(S(TM)). Then from the Kozsul formula we have

2ḡ(∇̄XZ,W ) = Xḡ(Z,W )

for W ∈ Γ(S(TM)). Since by assumption ∇XZ ∈ Γ(RadTM) and the definition
of a warped metric tensor, using (5.1.15) we get

g(∇XZ,W ) = 0.

Hence we derive
X(foπ)2g2(Z,W ) = 0.

Since g2 is constant on M1 we obtain

X(f)
f

g(Z,W ) = 0;

here we have put f for foπ. Thus X(f) = 0 or g2(Z,W ) = 0. Since g2 is non-
degenerate and f is not constant, we get a contradiction, so ∇XZ does not belong
to RadTM . Now, since ∇̄ is a metric connection, we have

ḡ(∇̄ZW,X) = −ḡ(W, ∇̄ZX)

for X ∈ Γ(RadTM) and Z,W ∈ Γ(S(TM)). Using (5.1.15) we have

ḡ(hl(Z,W ), X) = −g(W,∇ZX) = −g(W,∇XZ).

Hence
ḡ(hl(Z,W ), X) = −X(f)

f
g(Z,W ). (5.5.3)

Thus the proof follows from (5.5.3), Corollary 5.5.5 and the definition of a totally
umbilical lightlike submanifold. �
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Theorem 5.5.7. Let M =M1 ×f M2 be a proper warped product lightlike subman-
ifold of a semi-Riemannian manifold M̄ . Then the induced connection ∇ is never
a metric connection.

Proof. Let us suppose that ∇ is a metric connection on M . Then hl = 0. Thus
from (5.5.3) we obtain X(f)

f g(Z,W ) = 0 for X ∈ Γ(RadTM) and Z,W ∈
Γ(S(TM). Hence X(f)fg2(Z,W ) = 0. Thus, f �= 0 implies that X(f) = 0 or
g2(Z,W ) = 0. Since M is a proper warped product lightlike submanifold and g2
is non-degenerate, this is a contradiction. �

Corollary 5.5.8. There exist no totally geodesic proper warped product lightlike
submanifolds of a semi-Riemannian manifold M̄ .

It follows from Lemma 5.5.1 that the radical distribution and the screen
distribution of M are integrable.

Theorem 5.5.9. Let M =M1 ×f M2 be a proper warped product lightlike submani-
fold of a semi-Riemannian manifold M̄ . Then M is totally umbilical if any leaf of
screen distribution is so immersed as a submanifold of M̄ and ḡ(Dl(Z,W ), X) = 0
forX ∈ Γ(RadTM),Z ∈ Γ(S(TM) and W ∈ Γ(S(TM⊥).

Proof. We note that from (5.5.1), we get g(X,Y ) = (foπ)2g2(PX,PY ) for X,Y ∈
Γ(TM) From Proposition 5.5.4 we know that RadTM defines a totally geodesic
foliation in M̄ , hence hl(X,Y ) = hs(X,Y ) = 0 for X,Y ∈ Γ(RadTM). Moreover
from Corollary 5.5.5, we have hl(X,Z) = 0 and h∗(X,Z) = 0 for X ∈ Γ(RadTM)
and Z ∈ Γ(S(TM)). Now, from (5.1.15) and (5.1.23) we obtain

ḡ(hs(X,Z),W ) = ḡ(X,Dl(Z,W )) (5.5.4)

for X ∈ Γ(RadTM),Z ∈ Γ(S(TM) and W ∈ Γ(S(TM⊥). On the other hand,
from (5.1.15) we write

∇̄ZV = ∇′ZV + h′(Z, V )

for Z, V ∈ Γ(S(TM)), where h′ is the second fundamental form of M2 in M̄ and
∇′ is the metric connection of M2 in M̄ . Hence we have

h′(Z, V ) = h∗(Z, V ) + hl(Z, V ) + hs(Z, V ). (5.5.5)

Thus the proof follows (5.5.4) and (5.5.5). �

Theorem 5.5.10. Let M = M1 ×f M2 be a coisotropic warped product lightlike
submanifold of a semi-Riemannian manifold M̄ . Then M is totally umbilical if
any leaf of screen distribution is so immersed as a submanifold of M̄ .

Proof. If M is coisotropic, then S(TM⊥) = {0}. Thus, hs = 0 on M . Then the
proof follows from Proposition 5.5.4, Corollary 5.5.5 and (5.5.5). �
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Example 12. Let M̄ = (R6
3, ḡ) be a semi-Riemannian manifold, where R6

3 is a
semi-Euclidean space of signature (−,−,−,+,+,+) with respect to the canonical
basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6}.
Let M be a submanifold of R6

3 given by

x1 = u1, x2 = u2, x3 = u1 cosu3 sinhu4,

x4 = u1 cosu3 coshu4, x5 = u2, x6 = u1 sinu3,

where u3 ∈ R − {k π
2
k ∈ Z}. Then TM is spanned by

Z1 = ∂ x1 + cosu3 sinhu4 ∂ x3 + cosu3 coshu4 ∂ x4 + sinu3 ∂ x6

Z2 = ∂ x2 + ∂ x5

Z3 = −u1 sinu3 sinhu4 ∂ x3 − u1 sinu3 coshu4 ∂ x4 + u1 cosu3 ∂ x6

Z4 = u1 cosu3 coshu4 ∂ x3 + u1 cosu3 sinh u4 ∂ x4.

Thus M is 2-lightlike. Choose S(TM) = Span{Z3, Z4}, then it follows that a
lightlike transversal vector bundle ltr(TM) is spanned by

N1 =
1
2
{−∂ x1 + cosu3 sinhu4 ∂ x3 + cosu3 coshu4 ∂ x4 + sinu3 ∂ x6}

N2 =
1
2
{−∂ x2 + ∂ x5}.

Hence M is a coisotropic submanifold. By direct calculations, we conclude that
RadTM and S(TM) are integrable in M . Now denote the leaves of RadTM and
S(TM) by M1 and M2. We also obtain that the induced metric tensor is

ds2 = (u1)2(du2
3 − cos2 u3 du2

4).

ThusM is a coisotropic warped product submanifold ofR6
3 with f = u1. By direct

calculations, using Gauss formulas (5.1.15) and (5.1.26) we obtain

hl(X,Z1) = hl(X,Z2) = hl(Z3, Z4) = 0, ∀X ∈ Γ(TM),

hl(Z3, Z3) = −u1N1, hl(Z4, Z4) = u1 cos2 u3N1 (5.5.6)

and

h∗(X,Z1) = h∗(X,Z2) = h∗(Z3, Z4) = h∗(Z4, Z3) = 0, ∀X ∈ Γ(TM),

h∗(Z3, Z3) = −1
2
u1 Z1, h∗(Z4, Z4) =

1
2
u1 cos2 u3Z1.

Denote the second fundamental form of M2 in M̄ by h′. Then,

h′(Z3, Z4) = 0
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and

h′(Z3, Z3) = −(u1)2(N1 +
1
2
Z1), h′(Z4, Z4) = (u1)2 cos2 u3(N1 +

1
2
Z1).

Hence we have
h′(X,Y ) = g(X,Y )H ′,

where H ′ = −N1 − 1
2Z1 for X,Y ∈ Γ(S(TM)). Thus, it follows that M2 is totally

umbilical in M̄ . On the other hand, from (5.5.6) we have

hl(X,Y ) = g(X,Y )H l,

where H l = − 1
u1
N1 for X,Y ∈ Γ(TM). Thus, it follows that M is also totally

umbilical in M̄ .



Chapter 6

Submanifolds of indefinite
Kähler manifolds

In the 1996 book [149] there is a brief discussion on Cauchy-Riemann(CR) lightlike
submanifolds of an indefinite Kähler manifold. Contrary to the non-degenerate
case [45, 133, 373], CR-lightlike submanifolds are non-trivial (i.e., they do not
include invariant (complex) and real parts). Since then considerable work has
been done on new concepts to obtain a variety of classes of lightlike submanifolds.
In this chapter we present up-to-date new results on all possible (complex, screen
real and totally real) lightlike submanifolds of an indefinite Kähler manifold.

6.1 Introduction

In this section, we review indefinite Kähler manifolds and CR-submanifolds of
Kählerian manifolds needed for the lightlike submanifolds.

Definition 6.1.1. Let V be a real vector space on R. Then its complexification is
the complex vector space VC , denoted by (VC , C), where

(i) Z = X + iY ∈ VC ⇐⇒ X,Y ∈ V,

(ii) (X1 + iY1) + (X2 + iY2) = (X1 +X2) + i(Y1 + Y2), ∀X1, X2, Y1, Y2 ∈ V,

(iii) (α + iβ)(X + iY ) = (αX − βY ) + i(βX + αY )∀X,Y ∈ V, α, β ∈ R.

On the other hand, complex conjugation in VC is defined by Z̄ = X − iY .
Also note that VC satisfies the axioms for a complex vector space [309].

Definition 6.1.2. Let V be a real vector space and J : V −→ V be an endomor-
phism such that J2 = −I, where I denotes the identity endomorphism. Then, J
is called a complex structure on V.
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Denote a real vector space with complex structure by (V, R, J). It is known
that (V, R, J) is even-dimensional. Define complex scalar multiplication as (a +
ib)v = av+ bJv, v ∈ V. Then, it is obvious that an R-linear operator commutes
with J and is C-linear. Thus, a complex structure on V gives a complex vector
space structure. Note that if dim(V, R) = n = 2m, then dim(V, C, J) = m. Thus
it follows that (V, C, J) can not be the same as (VC , C). However, we show that
there is a natural relation between these two vector spaces. For this, we need the
following. Let (V, R, J) be a real vector space with a complex structure J . Define
the following subsets of VC ;

W (J) = {Z | Z = X − iJ(X) and X ∈ V },
W̄ (J) = {Z | Z = X + iJ(X) and X ∈ V }.

It is easy to verify that W (J) and W̄ (J) are subspaces of the complexificiation
VC of V. Also, W (J) and W̄ (J) are complex conjugate to each other.

Theorem 6.1.3. [190] If (V, R, J) is a real vector space with a complex structure J,
then, VC = W (J) ⊕ W̄ (J). Conversely, given (V, R), U and Ū such that U and
Ū are subspaces of (VC , C) as complex conjugate to each other and VC = U ⊕ Ū ,
then there exists a complex structure J for V such that W (J) = U and W̄ (J) = Ū .

It follows from the above theorem that a complex structure J on V is equiv-
alent to a choice of complex conjugate subspacesW (J) and W̄ (J) of the complex-
ification VC with the property VC =W (J)⊕ W̄ (J). We also note that a complex
structure J determines an orientation of V.

Let V be a complex vector space and V be the underlying real vector space
of V, that is, V is a real vector space when we consider V as a real vector space
by forgetting about multiplication with i [273]. Then, the induced isomorphism J
on V by V as defined by Jα = iα is a complex structure on V , called the induced
complex structure on V by V. For example, the underlying real vector space of
Cn is identified with R2n by (x1 + iy1, . . . , xn + iyn) −→ (x1, . . . , xn, y1, . . . , yn).
Thus, the induced complex structure, say Jo, on the underlying real vector space
of Cn is said to be the canonical complex structure of R2n.

Definition 6.1.4. A Hermitian structure on a real vector space V with a complex
structure J is a linear map h : V × V → C with the properties

(a) h(JX, Y ) = ih(X,Y ),

(b) h(X,Y ) = h(Y,X), ∀X,Y ∈ V .

Let h be a Hermitian scalar product on V. Then, from [309], it is known that
there exists an ordered basis {v1, . . . , vn} of V such that

(1) h(vi, vj) = 0 for i �= j,

(2) h(vi, vi) = 0, for 1 ≤ i ≤ r,

(3) h(vi, vi) = −1 for r + 1 ≤ i ≤ r + q,
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(4) h(vi, vi) = 1 for r + q + 1 ≤ i ≤ n = r + q + p,

where r = dim(RadV), q is the index of V and p is the number of unit spacelike
vectors. In this case, (V, h) is called a Hermitian inner product.

Let (V, h) be an inner product space and let h = g + iΩ, where g = Re(h)
and Ω = Im(h). If V is a real vector space then J is a complex structure on V.
By using (b), we have

g(X,Y )− iΩ(X,Y ) = g(Y,X) + iΩ(Y,X).

Equating real and imaginary parts, we get

g(X,Y ) = g(Y,X), Ω(X,Y ) = −Ω(Y,X).

It follows that g is symmetric, Ω is a skew form on V such that g(JX, JY ) =
g(X, Y ), Ω(JX, JY ) = Ω(X,Y ) and Ω(X,Y ) = g(X, JY ) for all X,Y ∈ V . Con-
versely, let (V, J) be a complex vector space and g be an inner product on V with
g(JX, JY ) = g(X,Y ) for every X,Y ∈ V . By setting Ω(X,Y ) = g(X, JY ), we
obtain h = g + iΩ which is a Hermitian inner product on V = (V, J). Also it
is easy to see that h is non-degenerate on V if and only if g is non-degenerate
on V . Note that, on Cn the dot product is a positive definite Hermitian product
u ·v =∑ uav̄a. Thus, the real part of a Hermitian scalar product h is a real scalar
product.

Let M be a C∞ real 2n-dimensional manifold, covered by coordinate neigh-
borhoods with coordinates (xi), where i runs over 1, 2, . . . , n, 1̄, 2̄, . . . , n̄ and the
index a runs over 1, 2, . . . , n. M can be considered as a complex manifold of di-
mension n if we define complex coordinates (za = xa + iya) on a neighborhood
of z ∈ M such that the intersection of any two such coordinate neighborhoods is
regular. During the 1950s it was popular to construct complex manifolds in this
sense, as real manifolds with an additional differential geometric structure, since
such approach was amenable to the fiber bundle theory. We explain this additional
structure as follows:

Let there exist an endomorphism J (a tensor field J of type (1, 1)) of the
tangent space Tp(M), at each point p of M , such that

J(∂ /∂ xa) = ∂ /∂ ya, J(∂ /∂ ya) = − (∂ /∂ xa).

Hence J2 = − I, where I is the identity morphism of T (M). Alternatively,M taken
as an n-dimensional complex manifold admits a globally defined tensor field,

J = i∂ /∂ za ⊗ dza − i∂ /∂ za ⊗ dza

which retains the property J2 = − I and remains as a real tensor with respect to
any of the za-coordinate charts. Moreover, the tensor field J (expressed as above)
reminds the real manifold that it has a complex structure.
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Now the question is whether the above property is sufficient for the existence
of a complex structure on M . Fukami-Ishihara [195], in 1955, answered this ques-
tion in the negative by proving that a 6-dimensional sphere S6 has no complex
structure but its tangent bundle admits such an endomorphism J . Therefore, we
call a real 2n-dimensionalM , endowed with J satisfying J2 = − I, an almost com-
plex manifold and J its almost complex structure tensor. It is known that an almost
complex manifold is even-dimensional. A tensor field N of type (1, 2) defined by

NJ (X, Y ) = [JX, JY ]− J2 [X, Y ]− J([X, JY ] + [JX, Y ]), (6.1.1)

for any X,Y ∈ Γ(TM), is called the Nijenhuis tensor field of J . Then, J defines a
complex structure [305] on M if and only if N vanishes on M .

From a mathematical standpoint, the purpose of introducing complex mani-
folds is to study holomorphic functions. In fact, a complex structure for a manifold
can be thought as a consistent rule for deciding which complex-valued functions
on the manifold are holomorphic. In this perspective, it is important to show the
relationship between a holomorphic map and a complex manifold. To see this
relationship, we give the following definition.

Definition 6.1.5. LetM andM ′ be almost complex manifolds with almost complex
structures J and J ′, respectively. A mapping f : M −→ M ′ is said to be almost
complex if J ′f∗ = f∗J .

Proposition 6.1.6. [413] Let M and M ′ be complex manifolds. A mapping f :
M −→ M ′ is holomorphic if and only if f is almost complex with respect to the
complex structures of M and M ′.

From the point of differential geometry (which is the focus of study in this
book), it is desirable to define a metric on M . Therefore, consider a Riemannian
metric g on an almost complex manifold (M, J). We say that the pair (J, g) is an
almost Hermitian structure on M , and M is an almost Hermitian manifold if

g(J X, J Y ) = g(X, Y ), ∀X,Y ∈ Γ(M). (6.1.2)

Moreover, if J defines a complex structure on M , then (J, g) and M are called
Hermitian structure and Hermitian manifold, respectively. The fundamental 2-
form Ω of an almost Hermitian manifold is defined by

Ω(X, Y ) = g(X, JY ), ∀X,Y ∈ Γ(M). (6.1.3)

A Hermitian metric on an almost complex M is called a Kähler metric and then
M is called a Kähler manifold if Ω is closed, i.e.,

dΩ(X, Y, Z) = 0, ∀X,Y ∈ Γ(M), (6.1.4)

where ∇ is the Riemannian connection of g. It is known (see Kobayashi-Nomizu
[263]) that the Kählerian condition (6.1.4) is equivalent to

(∇XJ)Y = 0, ∀X,Y ∈ Γ(M). (6.1.5)
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For a Kähler manifold, the following identities hold:

R(X, Y )JZ = J R(X,Y )Z , QJ = J Q,

Ric(X, Y ) =
1
2
{tr(J) ◦R(X, JY )},

where Q is the Ricci operator. Now we deal with the question of why we impose a
Kählerian structure onM . For this purpose, we prefer using a complex coordinate
system and express the 2-form Ω from the Hermitian metric as follows: Consider
the existence of a smooth metric of the form

ds2 = gab̄(z
c, zc )dza dzb + gāb(zc, zc ) dzadzb

such that the Hermitian property gāb = gab̄ is satisfied to assure that the metric
is real-valued with respect to the underlying real coordinates. Then,

Ω = igab̄dz
a ∧ dzb − igāb dza ∧ dzb

which is closed if and only if M is Kählerian. The following is another way of
characterizing a Kählerian manifold. A Hermitian manifold is Kählerian if and
only if its Hermitian metric g is locally derivable from a real scalar potential K (
called, the Kähler scalar) according to

gab̄ =
∂2K

∂za∂zb
.

Then, the Riemann curvature tensor is locally given by

Rabcd =
∂4K

∂za ∂zb ∂zc ∂zd
− gs̄t ∂3K

∂zs ∂zb∂zd

∂3K
∂zt∂za ∂zc

together with those components (Rbāc̄d, Rābdc̄, Rbādc̄) which can be obtained from
these by using the symmetries of the curvature tensor. All other components van-
ish. The Ricci tensor is given by

Rāb =
∂2

∂za ∂zb
(log(det grs̄)) = Rbā, Rab = 0 = Rāb̄.

Consequently, it is useful to have a Kählerian manifold since for this case the Ricci
tensor, like the metric tensor, is derivable from a local scalar potential K. Also,
just like the metric tensor, the Ricci tensor has its uniquely associated real closed
2-form, called the Ω′ form, given by

Ω′ = iRab̄dz
a ∧ dzb − iRāb dza ∧ dzb, d(Ω′) = 0.

Theorem 6.1.7. [413] Let M be a real 2n-dimensional Kählerian manifold. If M
is of constant curvature, then, M is flat provided n > 1.
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The above theorem tells us that the notion of constant curvature for Kähler-
ian manifolds is not essential. Therefore, the notion of constant holomorphic sec-
tional curvature was introduced for Kählerian manifolds. For this purpose, we first
state the notion of holomorphic section as follows:

Consider a vector U at a point p of a Kähler manifold M . Then, the pair
(U, JU) determines a plane π (since JU is obviously orthogonal to U) element
called a holomorphic section, whose curvature K is given by

K =
g(R(U, JU)JU, U)

(g(U, U))2
,

and is called the holomorphic sectional curvature with respect to U . If K is inde-
pendent of the choice of U at each point, then K = c, an absolute constant. A
simply connected complete Kähler manifold of constant sectional curvature c is
called a complex space-form, denoted by M(c), which can be identified with the
complex projective space Pn (c), the open ball Dn in Cn or Cn according as c > 0,
c < 0 or c = 0. The curvature tensor of M(c) is

R(X, Y )Z =
c

4
[g (Y, Z)X − g (X, Z)Y + g (JY, Z)JX

− g (JX, Z)JY + 2 g (X, JY )JZ]. (6.1.6)

A contraction of the above equation shows that M(c) is Einstein, that is

Ric(X, Y ) =
n+ 1
2

c g (X, Y ).

The above results also hold for a class of semi-Riemannian manifolds (see Barros-
Romero [28]), subject to the following restrictions on the signature of its indefinite
metric g. For the endomorphism J , satisfying J2 = − I, the eigenvalues of J are
i =

√
−1 and − i each one of multiplicity n. As J is real, and satisfies J2 = −I,

the only possible signatures of g are (2p, 2q) with p + q = n. For example, g
can not be a Lorentz metric and therefore, for real J , a spacetime can not be
almost Hermitian, and therefore, can not be Hermitian or Kählerian. Subject to
this restriction, according to Barros and Romero [28], (J, g) and M are called
indefinite Hermitian (or Kähler) structure and indefinite Kähler, respectively.

The sectional curvature function K is defined for a non-degenerate plane π
of TpM the same as in Riemannian geometry. The restriction of K to the non-
degenerate holomorphic (respectively totally real) planes is called the holomorphic
(respectively totally real) curvature of M . We quote the following result on holo-
morphic sectional curvature:

Proposition 6.1.8. [28] Let (M, g, J) be an indefinite Kähler manifold. Then all
the non-degenerate holomorphic planes, for every p ∈M , have the same sectional
curvature c ∈ R iff R = cRo, where Ro is defined by

Ro(u, v)w =
1
4
{g(v, w)u − g(u,w)v + g(Jv, w)Ju

− g(Ju,w)Jv + 2g(u, Jv)Jw}, ∀u, v, w ∈ TpM.
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Proof. Assume Hu = c for all u ∈ TpM with g(u, u) �= 0, where Hu is the
restriction of K to the non-degenerate holomorphic planes. Then the tensor R′ =
R− cR0 satisfies

g(R(u, Ju)Ju, u) = 0, ∀u ∈ TpM with g(u, u) �= 0. (6.1.7)

Since {u ∈ TpM | g(u, u) �= 0} is dense in TpM , (6.1.7) holds without restriction
on u. But R′ satisfies the curvature identities defined in chapter 1 and therefore
(6.1.7) implies by the well-known argument R′ = 0. The converse is trivial �

From Proposition 6.1.8, we have the following result:

Corollary 6.1.9. [28] If the connected complex n-dimensional indefinite Kähler
manifold M with n ≥ 2 admits a function f : M → R such that K(π) = f(p) for
all non-degenerate holomorphic planes of TpM , then, f must be of constant value
c ∈ R, that is, M is an indefinite complex space form of constant holomorphic
sectional curvature c.

Barros and Romero [28] constructed Cn
q, CPn

q (c) and CHn
q (c) as examples

of simply connected indefinite complex space-forms according as c = 0, c > 0 and
c < 0, respectively. Here, 2 q is the index of g. In the following we reproduce the
details on these examples:

Example 1. The complex manifold Cn, with the real part of the Hermitian form

bq,n(z, w) = −
q∑

k=1

z̄kwk +
n∑

j=q+1

z̄jwj , ∀z, w ∈ Cn (6.1.8)

defines a flat indefinite complex space form of index 2q, denoted by Cn
q . In fact,

Cn
q can be identified with (R2n

2q , J, g) where J and g are given by

J(x1, x̄1, . . . , xn, x̄n) = (−x̄1, x1, . . . ,−x̄n, xn),

g((x1, x̄1, . . . , xn, x̄n), (u1, ū1, . . . , un, ūn)) = −
q∑

i=1

(xi ui + x̄i ūi)

+
q∑

a=q+1

(xa ua + x̄a ūa).

Example 2. Define a complex n-dimensional indefinite space form CPn
q(c), with

index 2q and a constant holomorphic sectional curvature c. Its underlying complex
manifold is the open submanifold{

z ∈ Cn+1/bq,n+1(z, z) > 0
}
/C∗ of CPn =

{
Cn+1 − {0}

}
/C∗,

the ordinary complex projective space. Now consider the semi-Riemannian sub-
manifold
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S2n+1
2q (c/4) = {z ∈ Cn+1/bz,n+1(z, z) = (4/c)} ⊂ Cn+1

q ,

which is of constant curvature c/4 [317, 2.4.5a]. Evidently

φ : S2n+1
2q (c/4)→ CPn

q(z �→ z · C∗) (6.1.9)

is a submersion which is the indefinite Hopf fibration of S2n+1
2q (c/4) with spacelike

fibers z ·S1 for z ∈ S2n+1
2q (c/4). Then there exists a unique indefinite Kähler metric

of index 2q on CPn
q(c) such that (3.1.8) becomes its semi-Riemannian subman-

ifold. As in the case for CPn, it follows analogously that CPn
q(c) endowed with

this metric becomes an indefinite complex space form of index 2q with constant
holomorphic sectional curvature c.

Example 3. Similarly, the indefinite hyperbolic space form CHn
q (c) of complex

dimension n with index 2q and of constant holomorphic sectional curvature c < 0
can be obtained from CPn

n−q(−c) by replacing its metric by its negative.

Thus, we state (the proof is same as in the Riemannian case):

Theorem 6.1.10. [28] Every connected, simply-connected, complete indefinite Käh-
ler manifold of complex dimension n, of index 2q, and of constant holomorphic
sectional curvature c is holomorphically isometric to Cn

q , CPn
q (c) or CHn

q (c)
according as c = 0, c > 0 and c < 0, respectively.

Finally, we know from a lemma of Bishop-Goldberg [64] that the holomorphic
sectional curvature defined on the unit bundle of an almost Hermitian manifold
(M, g, J), with positive definite metric g, is bounded at each point of M . This
is not true for an indefinite metric as it is known that its holomorphic sectional
curvature is bounded (above or below) if and only if it is constant [28].

Cauchy Riemann Submanifolds of Kähler Manifolds. According to the behavior of
the tangent bundle of a submanifold with respect to the action of the almost com-
plex structure J̄ of the ambient manifold, there are four popular classes of subman-
ifolds, namely, Kähler submanifolds, totally real submanifolds, CR-submanifolds
and slant submanifolds. A submanifold of a Kähler manifold is called a complex
submanifold if each of its tangent spaces is invariant under the almost complex
structure of the ambient manifold. A complex submanifold of a Kähler manifold is
a Kähler manifold with induced metric structure, called a Kähler submanifold. It is
well known that a Kähler submanifold of a Kähler manifold is always minimal[413]
and [313]. A totally real submanifold M is a submanifold such that the almost
complex structure J̄ of the ambient manifold M̄ carries a tangent space of M
into the corresponding normal space of M . A totally real submanifold is called
Lagrangian if dimRM = dimC M̄ . Real curves of Kähler manifolds are examples
of totally real submanifolds. The first contribution to the geometry of totally real
submanifolds was given in the early 1970s [111]. For details, see [410].

In 1978, generalizing these two types of submanifolds, Bejancu [45] defined
Cauchy-Riemann (CR) submanifolds as follows: By a CR submanifold we mean
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a real submanifold M of an almost Hermitian manifold (M̄, J, ḡ), carrying a J-
invariant distribution D (i.e., JD = D) and whose ḡ-orthogonal complement is J-
anti-invariant (i.e., JD⊥ ⊆ T (M)⊥), where T (M)⊥ →M is the normal bundle of
M in M̄ . The CR submanifolds serve as an umbrella of a variety (such as invariant
(complex), anti-invariant (totally real), semi-invariant, generic) of submanifolds.
Basic details on these may be seen in [45, 412, 413]. Here we only briefly present
the following needed to understand the sections on lightlike submanifolds.

It is easy to see that a CR-submanifold is holomorphic or totally real ac-
cording as D⊥ = {0} or D = {0} respectively, otherwise it is called a proper
CR-submanifold. Every real hypersurface of an almost Hermitian manifold is an
example of a proper CR-submanifold [45].

On the other hand, a CR manifold (independent of its landing space) is a C∞

differentiable manifold M with a holomorphic sub-bundle H of its complexified
tangent bundle T (M) ⊗ C, such that H ∩ H̄ = {0} and H is involutive (i.e.,
[X,Y ] ∈ H for every X,Y ∈ H). For an update on CR manifolds (out of the scope
of this book) we refer [73] and two recent books [132] by Dragomir and Tomassini
and [26] by Barletta, Dragomir and Duggal. Here we recall that a CR-manifold
can be characterized by means of the real invariant distribution D as follows:

Theorem 6.1.11. [45] A smooth manifold L is a CR manifold, if and only if, it is
endowed with an almost complex distribution (D, J) such that

[JX, JY ]− [X, Y ] ∈ Γ(D) , (6.1.10)
NJ (X, Y ) = 0 , (6.1.11)

for all X, Y ∈ Γ(D), where NJ is the operator for the Nijenhuis tensor field of J .

Blair and Chen [69] were the first to interrelate these two concepts by proving
that proper CR submanifolds, of a Hermitian manifold, are CR manifolds. They
obtained the following result for CR-submanifolds of complex space forms:

Theorem 6.1.12. [69] Let M be a submanifold of a complex space form M̄(c) with
c �= 0. Then M is a CR-submanifold of M̄ if and only if the maximal holomorphic
subspace Dp = TpM∩JTpM, p ∈M, defines a non-trivial differentiable distribution
D on M such that

g(R̄(X,Y )Z,W ) = 0, ∀X,Y ∈ Γ(D) and ∀Z,W ∈ Γ(D⊥)

where D⊥ denotes the orthogonal complementary distribution of D in M .

On the integrability of two distributions we recall the following:

(i) The totally real distribution D⊥ on M is always integrable[99].

(ii) The holomorphic distribution D is integrable if and only if the second funda-
mental form of M satisfies [45]

h(X, JY ) = h(JX, Y ), ∀X,Y ∈ Γ(D).
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Thus, from (i), it follows that every proper CR-submanifold of a Kähler manifold
is foliated by totally real submanifolds. Note that Chen’s integrability theorem was
extended to CR-submanifolds of several other Riemannian manifolds. For example,
this theorem was used for CR-submanifolds of locally conformal Kähler manifolds
[131]. Although, in general, the holomorphic distribution is not integrable, Chen
proved the following:

Proposition 6.1.13. [99] The holomorphic distribution of a CR-submanifold of a
Kähler manifold is always minimal.

On totally umbilical CR-submanifolds we need the following:

Theorem 6.1.14. [45] Let M be a totally umbilical CR-submanifold of a Kähler
manifold M̄ . Then either

(a) M is totally geodesic, or

(b) M is totally real, or

(c) the totally real distribution is 1-dimensional.

A CR-submanifold M of a Kähler manifold is called a mixed geodesic CR-
submanifold if its second fundamental form satisfies h(X,Y ) = 0 for X ∈ Γ(D)
and Y ∈ Γ(D⊥). On this class, we quote the following:
Theorem 6.1.15. [45] A CR-submanifold M of a Kähler manifold is mixed totally
geodesic if and only if each of the totally real distributions is totally geodesic in
M .

A CR-submanifold M , of a Kähler manifold M̄ , is called a CR-product [99]
if it is locally a Riemannian product of a Kähler submanifold MT and a totally
real submanifold M⊥ of M̄ . We quote the following three results:

Proposition 6.1.16. [69] A totally geodesic CR-submanifold, of a Kähler manifold,
is a CR-product.

Theorem 6.1.17. [99] A proper CR-submanifold, of a Kähler manifold M̄ , is a
CR-product if and only if ∇P = 0, where P is the endomorphism on TM induced
from the almost complex structure J of M̄ .

Theorem 6.1.18. [99] A CR-product of a complex hyperbolic space is either a Kähler
submanifold or totally real submanifold. A CR-product complex Euclidean space
Cm is a product submanifold of a complex linear space Cr and totally real sub-
manifold in a complex subspace Cm−r of Cm. If M is a CR-product of complex
space form CPm, then:

(i) m ≥ h+ p+ hp, where dim(D) = 2h and dim(D⊥) = p.

(ii) The square length ‖ h ‖2 of the second fundamental form satisfies ‖ h ‖2≥
4hp.
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A CR-submanifoldM is called a mixed foliate CR-submanifold ifM is mixed
geodesic and its holomorphic distribution is integrable. Mixed foliate CR-submani-
folds of complex space forms were studied by many authors and are completely
determined. We quote the following main results:

(i) [57]. A complex projective space admits no mixed foliate proper CR-submani-
folds.

(ii) [99]. A CR-submanifold in Cn is mixed foliate if and only if it is a CR-
product.

(iii) [30], [113]. A CR-submanifold in a complex hyperbolic space CHm is mixed
foliate if and only if it is either a Kähler submanifold or a totally real sub-
manifold.

Another generalization of holomorphic and totally real submanifolds, named
slant submanifolds, introduced by Chen is as follows:

Definition 6.1.19. [102] Let M̄ be a Kähler manifold andM be a real submanifold
of M̄ . For any non-zero vector X tangent to M at a point p ∈M , the angle θ(X)
between JX and the tangent space TpM is called the Wirtinger angle of X . A
submanifold M of M̄ is called a slant submanifold if the Wirtinger angle θ(X)
is constant, i.e., it is independent of the choice of p ∈ M and X ∈ TpM . This
Wirtinger angle is called the slant angle of the slant submanifold.

By the above definition, it follows that holomorphic (resp. totally real) sub-
manifolds are slant submanifolds with θ = 0 (resp., θ = π

2 ). A slant submanifold is
called proper if it is neither totally real nor a holomorphic submanifold of M̄ . It is
known that every proper slant submanifold is even-dimensional. We highlight that
there is no inclusion relation between CR-submanifolds and slant submanifolds.

Let M be a submanifold of a Kähler manifold M̄ . Then, for any vector field
X tangent to M, we write

JX = TX + FX,

where TX and FX denote the tangential and normal components of JX . Then T
is an endomorphism of the tangent bundle. Using the endomorphism T , we obtain
the following simple characterization for slant submanifolds.

Theorem 6.1.20. [102] Let M be a real submanifold of a Kähler manifold M̄ . Then
M is a slant submanifold if and only if T 2X = λX where λ ∈ [−1, 0] is a fixed
number and X is a vector field tangent to M .

It is easy to see that any holomorphic or totally real submanifold satisfies the
condition ∇T = 0. If any proper slant submanifold satisfies ∇T = 0, it is called
Kählerian slant submanifold of M̄ . It follows that the Kählerian slant submanifolds
are Kähler manifolds with respect to the induced metric and the almost complex
structure defined by J̃ = (sec θ)T, [102].
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Theorem 6.1.21. [102] Let M be a submanifold of a Kähler manifold M̄ . Then
M satisfies condition ∇T = 0 if and only if M is locally the Riemannian product
M1× . . . .×Mk, where each Mi is a Kähler submanifold, a totally real submanifold
or a Kählerian slant submanifold of M̄ .

It is known [102] that totally umbilical slant surfaces and Kählerian slant
submanifolds are totally geodesic. Following is a recent general result:

Theorem 6.1.22. [358] Every totally umbilical proper slant submanifold of a Kähler
manifold is totally geodesic.

This opens a research problem as to the validity of the above general result
for slant lightlike submanifolds. There are a large number of papers (and some
books) where detailed information on the above quoted results, related results and
other classes (such as semi-slant, generic and skew CR-submanifolds, Lorentzian
CR-submanifolds, semi-Riemannian CR-submanifolds etc) is available. For those
interested see [11, 29, 30, 42, 43, 45, 52, 57, 69, 75, 81, 97, 99, 100, 101, 102, 104,
105, 106, 107, 113, 109, 128, 133, 147, 226, 256, 262, 278, 299, 303, 306, 312, 324,
356, 349, 368, 373, 383, 384, 385, 391, 392, 410, 412, 413].

6.2 Invariant lightlike submanifolds

Let (M̄, J̄ , ḡ) be a real 2m-dimensional, m > 1, indefinite Kähler manifold,
where ḡ is a semi-Riemannian metric of index v = 2q, 0 < q < m. Suppose
(M, g, S(TM)) is a lightlike submanifold of M̄ , where g is the degenerate induced
metric onM . As a part of our objective in presenting all possible lightlike subman-
ifolds, in this section we collect up-to-date results on invariant (complex) lightlike
submanifolds of Kähler manifolds. Later on these results will be related with the
results on various types of Cauchy-Riemann (CR) lightlike submanifolds discussed
in Sections 5 and 6.

Following the classical Riemannian definition of invariant submanifolds [413],
we say that M is an invariant (complex) lightlike submanifold of M̄ if

J̄ Rad(TM) = RadTM, J̄(S(TM)) = S(TM).

It is easy to see that for an invariant M , J̄(tr(TM)) = tr(TM) and these distri-
butions are even-dimensional. Thus, the dimension of an invariant M is ≥ 4.

Example 4. Let M be a submanifold of R6
2 given by

x5 = x1 cos α− x2 sin α, x6 = x1 sin α+ x2 cos α.

Then, the tangent bundle TM of M is spanned by

U1 = ∂x1 + cosα∂x5 + sinα∂x6,

U2 = ∂x2 − sinα∂x5 + cosα∂x6,

U3 = ∂x3, U4 = ∂x4.
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Therefore, M is a 2-lightlike submanifold with RadTM = Span {U1, U2}. More-
over, using the canonical complex structure ofR6

2 we have J̄ (RadTM)=RadTM .
Choose the complementary vector bundle to TM in S(TM⊥)⊥ which is spanned
by {V1 = ∂x1, V2 = ∂x2}. Then, ltr(TM) is spanned by

N1 =
1
2

(
−∂x1 + cosα

∂

∂x5
+ sinα∂x6

)
,

N1 =
1
2
(−∂x2 − sinα∂x5 + cosα∂x6) .

It is easy to check that J̄(ltr(TM)) = ltr(TM). Thus M is an invariant lightlike
submanifold of R6

2.

We start by discussing the integrability conditions of the radical distribution
RadTM and the screen distribution S(TM) of M .

Proposition 6.2.1. Let M be an invariant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then RadTM is integrable if and only if

A∗ξ J̄ξ
′ = J̄A∗ξ′ξ, ∀ ξ, ξ′ ∈ Γ(Rad(TM)).

Proof. RadTM is integrable if and only if g([ξ, ξ′] , X) = 0 for any ξ, ξ′ ∈
Γ (RadTM) and X ∈ Γ (S(TM)). Using the Kähler character of M̄ , from (5.1.25)
and (5.1.27) we obtain

g([ξ, Jξ′] , X) = g(A∗ξ J̄ξ
′ − J̄A∗ξ′ξ,X)

which proves our assertion. �
Proposition 6.2.2. Let (M, g, S(TM)) be an invariant lightlike submanifold of an
indefinite Kähler manifold M̄ . Then, its screen distribution S(TM) is integrable
if and only if

J̄h∗(X,Y ) = h∗(J̄Y,X), ∀X,Y ∈ Γ (S(TM)) .

Proof. By the definition of invariant lightlike submanifolds, a screen distribution
S(TM) is integrable if and only if

ḡ ([X,Y ] , N) = 0, ∀X,Y ∈ Γ (S(TM)) , N ∈ Γ (ltr(TM)) .

Since M̄ is indefinite Kählerian, from (6.1.5) and (5.1.25) we obtain

ḡ
([
X, J̄Y

]
, N
)
= ḡ

(
J̄h∗(X,Y )− h∗(J̄Y,X), N

)
. �

Consider a lightlike submanifold (M, g, S(TM)) whose screen distribution S(TM)
is integrable. Let (M ′, g′) be an integral manifold of S(TM), where g′ is the in-
duced non-degenerate semi-Riemannian metric onM ′. We say that (M, g, S(TM))
is a screen Kählerian manifold if (M ′, g′, J ′) has a Kählerian structure induced by
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the almost complex operator J ′ on M ′. We need above sub-structure on M to
relate the next theorem with the following result of non-degenerate submanifolds:

It is known that invariant (complex) submanifolds of Kähler [314] (resp., of
indefinite Kähler) manifolds [336]) are Kähler manifolds (resp, indefinite Kähler
manifolds). For the lightlike case, we have:

Theorem 6.2.3. Let (M, g, S(TM)) be an invariant lightlike submanifold of an
indefinite Kähler manifold such that M admits an integrable screen distribution
S(TM). Then M is a screen Kählerian manifold.

Proof. For an invariant lightlike submanifold M , we have

J̄S(TM) = S(TM), J̄ RadTM = RadTM.

Let M ′ be a integral manifold of a screen distribution S(TM). Denote by J ′ the
induced operator of J̄ on M ′. Consider an immersion f as follows:

f :M ′ → M̄ ;

J̄S(TM) = S(TM) implies M ′ is an invariant submanifold of M̄ . Thus,

J̄f∗ = f∗J ′ (6.2.1)

where f∗ is the differential of immersion f . Since M ′ is non-degenerate, it has a
semi-Riemannian metric. We denote this metric by g′ and obtain

g′ = f∗ḡ or
g′(X,Y ) = f∗ḡ(X,Y ) = ḡ(f∗X, f∗Y ), ∀ ∈ Γ(TM ′). (6.2.2)

Since ḡ is Hermitian we have g′(X,Y ) = ḡ(J̄f∗X, J̄f∗Y ). Using (6.2.1) we obtain
g′(X,Y ) = ḡ(f∗J ′X, f∗J ′Y ). From (6.2.2) we get g′(X,Y ) = g′(J ′X, J ′Y ), which
shows that g′ is Hermitian. Let the fundamental 2-forms of M̄ and M ′ be Ω and
Ω′, respectively. Then from (6.2.1) and (6.2.2) we obtain

Ω(f∗X, f∗Y ) = Ω′(X,Y ).

Ω closed and ∇∗ a metric connection on M ′ imply that Ω′ is closed, which proves
that M ′ is Kählerian. Thus, M is screen Kählerian. �

Denote by ∇̄ and ∇ semi-Riemann connection on M̄ and induced connection
on M , respectively. Using the Kähler structure of M̄ , for an invariant M we have

∇̄X J̄Y = ∇X J̄Y + hl(X, J̄Y ) + hs(X, J̄Y ),

J̄∇̄XY = J̄∇XY + J̄hl(X,Y ) + J̄hs(X,Y ).

From the above two results the following three relations hold:
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Lemma 6.2.4. Let M̄ be an indefinite Kähler manifold and M be a complex r-
lightlike submanifold of M̄ . Then we have

∇X J̄Y = J̄∇XY, (6.2.3)

hl(X, J̄Y ) = J̄hl(X,Y ), (6.2.4)
hs(X, J̄Y ) = J̄hs(X,Y ), ∀X,Y ∈ Γ (TM) . (6.2.5)

It is well known that every invariant submanifold of a Riemannian Kähler
(or non-degenerate submanifold of indefinite Kähler) manifold is minimal [314],
[336]. The following proposition shows that this classical result is not true for any
invariant lightlike submanifold:

Proposition 6.2.5. An invariant lightlike submanifold M of M̄ is minimal if and
only if

Dl(X,W ) = 0, ∀X ∈ Γ(RadTM), W ∈ Γ(S(TM⊥).

Proof. LetM be an invariant lightlike submanifold of M̄ , with a quasi-orthonormal
basis

{ξ1, . . . , ξk, J̄ξ1, . . . , J̄ξk, e1, . . . , e(m−r), J̄e1, . . . , J̄em−r}
of TM such that {ξ1, . . . , ξk, J̄ξ1, . . . , J̄ξk} ∈ RadTM and

{e1, . . . , e(m−r), J̄e1, . . . , J̄e(m−r)} ∈ S(TM).

Since hl = 0 on RadTM , we have

tr h =
2(m−r)∑

i=1

hs(ei, ei) =
(m−r)∑

i=1

hs(ei, ei) + hs(J̄ei, J̄ei).

On the other hand, (6.2.5) implies that hs(J̄X, J̄Y ) = −hs(X,Y ). Using this
in the above equation, we have trh = 0 on S(TM). On the other hand, from
(5.1.28) we have ḡ(hs(X,Y ),W ) = ḡ(Dl(X,W ), Y ) for X,Y ∈ Γ(RadTM) and
W ∈ Γ(S(TM⊥), which completes the proof. �

However, there are classes of invariant lightlike submanifolds for which the
classical result holds. To show this, we first recall (see Definition 4.4.7 of Chapter 4)
that M is irrotational if

∇̄Xξ ∈ Γ(RadTM), ∀X ∈ Γ(TM), ξ ∈ Γ(RadTM).

Considering (5.1.15), it follows that M is irrotational if and only if the following
is satisfied:

hl(X, ξ) = 0 and hs(X, ξ) = 0. (6.2.6)

Based on the above definition, we have the following result on minimal M :

Corollary 6.2.6. [160] Any irrotational or totally umbilical invariant lightlike sub-
manifold of an indefinite Kähler manifold is minimal.
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Complex lightlike hypersurfaces. An invariant lightlike submanifold M of M̄ can
be seen as a complex hypersurface if TM⊥ = RadTM = Span{ξ, J̄ξ}. We know
from Chapter 5 that such a complex hypersurface is a coisotropic submanifold.
Following is our first result:

Theorem 6.2.7. [159] Let (M, g, S(TM)) be a complex lightlike hypersurface of an
indefinite Kähler manifold M̄ . Then, radical distribution RadTM defines a totally
geodesic foliation on M . Moreover, M = M1 ×M2 is a product manifold if and
only if h∗ vanishes, where M1 is a 1-dimensional complex leaf of TM⊥ and M2

is a leaf of S(TM).

Proof. Let M be a complex lightlike hypersurface of M̄ and X,Y ∈ Γ(RadTM).
Since RadTM is spanned by ξ and J̄ξ we can write

X = α1ξ + β1J̄ξ,

Y = α2ξ + β2J̄ξ.

Since ∇ is a linear connection we obtain

g(∇XY, PZ) = α1α2g(∇ξξ, PZ) + α1β2g(∇ξJ̄ξ, PZ)
+ β1α2g(∇J̄ξξ, PZ) + β1β2g(∇J̄ξJ̄ξ, PZ).

From (5.1.33) we get

g(∇XY, PZ) = α1β2g(∇ξ J̄ξ, PZ) + β1α2g(∇J̄ξξ, PZ).

Thus using (6.1.2), (5.1.14), (6.2.3) and (5.1.33) we have

g(∇XY, PZ) = α1β2ḡ(∇̄ξ J̄ξ, PZ) + β1α2ḡ(∇̄J̄ξξ, PZ)

= −α1β2ḡ(J̄ ξ, ∇̄ξPZ)− β1α2ḡ(ξ, ∇̄J̄ξPZ)

= −α1β2ḡ(J̄ ξ, hl(ξ, PZ))− β1α2ḡ(ξ, hl(J̄ξ, PZ))

= α1β2ḡ(ξ, hl(ξ, J̄PZ))− β1α2ḡ(ξ, hl(ξ, J̄PZ))
= 0.

Thus, RadTM is a totally geodesic foliation inM . The proof follows from the fact
(see Chapter 5) that a screen distribution S(TM) of a lightlike submanifold of M̄
defines a totally geodesic foliation in M if and only if h∗ vanishes. Thus, proof is
complete. �

LetD1,D2,θ1,θ2,φ1, φ2 be F (M)-bilinear symmetric forms on U ⊂M , defined
by

D1(X,Y ) = ḡ(hl(X,Y ), ξ), D2(X,Y ) = ḡ(hl(X,Y ), J̄ξ),
θ1(X) = ḡ(∇̄XN, ξ), θ2(X) = ḡ(∇̄XN, J̄ξ),
φ1(X) = ḡ(∇̄X J̄N, ξ), φ2(X) = ḡ(∇̄X J̄N, J̄ξ),
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for any X,Y ∈ Γ(TM),ξ ∈ Γ(RadTM) and N ∈ Γ(ltr(TM). Then from (5.1.14)
and (5.1.20) we have

∇̄XY = ∇XY +D1(X,Y )N +D2(X,Y )J̄N, (6.2.7)
∇̄XN = −ANX + θ1(X)N + θ2(X)J̄N, (6.2.8)

∇̄X J̄N = −AJ̄NX + φ1(X)N + φ2(X)J̄N. (6.2.9)

On the other hand, using (6.1.2) and (6.1.5) we obtain

D2(X,Y ) = −D1(X, J̄Y ). (6.2.10)

In a similar way, we get

φ1(X) = −θ2(X), φ2(X) = θ1(X). (6.2.11)

Thus, from (6.2.10) and (6.2.11), on U , (6.2.7)–(6.2.9) become
∇̄XY = ∇XY +D1(X,Y )N −D1(X, J̄Y )J̄N, (6.2.12)
∇̄XN = −ANX + θ1(X)N + θ2(X)J̄N, (6.2.13)

∇̄X J̄N = −AJ̄NX − θ2(X)N + θ1(X)J̄N. (6.2.14)

Now locally define

E1(X,PY ) = ḡ(∇XPY,N), E2(X,PY ) = ḡ(∇XPY, J̄N),
ψ1(X) = ḡ(∇Xξ,N), ψ2(X) = ḡ(∇Xξ, J̄N),
τ1(X) = ḡ(∇X J̄ξ, N), τ2(X) = ḡ(∇X J̄ξ, J̄N).

Then, (5.1.15), (5.1.26) and (5.1.27) become

∇XPY = ∇∗XY + E1(X,PY )N + E2(X,PY )J̄N, (6.2.15)
∇Xξ = −A∗ξX + ψ1(X)ξ + ψ2(X)J̄ξ, (6.2.16)

∇X J̄ξ = −A∗̄JξX + τ1(X)ξ + τ2(X)J̄ξ. (6.2.17)

Using (6.1.2) and (6.1.5) we get

E2(X,PY ) = −E1(X, J̄PY ), τ1(X) = −ψ2(X), (6.2.18)
τ2(X) = ψ1(X). (6.2.19)

Now, since ḡ(ξ, J̄N) = 0 and ḡ(ξ,N) = 1, from (6.1.5) we have

ψ2(X) = θ2(X), (6.2.20)
ψ1(X) = −θ1(X). (6.2.21)

Thus (6.2.15)–(6.2.17) become

∇XPY = ∇∗XY + E1(X,PY )N − E1(X, J̄PY )J̄N, (6.2.22)
∇Xξ = −A∗ξX − θ1(X)ξ + θ2(X)J̄ξ, (6.2.23)

∇X J̄ξ = −A∗̄JξX − θ2(X)ξ − θ1(X)J̄ξ. (6.2.24)
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Theorem 6.2.8. [159] Let M be a complex lightlike hypersurface of an indefi-
nite Kähler manifold with an integrable screen S(TM). Suppose (M ′, g′) is a
non-degenerate submanifold of M̄ , with M ′ a leaf of S(TM). Then M is totally
geodesic, with an induced metric connection if M ′ is an immersed submanifold of
M̄ .

Proof. We denote the second fundamental form ofM ′ by h′. SinceM is a complex
lightlike hypersurface, dim(ltr(TM)) = 2. Thus we can write

hl(X,Y ) = αN + βJ̄N

where α and β are functions onM . Thus hl(X, ξ) = 0 if and only if ḡ(hl(X, ξ), ξ) =
ḡ(hl(X, ξ), J̄ξ) = 0 for X ∈ Γ(RadTM). From (5.1.33) we have ḡ(hl(X, ξ), ξ) = 0.
Using (6.2.4) we get

ḡ(hl(X, ξ), J̄ξ) = −ḡ(J̄hl(X, ξ), ξ) = −ḡ(hl(J̄X, ξ), ξ) = 0.

In a similar way we have hl(X, J̄ξ) = 0. From (5.1.15) we get

∇̄XY = ∇′XY + h′(X,Y )

for X,Y ∈ Γ(S(TM)), where ∇′ is a metric connection onM ′. Thus from (6.2.12)
and (6.2.22) we obtain

h′(X,Y ) = E1(X,Y )ξ − E1(X,Y )J̄ ξ +D1(X,Y )N −D1(X, J̄Y )J̄N
= E1(X,Y )ξ − E1(X,Y )J̄ ξ + h(X,Y ) (6.2.25)

for any X,Y ∈ Γ(S(TM)). On the other hand we have

g(X,Y ) = g(X,
m∑

i=1

εiḡ(Y,Xi)Xi + ḡ(Y,N)ξ + ḡ(Y, J̄N)J̄ξ)

=
m∑

i=1

εiḡ(Y,Xi)ḡ(X,Xi)

which implies
g(X,Y ) = g′(X,Y ) (6.2.26)

for any X,Y ∈ Γ(TM). Thus from (6.2.25) and (5.1.27) the proof is complete. �
Example 5. Let (M, g) be a 4-dimensional real lightlike submanifold of a 6-dimen-
sional Kähler manifold M̄ with RadTM of rank 2. Thus dim(S(TM)) = 2 and
M is coisotropic. Let Sx be a fiber of S(TM) at x ∈ M . Then, the complexified
tangent subspace T c

x(S) admits a canonical endomorphism Js, satisfying J2
s = −Is,

which defines a complex structure on Sc
x, induced from J̄ , such that

T c
x(S) = Tx(Sc)+ ⊕ Tx(Sc)−, Tx(Sc)± = {z ∈ T c

x(S) : Jsz = ±iz}.
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Let (Kc± ⊂ T c
x(M) be defined by a canonical map: (Kc±)x → (Sc±)x. Using the

above equation and the onto projection (Kc
±)x → (Sc

±)x, one can show that each
(Kc±)x is a complex 1-dimensional lightlike holomorphic sub-bundle of TM . Choose
Kc

+ = H and let RadTM = Re(H+H̄). It is easy to see that RadTM is involutive
and has a complex structure JRad TM satisfied by J2

Rad TM = −IRad TM , which
is induced from the complex structure J̄ , with H = {X − iJRad TMX : X ∈
RadTM}. Thus M is an invariant (complex) coisotropic submanifold of M̄ .

Null sectional curvature and induced Ricci tensor. Let M be a complex light-
like hypersurface of an indefinite complex space form M̄(c). We denote the null
sectional curvature of M by Kξ(M) given by

Kξ(M) =
g(R(X, ξ)ξ,X)

g(X,X)

where X is a non-null vector field on M . From(6.1.6) and (5.3.11) we have

g(R(X, ξ)ξ,X) = −ḡ(h∗(ξ,X), hl(X, ξ)) + g(hl(ξ, ξ), h∗(X,X)).

Since rank of RadTM is two we can write

h∗(Y, PZ) = h∗1(Y, PZ)ξ + h∗2(Y, PZ)J̄ξ

where h∗1(Y, PZ) and h∗2(Y, PZ) are functions on M . Thus we obtain

g(R(X, ξ)ξ,X) = −h∗1(ξ,X)ḡ(ξ, hl(X, ξ))− h∗2(ξ,X)ḡ(J̄ξ, hl(X, ξ))

+ h∗1(X,X)ḡ(ξ, hl(ξ, ξ)) + h∗2(X,X)ḡ(J̄ξ, hl(ξ, ξ)).

Using (6.2.4) we have

g(R(X, ξ)ξ,X) = −h∗1(ξ,X)ḡ(ξ, hl(X, ξ))− h∗2(ξ,X)ḡ(ξ, hl(J̄X, ξ))

+ h∗1(X,X)ḡ(ξ, hl(ξ, ξ)) + h∗2(X,X)ḡ(ξ, hl(ξ, J̄ξ)).

Thus from (5.1.33) we obtain Kξ(M) = 0. This proves the following:

Corollary 6.2.9. [159] There exist no complex lightlike hypersurface with positive
or negative null sectional curvature in an indefinite M̄(c).

For geometric reasons, we assume that the tensor R(0,2) (introduced in Sec-
tion 2) is symmetric and, therefore, it is the Ricci tensor (denoted by Ric) of a
complex lightlike hypersurface of an indefinite complex space form. Then we have

Ric(X,Y ) =
m∑

i=1

εig(R(X, ei)Y, ei) + ḡ(R(X, ξ)Y,N) + ḡ(R(X, J̄ξ)Y, J̄N).
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Using (6.1.6), (5.1.28) and (5.3.11) we obtain

Ric(X,Y ) = − c

2
(p+ 2)g(PX,PY ) +

m∑
i=1

εi{−g(h∗(ei, ei), hl(X,Y ))

+ ḡ(h∗(X, ei), hl(ei, Y ))} + ḡ(AN ξ, h
l(X,Y ))

− ḡ(AN J̄ξ, h
l(J̄X, Y )). (6.2.27)

Corollary 6.2.10. [159] Let M be a complex lightlike hypersurface of an indefinite
complex space form. Then the Ricci tensor of M is degenerate.

Proof. Setting Y = ξ in (6.2.27) we obtain

Ric(X, ξ) = +
m∑

i=1

εi{−g(h∗(ei, ei), hl(X, ξ)) + ḡ(h∗(X, ei), hl(ei, ξ))}

+ ḡ(ANξ, h
l(X, ξ))− ḡ(AN J̄ξ, h

l(J̄X, ξ)). �

Thus, the same way as in the proof of the previous corollary, from (6.1.2),
(5.1.33) and (6.2.3) we obtain Ric(X, ξ) = 0. Hence we have the following corollary.

Corollary 6.2.11. [159] There exists no complex lightlike hypersurface with positive
or negative Ricci tensor in an indefinite complex space form.

Finally, we note that invariant lightlike submanifolds have been studied in
[180] and [272], by using a different method.

6.3 Screen real submanifolds

In this section, we study a class of submanifolds which may be considered as
a lightlike version of totally real (non-invariant) submanifolds of Riemannian
Kähler manifolds [410]. We look for those lightlike submanifolds for which the non-
degenerate screen distribution is totally real with respect to the complex structure
operator J̄ . Such submanifolds are called screen real submanifolds, defined as fol-
lows:

Let (M, g, S(TM)) be a lightlike submanifold of an indefinite Kähler manifold
(M̄, ḡ). Then, M is called a screen real submanifold of M̄ [159] if RadTM is
invariant and S(TM) is anti-invariant with respect to J̄ , i.e.,

J̄(RadTM) = RadTM, (6.3.1)

J̄(S(TM)) ⊆ S(TM⊥). (6.3.2)

It follows from the above definition that,

J̄(ltr(TM) = ltr(TM) and J̄(μ) = μ,
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μ is the complementary orthogonal vector sub-bundle to J̄(S(TM)) in S(TM⊥).
Moreover, any screen real lightlike 3-dimensional submanifold must be 2-lightlike.

Example 6. Consider in R6
2 the submanifold M given by the equations

x1 = x5 tanhα− x6 sech α,
x2 = x5 sechα− x6 tanh α,
x3 = x4.

Then tangent bundle TM and normal bundle TM⊥ of M are spanned by

Z1 = tanhα∂x1 + sechα∂x2 + ∂x5,

Z2 = − sechα∂x1 − tanhα∂x2 + ∂x6,

Z3 = ∂x3 + ∂x4,

ξ1 = tanhα∂x1 + sechα∂x2 + ∂x5,

ξ2 = − sechα∂x1 − tanhα∂x2 + ∂x6,

W = −∂x3 + ∂x4.

Then we can easily see that M is a 2-lightlike submanifold with RadTM =
Span{ξ1, ξ2}. Moreover RadTM is invariant with respect to canonical complex
structure J̄ of R6

2. On the other hand S(TM) is spanned by Z3 and J̄Z3 = W .
We obtain the lightlike transversal bundle spanned by

N1 = −1
2
(tanhα∂x1 + sechα∂x2 − ∂x5),

N2 = −1
2
(− sechα∂x1 + tanhα∂x2 − ∂x6).

Hence we obtain that ltr(TM) is also invariant with respect to J̄ . Thus, M is a
screen real lightlike submanifold of R6

2.

For a screen real lightlike submanifoldM , using (5.1.15), (5.1.23), (6.3.1) and
(6.3.2) we obtain

−AJ̄Y X +∇s
X J̄Y +Dl(X, J̄Y ) = f∇XY + ω∇XY +Bhs(X,Y )

+ Chs(X,Y ) + J̄hl(X,Y )

for X,Y ∈ Γ(S(TM)). Comparing the tangential and transversal parts of both
sides of this equation, we find

−AJ̄Y X = f∇XY + Bhs(X,Y ), (6.3.3)
∇s

X J̄Y = ω∇XY + Chs(X,Y ), (6.3.4)

Dl(X, J̄Y ) = J̄hl(X,Y ), ∀X,Y ∈ Γ(S(TM)). (6.3.5)



252 Chapter 6. Submanifolds of indefinite Kähler manifolds

In a similar way, from (5.1.22) we have

hs(ξ1, J̄ξ2) = −J̄A∗ξ1
ξ2, ∀ξ1, ξ2 ∈ Γ(RadTM). (6.3.6)

Now we deal with the integrability conditions of two distributions.

Proposition 6.3.1. Let (M, g, S(TM)) be a screen real lightlike submanifold of an
indefinite Kähler manifold M̄ . Then the screen distribution S(TM) of M is inte-
grable if and only if

AJ̄XY −AJ̄Y X ∈ Γ(S(TM)), ∀X,Y ∈ Γ(S(TM)). (6.3.7)

Proof. Interchanging X and Y in (6.3.3) and subtracting we have

−AJ̄YX +AJ̄XY = f [X,Y ], ∀X,Y ∈ Γ(S(TM)). (6.3.8)

Thus [X,Y ] ∈ Γ(S(TM)) if and only if (6.3.7) is satisfied. �
Proposition 6.3.2. Let (M, g, S(TM)) be a screen real lightlike submanifold of an
indefinite Kähler manifold M̄ . Then, the radical distribution RadTM of M is
integrable if and only if

A∗ξ1
ξ2 = A∗ξ2

ξ1, ∀ξ1, ξ2 ∈ Γ(RadTM). (6.3.9)

Proof of above is similar to the case of invariant lightlike submanifolds.

We know from previous sections that the induced connection ∇ on M is not
a metric connection in general. Thus it is important to find which class of lightlike
submanifolds have induced metric connection. In this respect, the following the-
orem is important because it shows that the induced connection on irrotational
screen real submanifolds of indefinite Kähler manifolds is a metric connection.

Theorem 6.3.3. There exists a Levi-Civita metric induced connection on an irro-
tational screen real lightlike submanifold M of a Kähler manifold. Consequently,
the radical distribution of M is Killing.

Proof. From (6.2.6), an irrotational M implies hl(ξ,X) = hs(X, ξ) = 0 for any
X ∈ Γ(TM) and ξ ∈ Γ(RadTM). From (5.1.15) ḡ(hl(X,Y ), ξ) = ḡ(∇̄XY, ξ).
Thus, from (6.1.5) we obtain ḡ(hl(X,Y ), ξ) = ḡ(∇̄X J̄Y, J̄ξ). ∇̄ being a metric con-
nection, we have ḡ(hl(X,Y ), ξ) = −ḡ(J̄Y, ∇̄X J̄ξ). (5.1.15) implies ḡ(hl(X,Y ), ξ) =
ḡ(J̄Y, hl(X, J̄ξ)). Since M is irrotational, we have ḡ(hl(X,Y ), ξ) = 0. Hence,
hl(X,Y ) = 0 Then our first assertion follows from (6.2.6). The second assertion is
then immediate, which completes the proof. �

Due to geometric and physical importance of the existence of a metric connec-
tion, we now focus on the study of irrotational screen real lightlike submanifolds.
See [159, 160] on this topic, which also have some more general results.

Proposition 6.3.4. The radical distribution of an irrotational lightlike submanifold
M , of an indefinite Kähler manifold M̄ , defines a totally geodesic foliation on M .
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Proof. The radical distribution defines a totally geodesic foliation if and only if
g(∇ξ1ξ2,W ) = 0 for ξ1, ξ2 ∈ Γ(RadTM) and W ∈ Γ(S(TM)). From (5.1.15)
we have g(∇ξ1ξ2,W ) = ḡ(∇̄ξ1ξ2,W ). Since ∇̄ is a metric connection, we have
g(∇ξ1ξ2,W ) = −ḡ(ξ2, ∇̄ξ1W ). Using (5.1.15) here, we obtain g(∇ξ1ξ2,W ) =
−ḡ(ξ2, hl(ξ1,W )). Since M is irrotational, hl(ξ1,W ) = 0. Thus, we conclude that
g(∇ξ1ξ2,W ) = 0 which proves our assertion. �
Theorem 6.3.5. Let (M, g, S(TM)) be an irrotational screen real lightlike subman-
ifold of an indefinite Kähler manifold M̄ with an integrable screen distribution
S(TM) and M ′ be a leaf of S(TM). Then,

• M ′ is totally umbilical in M̄ if and only if M ′ and M are totally umbilical
in M and M̄ respectively.

• If M ′ is a totally geodesic submanifold of M̄, then M is also a totally geodesic
submanifold of M̄ .

Proof. Let X,Y ∈ Γ(TM). Then, we have

g(X,Y ) = g(
r∑

i=1

ηi(X)ξi + PX, Y ) = g(PX,PY ) = g′(X,Y )

where g′ is the semi-Riemannian metric of M ′. On the other hand for irrotational
M we have hl = 0, hs(ξ,X) = 0 for ξ ∈ Γ(RadTM) and X ∈ Γ(TM). From
(5.1.15) we have ∇̄XY = ∇′XY + h′(X,Y ), ∀X,Y ∈ Γ(S(TM)), where ∇′ and h′
are the metric connection ofM ′ and second fundamental form ofM ′, respectively.
Thus we have h′(X,Y ) = h∗(X,Y ) + hs(X,Y ), for X,Y ∈ Γ(S(TM)), which
completes the proof. �
Theorem 6.3.6. An irrotational screen real lightlike submanifold M of M̄ is mini-
mal if and only if trAWi = 0 on S(TM), Wi ∈ Γ(S(TM⊥).

Proof. Theorem 6.3.3 tells that an irrotational screen real lightlike submanifoldM
admits an induced metric connection, so hl = 0. Moreover,M irrotational implies
hs(X, ξ) = 0 for X ∈ Γ(TM) and ξ ∈ Γ(RadTM). Thus, hs = 0 on RadTM .
Hence, M is minimal if and only if trhs(ei, ei) = 0, where {ei} is an orthonormal
basis of S(TM). It follows from (5.1.28) that

trhs(ei, ei) =
1

n− r

n−r∑
j=1

m−r∑
i=1

ḡ(AWjei, ei)Wj ,

which completes the proof. �
Curvature properties. Suppose that the ambient manifold M̄ is of constant holo-
morphic sectional curvature c. Then from (6.1.6) and (5.3.11) we have

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y }+Ahl(Y,Z)X (6.3.10)

−Ahl(X,Z)Y +Ahs(Y,Z)X −Ahs(X,Z)Y
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for any X,Y ∈ Γ(TM). Using (5.1.22) and (6.3.10) we obtain

ḡ(R(X,Y )Z,N) =
c

4
{g(Y, Z)ḡ(X,N)− g(X,Z)ḡ(Y,N)}

+ ḡ(ANX,h
l(Y, Z))− ḡ(ANY, h

l(X,Z))
+ ḡ(Ds(X,N), hs(Y, Z))
− ḡ(Ds(Y,N), hs(X,Z)), X, Y ∈ Γ(TM) (6.3.11)

and N ∈ Γ(ltr(TM)). From (5.1.28) and (5.1.31) we derive

ḡ(R(X,Y )Z, T ) =
c

4
{g(Y, Z)g(X,T )− g(X,Z)g(Y, T )}

− ḡ(h∗(Y, T ), hl(X,Z)) + ḡ(h∗(X,T ), hl(Y, Z))
+ ḡ(hs(X,T ), hs(Y, Z))Y
− ḡ(hs(Y, T ), hs(X,Z)), (6.3.12)

for any Y, T ∈ Γ(S(TM)). From (6.3.12) we have the null sectional curvature of a
screen real lightlike submanifold as follows:

Kξ(M) =
1

‖ X ‖{−ḡ(h
∗(ξ,X), hl(X, ξ)) + ḡ(h∗(X,X), hl(ξ, ξ))

− ḡ(hs(ξ,X), hs(X, ξ)) + ḡ(hs(X,X), hs(ξ, ξ))} (6.3.13)

where X is a non-null vector field on S(TM). Thus we have the following:

Theorem 6.3.7. There exist no irrotational screen real lightlike submanifolds of an
indefinite M̄(c) with positive or negative null sectional curvature.

As we have seen from section 1 of Chapter 5, the induced connection on a
lightlike submanifold is not a metric Levi-Civita connection in general. As a result
of this, the (0, 2) type R(0,2) tensor (deduced from the curvature tensor) is not
symmetric. For an irrotational M we prove the following:

Theorem 6.3.8. An irrotational screen real lightlike submanifold of M̄(c) admits a
symmetric Ricci tensor.

Proof. From the definition of screen real lightlike submanifold, we have

R(0,2)(X,Y ) =
m−r∑
i=1

εig(R(X,Xi)Y,Xi) +
r∑

j=1

ḡ(R(X, ξj)Y,Nj)
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for any X,Y ∈ Γ(TM). Thus, from (6.3.12) and (6.3.13) we have

R(0,2)(X,Y ) =
c

4
(m− 1)−

r∑
j=1

ḡ(ANjξj , h
l(X,Y ))

− ḡ(ANjX,h
l(ξj , Y )) + ḡ(Ds(ξj , Nj), hs(X,Y ))

− ḡ(Ds(X,Nj), hs(ξj , Y )) +
m−r∑
i=1

εi{ḡ(h∗(Xi, Xi), hl(X,Y ))

− ḡ(h∗(X,Xi), hl(Y,Xi) + ḡ(hs(Xi, Xi), hs(X,Y ))
− ḡ(hs(X,Xi), hs(Xi, Y ))}. (6.3.14)

hl = 0 for an irrotational M screen real lightlike submanifold, hence,

R(0,2)(X,Y ) =
c

4
(m− 1)g(X,Y ) +

r∑
j=1

ḡ(Ds(ξj , Nj), hs(X,Y ))

+
m−r∑
i=1

εi{ḡ(hs(Xi, Xi), hs(X,Y ))− ḡ(hs(X,Xi), hs(Xi, Y ))}.

Thus, the proof is complete from above equation. �

6.4 Screen CR-lightlike submanifolds

In two previous sections we have seen that, just like the initial development of Rie-
mannian submanifolds [314, 410], we have two main sub-classes, namely, invariant
and screen real lightlike submanifolds of Kählerian manifolds. We also know that
Bejancu [45] introduced a generalized concept of Riemannian submanifolds, called
Cauchy-Riemann (CR) submanifolds, which is an umbrella of a variety of sub-
manifolds including invariant and totally real submanifolds. On the other hand,
we know from Duggal-Bejancu’s book [149] that CR-lightlike submanifolds do not
include invariant and screen real submanifolds. For this reason the authors of this
book introduced a new class, called Screen Cauchy-Riemann lightlike submanifolds
(briefly, SCR) of an indefinite Kähler manifold [159], which includes invariant and
screen real as its two sub-cases. In this section, the objective is to collect all the
results published in [159].

Definition 6.4.1. [159] Let (M, g, S(TM)) be a lightlike submanifold of an indefinite
Kähler manifold (M̄, ḡ). We say thatM is a SCR-lightlike submanifold of M̄ if the
following conditions are satisfied:

(1) There exist a real non-degenerate distribution D ⊆ S(TM) such that

S(TM) = D ⊥ D⊥, D ∩ D⊥ = {0},
J̄(D) = D, J̄D⊥ ⊆ S(TM⊥), (6.4.1)
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where D⊥ is orthogonal complementary to D in S(TM).

(2) RadTM is invariant with respect to J̄ .

It follows that ltr(TM) is invariant with respect to J̄ , that is,

J̄ ltr(TM) = ltr(TM). (6.4.2)

Thus, the tangent bundle of M is decomposed as

TM = D′ ⊕orth D⊥, (6.4.3)

where
D′ = D ⊕orth RadTM. (6.4.4)

Denote the orthogonal complement to the J̄D⊥ in S(TM⊥) by D0. Then,

tr(TM) = ltr(TM)⊕orth J̄D⊥ ⊥ D0. (6.4.5)

We say that M is a proper SCR-lightlike submanifold of M̄ if D �= {0} and D⊥ �=
{0}, that is, M is an r-lightlike submanifold of Case A. Note the following special
features:

(a) Condition (2) implies that dim(RadTM) = 2p ≥ 2.

(b) For a proper M , dim(D) = 2s ≥ 2 and dim(ltr(TM)) = dim(RadTM) =
2p ≥ 2. Thus, dim(M) ≥ 5, dim(M̄) = 2k ≥ 8.

(c) There exist no proper SCR-lightlike hypersurfaces.

(d) Any proper SCR-lightlike 5-dimensional submanifold must be 2-lightlike.

Example 7. Let M be a submanifold of R8
2 given by equations

x1 = u1 − u2, x5 = −u2 − u3,

x2 = u1 + u2, x6 = x7 = u1,

x3 = u4, x4 = u5, x8 = u2 − u3.

Then the tangent bundle of M is spanned by

Z1 = ∂x1 + ∂x2 + ∂x6 + ∂x7, Z2 = −∂x1 + ∂x2 − ∂x5 + ∂x8,

Z3 = ∂x5 − ∂x8, Z4 = ∂x3, Z5 = ∂x4.

Thus M is a 2-lightlike submanifold with RadTM = Span{Z1, Z2}. By using the
canonical complex structure of R8

2,we see that J̄Z1 = Z2 and J̄Z4 = Z5, that
is RadTM and D0 = Span{Z4, Z5} are invariant with respect to J̄ . Moreover,
S(TM⊥) is spanned by W = −∂x6 + ∂x7. Hence, a lightlike transversal vector
bundle ltr(TM) is spanned by

N1 =
1
4
(−∂x1 − ∂x2 + ∂x6 + ∂x7), N2 =

1
4
(∂x1 − ∂x2 − ∂x5 + ∂x8).
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It is easy to check that ltr(TM) is invariant with respect to J̄ . Moreover,W = J̄Z3.
Thus, D = Span{Z1, Z2, Z4, Z5} and D′ = Span{Z3}, i.e., M is a SCR-lightlike
submanifold of R8

2.
We denote by n1 the complex dimension of the distribution D and by n2 the

real dimension of the distribution D⊥. Then for n1 = 0, we get D′ = RadTM
which is invariant with respect to J̄ . In this case, a SCR-lightlike submanifold
becomes a screen real submanifold. For n2 = 0, we have TM = D′ which is
invariant. Thus, in this case, a SCR-lightlike submanifold becomes an invariant
lightlike submanifold. Hence, we conclude that SCR-lightlike submanifolds contain
invariant and screen real submanifolds as particular subspaces.We say thatM is an
anti-holomorphic SCR-lightlike submanifold if n2 = dimS(TM⊥), i.e, D0 = {0}.

Let M be a coisotropic SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, S(TM⊥) = {0} which implies that D⊥ = {0}. Hence, TM =
D′, soM is invariant. Similarly, ifM is an isotropic or totally lightlike submanifold,
then,M is invariant. Hence, the proper and screen real SCR-lightlike submanifolds
must be r-lightlike. Thus we have

Proposition 6.4.2. There exist no screen real SCR coisotropic or isotropic or totally
lightlike submanifolds of a Kähler manifold.

On existence of a SCR-lightlike submanifold, we prove the following:

Theorem 6.4.3. Let M be a 2r-lightlike submanifold of a real 2k-dimensional in-
definite almost Hermitian manifold M̄ such that dim(S(TM⊥)) = 1. If RadTM
is invariant with respect to J̄ and r < m

2 then M is a proper SCR-lightlike sub-
manifold of M̄ , where m = dimM

Proof. Since RadTM is invariant with respect to J̄ , ltr(TM) is also invariant with
respect to J̄ . We take a screen transversal vector bundle S(TM⊥) = Span{W}.
Then from (6.1.2) we have

ḡ(J̄W, ξ) = ḡ(W, J̄ξ) = 0, ḡ(J̄W,W ) = 0.

Since S(TM⊥) is one-dimensional, we deduce that J̄S(TM⊥) is a distribution on
M . Thus we can choose a screen vector bundle containing J̄(S(TM⊥). Then there
exists a vector bundle D of rank m− (2r + 1) such that

S(TM) = J̄(S(TM⊥))⊕D (6.4.6)

where D is a non-degenerate distribution; otherwise S(TM) would be degenerate.
Moreover, from (6.1.2) and (6.4.6) we obtain

ḡ(J̄X, J̄W ) = ḡ(X,W ) = 0,
ḡ(J̄X,W ) = −ḡ(X, J̄W ) = 0,
ḡ(J̄X,N) = −ḡ(X, J̄N) = 0.

Since ltr(TM) is invariant with respect to J̄ , we conclude that D is an almost
complex distribution on M , which completes the proof. �
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Now we prove a characterization theorem which is the lightlike version of
Blair-Chen’s characterization Theorem 6.1.12 for the Riemannian case.

Theorem 6.4.4. Let M be a lightlike submanifold of an indefinite complex space
form with c �= 0. Then M is a SCR-lightlike submanifold with D �= {0} if and only
if the following conditions are fulfilled:

(a) The maximal complex subspaces of TpM , p ∈ M define a distribution D′ =
RadTM ⊕orth D, where D is a non-degenerate almost complex distribution.

(b) ḡ(R̄(X,Y )Z,W ) = 0, ∀X,Y ∈ Γ(D′) and Z,W ∈ Γ(D⊥), where D⊥ is the
orthogonal complementary distribution to D in S(TM).

Proof. If M is a SCR-lightlike submanifold, then D′ = RadTM ⊕orth D. If X ∈
Γ(TM) and Y ∈ Γ(RadTM), then from (6.1.2) we have (b). If X,Y ∈ Γ(D) then
since D⊥ is orthogonal to D, using (6.1.2) we obtain (b). Conversely, from (a)
J̄ RadTM is a distribution onM and D holomorphic implies J̄ RadTM∩D = {0}.
From (b), (6.1.2) and (6.1.6) we derive

ḡ(R̄(ξ, Y )Z, J̄Z) = −2ḡ(J̄ ξ, Y )(Z,Z) = 0,

for ξ ∈ Γ(RadTM), Y ∈ Γ(D⊥) and Z ∈ Γ(D). Since D is a non-degenerate almost
complex distribution on S(TM) there exists at least a non-null vector field. Hence
ḡ(J̄ξ, Y ) = 0. Thus RadTM is invariant with respect to J̄ . Similarly, we have

ḡ(R̄(J̄X,X)Z,W ) = −2ḡ(X,X)ḡ(J̄Z,W ) = 0

for X ∈ Γ(D) and Z,W ∈ Γ(D⊥). Hence J̄D⊥p is orthogonal to D⊥p . Since D is
holomorphic, J̄D⊥p is also orthogonal to D. Moreover, since ltr(TM) is invariant
with respect to J̄ , we obtain J̄D⊥p ∈ Γ(S(TM⊥))|p. �

As studied in previous sections, it is desirable to find conditions for an inte-
grable screen distribution of M . For this let M be a SCR-lightlike submanifold of
an indefinite Kähler manifold M̄ . For each vector field X tangent to M , we put

J̄X = PX + ωX (6.4.7)

where PX and ωX are respectively the tangential and the transversal parts of
J̄X . From (6.4.4)–(6.4.5) we obtain PX ∈ Γ(D′) and ωX ∈ Γ(J̄D⊥). Also, for
each vector field V transversal to M , we put

J̄V = BV + CV (6.4.8)

where BV and CV are respectively the tangential and the transversal parts of J̄V .
From (6.4.3) and (6.4.5) we have BV ∈ Γ(D⊥) and CV ∈ Γ(ltr(TM) ⊥ D0). We
note, if V ∈ Γ(S(TM⊥) then CV ∈ Γ(D0). Now applying J̄ to (6.4.7) we obtain
−X = P 2X . Hence we have

P 3 + P = 0,
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that is, P is an f -structure ([413]). Using (6.1.5), (5.1.15), (5.1.22), (5.1.23),
(6.4.7), (6.4.8), we obtain

(∇XP )Y = AωY X +Bhs(X,PY ), (6.4.9)

hl(X,PY ) = −Dl(X,ωY ) + J̄hl(X,Y ), (6.4.10)
(∇Xω)Y = −hs(X,PY ) + Chs(X,Y ) (6.4.11)

for any X,Y ∈ Γ(TM), where (∇XP )Y = ∇XPY − P∇XY and (∇Xω)Y =
∇s

XωY − ω∇XY . P is called parallel if (∇XP )Y = 0 for any X,Y ∈ Γ(TM).

Theorem 6.4.5. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, the screen distribution of M is integrable if and only if the
following three conditions are satisfied:

g(ANY, J̄X) = g(ANX, J̄Y ), ∀X,Y ∈ Γ(D), (6.4.12)

ḡ(Ds(X,N)J̄Y ) = ḡ(Ds(Y,N)J̄X), ∀X,Y ∈ Γ(D⊥) (6.4.13)

and

g(ANY, J̄X) = −ḡ(Ds(X,N)J̄Y ), ∀X ∈ Γ(D), ∀Y ∈ Γ(D⊥). (6.4.14)

Proof. Since M̄ is a Kähler manifold we have dΩ = 0, where d is the exterior
derivative and Ω is the fundamental 2-form of M̄ . Hence we have dΩ(X,Y,N) = 0
for X,Y ∈ Γ(S(TM) and N ∈ Γ(ltr(TM)). Thus we get

0 = Nḡ(X, J̄Y )− ḡ([X,Y ], J̄N)− ḡ([Y,N ], J̄X)− ḡ([N,X ], J̄Y ). (6.4.15)

Using (6.1.2), (6.1.5), (5.1.22) and ∇ and ∇̄ torsion free, we obtain

ḡ([X,Y ], J̄N) = ḡ(ANY, J̄X)− ḡ(Ds(Y,N), J̄X)
− ḡ(ANX, J̄Y )− ḡ(Ds(X,N), J̄Y )

for X,Y ∈ Γ(S(TM) and N ∈ Γ(ltr(TM)). Since S(TM) = D ⊥ D⊥, for X,Y ∈
Γ(D) we have (6.4.12), for X ∈ Γ(D) and Y ∈ Γ(D⊥) we have (6.4.13) and for
X,Y ∈ Γ(D⊥) we get (6.4.14), which completes the proof. �
Theorem 6.4.6. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, the screen distribution of M defines a totally geodesic foliation
on M if and only if:

1. AJ̄YX has no components in RadTM .

2. ANX has no components in D, ∀X ∈ Γ(TM) and Y ∈ Γ(D⊥).
Proof. From (6.1.2),(6.1.5) and (5.1.23) we get

ḡ(∇XY,N) = −g(AJ̄Y X, J̄N)

for any X ∈ Γ(TM) and Y ∈ Γ(D⊥). On the other hand from (5.1.15) and
(5.1.31) we obtain ḡ(∇XY,N) = ḡ(h∗(X,Y ), N) = g(ANX,Y ), for X ∈ Γ(TM)
and Y ∈ Γ(D). Since S(TM) = D ⊥ D⊥, the proof is complete. �
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Theorem 6.4.7. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . The distribution D′ is integrable if and only if

h(X, J̄Y ) = h(J̄X, Y ), ∀X,Y ∈ Γ(D0). (6.4.16)

Proof. From (6.1.5),(5.1.15),(6.4.7) and (6.4.8) we obtain

h(X, J̄Y ) = ω∇XY + Ch(X,Y )

for any X,Y ∈ Γ(D0). Then taking into account that h is symmetric and ∇ is
torsion free, we obtain

h(X, J̄Y )− h(J̄X, Y ) = ω[X,Y ]

which completes the proof. �
In [159], we have already obtained necessary and sufficient conditions for

integrable distribution D⊥. Here, we prove a stronger result.
Theorem 6.4.8. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then the following assertions are equivalent:

1. ḡ(Ds(W,N), J̄Z) = ḡ(Ds(Z,N), J̄W ), ∀Z,W ∈ Γ(D⊥), N ∈ Γ(ltr(TM)).

2. AN is self-adjoint on D′ with respect to g.

3. D⊥ is integrable.

Proof. First, we notice that D⊥ is integrable if and only if g([Z,W ], J̄X) =
ḡ([Z,W ], J̄N) = 0 for Z,W ∈ Γ(D⊥), X ∈ Γ(D) and N ∈ Γ(ltr(TM)). Since
M̄ is a Kähler manifold, we have dΩ = 0, hence we obtain dΩ(X,Z,W ) = 0 for
X ∈ Γ(D) and Z,W ∈ Γ(D⊥). Then, we get

3dΩ(X,Z,W ) = −Ω([Z,W ], X) = g([Z,W ], J̄X) = 0. (6.4.17)

Thus, it is enough to investigate the condition ḡ([Z,W ], J̄N) = 0.

(1)⇒(2): From (5.1.22), we have

ḡ(Ds(W,N), J̄Z) = ḡ(∇̄WN, J̄Z).

Using (6.1.2) and (6.1.5) we get

ḡ(Ds(W,N), J̄Z)) = −ḡ(∇̄W J̄N, Z).

Then, from (5.1.22), we obtain, ḡ(Ds(W,N), J̄Z) = g(AJ̄NW,Z). Hence, we have

ḡ(Ds(W,N), J̄Z) = ḡ(Ds(Z,N), J̄W )

which implies g(AJ̄NW,Z) = g(AJ̄NZ,W ).
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(2)⇒(3): Since ∇̄ is a metric connection, from (5.1.14), we have

ḡ([Z,W ], J̄N) = g(W,AJ̄NZ)− g(AJ̄NW,Z).

Since AJ̄N is self-adjoint on D⊥ we derive

ḡ([Z,W ], J̄N) = 0. (6.4.18)

Then, from (6.4.17) and (6.4.18) we conclude that D⊥ is integrable.

(3)⇒(1): From ∇̄ a metric connection, integrable D⊥ and (6.1.2), we get

ḡ([Z,W ], J̄N) = −ḡ(∇̄ZN, J̄W ) + ḡ(∇̄WN, J̄Z).

Using (5.1.22) we get

ḡ(Ds(W,N), J̄Z)− ḡ(Ds(Z,N), J̄W ) = 0

which completes the proof. �
Corollary 6.4.9. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ .Then Radical distribution is integrable if and only if

ḡ(hl(ξ, Z), ξ′) = ḡ(hl(ξ′, Z), ξ), (6.4.19)
ḡ(hs(ξ, J̄ξ′), J̄W ) = ḡ(hs(J̄ξ, ξ′), J̄W ) (6.4.20)

for any ξ, ξ′ ∈ Γ(RadTM), Z ∈ Γ(D) and W ∈ Γ(D⊥).
Proof. By Definition 6.4.1, RadTM is integrable if and only if

g([ξ, ξ′], Z) = g([ξ, ξ′],W ) = 0, ∀ξ, ξ′ ∈ Γ(RadTM)

for any Z ∈ Γ(D) and W ∈ Γ(D⊥). Thus from (6.1.5) and (5.1.13) we have

g([ξ, ξ′], J̄Z) = ḡ(hl(ξ, Z), ξ′)− ḡ(hl(ξ′, Z), ξ). (6.4.21)

Using (6.1.2) and (5.1.13) we obtain

g([ξ, ξ′],W ) = ḡ(hs(ξ, J̄ξ′), J̄W )− ḡ(hs(J̄ξ, ξ′), J̄W ). (6.4.22)

Thus from (6.4.21) and (6.4.22) the proof of the corollary is complete. �
Similarly, we have the following corollary.

Corollary 6.4.10. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then the distribution D is integrable if and only if AN is self adjoint
on D and

g(AJ̄WX, J̄Y ) = g(AJ̄WY, J̄X) (6.4.23)

for any X,Y ∈ Γ(D), N ∈ Γ(ltr(TM)) and W ∈ Γ(D⊥).
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Theorem 6.4.11. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, the following assertions are equivalent:

(1) hs(X, J̄Y ) has no components in J̄D⊥ for X,Y ∈ Γ(D′).
(2) ḡ(J̄ξ,Dl(X, J̄Z)) = 0 and AJ̄ZX has no components in D for X ∈ Γ(D′),

ξ ∈ Γ(RadTM) and Z ∈ Γ(D⊥).
(3) D′ defines a totally geodesic foliation on M .

Proof. (1) ⇒ (2). From (5.1.28) we have

ḡ(hs(X, J̄Y ), J̄Z) + ḡ(J̄Y,Dl(X,W )) = g(AJ̄ZX, J̄Y )

for any X,Y ∈ Γ(D′) and Z ∈ Γ(D⊥). Taking Y = ξ ∈ Γ(RadTM) in this
equation we have

ḡ(hs(X, J̄Y ), J̄Z) = −ḡ(J̄Y,Dl(X,W )).

Hence we have ḡ(J̄ξ,Dl(X, J̄Z)) = 0 for X ∈ Γ(D′), ξ ∈ Γ(RadTM) and Z ∈
Γ(D⊥). If we take Y ∈ Γ(D) we obtain

ḡ(hs(X, J̄Y ), J̄Z) = g(AJ̄ZX, J̄Y ).

Hence AJ̄ZX has no components in D.
(2) ⇒ (3). ∇̄ is a metric connection and from (5.1.15), (5.1.23) we have

g(∇XY, Z) = g(J̄Y, AJ̄ZX)− g(Dl(X, J̄Z), J̄Y ) = 0

for any X,Y ∈ Γ(D′) and Z ∈ Γ(D⊥). Hence we have ∇XY ∈ Γ(D′).
(3) ⇒ (1). From (6.1.2) and (5.1.15) we get g(∇XY, Z) = ḡ(hs(X, J̄Y ), J̄Z),

for any X,Y ∈ Γ(D′) and Z ∈ Γ(D⊥). Since ∇XY ∈ Γ(D′), (1) holds. �
Theorem 6.4.12. Let M be a SCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, the following assertions are equivalent:

(1) AJ̄YX has no components in D′ for X,Y ∈ Γ(D⊥).
(2) hs(X, J̄Z) and Ds(X, J̄N) have no components in J̄D⊥ for X ∈ Γ(D⊥) and

Z ∈ Γ(D).
(3) D⊥ defines a totally geodesic foliation on M .

Proof. (1) ⇒ (2). Suppose that AJ̄YX has no components in D′. Then from
(5.1.28) we obtain

0 = g(AJ̄Y X, J̄Z) = ḡ(hs(X, J̄Z), J̄Y )

for X,Y ∈ Γ(D⊥) and Z ∈ Γ(D). Hence hs(X, J̄Z) has no components in J̄D⊥.
On the other hand using (6.1.2),(5.1.15) and (5.1.22) we obtain

0 = g(AJ̄YX, J̄N) = ḡ(J̄Y,Ds(X, J̄N)), ∀X,Y ∈ Γ(D⊥).
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Hence, Ds(X, J̄N) has no components in J̄D⊥.
(2) ⇒ (3). By definition, a SCR-lightlike submanifold, D⊥ is parallel if and

only if g(∇XY, Z) = ḡ(∇XY,N) = 0 for X,Y ∈ Γ(D⊥), Z ∈ Γ(D) and N ∈
Γ(ltr(TM). Using (6.1.2), (6.1.5), (5.1.15) and taking account that ∇̄ is a metric
connection we have

g(∇XY, Z) = −ḡ(J̄Y, hs(X, J̄Z)) = 0

for X,Y ∈ Γ(D⊥) and Z ∈ Γ(D). In a similar way we get

ḡ(∇XY,N) = ḡ(J̄Y,Ds(X, J̄N)) = 0.

Thus D⊥ defines a totally geodesic foliation on M .
(3) ⇒ (1) Suppose that D⊥ is parallel, then from (5.1.15), (6.1.2), (6.1.5)

and (5.1.23) we obtain

g(∇XY, Z) = ḡ(AJ̄YX, J̄Z) = 0

for X,Y ∈ Γ(D⊥) and Z ∈ Γ(D). In a similar way we have

ḡ(∇XY,N) = −ḡ(AJ̄YX, J̄N) = 0.

Hence the proof is complete. �
We say that M is a mixed geodesic SCR-lightlike submanifold if its second

fundamental form h satisfies h(X,U) = 0 for X ∈ Γ(D′) and U ∈ Γ(D⊥). From
(5.1.14), it is easy to see, if M is mixed geodesic then we have

hs(X,U) = 0 and hl(X,U) = 0.

Corollary 6.4.13. Let M be a mixed geodesic anti-holomorphic SCR-lightlike sub-
manifold of an indefinite Kähler manifold M̄ . Then D⊥ defines a totally geodesic
foliation on M if and only if Ds(Z, J̄N) = 0 for Z ∈ Γ(D⊥) and N ∈ Γ(ltr(TM)).

Proof. From (5.1.23), (5.1.15) and (6.1.2) we have

g(∇ZW,X) = ḡ(∇̄Z J̄W, J̄X)

for X ∈ Γ(D) and Z,W ∈ Γ(D⊥). Then, using again (5.1.15) we get

g(∇ZW,X) = −ḡ(hs(J̄X, Z), J̄W ).

Since M is mixed geodesic anti-holomorphic, we get g(∇ZW,X) = 0. In a similar
way, from (6.1.2), (6.1.5), (5.1.15) and (5.1.23) we obtain

g(∇ZW,N) = −ḡ(J̄W,Ds(Z, J̄N))

which proves the assertion. �
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We say that a SCR-lightlike submanifold M of a Kähler manifold M̄ is a
SCR-lightlike product if both distributions D′ and D⊥ are integrable and their
leaves are totally geodesic, i.e., M is locally a product manifold (M1×M2, g) with

g = g1 + g2,

where g1 is the degenerate metric tensor of the leaf M1 of D′ and g2 is the non-
degenerate metric tensor of the leafM2 of D⊥. For a mixed geodesic SCR-lightlike
submanifold, we have the following:

Theorem 6.4.14. A mixed geodesic SCR-lightlike submanifold M of an indefinite
Kähler manifold M̄ is a SCR-lightlike product if and only if:

(1) AJ̄ZX has no components in D for X ∈ Γ(D′), Z ∈ Γ(D⊥),
(2) For X ∈ Γ(D′) and Z ∈ Γ(D⊥), Dl(X, J̄Z) = 0,

(3) AJ̄ZW has no components in RadTM for W,Z ∈ Γ(D⊥).
Proof. From (6.1.2) and (6.1.5), we have g(∇XY, Z) = ḡ(∇̄X J̄Y, J̄Z) for X ∈
Γ(D′), Y ∈ Γ(D) and Z ∈ Γ(D⊥). Then using (5.1.15), we get g(∇XY, Z) =
ḡ(hs(X, J̄Y ), J̄Z). Thus, (5.1.28) implies that g(∇XY, Z) = ḡ(AJ̄ZX, J̄Y ) which
implies (1). In a similar way, for X ∈ Γ(D′) and Y ∈ Γ(RadTM), we have
g(∇XY, Z) = ḡ(∇̄X J̄Y, J̄Z). Hence, we get g(∇XY, Z) = ḡ(hs(X, J̄Y ), J̄Z). Then,
from (5.1.28), we derive

g(∇XY, Z) = ḡ(J̄Y,Dl(X, J̄Z))

which implies (2). Considering the definition of a SCR-lightlike product, it is
enough to prove that the third condition is satisfied if and only if D⊥ defines a to-
tally geodesic foliation onM . We note that D⊥ defines a totally geodesic foliation
if and only if g(∇ZW,X) = ḡ(∇ZW,N) = 0. The first equation can be seen from
the proof of Corollary 6.4.13. On the other hand, from (6.1.2), (6.1.5) and (5.1.15),
we obtain g(∇ZW,N) = ḡ(∇̄Z J̄W, J̄N) for Z,W ∈ Γ(D⊥) and N ∈ Γ(ltr(TM)).
Hence, using (5.1.23), we have g(∇ZW,N) = −ḡ(AJ̄ZW, J̄N) which completes the
proof. �
Theorem 6.4.15. The induced connection ∇ of a mixed geodesic SCR-lightlike sub-
manifold M of an indefinite Kähler manifold M̄ is a metric connection if and only
if A∗ξX has no components in D for X ∈ Γ(D) and ξ ∈ Γ(RadTM).

Proof. Since M is mixed geodesic, it follows that hl(X,Z) = 0 for X ∈ Γ(D) and
Z ∈ Γ(D′). From Proposition 5.1.3, we have hl(ξ1, ξ2) = 0 for ξ1, ξ2 ∈ Γ(RadTM).
On the other hand, from (5.1.29) we get

g(A∗ξX,Y ) = ḡ(hl(X,Y ), ξ)

for any X,Y ∈ Γ(D) and ξ ∈ Γ(RadTM). Then, it is easy to see from the above
equation that hl(X,Y ) = 0 if and only if A∗ξX has no components in D. Thus, it
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is enough to show that hl(Z,W ) = 0 for Z, V ∈ Γ(D⊥). From (6.1.5) and (5.1.15)
we obtain ḡ(hl(Z,W ), ξ) = ḡ(∇̄Z J̄W, J̄ξ). Since ∇̄ is a metric connection and
J̄(D⊥)⊕orth RadTM, we arrive at ḡ(hl(Z,W ), ξ) = −ḡ(J̄W, ∇̄Z J̄ξ). Then, using
(5.1.15), we derive

ḡ(hl(Z,W ), ξ) = −ḡ(J̄W, hs(Z, J̄ξ)).

Then, mixed geodesic M implies that hs(Z, J̄ξ) = 0. Hence, we get

ḡ(hl(Z,W ), ξ) = 0

which proves our assertion. �
If M is totally umbilical, then we have the following important result:

Theorem 6.4.16. The induced connection on a totally umbilical proper SCR-light-
like submanifold is a metric connection.

Proof. Using (5.1.14),(6.4.7), (6.4.8) and taking account that ltr(TM) is invariant
with respect to J̄ we have

hl(X, J̄Y ) = J̄hl(X,Y )

for any X,Y ∈ Γ(TM). Since M is umbilical we get

g(X, J̄Y )H l = g(X,Y )J̄Hl.

Interchanging X and Y in this equation and subtracting we derive

g(X, J̄Y )H l = 0.

Taking X,Y ∈ Γ(D) we have H l = 0. Then our assertion follows (5.1.39). �
Theorem 6.4.17. Let M be a proper SCR-lightlike submanifold of an indefinite
Kähler manifold. Then M is proper totally umbilical only if its anti-invariant
distribution D⊥ is one-dimensional. Moreover, J̄ induces an almost contact metric
structure on S(TM).

Proof. LetM be a totally umbilical proper SCR- lightlike submanifold. Then using
(5.1.13), (6.4.7) (6.4.8) and taking the screen transversal part we obtain

hs(X, J̄X) + ω∇XX+ = Chs(X,X)

for X ∈ Γ(D). Since M is totally umbilical we get

ω∇XX = 0, g(X,X)CHs = 0.

Hence we obtain

∇XX ∈ Γ(D′), (6.4.24)
Hs ∈ Γ(J̄D⊥). (6.4.25)
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Now using (5.1.15), (5.1.23), (6.4.7), (6.4.8) and taking the tangent part we obtain

−AJ̄WZ = f∇ZW +Bhs(Z,W )

for any Z,W ∈ Γ(D⊥). Hence we have

g(AJ̄WZ,Z) = −g(hs(Z,W ), J̄Z).

Since M is umbilical, using (5.1.28) we obtain

g(Z,Z)ḡ(Hs, J̄W ) = g(Z,W )g(Hs, J̄Z). (6.4.26)

Interchanging Z and W we get

g(W,W )ḡ(Hs, J̄Z) = g(Z,W )g(Hs, J̄W ). (6.4.27)

Thus from (6.4.26) and (6.4.27) we have

ḡ(Hs, J̄Z) =
g(Z,W )2

g(Z,Z)g(W,W )
ḡ(Hs, J̄Z). (6.4.28)

SinceD⊥ is non-degenerate we can choose non-null vector fields Z andW . Thus us-
ing (6.4.25) in (6.4.28) we obtain either Hs = 0 or Z and W is linearly dependent.
Now assume that D⊥ = Span{T }. Let J̄T =W . For each vector field X tangent to
M, from (6.4.7) we obtain ωX = η(X)W, ∀X ∈ Γ(TM), where η(X) = εg(X,T ).
Thus, from the above two equations, we have J̄X = φX + η(X)W . Applying J̄ to
the last equation we get

φ2X = −X + η(X)T, η(T ) = 1.

Thus, φ defines an almost contact structure [66] on M . Suppose (M ′, g′) is the
integral manifold of S(TM), where g′ is the non-degenerate metric on M ′. Then,
from (6.4.7) we obtain

g′(φX, φY ) = g′(X,Y )− εη(X)η(Y ), ∀X,Y ∈ Γ(TM ′).

Thus (φ, T, g′, ε) defines a Riemannian [66] or Lorentzian [134] almost contact
structure on M ′ according as ε is +1 or −1, which proves the theorem. �
Theorem 6.4.18. There is no totally umbilical proper SCR-lightlike submanifold in
a positively or negatively curved indefinite Kähler manifold.

Proof. Suppose M is a totally umbilical proper SCR-lightlike submanifold of an
indefinite Kähler manifold M̄ with K̄M̄ �= 0. Taking into account (6.1.2) and
(5.3.11), we have

R̄(X,Z,Z,X) = R̄(X,Z, J̄Z, J̄X)
= −R̄(X,Z, J̄X, J̄Z)
= −ḡ((∇Xh

s)(Z, J̄X), J̄Z) + ḡ((∇Zh
s)(J̄X, Z), J̄Z)

+ ḡ(Ds(X,hl(Z, J̄X), J̄Z)− ḡ(Ds(X,hl(Z, J̄X), J̄Z)
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for any X ∈ Γ(D) and Z ∈ Γ(D⊥). Since M is a totally umbilical proper SCR-
lightlike, we have hl(Z, J̄X) = 0,hl(X, J̄X) = 0. Thus we obtain

R̄(X,Z,Z,X) = ḡ((∇Xh
s)(Z, J̄X), J̄Z) + ḡ((∇Zh

s)(J̄X, Z), J̄Z).

Hence we have

KM̄ (X,Z) = −{g(∇XZ, J̄X) + g(∇X J̄X, Z)}ḡ(Hs, J̄Z)
+ {g(∇ZX, J̄X) + g(∇Z J̄X,X)}ḡ(Hs, J̄Z).

g(Z,X) = 0 and g(J̄X,X) = 0 imply g(∇XZ, J̄X) = −g(Z,∇X J̄X) and
g(∇ZX, J̄X) = −g(X,∇Z J̄X). Thus,KM̄ (X,Z) = 0 which is a contradiction. �

Theorem 6.4.19. There exist no totally umbilical proper SCR-lightlike submanifolds
in any positively or negatively null sectional curved indefinite Kähler manifold M̄ .

Proof. The proof is similar to that of Theorem 6.4.18. �

Corollary 6.4.20. Let M be a totally umbilical proper SCR-lightlike submanifold of
an indefinite Kähler manifold M̄ . Then the radical distribution defines a totally
geodesic foliation on M .

Proof. By the definition of a SCR-lightlike submanifold RadTM defines a to-
tally geodesic foliation if and only if g(∇XY, U) = g(∇XY, Z) = 0 for X,Y ∈
Γ(RadTM), U ∈ Γ(D) and Z ∈ Γ(D⊥) From (5.1.14) we have

g(∇XY, U) = ḡ(∇̄XY, U) = −ḡ(Y, ∇̄XU)

= −ḡ(Y, hl(X,U))
= 0.

In a similar way we obtain g(∇XY, Z) = 0 which proves our assertion. �

Theorem 6.4.21. Let M be a totally umbilical proper SCR-lightlike submanifold of
an indefinite Kähler manifold M̄ with integrable screen distribution. Let M ′ be a
leaf of S(TM). If M ′ is a totally geodesic submanifold of M̄ , then M is also a
totally geodesic submanifold of M̄ .

Proof. Let X,Y ∈ Γ(TM). Then we have

g(X,Y ) = g(
r∑

i=1

ηi(X)ξi + PX, Y ) = g(PX,PY ) = g′(X,Y )

where g′ is the semi-Riemannian metric of M ′. On the other hand, since M is
umbilical, we have hl = 0, hs(ξ,X) = 0 for ξ ∈ Γ(Rad(TM)) and X ∈ Γ(TM).
From (5.1.14) we have

∇̄XY = ∇′XY + h′(X,Y )
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for X,Y ∈ Γ(S(TM)), where ∇′ and h′ are the metric connection of M ′ and
second fundamental form of M ′ respectively. Thus we have

h′(X,Y ) = h∗(X,Y ) + h(X,Y )

for any X,Y ∈ Γ(S(TM)). Hence the proof is complete. �
Example 8. Consider a submanifold M, in R6

2 with the equations

x1 = x6, x2 = −x5, x3 =
√
1− x2

4.

The tangent bundle of M is spanned by

ξ1 = ∂ x1 + ∂ x6, ξ2 = ∂ x2 − ∂ x5, Z = −x4 ∂ x3 + x3∂ x4.

We see that M is a SCR-lightlike submanifold with RadTM = Span{ξ1, ξ2}.
J̄ RadTM = RadTM .D0 = {0} andD′ = Span{Z}. On the other hand, S(TM⊥)
is spanned by W = x3 ∂ x3 + x3 ∂ x4 and the lightlike transversal bundle ltr(TM)
is spanned by

N1 =
1
2
{∂ x1 + ∂ x6}, N2 =

1
2
{∂ x2 − ∂ x5},

is invariant. By direct calculations we get

∇̄Xξ1 = ∇̄Xξ2 = ∇̄ξ2Z = 0

and ∇̄ZZ = −W for any X ∈ Γ(TM). Hence, hs(Z,Z) = g(Z,Z)Hs, where
Hs = −W . Thus, M is a totally umbilical submanifold.

6.5 Generalized CR-lightlike submanifolds

We have seen in the previous section that SCR-lightlike submanifolds include
invariant and screen real cases, but, unfortunately, they exclude real lightlike hy-
persurfaces, which are extensively used in mathematical physics. Also, since the
dimension of such submanifolds must be ≥ 5, they also exclude 2-, 3- and 4-
dimensional lightlike submanifolds which have uses in mathematics and physics.
Moreover, we will soon see that there is another class, called Cauchy-Riemann
(CR) lightlike submanifolds, introduced in the book [149], which has no intersec-
tion with the SCR-lightlike submanifolds.

In this section we present the latest results on a new class, called Generalized
CR-lightlike submanifolds which is an umbrella of lightlike submanifolds, including
above sub-cases. Consequently, with the material of this last section, we fulfill
the main purpose for which CR-submanifolds were designed by Bejancu [45] and
extended by Sharma [373] and Duggal [133, 135, 136], for semi-Riemannian and
Lorentzian cases respectively. For easy understanding of our presentation, we first
need the following definition of CR-lightlike submanifolds.
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Definition 6.5.1. [149] A real lightlike submanifold M of an indefinite almost Her-
mitian manifold M̄ is called a CR-lightlike submanifold of M̄ if the following two
conditions hold:

(A) J̄(RadTM) is a distribution on M such that

RadTM ∩ J̄(RadTM) = {0} .

(B) There exist vector bundles S(TM), S(TM⊥), ltr(TM), Do and D′ over M ,
such that

S(TM) =
{
J̄(RadTM) ⊕ D′

}
⊥ Do,

J̄(Do) = Do, and J̄(D′) = L1 ⊥ L2,

whereDo is a non-degenerate distribution onM , L2 is a vector subbundle S(TM⊥)
and L1 = ltr(TM), respectively.

From the above definition and (5.1.1) of Section 1 of Chapter 5, the tangent
bundle of a CR-lightlike submanifold is decomposed as follows:

TM = D ⊕ D′, where (6.5.1)
D = RadTM ⊕orth J̄(RadTM)⊕orth Do. (6.5.2)

If M is a real hypersurface (r = 1), then, TM⊥ = RadTM and S(TM⊥) = {0}.
Therefore, L2 = {0} and tr(TM) = ltr(TM). Thus, we say that M is a real
lightlike hypersurface of M̄ if the condition (B) and (6.5.1) reduce to

S(TM) =
{
J̄(RadTM) ⊕ J̄(ltr(TM))

}
⊥ Do,

TM =
{
J̄(RadTM)) ⊕ J̄(ltr(TM))

}
⊥ Do ⊕orth RadTM,

TM̄|M =
{
J̄(TM⊥) ⊕ J̄(tr(TM))

}
⊥ Do

⊥ {ltr(TM) ⊕ RadTM} .

Thus, any 3-dimensional CR-lightlike submanifold is a 1-lightlike submanifold. In
order not to repeat, we refer to [149, Chapter 6] for details on the above classes.
We also refer to [361, 363, 360] for some work after the publication of [149].

Suppose M is an invariant lightlike submanifold of M̄ . This means that
J̄(RadTM) = RadTM and J̄(S(TM)) = S(TM). Hence M is not a CR-lightlike
submanifold since condition (A) does not hold. Similarly, the real (non-invariant)
case is not possible. Therefore, we conclude that CR-lightlike submanifolds are
always non-trivial, that is, D and D′ from (6.5.1) are at least of rank 1.

It is quite clear from the above analysis that there is no inclusion relation
between SCR and CR lightlike submanifolds. Now we are ready to define and
study the following new concept:
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Definition 6.5.2. [160] Let (M, g, S(TM)) be a real lightlike submanifold of an
indefinite Kähler manifold (M̄, ḡ, J̄). We say that M is a generalized Cauchy-Rie-
mann (GCR)-lightlike submanifold if the following holds:

(A) There exist two sub-bundles D1 and D2 of RadTM such that

RadTM = D1 ⊕D2, J̄(D1) = D1, J̄(D2) ⊂ S(TM). (6.5.3)

(B) There exist two sub-bundles D0 and D′ of S(TM) such that

S(TM) = {J̄D2 ⊕D′} ⊥ D0 , J̄(D0) = D0 , J̄(D′) = L1 ⊥ L2 (6.5.4)

where D0 is a non-degenerate distribution on M , L1 and L2 are vector sub-
bundles of ltr(TM) and S(TM⊥), respectively.

The tangent bundle TM of M is decomposed as

TM = D ⊕D′, D = RadTM ⊕orth D0 ⊕orth J̄D2. (6.5.5)

M is called a proper GCR-lightlike submanifold if D1 �= {0},D2 �= {0}, D0 �= {0}
and L2 �= {0}, which has the following features:
1. The condition (A) implies that dim(RadTM) ≥ 3.

2. The condition (B) implies that dim(D) = 2s ≥ 6, dim(D′) ≥ 2 and dim(D2)=
dim(L2). Thus dim(M) ≥ 8 and dim(M̄) ≥ 12.

3. Any proper 8-dimensional GCR-lightlike submanifold is 3-lightlike.

4. M̄ Kähler and (1) imply that ind(M̄) ≥ 4.

We denote by m1 the complex dimension of the distribution D1 and by m2

the real dimension of the distribution D2. Then, for m1 = 0 we have J̄(D2) =
J̄(RadTM) ⊂ S(TM). Thus, a GCR-lightlike submanifold with m1 = 0 becomes
a CR-lightlike submanifold. Form2 = 0,we have J̄(D2) = J̄(RadTM) = RadTM .
Thus, a GCR-lightlike submanifold with m2 = 0 is a SCR-lightlike submanifold.
Consequently, we conclude that GCR-lightlike submanifolds serve as an umbrella
of real hypersurfaces, invariant, screen real and CR-lightlike submanifolds.

Example 9. Let M be a submanifold of R14
4 given by

x1 = x14 x2 = −x13, x3 = x12, x7 =
√
1− x2

8.

Then TM is spanned by Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8, Z9, Z10, where

Z1 = ∂x1 + ∂x14 , Z2 = ∂x2 − ∂x13 , Z3 = ∂x3 + ∂x12 ,

Z4 = ∂x4 , Z5 = ∂x5 , Z6 = ∂x6 , Z7 = −x8 ∂x7 + x7 ∂x8 ,

Z8 = ∂x9 , Z9 = ∂x10 , Z10 = ∂x11 .
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Hence M is 3-lightlike with RadTM = Span{Z1, Z2, Z3} and J̄Z1 = Z2. Thus,
D1 = Span{Z1, Z2}. On the other hand, J̄Z3 = Z4 − Z10 ∈ Γ(S(TM)) im-
plies that D2 = Span{Z3}. Moreover, J̄Z5 = Z6 and J̄Z8 = Z9. Hence D0 =
Span{Z5, Z6, Z8, Z9}. By direct calculations, we get S(TM⊥) = Span{W = x7 ∂x7

+x8 ∂x8}. Thus, J̄Z7 = −W . Hence, L2 = S(TM⊥). On the other hand, the light-
like transversal bundle ltr(TM) is spanned by

{N1 =
1
2
(−∂x1 + ∂x14), N2 =

1
2
(−∂x2 − ∂x13), N3 =

1
2
(−∂x3 + ∂x12}.

From this we have Span{N1, N2} is invariant with respect to J̄ and J̄N3 = − 1
2
Z4−

1
2
Z10. Hence, L1 = Span{N3} and D′ = Span{J̄N3, J̄W}. Thus, M is a proper

GCR-lightlike submanifold of R14
4 .

Let M be a GCR-lightlike submanifold of an indefinite Kähler manifold M̄ .
If M is isotropic then S(TM) = {0} implies D0 = {0}, J̄D2 = 0 (so D2 = {0})
and J̄(L2) = 0 implies L2 = {0}. Thus we get TM = D1 which is invariant with
respect to J̄ . If M is totally lightlike, since RadTM = TM = TM⊥, we have
D0 = D2 = J̄L2 = {0}. Thus TM = D1 and, therefore, M is invariant. Hence,
we conclude that there exist no isotropic or totally lightlike proper GCR-lightlike
submanifolds. Now, let M be coisotropic GCR-lightlike. Since S(TM⊥) = {0},
J̄L2 = {0}, therefore, L2 = {0}. Moreover D2 = {0} if and only if M is invariant.

Let Q, P1 and P2 be the projection morphisms on RadTM , J̄L1 =M1 and
J̄L2 = M2, respectively . Then we have

X = QX + P1X + P2X (6.5.6)

for X ∈ Γ(TM). On the other hand, for X ∈ Γ(TM), we write

J̄X = TX + ωX, (6.5.7)

where TX and ωX are its tangential and transversal parts. Then, from (6.5.6) we
obtain

J̄X = TX + ωP1X + ωP2X (6.5.8)

where TX ∈ Γ(D), ωP1X ∈ Γ(L1) and ωP2X ∈ Γ(L2). Similarly,

J̄V = BV + CV, V ∈ Γ(tr(TM)) (6.5.9)

where BV and CV are sections of TM and tr(TM), respectively. Now, differenti-
ating (6.5.6) and using (5.1.15)–(5.1.23) and (6.5.9), we have:

(∇XT )Y = AωP1YX +AωP2YX +Bh(X,Y ), (6.5.10)
Ds(X,ωP1Y ) = −∇s

XωP2Y + ωP2∇XY (6.5.11)
− hs(X,TY ) + Chs(X,Y ),

Dl(X,ωP2Y ) = −∇l
XωP1Y + ωP1∇XY − hl(X,TY )

+ Chl(X,Y ), ∀X,Y ∈ Γ(TM). (6.5.12)

We now study integrability conditions of the distributions D and D′.
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Theorem 6.5.3. Let M be a GCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then:

(i) The distribution D is integrable if and only if

h(X, J̄Y ) = h(J̄X, Y ), ∀X,Y ∈ Γ(D).

(ii) The distribution D′ is integrable if and only if

AJ̄ZV = AJ̄V Z, ∀Z, V ∈ Γ(D′).

Proof. From (6.5.11) and (6.5.12) we have ωP∇XY = h(X,TY )− Ch(X,Y ), for
X,Y ∈ Γ(D). Hence, ωP [X,Y ] = h(X,TY ) − h(TX, Y ) which proves (i). From
(6.5.10) we get −T∇ZV = AωP1V Z+AωP2V Z+Bh(V, Z), for Z, V ∈ Γ(D′). Then
we obtain T [Z, V ] = AJ̄ZV −AJ̄V Z, which completes the proof. �

Theorem 6.5.4. Let M be a GCR-lightlike submanifold of M̄ . The distribution D
defines a totally geodesic foliation in M if and only if

Bh(X,Y ) = 0, ∀X,Y ∈ Γ(D).

Proof. From Definition 6.5.2, D defines a totally geodesic foliation if and only if
g(∇XY, J̄ξ) = g(∇XY, J̄W ) = 0 for X,Y ∈ Γ(D), ξ ∈ Γ(D2) and W ∈ Γ(L2).
From (5.1.15) and (6.1.5) we obtain g(∇XY, J̄ξ) = −ḡ(∇̄X J̄Y, ξ). Again using
(5.1.15) we get

g(∇XY, J̄ξ) = −ḡ(hl(X, J̄Y ), ξ) ∀X,Y ∈ Γ(D), ξ ∈ Γ(D2). (6.5.13)

Similarly, using (5.1.15) and (6.1.5) we derive g(∇XY, J̄W ) = −ḡ(∇̄X J̄Y,W ).
Then, we have

g(∇XY, J̄W ) = −ḡ(hs(X, J̄Y ),W ) (6.5.14)

for X,Y ∈ Γ(D) and W ∈ Γ(L2). It follows from (6.5.13) and (6.5.14) that
hs(X, J̄Y ) has no components in L2 and hl(X, J̄Y ) has no components in L1

for X,Y ∈ Γ(D) if and only if D defines a totally geodesic foliation in M . Thus,
our assertion follows by using these last results and (6.5.9). �

Theorem 6.5.5. Let M be a GCR-lightlike submanifold of M̄ . The distribution D′
defines a totally geodesic foliation in M if and only if

AωY X ∈ Γ(D′), ∀X,Y ∈ Γ(D′).

Proof. (6.5.11) implies T∇XY = AωY X + Bh(X,Y ) for X,Y ∈ Γ(D′). Then, D′
being a totally geodesic foliation implies AωYX = −Bh(X,Y ). Hence, AωY X ∈
Γ(D′), for all X,Y ∈ Γ(D′). Conversely, AωY X ∈ Γ(D′), for X,Y ∈ Γ(D′) implies
T∇XY = 0. Hence, ∇XY ∈ Γ(D′) which completes the proof. �
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Combining the results of Theorems 6.5.4 and 6.5.5, we say thatM is a GCR-
lightlike product if D and D′ are its totally geodesic foliations.

As in the Riemannian [45] and the CR-lightlike cases [361], we say that M is
a D-geodesic GCR-lightlike submanifold if its second fundamental form h satisfies

h(X,Y ) = 0, ∀X,Y ∈ Γ(D). (6.5.15)

It is easy to see that M is a D-geodesic GCR-lightlike submanifold if

hl(X,Y ) = 0, hs(X,Y ) = 0, ∀X,Y ∈ Γ(D). (6.5.16)

Lemma 6.5.6. The distribution D of a GCR-lightlike submanifold M of M̄ is a
totally geodesic foliation in M̄ if and only if M is D-geodesic

Proof. Let D define a totally geodesic foliation in M̄ . Then, ∇̄XY ∈ Γ(D) for
X,Y ∈ Γ(D). Using (5.1.15) we obtain

ḡ(hl(X,Y ), ξ) = ḡ(∇̄XY, ξ) = 0, ∀ξ ∈ Γ(RadTM),

ḡ(hs(X,Y ),W ) = ḡ(∇̄XY,W ) = 0, ∀W ∈ Γ(S(TM⊥)).

Hence, hl(X,Y ) = hs(X,Y ) = 0 which means M is D-geodesic. Conversely,
assume M is D-geodesic. Then, from (5.1.15) we derive ∇̄XY ∈ Γ(TM), for
X,Y ∈ Γ(D). Using (6.1.5) and (5.1.15) we get

ḡ(∇̄XY, J̄ξ) = −ḡ(∇̄X J̄Y, ξ) = −ḡ(hl(X, J̄Y ), ξ) = 0,
ḡ(∇̄XY, Z) = ḡ(∇̄X J̄Y, J̄Z) = ḡ(hs(X, J̄Y ), J̄Z) = 0,

Z ∈ Γ(J̄L2) and ξ ∈ Γ(D2). Thus, ∇̄XY ∈ Γ(D), which completes the proof. �
We say that M is a mixed geodesic GCR-lightlike submanifold (see [45] [361]

for the Riemannian and the CR-lightlike cases respectively), if its second funda-
mental form h satisfies

h(X,Y ) = 0, ∀X ∈ Γ(D), Y ∈ Γ(D′). (6.5.17)

It is easy to see that M is a mixed geodesic GCR-lightlike submanifold if

hl(X,Y ) = 0, hs(X,Y ) = 0, ∀X ∈ Γ(D), Y ∈ Γ(D′). (6.5.18)

Proposition 6.5.7. Let M be a GCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, M is mixed geodesic if and only if

AJ̄ZX ∈ Γ(D) and ∇t
X J̄Z ∈ Γ(L1 ⊥ L2), ∀Z ∈ Γ(D′), X ∈ Γ(D).

Proof. We have h(X,Z) = ∇̄XZ−∇XZ for X ∈ Γ(D) and Z ∈ Γ(D′). Then from
(6.1.5) we obtain h(X,Z) = −J̄∇̄X J̄Z − ∇XZ. Using (5.1.13), (6.5.8), (6.5.9)
and taking the transversal part we obtain h(X,Z) = −ωP1AJ̄ZX − ωP2AJ̄ZX −
C∇t

X J̄Z, which proves the assertion. �
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GCR-lightlike submanifolds of M̄(c). We start with the following characterization
theorem in terms of the curvature tensor field of M̄(c):

Theorem 6.5.8. A lightlike submanifold M , of an indefinite complex space form
M̄(c) with c �= 0, is GCR-lightlike, with D0 �= 0, if and only if:

(i) The maximal complex subspaces of TpM , p ∈M define a distribution

D = D1 ⊕D2 ⊕ J̄D2 ⊕orth D0, where RadTM = D1 ⊕D2

and D0 is a non-degenerate complex distribution.

(ii) There exists a lightlike transversal vector bundle ltr(TM) such that

ḡ(R̄(X,Y )N,N ′) = 0, ∀X,Y ∈ Γ(D).

(iii) There exists a vector sub-bundle M2 on M such that

ḡ(R̄(X,Y )W,W ) = 0, ∀X,Y ∈ Γ(D), W,W ′ ∈ Γ(M2),

where M2 is orthogonal to D and R̄ is the curvature tensor of M̄(c).

Proof. Suppose M is a GCR-lightlike submanifold of M̄(c),c �= 0. Then D =
D1 ⊕D2 ⊕ J̄D2 ⊕orth D0 is a maximal subspace. Thus (i) is satisfied. From (6.1.6)
we have

ḡ(R̄(X,Y )N,N ′) =
c

2
g(X, J̄Y )ḡ(J̄N,N ′), ∀X,Y ∈ Γ(D)

and N,N ′ ∈ Γ(ltr(TM)). By the definition of a GCR-lightlike submanifold we
have ḡ(J̄N,N ′) = 0. Hence, (ii) holds. Similarly, from (6.1.6) we obtain

ḡ(R̄(X, J̄Y )W,W ′) =
c

2
{g(X, J̄Y )ḡ(J̄W,W ′)} = 0

for X,Y ∈ Γ(D) and W,W ′ ∈ Γ(J̄L2 = M2), which proves (iii). Conversely,
assume (i), (ii) and (iii). Then, from (i) we see that a part, D2, of RadTM is
a distribution on M such that J̄D2 ∩ RadTM = {0}. It also shows that the
other part of RadTM is invariant. Thus (A) of the definition of GCR-lightlike
submanifold is satisfied. Therefore, we can choose a screen distribution containing
J̄D2 and D0, (since D0 is non-degenerate). ltr(TM ) orthogonal to S(TM) implies
that ḡ(J̄N, ξ) = −ḡ(N, J̄ξ) = 0 for ξ ∈ Γ(D2). Hence we conclude that some part
of J̄ ltr(TM) defines a distribution on M , say M1. On the other hand, from (ii)
we derive c

2
g(X, J̄Y )ḡ(J̄N,N ′) = 0 for X,Y ∈ Γ(D0) and N,N ′ ∈ Γ(ltr(TM)).

Since c �= 0 and D0 is non-degenerate we conclude that ḡ(J̄N,N ′) = 0, that is
J̄ ltr(TM) ∩ RadTM = {0}. Moreover, if ḡ(N, ξ) = 1 for ξ ∈ Γ(D2) and N ∈
Γ(J̄M1) then we have ḡ(J̄N, J̄ξ) = 1. This shows that M1 is not orthogonal to
D2 and, hence, it is not orthogonal to D. Now, consider a distributionM2 which is
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orthogonal to D. Then M2 ∩M1 = {0} which is orthogonal to M1. Furthermore,
from (iii) we have

c

2
{g(X, J̄Y )ḡ(J̄W,W ′) = 0, ∀X,Y ∈ Γ(D0), W,W ′ ∈ Γ(M2).

Since c �= 0 and D0 is non-degenerate we have ḡ(J̄W,W ′) = 0. This implies
J̄M2 ⊥ M2. On the other hand, since M2 is orthogonal to D, we obtain

g(J̄W,X) = −ḡ(W, J̄X) = 0, ∀X ∈ Γ(D), W ∈ Γ(M2).

Hence J̄M2 ⊥ D. Thus since J̄M2 ⊥ D, J̄M2 ⊥ M1 and J̄M2 ⊥ M2, we
conclude that J̄M2 ⊂ S(TM⊥), which completes the proof. �
Theorem 6.5.9. Let M be a mixed geodesic proper GCR-lightlike submanifold of
an indefinite complex space form M̄(c), whose distribution D is a totally geodesic
foliation in M̄ . Then, M̄ is a complex semi-Euclidean space.

Proof. From (6.1.6) we obtain

ḡ(R̄(X, J̄X)Z, J̄Z) = − c

2
g(X,X)g(Z,Z), ∀X ∈ Γ(D0), (6.5.19)

for Z ∈ Γ(J̄L2). On the other hand, M mixed geodesic and (5.3.11) imply

ḡ(R̄(X, J̄X)Z, J̄Z) = ḡ((∇Xh
s)(J̄X, Z)− (∇J̄Xh

s)(X,Z), J̄Z) (6.5.20)

for X ∈ Γ(D0) and Z ∈ Γ(J̄L2). Thus from (6.5.19) and (6.5.20) we derive

− c

2
g(X,X)g(Z,Z) = ḡ((∇Xh

s)(J̄X, Z)− (∇J̄Xh
s)(X,Z), J̄Z). (6.5.21)

M mixed geodesic implies (∇Xh
s)(J̄X, Z) = −hs(∇X J̄X, Z)− hs(J̄X,∇XZ).

Similarly, (∇J̄Xh
s)(X,Z) = −hs(∇J̄XX,Z)− hs(X,∇J̄XZ). Hence

(∇Xh
s)(J̄X, Z)−(∇J̄Xh

s)(X,Z)=hs([J̄X,X ], Z)−hs(J̄X,∇XZ)+hs(X,∇J̄XZ).

Moreover, the totally geodesic foliation in M̄ and mixed geodesic M imply

(∇Xh
s)(J̄X, Z)− (∇J̄Xh

s)(X,Z) = −hs(J̄X,∇XZ) + hs(X,∇J̄XZ).

Now using (6.5.14) and mixed geodesic M we have

(∇Xh
s)(J̄X, Z)− (∇J̄Xh

s)(X,Z) = hs(J̄X, TAWX)− hs(X,TAW J̄X),

where J̄W = Z. On the other hand, from the assumption of theorem and Lemma
6.5.6, it follows that M is D-geodesic. Thus we arrive at

(∇Xh
s)(J̄X, Z)− (∇J̄Xh

s)(X,Z) = 0.

Then (6.5.21) becomes c
2g(X,X)g(Z,Z) = 0. Since D0 and J̄L2 are non-degener-

ate, we have c = 0, which completes the proof. �
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Corollary 6.5.10. There exist no totally geodesic proper GCR-lightlike submanifolds
in M̄(c) with c �= 0.

Theorem 6.5.11. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kähler manifold M̄ . If D0 is integrable, then, the induced connection
∇ is a metric connection. Moreover, hs = 0.

Proof. (6.5.12) implies hl(X, J̄Y ) = ωP1∇XY + Chl(X,Y ) for X,Y ∈ Γ(D0).
From the first equation of (5.3.8) we have g(X, J̄Y )H l = ωP1∇XY +g(X,Y )CH l.
Hence, g(X, J̄Y )H l − g(Y, J̄X)H l + ωP1[X,Y ] = 0. Since D0 is integrable, for
X = J̄Y , from (6.1.5) we get 2g(Y, Y )H l = 0. Now D0 non-degenerate implies
H l = 0. Then, using (5.3.8) we obtain hl = 0 which implies from (5.1.39) that ∇
is a metric connection. hs = 0 is immediate. �

Lemma 6.5.12. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kähler manifold M̄ . Then Hs ∈ Γ(L2).

Proof. From (6.5.11) we obtain hs(X, J̄Y ) = Chs(X,Y ) + ωP2∇XY for X,Y ∈
Γ(D0). From M totally umbilical we get g(X,X)CHs + ωP2∇XX = 0. Hence,
non-degenerate D0 implies CHs = 0, i.e., Hs ∈ Γ(L2). �

Theorem 6.5.13. Let M be a totally umbilical proper GCR-lightlike submanifold of
an indefinite Kähler manifold M̄ . One of the following holds:

(a) M is totally geodesic.

(b) hs = 0 or dim(L2) = 1 and D0 is not integrable.

Proof. If D0 �= {0} and integrable, from Theorem 6.5.11 we obtain that hl = hs =
0 which is case (a). Now suppose that D0 is not integrable. From(5.1.15), (5.1.23),
(6.5.7), (6.5.9) and taking the tangential part we have

−AJ̄WZ = T∇ZW +Bh(Z,W )

for Z,W ∈ Γ(J̄L2). Hence, using (6.1.5), (5.1.28) and (6.5.9) we get

ḡ(hs(Z,Z), J̄W ) = ḡ(∇ZW, J̄Z) + g(hs(Z,W ), J̄Z)

which implies
ḡ(hs(Z,Z), J̄W ) = g(hs(Z,W ), J̄Z).

Since M is totally umbilical we derive

g(Z,Z)ḡ(Hs, J̄W ) = g(Z,W )ḡ(Hs, J̄Z). (6.5.22)

Interchanging the roles of Z and W in this equation we have

g(W,W )ḡ(Hs, J̄Z) = g(Z,W )ḡ(Hs, J̄W ). (6.5.23)
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Thus from (6.5.22) and (6.5.23) we obtain

ḡ(Hs, J̄Z) =
g(Z,W )2

g(W,W )g(Z,Z)
ḡ(Hs, J̄Z). (6.5.24)

Since J̄L2 is non-degenerate, choosing non-null vector fields Z and W and using
Lemma 6.5.12 in (6.5.24) we conclude that either Hs = 0 or Z and W are linearly
dependent. This proves (b), which completes the proof. �
Theorem 6.5.14. There exists no totally umbilical proper GCR-lightlike submani-
fold of an indefinite complex space form M̄(c), c �= 0.

Proof. Suppose M is a totally umbilical proper GCR-lightlike submanifold of
M̄(c), c �= 0. Then from (6.1.6) we obtain

R̄(X, J̄X)Z = − c

2
g(X,X)J̄Z, ∀X ∈ Γ(D0), Z ∈ Γ(J̄L2). (6.5.25)

On the other hand, from (5.3.8) and (5.3.11) we get

R̄(X, J̄X)Z = (∇Xh
s)(J̄X, Z)− (∇J̄Xh

s)(X,Z). (6.5.26)

Thus from (6.5.25) and (6.5.26) we obtain

− c

2
g(X,X)J̄Z = (∇Xh

s)(J̄X, Z)− (∇J̄Xh
s)(X,Z). (6.5.27)

Since M is totally umbilical, from (5.3.7) we have

(∇Xh
s)(J̄X, Z) = −g(∇X J̄X, Z)Hs − g(J̄X,∇XZ)Hs.

Since ḡ(J̄X, Z) = 0, ∀X ∈ Γ(D0) and Z ∈ Γ(J̄L2), differentiating this equation
w.r.t. X we get g(∇X J̄X, Z) = −g(J̄X,∇XZ). Thus, (∇Xh

s)(J̄X, Z) = 0, ∀X ∈
Γ(D0) and ∀Z ∈ Γ(J̄L2). Similarly, (∇J̄Xh

s)(X,Z) = 0. Hence (6.5.27) becomes
− c

2g(X,X)J̄Z = 0. Since M is proper and D0 is non-degenerate, we get c = 0.
This contradiction completes the proof. �
Example 10. Consider a GCR-lightlike submanifold ofR14

4 presented in Example 9.
By direct calculations we obtain

∇̄XZ1 = ∇̄XZ2 = ∇̄XZ3 = ∇̄XZ4 = ∇̄XZ5 = 0,
∇̄XZ6 = ∇̄XZ8 = ∇̄XZ9 = ∇̄XZ10 = 0,
∇̄Z7Z7 = −W, ∀X ∈ Γ(TM).

Hence we have hl = 0 which shows that the induced connection ∇ is a metric
connection. Also we obtain

hs(X,Z1) = hs(X,Z2) = 0, hs(X,Z3) = hs(X,Z4) = hs(X,Z5) = 0,
hs(X,Z6) = hs(X,Z8) = 0, hs(X,Z9) = hs(X,Z10) = 0,
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hs(Z7, Z7) = −W, ∀X ∈ Γ(TM).

Thus, hs(Z7, Z7) = g(Z7, Z7)Hs, whereHs = −W . Hence,M is a totally umbilical
proper GCR-lightlike submanifold. Moreover, we see thatM is not totally geodesic
and dimL2 = 1.

Finally, we prove a characterization theorem for minimal GCR-lightlike sub-
manifolds. First recall that (as in the non-degenerate case) a totally geodesic light-
like submanifold is minimal. Thus, it follows from Theorem 6.5.13 (a) that “a
proper GCR-lightlike submanifold of an indefinite Kähler manifold, with an inte-
grable distribution D0, is minimal”.

Theorem 6.5.15. A totally umbilical proper GCR-lightlike submanifold M , of an
indefinite Kähler manifold M̄ , is minimal if and only if

trAWi = 0 on D0 ⊥ J̄L2, and trA∗ξk
= 0 on D0 ⊥ J̄L2

for Wj ∈ Γ(S(TM⊥)), where k ∈ {1, . . . , r} and j ∈ {1, . . . , (n− r)}.
Proof. By Definition 6.5.2, a GCR-lightlike submanifold is minimal if and only if

a∑
i=1

h(Zi, Zi) +
b∑

j=1

h(J̄ ξj , J̄ξj) +
b∑

j=1

h(J̄Nj, J̄Nj) +
c∑

l=1

h(J̄Wl, J̄Wl) = 0

and hs = 0 on Rad(TM), a = dim(D0), b = dim(D2) and c = dim(L2). M is
totally umbilical and (5.3.7) implies h(J̄ξj , J̄ξj) = h(J̄Nj, J̄Nj) = 0. Similarly,
hs = 0 on Rad(TM). Then follow the proof of Theorem 5.4.5 in Chapter 5. �

It is known that the holomorphic distribution of a CR-submanifold of a
Kähler manifold is minimal. The next theorem shows that this is not valid for
the holomorphic distribution D0 in a GCR-lightlike submanifold.

Theorem 6.5.16. Let M be a GCR-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then the distribution D0 is minimal if and only if

AN ′X − J̄AN ′ J̄X and AN J̄X + J̄ANX have no components in D0,

for X ∈ Γ(D0), N ∈ Γ(L1) and N ′ ∈ Γ(ltr(TM)).

Proof. Do being almost complex, using (5.1.15), (6.1.5) and (5.1.27) we have
g(∇XX, J̄ξ) = −g(J̄X,A∗ξX) and g(∇J̄X J̄X, J̄ξ) = g(A∗ξ J̄X,X) for X ∈ Γ(D0)
and ξ ∈ Γ(D2). Since the shape operator of S(TM) is self-adjoint, we get

g(∇XX +∇J̄X J̄X, J̄ξ) = 0, ∀X ∈ Γ(D0), ξ ∈ Γ(D2). (6.5.28)

In a similar way we obtain

g(∇XX +∇J̄X J̄X, J̄W ) = 0, ∀X ∈ Γ(D0), W ∈ Γ(L2). (6.5.29)
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Also, from (5.1.15),(6.1.5) and (5.1.22) we have g(∇XX, J̄N) = −g(J̄X,ANX)
and g(∇J̄X J̄X, J̄N) = g(X,AN J̄X), ∀X ∈ Γ(D0) and N ∈ Γ(L1). Hence,

g(∇XX +∇J̄X J̄X, J̄N) = g(X,AN J̄X + J̄ANX). (6.5.30)

In a similar way we derive

g(∇XX +∇J̄X J̄X,N
′) = g(X,AN ′X − J̄AN ′ J̄X), ∀X ∈ Γ(D0) (6.5.31)

and N ′ ∈ Γ(ltr(TM)). Thus, the assertion follows from (6.5.28)–(6.5.31). �

Example 11. Let M̄ = (R10
4 × R4, g) be a semi-Riemannian cross product mani-

fold, where R4 is Euclidean space and R10
4 is a semi-Euclidean space of signature

(−,−,−,−,+,+,+,+,+,+) with respect to the canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7, ∂ x8, ∂ x9, ∂ x10}

and g is the inner product of R14
4 . Let M be a submanifold of R14

4 given by

x1 = u1 cosh α, x2 = u2 cosh α, x3 = u3, x4 = u4, x5 = u3, x6 = u5,

x7 = cos u6 coshu7, x8 = sinu6 sinhu7, x9 = u1 sinh α− u2,

x10 = u2 sinh α+ u1, x11 = cosu8 coshu9, x12 = cosu8 sinhu9,

x13 = sinu8 coshu9, x14 = sinu8 sinh u9

where sinu6 �= 0, cosu6 �= 0, sinu8 �= 0 and cosu8 �= 0. TM is spanned by

Z1 = cosh α ∂ x1 + sinh α∂x9 + ∂x10, Z2 = cosh α∂ x2 − ∂x9 + sinh α∂x10,

Z3 = ∂x3 + ∂x5, Z4 = ∂x4, Z5 = ∂x6,

Z6 = − sinu6 coshu7 ∂x7 + cosu6 sinhu7 ∂x8,

Z7 = cosu6 sinhu7 ∂x7 + sinu6 coshu7 ∂x8,

Z8 = − sinu8 coshu9 ∂x11 − sinu8 sinhu9 ∂x12

+ cosu8 coshu9 ∂x13 + cosu8 sinhu9 ∂x14,

Z9 = cosu8 sinhu9 ∂x11 + cosu8 coshu9 ∂x12

+ sinu8 sinhu9 ∂x13 + sinu8 coshu9 ∂x14.

Hence M is 3-lightlike with RadTM = Span{Z1, Z2, Z3} and J̄Z1 = Z2 and
D1 = {Z1, Z2}. On the other hand, J̄Z3 = Z4 + Z5 ∈ Γ(S(TM)) implies that
D2 = Span{Z3}. Moreover, J̄Z6 = −Z7 implies D0 = Span{Z6, Z7}. Also, J̄Z8

and J̄Z9 are orthogonal to TM and {J̄Z8, J̄Z9} is not lightlike. Thus we can
choose L2 = S(TM⊥) = {J̄Z8, J̄Z9}. Hence {Z8, Z9} is a screen real sub-bundle.
As a result we conclude that M is a proper GCR-lightlike submanifold of R14

4 ,
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with lightlike transversal bundle ltr(TM) spanned by

N1 =
1
2
{− cosh α∂x1 − sinh α∂x9 + ∂x10},

N2 =
1
2
{− cosh α∂x2 − ∂x9 − sinh α∂x10},

N3 =
1
2
{−∂x3 + ∂x5}.

Span{N1, N2} is invariant with respect to J̄ and J̄N3 = − 1
2Z4 + 1

2Z5. Hence
L1 = Span{N3} and J̄D′ = Span{J̄Z8, J̄Z9, N3}. Now by direct calculations,
using Gauss and Weingarten formulas, we have

hl = 0, hs(X,Z1) = hs(X,Z2) = 0, hs(X,Z3) = hs(X,Z4),
hs(X,Z5) = hs(X,Z6) = 0, hs(X,Z7) = 0, ∀X ∈ Γ(TM),

hs(Z8, Z8) = (
1

1 + 2 sinh2 u9

)J̄Z9, hs(Z9, Z9) = −( 1
1 + 2 sinh2 u9

)J̄Z9.

Hence, the induced connection is a metric connection andM is not totally geodesic,
but, it is a proper minimal GCR-lightlike submanifold of R14

4 .

6.6 Totally real lightlike submanifolds

It is important to note that J̄ RadTM is a distribution on a lightlike submanifold
of an indefinite Kähler manifold M̄, in all previous sections discussed so far. This
means that (contrary to the Riemannian case of CR-submanifolds) so far we do
not have any totally real (also called anti-invariant) lightlike submanifolds M of
an indefinite Kähler manifold M̄ , since in all those cases J̄ RadTM is always
tangent to M . For an extensive study of Riemannian totally real submanifolds,
see Yano-Kon [410] and many references therein. In particular, so far the collection
of lightlike submanifolds excludes the important subcase of real lightlike curves of
Hermitian or Kähler manifolds. For an up-to date study of all types of null curves
of semi-Riemannian manifolds and their applications in mathematical physics, see
a recent book [156]. In order to add the above two subcases in the variety of
submanifolds, we present in this section recent work of Sahin [346, 356]. This will
complete our objective of discussing all possible lightlike submanifolds of Kähler
manifolds.

Definition 6.6.1. [346] Let M be a lightlike submanifold of an indefinite Kähler
manifold M̄ such that RadTM is transversal with respect to J̄ , i.e., J̄(RadTM) =
ltr(TM). Then we say that M is a totally real lightlike submanifold if S(TM) is
also transversal with respect to J̄ , i.e, J̄(S(TM)) ⊆ S(TM⊥).

The above definition implies that ltr(TM) is also transversal with respect to
J̄ . Moreover, we have the following result.
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Proposition 6.6.2. There do not exist 1-lightlike totally real lightlike submanifolds
of an indefinite Kähler manifold M̄ .

Proof. Let us suppose that M is a 1-lightlike totally real lightlike submanifold of
an indefinite Kähler manifold M̄ . In this case RadTM = Span{ξ}. This implies
that rank(ltr(TM)) = 1, say ltr(TM) = Span{N}. Then, Definition 6.6.1 implies
that J̄ξ = αN for some differentiable function α. On the other hand, we have
ḡ(ξ,N) = 1 and ḡ(J̄ ξ, ξ) = 0. Hence, we get

0 = ḡ(J̄ξ, ξ) = αḡ(ξ,N) = α.

Then, we have α = 0. Thus, we obtain J̄ξ = 0. Since J̄ is non-singular, we
derive ξ = 0, which is a contradiction. Thus, we conclude that M can not be
1-lightlike. �

From Definition 6.6.1 and Proposition 6.6.2, we note the following:

1. dim(RadTM) ≥ 2.

2. There exist no totally real lightlike hypersurfaces and totally real half-light-
like submanifolds of a Kähler manifold.

3. Any 3-dimensional totally real lightlike submanifold must be 2-lightlike.

Example 12. Consider a plane in R4
2 given by

x1 = x4, x2 = x3.

Then TM is spanned by

Z1 = ∂ x1 + ∂ x4, Z2 = ∂ x2 + ∂ x3.

ThusM is a totally lightlike submanifold of R4
2. Moreover, the lightlike transversal

bundle ltr(TM) is spanned by

N1 =
1
2
{−∂ x1 + ∂ x4}, N1 = −1

2
{∂ x2 − ∂ x3}.

Then it is easy to see that J̄Z1 = −2N2 and J̄Z2 = 2N1. Hence, J̄(RadTM) =
ltr(TM) which implies that M is a totally real lightlike submanifold.

Suppose M is a totally real lightlike submanifold of an indefinite Kähler
manifold M̄ , with μ a complementary orthogonal distribution to J̄(S(TM)) in
S(TM⊥). Then, for V ∈ Γ(S(TM⊥)), we can write

J̄V = BV + CV, BV ∈ Γ(S(TM)), CV ∈ Γ(μ). (6.6.1)

Theorem 6.6.3. Let M be a totally real lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, the induced connection ∇ on M is a metric connection if and
only if Ds(X, J̄Y ) ∈ Γ(μ) for X ∈ Γ(TM), Y ∈ Γ(RadTM).
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Proof. By Definition 6.6.1, ∇XY ∈ Γ(RadTM) ⇐⇒ g(∇XY, Z) = 0 for X ∈
Γ(TM), Y ∈ Γ(RadTM) and Z ∈ Γ(S(TM)). From (5.1.15) we have g(∇XY, Z) =
ḡ(∇̄XY, Z). Using (6.1.5) we get g(∇XY, Z) = ḡ(∇̄X J̄Y, J̄Z). From (5.1.22) we
derive g(∇XY, Z) = ḡ(Ds(X, J̄Y ), J̄Z) which proves the assertion. �
Remark 6.6.4. The study of totally real lightlike submanifolds of an indefinite
Kähler manifold is a good topic of further investigation for which nothing is known
more than what we have presented in this book. The classical Riemannian study
of Yano-Kon [410] may be followed in the study of this new area of research.

Now we discuss another class of lightlike subspaces of indefinite Kähler man-
ifolds. It will be seen that this new class includes real lightlike curves which are
missing in previous sections.

Definition 6.6.5. [356] LetM be an r-lightlike submanifold of an indefinite Kähler
manifold M̄ . Then, we say thatM is a screen transversal(ST) lightlike submanifold
of M̄ if there exists a screen transversal bundle S(TM⊥) such that

J̄(RadTM) ⊂ S(TM⊥). (6.6.2)

Lemma 6.6.6. Let M be an r-lightlike submanifold of an indefinite Kähler manifold
M̄ . Suppose that J̄ RadTM is a vector sub-bundle of S(TM⊥). Then, J̄ ltr(TM)
is also a vector sub-bundle of the screen transversal bundle S(TM⊥). Moreover,
J̄ RadTM ∩ J̄ ltr(TM) = {0}.
Proof. Let us assume that ltr(TM) is invariant with respect to J̄ , i.e., J̄(ltr(TM) =
ltr(TM). By the definition of a lightlike submanifold, there exist vector fields
ξ ∈ Γ(RadTM) and N ∈ Γ(ltr(TM)) such that ḡ(ξ,N) = 1. Also from (6.1.5) we
get

ḡ(ξ,N) = ḡ(J̄ ξ, J̄N) = 1.

However, if J̄N ∈ Γ(ltr(TM)) then by hypothesis, we get ḡ(J̄N, J̄ξ) = 0. Hence,
we obtain a contradiction which implies that J̄N does not belong to ltr(TM).
Now, suppose that J̄N ∈ Γ(S(TM)). Then, in a similar way, we have

1 = ḡ(ξ,N) = ḡ(J̄N, J̄ξ) = 0

since J̄ξ ∈ Γ(S(TM⊥)) and J̄N ∈ Γ(S(TM)). Thus, J̄N does not belong to
S(TM). We can also obtain that J̄N does not belong to RadTM . Then, from
the decomposition of a lightlike submanifold, we conclude that J̄N ∈ Γ(S(TM⊥).
Now, suppose that there exists a vector fieldX ∈ Γ(J̄ RadTM∩J̄ ltr(TM)). Then,
we have X ∈ Γ(J̄(RadTM)). Hence, ḡ(X, J̄N) = 0 since X ∈ Γ(J̄(ltr(TM)).
However, for an r-lightlike submanifold there exists some vector fields JX ∈
Γ(RadTM) such that ḡ(JX,N) �= 0. Then, from (6.1.5), we get 0 �= ḡ(JX,N) =
−ḡ(X, J̄N) = 0 which is a contradiction. Thus, the proof is complete. �

From the above definition and Lemma 6.6.6, it follows that J̄ ltr(TM) ⊂
S(TM⊥). Also it is obvious that there is no coisotropic and totally lightlike
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screen transversal lightlike submanifolds of indefinite Kähler manifolds due to
S(TM⊥) = {0}. It is important to emphasize that J̄(RadTM) and J̄(ltr(TM))
are not orthogonal. If they were orthogonal, then S(TM⊥) would be degenerate.

Definition 6.6.7. LetM be screen transversal lightlike submanifold of an indefinite
Kähler manifold M̄ . Then We say that M is a screen transversal totally real
lightlike submanifold if S(TM) is screen transversal with respect to J̄ , that is,

J̄(S(TM)) ⊂ S(TM⊥). (6.6.3)

From Definition 6.6.7, if M is a screen transversal totally real lightlike sub-
manifold then we have

S(TM⊥) = J̄(RadTM)⊕ J̄(ltr(TM)) ⊥ J̄(S(TM)) ⊥ D0 (6.6.4)

where D0 is a non-degenerate orthogonal complementary distribution to
J̄(RadTM)⊕ J̄(ltr(TM)) ⊥ J̄(S(TM))) in S(TM⊥).

Proposition 6.6.8. Let M be a screen transversal totally real lightlike submanifold
of an indefinite Kähler manifold M̄ . Then the distribution D0 is invariant with
respect to J̄ .

Proof. For X ∈ Γ(D0), ξ ∈ Γ(RadTM) and N ∈ Γ(ltr(TM)), we have

ḡ(J̄X, ξ) = −ḡ(X, J̄ξ) = 0 and ḡ(J̄X,N) = −ḡ(X, J̄N) = 0

which imply that J̄(D0) ∩ RadTM = {0} and J̄(D0) ∩ ltr(TM) = {0}. From
(6.1.5) we get

ḡ(J̄X, J̄ξ) = ḡ(X, ξ) = 0 and ḡ(J̄X, J̄N) = ḡ(X,N) = 0

which show that J̄(D0) ∩ J̄(RadTM) = {0} and J̄(D0) ∩ J̄(ltr(TM)) = {0}.
Moreover, for Z ∈ Γ(S(TM)), since J̄Z ∈ Γ(J̄(S(TM)), J̄(S(TM)) and D0 are
orthogonal, we obtain ḡ(J̄X, Z) = −ḡ(X, J̄Z) = 0 which shows that J̄(D0) ∩
S(TM) = {0}. Hence, we also have J̄(D0) ∩ J̄(S(TM)) = {0}. Thus, we arrive at

J̄(D0) ∩ TM = {0}, J̄(D0) ∩ ltr(TM) = {0}

and
J̄(D0) ∩ {J̄(S(TM)) ⊥ J̄(ltr(TM))⊕ J̄(RadTM)} = {0}

which show that D0 is invariant. �
IfM is an isotropic ST-lightlike submanifold of an indefinite Kähler manifold,

from Definition 6.6.5 and Lemma 6.6.6, we have the decomposition

TM = RadTM

and

TM̄ = {TM ⊕ ltr(TM)} ⊥ {J̄(RadTM)⊕ J̄(ltr(TM)) ⊥ D0}. (6.6.5)
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Proposition 6.6.9. [356] A real lightlike (null) curve M of an indefinite Kähler
manifold M̄ is an isotropic screen transversal lightlike submanifold.

Proof. Since M is a real lightlike curve, we have

TM = RadTM = Span{ξ}

where ξ is the tangent vector field to M . Then, from (6.1.5), we have ḡ(J̄ξ, ξ) = 0
which implies that J̄ξ does not belong to ltr(TM). Since dim(TM) = 1, J̄ξ and ξ
are linearly independent and J̄ξ does not belong to TM . Hence, we conclude that
J̄ξ ∈ Γ(S(TM⊥)). In a similar way, from (6.1.5) we get ḡ(J̄N,N) = 0 which shows
that J̄N does not belong to RadTM . Also, we have ḡ(J̄N, ξ) = ḡ(N, J̄ξ) = 0 due
to J̄ξ ∈ Γ(S(TM⊥)). This implies that J̄N does not belong to ltr(TM). Hence
J̄N ∈ Γ(S(TM⊥). Moreover, we get

ḡ(J̄N, J̄ξ) = ḡ(ξ,N) = 1.

Thus, we conclude that S(TM⊥) is expressed as

S(TM⊥) = J̄(RadTM)⊕ J̄(ltr(TM)) ⊥ D0

where D0 is a non-degenerate almost complex distribution. Considering the defi-
nition of an isotropic ST- lightlike submanifold of an indefinite Kähler manifold,
the proof is complete. �

Observe that Proposition 6.6.9 gives us a new viewpoint for the theory of
lightlike curves. For instance, lightlike curves of R4

2 can now be studied.

6.7 Slant lightlike submanifolds

In this section we present a lightlike version of slant submanifolds which have
been studied widely in the Riemannian case [102]. We start with the following two
lemmas which will be useful later on.

Lemma 6.7.1. Let M be an r-lightlike submanifold of an indefinite Hermitian man-
ifold M̄ of index 2q. Suppose that J̄ RadTM is a distribution on M such that
RadTM ∩ J̄ RadTM = {0}. Then J̄ ltr(TM) is a sub-bundle of the screen distri-
bution S(TM) and J̄ RadTM ∩ J̄ ltr(TM) = {0}.
Proof. Since by hypothesis J̄ RadTM is a distribution onM such that J̄ RadTM
∩ RadTM = {0}, we have J̄ RadTM ⊂ S(TM). Now we claim that ltr(TM) is
not invariant with respect to J̄ . Let us suppose that ltr(TM) is invariant with
respect to J̄ . Choose ξ ∈ Γ(RadTM) and N ∈ Γ(ltr(TM)) such that ḡ(N, ξ) = 1.
Then from (6.1.2) we have 1 = ḡ(ξ,N) = ḡ(J̄ξ, J̄N) = 0 due to J̄ ξ ∈ Γ(S(TM))
and J̄N ∈ Γ(ltr(TM)). This is a contradiction, so ltr(TM) is not invariant with
respect to J̄ . Also J̄N does not belong to S(TM⊥), since S(TM⊥) is orthogonal to
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S(TM), ḡ(J̄N, J̄ξ) must be zero, but from (6.1.2) we have ḡ(J̄N, J̄ξ) = ḡ(N, ξ) �= 0
for some ξ ∈ Γ(RadTM), this is again a contradiction. Thus we conclude that
J̄ ltr(TM) is a distribution on M . Moreover,J̄N does not belong to RadTM .
Indeed, if J̄N ∈ Γ(RadTM), we would have J̄2N = −N ∈ Γ(J̄ RadTM), but
this is impossible. Similarly, J̄N does not belong to J̄ RadTM . Thus we conclude
that J̄ ltr(TM) ⊂ S(TM) and J̄ RadTM ∩ J̄ ltr(TM) = {0}. �
Remark 6.7.2. Lemma 6.7.1 shows that behavior of the lightlike transversal bundle
ltr(TM) is exactly same as the radical distribution RadTM .

Lemma 6.7.3. Under the hypothesis of Lemma 6.7.1, if r = q, then any comple-
mentary distribution to J̄(RadTM)⊕ J̄ ltr(TM) in S(TM) is Riemannian.

Proof. Let dim(M̄) = m + n and dim(M) = m. Lemma 6.7.1 implies that
J̄ ltr(TM)⊕ J̄ RadTM ⊂ S(TM). We denote the complementary distribution to
J̄ ltr(TM)⊕ J̄ RadTM in S(TM) by D′. Then we have a local quasi-orthonormal
field of frames on M̄ along M ,

{ξi, Ni, J̄ξi, J̄Ni, Xα, Wa}, i ∈ {1, . . . , r}, α ∈ {3r+1, . . . ,m}, a ∈ {r+1, . . . , n},

where {ξi} and {Ni} are the basis of RadTM and ltr(TM), respectively whereas
{J̄ξi, J̄Ni, Xα} and {Wa} are orthonormal bases of S(TM) and S(TM⊥), re-
spectively. From the basis {ξ1, . . . , ξr, J̄ξ1, . . . , J̄ξr, J̄N1, . . . , J̄Nr, N1, . . . , Nr} of
ltr(TM)⊕RadTM ⊕ J̄ RadTM ⊕ J̄ ltr(TM), we construct an orthonormal basis
{U1, . . . , U2r, V1, . . . , V2r} as follows.

U1 = 1√
2
(ξ1 +N1) U2 = 1√

2
(ξ1 −N1)

U3 = 1√
2
(ξ2 +N2) U4 = 1√

2
(ξ2 −N2)

. . . . . .

. . . . . .

U2r−1 = 1√
2
(ξr +Nr) U2r = 1√

2
(ξr −Nr)

V1 = 1√
2
(J̄ ξ1 + J̄N1) V2 = 1√

2
(J̄ξ1 − J̄N1)

V3 = 1√
2
(J̄ ξ2 + J̄N2) V4 = 1√

2
(J̄ξ2 − J̄N2)

. . . . . .

. . . . . .

V2r−1 = 1√
2
(J̄ ξr + J̄Nr) V2r = 1√

2
(J̄ξr − J̄Nr)

Hence, Span{ξi, Ni, J̄ξi, J̄Ni} is a non-degenerate space of constant index 2r.
Thus we conclude that RadTM ⊕ J̄ RadTM ⊕ ltr(TM) ⊕ J̄ ltr(TM) is non-
degenerate and of constant index 2r on M̄ . Since

ind(TM̄) = ind(RadTM ⊕ ltr(TM)) + ind(J̄ RadTM ⊕ J̄ ltr(TM)

+ ind(D′ ⊥ S(TM⊥))
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we have 2q = 2r + ind(D′ ⊥ S(TM⊥)). Thus, if r = q, then D′ ⊥ S(TM⊥) is
Riemannian, i.e., ind(D′ ⊥ (S(TM)⊥)) = 0. Hence D′ is Riemannian. �

Remark 6.7.4. To define the notion of a slant lightlike submanifold, one needs to
consider angle between two vector fields. As we can see from Chapter 5, a lightlike
submanifold has two (radical and screen) distributions: The radical distribution
is totally lightlike and therefore it is not possible to define the angle between two
vector fields of radical distribution. On the other hand, the screen distribution is
non-degenerate. Although there are some definitions for the angle between two
vector fields in Lorentzian vector space (See: [317], Proposition 30, P:144 ), that is
not appropriate for our goal, because a manifold with a metric of Lorentz signature
cannot admit an almost Hermitian structure (See: [190], Theorem VIII.3, P: 184).
Thus one way to define slant notion is to choose a Riemannian screen distribution
on a lightlike submanifold, for which we use Lemma 6.7.3.

Definition 6.7.5. [355] Let M be a q-lightlike submanifold of an indefinite Hermi-
tian manifold M̄ of index 2q. Then we say that M is a slant lightlike submanifold
of M̄ if the following conditions are satisfied:

(A) RadTM is a distribution on M such that

J̄ RadTM ∩ RadTM = {0}. (6.7.1)

(B) For each non-zero vector field tangent to D at x ∈ U ⊂ M , the angle θ(X)
between J̄X and the vector space Dx is constant, that is, it is independent
of the choice of x ∈ U ⊂ M and X ∈ Dx, where D is complementary
distribution to J̄ RadTM ⊕ J̄ ltr(TM) in the screen distribution S(TM).

This constant angle θ(X) is called a slant angle of the distribution D. A slant
lightlike submanifold is said to be proper if D �= {0} and θ �= 0, π

2 .

From Definition 6.7.5, we have the decomposition

TM = RadTM ⊕orth S(TM) (6.7.2)
= RadTM ⊕orth (J̄ RadTM ⊕ J̄ ltr(TM)) ⊥ D. (6.7.3)

Proposition 6.7.6. There exist no proper slant totally lightlike or isotropic subman-
ifolds in indefinite Hermitian manifolds.

Proof. We suppose that M is a totally lightlike submanifold of M̄ . Then TM =
RadTM, hence D = {0}. The other assertion follows similarly. �

Remark 6.7.7. As per Proposition 6.7.6, Definition 6.7.5 does not depend on
S(TM) and S(TM⊥), but, it depends on the transformation equations (5.2.12)–
(5.2.18), with respect to the screen second fundamental forms hs.
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Example 13. Let M̄ = (R8
2, ḡ) be a semi-Euclidean space, with R8

2 of signature
(−,−,+,+,+,+,+,+) with respect to the canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7, ∂ x8}.

Let M be a submanifold of R8
2 given by

X(u, v, θ, t, s) = (u, v, sin θ, cos θ,−θ sin t,−θ cos t, u, s).

Then the tangent bundle TM is spanned by

Z1 = ∂ x1 + ∂ x7 Z2 = ∂ x2,

Z3 = cos θ ∂ x3 − sin θ ∂ x4 − sin t ∂ x5 − cos t ∂ x6,

Z4 = −θ cos t ∂ x5 + θ sin t ∂ x6, Z5 = ∂ x8.

It follows that M is a 1-lightlike submanifold of R8
2 with RadTM = Span{Z1}.

Moreover we obtain J̄ RadTM = Span{Z2+Z5} and therefore it is a distribution
on M . Choose D = Span{Z3, Z4} which is Riemannian. Then M is a slant distri-
bution with slant angle π

4
, with the screen transversal bundle S(TM⊥) spanned

by

W1 = − csc θ ∂ x4 + sin t ∂ x5 + cos t ∂ x6,

W2 = (2 sec θ − cos θ) ∂ x3 + sin θ ∂ x4 + sin t ∂ x5 + cos t ∂ x6,

which is also Riemannian. Finally, ltr(TM) is spanned by

N =
1
2
(−∂ x1 + ∂ x7).

Hence we have J̄N = −Z2 + Z5 ∈ Γ(S(TM) and ḡ(J̄N, J̄Z1) = 1. Thus we
conclude that M is a proper slant lightlike submanifold of R8

2.

Proposition 6.7.8. Slant lightlike submanifolds do not include invariant and screen
real lightlike submanifolds of an indefinite Hermitian manifold.

Proof. Let M be an invariant or screen real lightlike submanifold of an indefinite
Hermitian manifold M̄ . Then, since J̄ RadTM = RadTM , the first condition of
slant lightlike submanifold is not satisfied which proves our assertion. �

It is known that CR-lightlike submanifolds also do not include invariant and
screen real lightlike submanifolds. Thus we may expect some relations between
CR-lightlike submanifolds and slant lightlike submanifolds. Indeed we have:

Proposition 6.7.9. Let M be a q-lightlike submanifold of an indefinite Kähler man-
ifold M̄ of index 2q. Then any coisotropic CR-lightlike submanifold is a slant
lightlike submanifold with θ = 0. In particular, a lightlike real hypersurface of an
indefinite Hermitian manifold M̄ of index 2 is a slant lightlike submanifold with
θ = 0. Moreover, any CR-lightlike submanifold of M̄ with Do = {0} is a slant
lightlike submanifold with θ = π

2 .
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Proof. Let M be a q-lightlike CR-lightlike submanifold of an indefinite Hermitian
manifold M̄ . By definition of a CR-lightlike submanifold, J̄ RadTM is a distri-
bution on M such that RadTM ∩ J̄ RadTM = {0}. If M is coisotropic, then
S(TM⊥) = {0}. Thus L2 = 0. The complementary distribution to J̄ RadTM ⊕
J̄ ltr(TM) is Do, which by Lemma 6.7.3 is Riemannian. Since Do is invariant with
respect to J̄ , it follows that θ = 0. The second assertion is clear as a lightlike real
hypersurface of M̄ is coisotropic. Now, if M is a CR-lightlike submanifold with
Do = {0}, then the complementary distribution to J̄ RadTM ⊕ J̄ ltr(TM) is D′.
D′ being anti-invariant with respect to J̄ , it follows that θ = π

2 , which completes
the proof. �

From Proposition 6.7.9, coisotropic CR-lightlike submanifolds, lightlike real
hypersurfaces and CR-lightlike submanifolds with Do = {0} are some of the many
more examples of slant lightlike submanifolds. For any X ∈ Γ(TM) we write

J̄X = TX + FX (6.7.4)

where TX is the tangential component of J̄X and FX is the transversal compo-
nent of J̄X . Similarly, for V ∈ Γ(tr(TM)) we write

J̄V = BV + CV (6.7.5)

where BV is the tangential component of J̄V and CV is the transversal compo-
nent of J̄V . Given a slant lightlike submanifold, we denote by P1, P2, Q1 and
Q2 the projections on the distributions RadTM , J̄ RadTM , J̄ ltr(TM) and D,
respectively. Then we can write

X = P1X + P2X +Q1X +Q2X (6.7.6)

for X ∈ Γ(TM). By applying J̄ to (6.7.6) we obtain

J̄X = J̄P1X + J̄P2X + TQ2X + FQ1X + FQ2X (6.7.7)

for X ∈ Γ(TM). By direct calculations we have

J̄P1X ∈ Γ(J̄ RadTM), J̄P2X = TP2X ∈ Γ(RadTM) (6.7.8)
FP1X = 0, FP2X = 0, TQ2X ∈ Γ(D) (6.7.9)

and
FQ1X ∈ Γ(ltr(TM)).

Moreover, (6.7.7)–(6.7.9) imply

TX = TP1X + TP2X + TQ2X. (6.7.10)

Now we prove two characterization theorems for slant lightlike submanifolds.
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Theorem 6.7.10. Let M be a q-lightlike submanifold of an indefinite Hermitian
manifold M̄ of index 2q. Then M is a slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) J̄ ltr(TM) is a distribution on M .

(2) There exists a constant λ ∈ [−1, 0] such that

(Q2T )2X = λX, ∀X ∈ Γ(TM). (6.7.11)

Moreover, in such a case, λ = − cos2 θ.

Proof. Let M be a q-lightlike submanifold of an indefinite Hermitian manifold
M̄ of index 2q. If M is a slant lightlike submanifold of M̄, then J̄ RadTM is a
distribution on S(TM), thus from Lemma 6.7.1, it follows that J̄ ltr(TM) is also
a distribution onM and J̄ ltr(TM) ⊂ S(TM). Thus (1) is satisfied. Moreover, the
angle between J̄Q2X and Dx is constant. Hence we have

cos θ(Q2X) =
ḡ(J̄Q2X,TQ2X)
| J̄Q2X || TQ2X | =

−ḡ(Q2X, J̄TQ2X)
| Q2X || TQ2X |

=
−ḡ(Q2X,TQ2TQ2X)

| Q2X || TQ2X | . (6.7.12)

On the other hand, we have

cos θ(Q2X) =
| TQ2X |
| J̄Q2X | . (6.7.13)

Thus from (6.7.12) and (6.7.13) we get

cos2 θ(Q2X) =
−ḡ(Q2X,TQ2TQ2X)

| Q2X |2 .

Since θ(Q2X) is constant on D, we conclude that

(Q2T )2X = λQ2X, λ ∈ [−1, 0].

Furthermore, in this case λ = − cos2 θ(Q2X). Conversely, suppose that (1) and (2)
are satisfied. Then (1) implies that J̄ RadTM is a distribution onM . From Lemma
6.7.2, it follows that the complementary distribution to J̄ RadTM ⊕ J̄ ltr(TM) is
a Riemannian distribution. The rest of the proof is clear. �
Corollary 6.7.11. Let M be a slant lightlike submanifold of an indefinite Hermitian
manifold M̄ . Then we have

g(TQ2X,TQ2Y ) = cos2 θg(Q2X,Q2Y ) (6.7.14)

and

g(FQ2X,FQ2Y ) = sin2 θg(Q2X,Q2Y ), ∀X,Y ∈ Γ(TM). (6.7.15)
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Proof. From (6.1.2) and (6.7.4) we have

g(TQ2X,TQ2Y ) = −g(Q2X,T
2Q2Y ), ∀X,Y ∈ Γ(TM).

From Theorem 6.7.10, we get (6.7.14) and (6.7.15) follows from (6.7.14). �

Theorem 6.7.12. Let M be a q-lightlike submanifold of an indefinite Hermitian
manifold M̄ of index 2q. Then M is a slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) J̄ ltr(TM) is a distribution on M .

(2) There exists a constant μ ∈ [−1, 0] such that

BFQ2X = μQ2X, ∀X ∈ Γ(TM).

In this case μ = − sin2 θ, where θ is the slant angle of M and Q2 the projection
on D which is complementary to J̄ RadTM ⊕ J̄ ltr(TM).

Proof. From Lemma 6.7.1, we conclude that J̄ RadTM ∩ J̄ ltr(TM) = {0} and
J̄ ltr(TM) is a sub-bundle of S(TM). Moreover, the complementary distribution
to J̄ ltr(TM)⊕ J̄ RadTM in S(TM) is Riemannian. Furthermore, from the proof
of Lemma 6.7.2, S(TM⊥) is also Riemannian. Thus condition (A) in the definition
of slant lightlike submanifold is satisfied. On the other hand, applying J̄ to (6.7.7)
and using (6.7.4) and (6.7.7) we obtain

−X = −P1X − P2X + T 2Q2X + FTQ2X + JFQ1X +BFQ2X + CFQ2X.

Since JFQ1X = −Q1X ∈ Γ(S(TM), taking the tangential parts we have

−X = −P1X − P2X + T 2Q2X −Q1X +BFQ2X.

Then considering (6.7.6) we get

−Q2X = T 2Q2X +BFQ2X. (6.7.16)

Now, if M is slant lightlike, then from Theorem 6.7.10 we have T 2Q2X =
− cos2 θQ2X , hence we derive

BFQ2X = − sin2 θ Q2X.

Conversely, suppose that BFQ2X = μQ2X , μ ∈ [−1, 0], then from (6.7.16) we
obtain

T 2Q2X = −(1 + μ)Q2X.

Put −(1+μ) = λ so that λ ∈ [−1, 0]. Then the proof follows from Theorem 6.7.10.
�
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Example 14. Let M̄ = R8
2 be a semi-Euclidean space of signature (−,−,+,+,

+,+,+,+) with respect to the canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7, ∂ x8}.
Consider a complex structure J1 defined by

J1(x1, x2, x3, x4, x5, x6, x7, x8) = (−x2, x1, −x4, x3, −x7 cosα− x6 sinα,
− x8 cosα+ x5 sinα, x5 cosα+ x8 sinα,
x6 cosα− x7 sinα).

for α ∈ (0, π
2
). Let M be a submanifold of (R8

2, J1) given by

x1 = u1 cosh θ, x2 = u2 cosh θ, x3 = −u3 + u1 sinh θ, x4 = u1 + u3 sinh θ,
x5 = cosu4 coshu5, x6 = cosu4 sinhu5, x7 = sinu4 sinhu5,

x8 = sinu4 coshu5,

u1 ∈ (0, π
2 ). Then TM is spanned by

Z1 = cosh θ ∂ x1 + sinh θ∂ x3 + ∂ x4,

Z2 = cosh θ ∂ x2, Z3 = −∂ x3 + sinh θ ∂ x4,

Z4 = − sinu4 coshu5 ∂x5 − sinu4 sinhu5 ∂x6 + cosu4 sinhu5 ∂x7

+ cosu4 coshu5 ∂x8,

Z5 = cosu4 sinhu5 ∂x5 + cosu4 coshu5 ∂x6 + sinu4 coshu5 ∂x7

+ sinu4 sinhu5 ∂x8.

Hence M is 1-lightlike with RadTM = Span{Z1} and J1(RadTM) spanned by
J1Z1 = Z2 + Z3. Thus J1 RadTM is a distribution on M . Then it is easy to see
that D = {Z4, Z5} is a slant distribution with respect to J1 with slant angle α.
The screen transversal bundle S(TM⊥) is spanned by

W1 = − coshu5 ∂ x5 + sinhu5 ∂ x6 + tanu4 sinhu5∂ x7

− tanu4 coshu5 ∂ x8,

W2 = − tanu4 sinhu5 x5 + tanu4 coshu5 ∂ x6 − coshu5 ∂ x7

+ sinhu5 ∂ x8.

On the other hand, ltr(TM) is spanned by

N = tanh θ sinh θ ∂ x1 + sinh θ x3 + ∂ x4.

Hence J1N = tanh2 θ Z2 + Z3. Thus we conclude that M is a slant lightlike sub-
manifold of (R8

2, J1). Now by direct computations, using Gauss and Weingarten
formulas, we have

hl = 0, hs(X,Z1) = hs(X, J1Z1) = 0, hs(X, J1N) = 0, ∀X ∈ Γ(TM),

hs(Z4, Z4) =
cos u4

sinh2 u5 + cosh2 u5

W1, h
s(Z5, Z5) =

− cos u4

sinh2 u5 + cosh2 u5

W1.
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Hence, the induced connection is a metric connection andM is not totally geodesic,
but, it is a proper minimal slant lightlike submanifold of (R8

2, J1).

Remark 6.7.13. We note that the method established in Example 14 can be gener-
alized. Namely, letM be a 1-lightlike submanifold ofR8

2. If an integral manifoldMθ

of the distribution D complementary to the distribution J̄ RadTM ⊕ J̄ ltr(TM)
in S(TM) is an invariant submanifold of M̄ with respect to Jo defined by

Jo(x1, x2, x3, x4) = (−x3,−x4, x1, x2),

then M is a slant lightlike submanifold with respect to J1. Thus, there are many
examples of minimal slant lightlike submanifolds of R8

2.

Lemma 6.7.14. Let M be a proper slant lightlike submanifold of an indefinite
Kähler manifold M̄ such that dim(D) = dim(S(TM⊥). If {e1, . . . , em} is a lo-
cal orthonormal basis of Γ(D), then {csc θFe1, . . ., csc θ Fem} is an orthonormal
basis of S(TM⊥).

Proof. Since e1, . . . , em is a local orthonormal basis of D and D is Riemannian,
from Corollary 6.7.11, we obtain

ḡ(csc θFei, csc θFej) = csc2 θ sin2 θ g(ei, ej) = δij ,

which proves the assertion. �

Theorem 6.7.15. Let M be a proper slant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then M is minimal if and only if

trA∗ξj
|S(TM) = 0, trAWα |S(TM)= 0,

ḡ(Dl(X,W ), Y ) = 0, ∀X,Y ∈ Γ(RaDTM),

where {ξj}r
j=1 is a basis of RadTM and {Wα}m

α=1 is a basis of S(TM⊥).

Proof. From Proposition 5.1.3 of Chapter 5, we have hl = 0 on RadTM . Thus M
is minimal if and only if

r∑
i=1

h(J̄ξi, J̄ξi) =
r∑

i=1

h(J̄Ni, J̄Ni) +
m∑

k=1

h(ek, ek) = 0.

Using (5.1.28) we obtain

r∑
i=1

h(J̄ ξi, J̄ξi) =
r∑

i=1

1
r

r∑
j=1

g(A∗ξj
J̄ξi, J̄ξi)Nj

+
1
m

m∑
α=1

g(AWα J̄ξi, J̄ξi)Wα. (6.7.17)
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In a similar way we obtain
r∑

i=1

h(J̄Ni, J̄Ni) =
r∑

i=1

1
r

r∑
j=1

g(A∗ξj
J̄Ni, J̄Ni)Nj

+
1
m

m∑
α=1

g(AWα J̄Ni, J̄Ni)Wα, (6.7.18)

m∑
k=1

h(ek, ek) =
m∑

k=1

1
r

r∑
j=1

g(A∗ξj
ek, ek)Nj

+
1
m

m∑
α=1

g(AWαek, ek)Wα. (6.7.19)

Thus our assertion follows from (6.7.17), (6.7.18) and (6.7.19). �
Theorem 6.7.16. Let M be a proper slant lightlike submanifold of an indefinite
Kähler manifold M̄ such that dim(D) = dim(S(TM⊥). Then M is minimal if
and only if

trA∗ξj
|S(TM) = 0, trAFei |S(TM)= 0,

ḡ(Dl(X,Fei), Y ) = 0, ∀X,Y ∈ Γ(RadTM),

where {e1, . . . , em} is a basis of D.

Proof. From Lemma 6.7.14, {csc θFe1, . . . , csc θ Fem} is an orthonormal basis of
S(TM⊥). Thus we can write

hs(X,X) =
m∑

i=1

Ai csc θFei, ∀X ∈ Γ(TM)

for some functions Ai, i ∈ {1, . . . ,m}. Hence we obtain

hs(X,X) =
m∑

i=1

csc θg(AFeiX,X)Fei, ∀X ∈ Γ(J̄ RadM ⊕ J̄ ltr(TM) ⊥ D).

Then the assertion of the theorem comes from Theorem 6.7.15. �

6.8 Screen slant lightlike submanifolds

From Proposition 6.7.8, it follows that slant lightlike submanifolds do not contain
invariant and screen real submanifolds. However, a slant submanifold in Rieman-
nian complex geometry is a generalization of invariant and totally real submani-
folds. Thus it is desirable to investigate a new class of lightlike submanifolds which
includes invariant lightlike submanifolds as well as screen real lightlike submani-
folds. In this section we present such lightlike submanifolds of indefinite Hermitian
manifolds.



294 Chapter 6. Submanifolds of indefinite Kähler manifolds

Lemma 6.8.1. Let M be a 2q-lightlike submanifold of an indefinite Kähler manifold
M̄ with index 2q. The screen distribution S(TM) of lightlike submanifold M is
Riemannian.

Proof. Let M̄ be a real 2k = m+n-dimensional indefinite Kähler manifold and ḡ be
a semi-Riemannian metric on M̄ of index 2q. Assume thatM is an m-dimensional
and 2q(< m)-lightlike submanifold of M̄ . Then we have a local quasi orthonormal
field of frames on M̄ along M

{ξi, Ni, Xα, Wa}, i ∈ {1, . . . , 2q}, α ∈ {2q+ 1, . . . ,m}, a ∈ {(m− 2q) + 1, . . . , n},

where {ξi} and {Ni} are lightlike bases of RadTM and ltr(TM), respectively and
{Xα} and {Wa} are orthonormal bases of S(TM) and S(TM⊥), respectively. From
the null basis {ξ1, . . . , ξ2q, N1, . . . , N2q} of ltr(TM)⊕ RadTM , we can construct
an orthonormal basis {U1, . . . , U4q} as follows.

U1 = 1√
2
(ξ1 +N1) U2 = 1√

2
(ξ1 −N1)

U3 = 1√
2
(ξ2 +N2) U4 = 1√

2
(ξ2 −N2)

. . . . . .

. . . . . .
U4q−1 = 1√

2
(ξ2q +N2q) U4q = 1√

2
(ξ2q −N2q)

Thus, RadTM⊕ ltr(TM) is non-degenerate and of constant index 2q on M̄ . Since

ind(TM̄) = ind(RadTM ⊕ ltr(TM)) + ind(S(TM⊥) ⊥ S(TM)),

we obtain that S(TM) ⊥ S(TM⊥) is of constant index zero, that is, S(TM) and
S(TM⊥) are Riemannian vector bundles. Thus the proof is complete. �

Thus Lemma 6.8.1 enables us to give the following definition.

Definition 6.8.2. [359] Let (M, g, S(TM)) be a 2q-lightlike submanifold of an in-
definite Kähler manifold M̄ with index 2q. We say thatM is a screen slant lightlike
submanifold of M̄ if the following conditions are satisfied:

(i) RadTM is invariant with respect to J̄ , i.e., J̄(RadTM) = RadTM .

(ii) For each non-zero vector field X tangent to S(TM) at x ∈ U ⊂M , the angle
θ(X) between J̄X and S(TM) is constant, i.e., it is independent of the choice
of x and X ∈ Γ(S(TM)).

We note that θ(X) is called the slant angle and (a) RadTM is even-dimen-
sional, (b) screen slant lightlike submanifolds do not include a real hypersurface.

From now on suppose that (M, g, S(TM)) is a 2q-lightlike submanifold of an
indefinite Kähler manifold with constant index 2q and denote it by M .

Proposition 6.8.3. Let M be a screen slant lightlike submanifold of M̄ . Then M is
invariant (resp. screen real) if and only if θ = 0 (resp. θ = π

2 ).
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Proof. If M is invariant, then J̄(RadTM) = RadTM and J̄(S(TM)) = S(TM),
thus θ = 0. Conversely, if M is screen slant lightlike with θ = 0 then it is clear
that J̄(S(TM)) = S(TM). Since RadTM is invariant with respect to J̄ , the proof
is complete. The other assertion is similar. �

Thus it follows that a screen slant lightlike submanifoldM is a natural gener-
alization of invariant and screen real lightlike submanifolds.M is said to be proper
if it is neither invariant nor a screen real lightlike submanifold.

Proposition 6.8.4. There exists no proper screen slant totally lightlike or isotropic
submanifold.

Proof. We suppose thatM is a totally lightlike submanifold, then TM = RadTM
= TM⊥. Hence M is an invariant lightlike submanifold. If M is an isotropic
submanifold, then S(TM) = {0}, thus TM = RadTM which is invariant. �

For any vector field X ∈ Γ(S(TM)), we write

J̄X = TX + ωX, (6.8.1)

where TX ∈ Γ(TM) and ωX ∈ Γ(tr(TM)).

Corollary 6.8.5. Let M be a screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then, for any X ∈ Γ(TM), we have

(i) If X ∈ Γ(S(TM)), then ωX ∈ Γ(S(TM⊥).

(ii) If X ∈ Γ(RadTM), then ωX = 0.

Proof. It is easy to see that ltr(TM) is invariant w.r.t. J̄ due to J̄(RadTM) =
RadTM . (ii) is clear. �

Proposition 6.8.6. There exists no coisotropic proper screen slant lightlike subman-
ifold in an indefinite Kähler manifold M̄ .

Proof. We suppose that M is a coisotropic submanifold, then S(TM⊥) = {0}.
Thus we have J̄X = TX , for X ∈ Γ(S(TM)). Hence we can see that M is an
invariant lightlike submanifold. �

Proposition 6.8.3 implies that invariant and screen real lightlike submanifolds
are examples of screen slant lightlike submanifolds. Now, we want to present some
examples of proper screen slant lightlike submanifolds.

Example 15. For any α > 0, we consider the immersion

x(u, v, t, s) = (t, s, u cosα, −v cosα, u sinα, v sinα, t, s, )

in R8
2. Then RadTM is spanned by

ξ1 = ∂ x1 + ∂ x7, ξ2 = ∂ x2 + ∂ x8
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and S(TM) is spanned by

X1 = cosα∂ x3 + sinα∂ x5, X2 = − cosα∂ x4 + sinα∂ x6.

Then we can see that RadTM is invariant with respect to J̄ and S(TM) is a
slant distribution with slant angle 2α. Thus M is a screen slant hyperplane in R8

2.
Moreover, we obtain that the screen transversal vector bundle S(TM⊥) is spanned
by

W1 = sinα∂ x4 + cosα∂ x6, W2 = − sinα∂ x3 + cosα∂ x5

and the lightlike transversal bundle ltr(TM) is spanned by

N1 =
1
2
{− ∂ x1 + ∂ x7}, N2 =

1
2
{−∂ x2 + ∂ x8}.

Example 16. Consider in R8
2 the submanifold M given by

x(u, v, t, s) = (u, v, s sin t, s cos t, sin s, cos s, u cosα− v sinα, u sinα+ v cosα)

for α, t, s ∈ (0, π
2 ). Then TM is spanned by

ξ1 = ∂ x1 + cosα∂ x7 + sinα∂ x8,

ξ2 = ∂ x2 − sinα∂ x7 + cosα∂ x8,

X1 = s cos t ∂ x3 − s sin t ∂ x4,

X2 = sin t ∂ x3 + cos t ∂ x4 + cos s ∂ x5 − sin s ∂ x6.

It follows that RadTM = Span{ξ1, ξ2}, henceM is a 2-lightlike submanifold. Since
J̄ RadTM = RadTM , RadTM is invariant. Moreover, we can choose S(TM) =
Span{X1, X2} which is a Riemannian vector sub-bundle and it can be easily proved
that S(TM) is a slant distribution with slant angle θ = π

4
. Finally, the screen

transversal vector bundle S(TM⊥) is spanned by

W1 = sin s∂ x5 + cos s ∂ x6

W2 = sin t ∂ x3 + cos t ∂ x4 − cos s ∂ x5 + sin s ∂ x6

and the lightlike transversal bundle ltr(TM) is spanned by

N1 =
1
2
{−∂ x1 + cosα∂ x7 + sinα∂ x8},

N2 =
1
2
{−∂ x2 − sinα ∂ x7 + cosα∂ x8}.

Example 17. For any k, α > 0, let M ⊂ R12
2 be given by

x(u, v, t, s) = (u coshα, v coshα, u, v, t, s, k cos t, k sin t, k cos s, k sin s, u sinhα,
v sinhα).
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Then TM is spanned by

ξ1 = coshα ∂ x1 + ∂x3 + sinhα∂ x11,

ξ2 = coshα ∂ x2 + ∂ x4 + sinhα∂ x12,

X1 = ∂ x5 − k sin t∂ x7 + k cos t ∂ x8,

X2 = ∂ x6 − k sin s∂x9 + k cos s ∂x10.

Then we see that RadTM = Span{ξ1, ξ2}. Thus M is a 2-lightlike submanifold.
It is easy to see J̄ RadTM = RadTM , that is, RadTM is invariant. Choose
S(TM) = Span{X1, X2} and obtain that S(TM) is a slant distribution with slant
angle θ = cos−1( 1

1+k2 ). Thus M is a screen slant lightlike submanifold of R12
2 .

Chen [102] studied the following important problem in complex geometry:
Given a surface M of a Kähler manifold M̄ , when is M slant in M̄? Based on
the above problem, there are several interesting results on the geometry of a slant
surface of a Euclidean space R4 in [102]. For the screen slant lightlike case, we
have the following result.

Proposition 6.8.7. There exists no screen slant lightlike surface of an indefinite
Hermitian (or Kähler) manifold with index 2.

Proof. LetM be a screen slant lightlike surface of an indefinite Hermitian manifold
M̄ with index 2. Then M is 2-lightlike or 1-lightlike. If M is 2-lightlike then
S(TM) = 0 and M is totally lightlike. Hence M is invariant. Now, suppose M is
1-lightlike. Then, RadTM = Span{ξ}. This is not possible, because RadTM is
invariant with respect to J̄ . �

LetM be a screen slant lightlike submanifold of an indefinite Kähler manifold
M̄ . We denote the projection morphisms on the distributions RadTM and S(TM)
by Q and P , respectively. Then we have

X = QX + PX, ∀X ∈ Γ(TM), (6.8.2)

where QX denotes the component of X in RadTM and PX denotes the compo-
nent of X in S(TM). Applying J̄ on (6.8.2) we obtain

J̄X = J̄QX + J̄PX = TQX + TPX + ωPX. (6.8.3)

Thus we derive
J̄QX = TQX, ωQX = 0 (6.8.4)

and
TPX ∈ Γ(S(TM)). (6.8.5)

On the other hand, the screen transversal bundle S(TM⊥) has the decomposition

S(TM⊥) = ωP (S(TM)) ⊥ υ. (6.8.6)
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Then, for any W ∈ Γ(S(TM⊥)) we write

J̄W = BW + CW (6.8.7)

where BW ∈ Γ(S(TM) and CW ∈ Γ(υ).

Next, we give a characterization of screen slant lightlike submanifolds:

Theorem 6.8.8. Let M be a 2q-lightlike submanifold of an indefinite Kähler man-
ifold M̄ with constant index 2q. Then M is a screen slant lightlike submanifold if
and only if

(i) ltr(TM) is invariant with respect to J̄ .

(ii) There exists a constant λ ∈ [−1, 0] such that

(P ◦ T )2X = λX (6.8.8)

for any X ∈ Γ(S(TM)). Moreover, in this case λ = − cos θ |S(TM).

Proof. Let M be a 2q-lightlike submanifold of an indefinite Kähler manifold M̄
with index 2q. Then Lemma 6.8.1 guarantees that S(TM) is a Riemannian vector
bundle. LetM be a screen slant lightlike submanifold. Then its radical distribution
is invariant with respect to J̄ and from Corollary 6.8.5, we have ωPX ∈ Γ(S(TM)).
Thus, using (6.1.5) and (6.8.3) we have

ḡ(J̄N,X) = −ḡ(N, J̄X) = −ḡ(N,TPX)− ḡ(N,ωPX) = 0

for X ∈ Γ(S(TM)). Hence we conclude that J̄N does not belong to S(TM). On
the other hand, from (6.1.5) and (6.8.7) we obtain

ḡ(J̄N,W ) = −ḡ(N, J̄W ) = −ḡ(N,BW )− ḡ(N,CW ) = 0

for W ∈ Γ(S(TM⊥)). Thus J̄N is not belong to S(TM⊥). Now suppose that
J̄N ∈ Γ(RadTM). Then we obtain J̄ J̄N = −N ∈ Γ(ltrTM), since RadTM is
invariant with respect to J̄ we get a contradiction which proves (i). With regards
to statement (ii), sinceM is a screen slant lightlike submanifold, there is a constant
angle θ which is independent of X ∈ Γ(STM) and x ∈ U ⊂M . Thus we derive

cos θ(X) =
ḡ(J̄X, TPX)
| J̄X || TPX | = − ḡ(X, J̄TPX)

| J̄X || TPX | = − ḡ(X, (P ◦ T )2X)
| X || TPX | . (6.8.9)

On the other hand,we have

cos θ(X) =
| TPX |
| J̄X | . (6.8.10)

Thus, from (6.8.9) and (6.8.10) we obtain

cos2 θ(X) = −g(X, (P ◦ T )2X)
| X |2 .

Since θ(X) is a constant, we conclude that (PoT )2X = λX, λ ∈ [−1, 0], which
proves (ii). The converse can be obtained in a similar way. �
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From Theorem 6.8.8 we obtain the following corollary:

Corollary 6.8.9. Let M be a screen slant lightlike submanifold of M̄ . Then

g(TPX, TPY ) = cos2 θ |S(TM) g(X,Y ), (6.8.11)

ḡ(ωPX,ωPY ) = sin2 θ |S(TM) g(X,Y ), ∀X,Y ∈ Γ(TM). (6.8.12)

Proof. From (6.1.5) and (6.8.3) we obtain

g(TPX, TPY ) = −g(X, (PoT )2Y )

for any X,Y ∈ Γ(S(TM)). Then from Theorem 6.8.8 we derive

g(TPX, TPY ) = cos2 θg(X,Y ),

which proves (6.8.11). In a similar way we obtain (6.8.12). �
Differentiating (6.8.3) and comparing the tangent and transversal parts we

have

(∇XT )Y = AωPY X +Bhs(X,Y ), (6.8.13)

J̄hl(X,Y ) = hl(X, J̄QY ) + hl(X,TPY ) +Dl(X,ωPY ), (6.8.14)
(∇Xω)Y = −hs(X, J̄QY )− hs(X,TPY ) + Chs(X,Y ) (6.8.15)

for X,Y ∈ Γ(TM), where (∇XT )Y = ∇X J̄QY +∇XTPY − J̄Q∇XY −TP∇XY
and (∇Xω)Y = ∇s

XωPY − ωP∇XY .

Theorem 6.8.10. Let M be a screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then:

(i) The radical distribution RadTM is integrable if and only if the screen trans-
versal second fundamental form of M satisfies

hs(X, J̄Y ) = hs(J̄X, Y ), ∀X,Y ∈ Γ(RadTM).

(ii) The screen distribution S(TM) is integrable if and only if

Q(∇XTPY −∇Y TPX) = Q(AωPYX −AωPXY ), ∀X,Y ∈ Γ(S(TM)).

Proof. From (6.8.15) we obtain

hs(X, J̄Y )− Chs(X,Y ) = ω∇XY,∀X,Y ∈ Γ(RadTM).

Thus we obtain hs(X, J̄Y ) − hs(J̄X, Y ) = ωP [X,Y ] which proves assertion (i).
From (6.8.13) we derive

∇XTPY −AωPY X = J̄Q∇XY + TP∇XY +Bhs(X,Y )
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for any X,Y ∈ Γ(STM)). Hence we get

∇XTPY −∇Y TPX +AωPXY −AωPY X = J̄Q[X,Y ] + TP [X,Y ].

Thus we obtain

Q(∇XTPY −∇Y TPX) +Q(AωPXY −AωPY X) = J̄Q[X,Y ],

which proves (ii). �
Theorem 6.8.11. Let M be a screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then the screen distribution defines a totally geodesic foliation
if and only if J̄AωPY X − AωPTPY X has no components in RadTM for X,Y ∈
Γ(S(TM)).

Proof. Using (6.1.5) and (5.1.31) we have ḡ(∇XY,N) = ḡ(∇̄X J̄Y, J̄N), for X,Y ∈
Γ(S(TM)) and N ∈ Γ(ltr(TM)). Thus from (6.8.3) and (5.1.23), we obtain
ḡ(∇XY,N) = ḡ(∇̄XTPY, J̄N) − ḡ(AωPY X, J̄N). Using again (6.1.5), (5.1.15),
(6.8.3) and (5.1.23) in the first expression in the above equation we derive

ḡ(∇XY,N) = g(∇X(P ◦ T )2Y,N)− ḡ(AωPTPY X,N)− ḡ(AωPY X, J̄N).

Thus from Theorem 6.8.8 we get

ḡ(∇XY,N) = cos2 θḡ(∇XY,N) + ḡ(AωPTPY X,N)− ḡ(AωPY X, J̄N).

Hence we obtain

sin2 θḡ(∇XY,N) = −ḡ(AωPTPY X,N)− ḡ(AωPY X, J̄N).

This completes the proof. �
Next we investigate ∇XT = 0 on a screen slant lightlike submanifold. In

the non-degenerate complex geometry, if a slant submanifold satisfies the above
property, it is called a Kählerian slant submanifold (see section 6.1).

Theorem 6.8.12. Let M be a screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ . Then T is parallel if and only if Ds(X,N) ∈ Γ(υ) and

ḡ(hs(X,Y ), ωPZ) = g(hs(X,Z), ωPY )

for X ∈ Γ(TM) and Y, Z ∈ Γ(S(TM)).

Proof. From (6.8.13) we obtain ḡ((∇XT )Y,N) = 0, for Y ∈ Γ(RadTM) and
X ∈ Γ(TM). For Y ∈ Γ(S(TM)), we get ḡ((∇XT )Y,N) = ḡ(AωPY X,N). Using
(5.1.22) we derive

ḡ((∇XT )Y,N) = ḡ(Ds(X,N), ωPY ) (6.8.16)

for any X ∈ Γ(S(TM)). On the other hand, from (5.1.31), (6.7.1) and (6.1.5) we
obtain

g((∇XT )Y, Z) = g(AωPY X,Z)− g(hs(X,Y ), ωPZ)
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for any X,Y ∈ Γ(TM) and Z ∈ Γ(S(TM)). By using (5.1.28) we get

g((∇XT )Y, Z) = g(hs(X,Z), ωPY )− g(hs(X,Y ), ωPZ) (6.8.17)

for any X,Y ∈ Γ(TM) and Z ∈ Γ(S(TM)). Thus from (6.8.16) and (6.8.17) we
obtain our assertion. �

Theorem 6.8.13. Let M be a screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ . If (∇XT )Y = 0 for X ∈ Γ(TM) and Y ∈ Γ(RadTM), then
the induced connection ∇ is a metric connection.

Proof. If (∇XT )Y = 0 for X ∈ Γ(TM) and Y ∈ Γ(RadTM), then from (6.8.13)
we have Bhs(X,Y ) = 0, hence g(Bhs(X,Y ), Z) = 0 for X ∈ Γ(TM), Y ∈
Γ(RadTM) and Z ∈ Γ(TM). Thus we obtain

ḡ(J̄hs(X,Y ), Z) = 0, (6.8.18)
ḡ(hs(X,Y ), ωPZ) = 0. (6.8.19)

Now, by using (5.1.15) we get

ḡ(ωP∇XY, J̄h
s(X,Y )) = ḡ(ωP∇XY, J̄∇̄XY )− J̄∇XY − J̄hl(X,Y ))

for X ∈ Γ(TM), Y ∈ Γ(RadTM), since ltr(TM) is invariant, from (6.1.5) and
(6.8.3) we get

ḡ(ωP∇XY, J̄h
s(X,Y )) = ḡ(ωP∇XY, ∇̄X J̄Y )− ḡ(ωP∇XY, ωP∇XY ).

Then using (5.1.15) we derive

ḡ(ωP∇XY, J̄h
s(X,Y )) = ḡ(ωP∇XY, h

s(X, J̄Y ))− ḡ(ωP∇XY, ωP∇XY ).

Thus from (6.8.19) we have

ḡ(ωP∇XY, J̄h
s(X,Y )) = −ḡ(ωP∇XY, ωP∇XY ).

Then using (6.8.12) we obtain

ḡ(ωP∇XY, J̄h
s(X,Y )) = − sin2 θg(P∇XY, P∇XY ) (6.8.20)

for any X ∈ Γ(TM) and Y ∈ Γ(RadTM). On the other hand, from (6.1.5) and
(6.8.3) we have

ḡ(ωP∇XY, J̄h
s(X,Y )) = −ḡ(TP∇XY, J̄h

s(X,Y ))

for any X ∈ Γ(TM) and Y ∈ Γ(RadTM). Then, from (6.8.19) we derive

ḡ(ωP∇XY, J̄h
s(X,Y )) = 0. (6.8.21)
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Then (6.8.20) and (6.8.21) imply

sin2 θg(P∇XY, P∇XY ) = 0.

Since M is a proper screen slant lightlike submanifold and S(TM) is Riemannian
we obtain P∇XY = 0, hence ∇XY ∈ Γ(RadTM), i.e., the radical distribution
RadTM is parallel. Thus the assertion of the theorem follows from Theorem 5.1.4.

�

Remark 6.8.14. It is clear that radical distribution and screen distribution are
orthogonal. However, we note that if RadTM is parallel, then it doesn’t imply
that the screen distribution S(TM) is parallel, contrary to the non-degenerate
case.

Example 18. Let M̄ = R8
2 be a semi-Euclidean space of signature (−,−,+,+,

+,+,+,+) with respect to the canonical basis {∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6,
∂ x7, ∂ x8}. Consider a complex structure J1 defined by

J1(x1, x2, x3, x4, x5, x6, x7, x8) = (− x2, x1, −x4, x3, −x7 cosα, −x6 sinα,
− x8 cosα+ x5 sinα, x5 cosα+ x8 sinα,
x6 cosα, −x7 sinα)

for α ∈ (0, π
2 ). Let M be a submanifold of (R8

2, J1) given by

x1 = u1, x2 = u2, x3 = u1 cos θ − u2 sin θ, x4 = u1 sin θ + u2 cos θ
x5 = u3, x6 = sinu3 sinhu4, x7 = u4, x8 = cosu3 coshu4.

Then TM is spanned by

Z1 = ∂ x1 + cos θ ∂ x3 + sin θ ∂ x4

Z2 = ∂ x2 − sin θ ∂ x3 + cos θ ∂ x4

Z3 = ∂ x5 + cosu3 sinhu4 ∂ x6 + sinu3 coshu4 ∂ x8

Z3 = sinu3 coshu4 ∂ x6∂ x6 + ∂ x7 + cosu3 sinhu4 ∂ x8.

Then M is a 2-lightlike submanifold and RadTM = {Z1, Z2}. It follows that
RadTM is J1-invariant. It is easy to see that S(TM) = Span{Z3, Z4} is a slant
distribution with respect to J1 with slant angle α. The screen transversal bundle
is spanned by

W1 = − coshu4 sinhu4 ∂ x5 + cosu3 coshu4 ∂ x6 − sinu3 cosu3 ∂ x7

− sinu3 sinhu4 ∂ x8,

W2 = sinu3 cosu3 ∂ x5 + sinu3 sinhu4 ∂ x6 − coshu4 sinhu4 ∂ x7

+ cosu3 coshu4 ∂ x8
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and the lightlike transversal bundle is spanned by

N1 =
1
2
{−∂ x1 + cos θ ∂ x3 + sin θ ∂ x4}

N2 =
1
2
{−∂ x2 − sin θ ∂ x3 + cos θ ∂ x4}.

Now, by direct calculations, using Gauss formulas we get

hl = 0, hs(X,Z1) = 0, hs(X,Z2) = 0, ∀X ∈ Γ(TM)

and

hs(Z3, Z3) =
−(sinh2 u4 + cos2 u3)
cosh4 u4 − sin4 u3

W2, h
s(Z4, Z4) =

sinh2 u4 + cos2 u3

cosh4 u4 − sin4 u3

W2

hs(Z3, Z4) =
sinh2 u4 + cos2 u3

cosh4 u4 − sin4 u3

W1.

Hence the induced connection is a metric connection, M is not totally geodesic
and it is also not totally umbilical, but it is a minimal proper screen slant lightlike
submanifold of R8

2.

Next, we prove two characterization results for minimal slant lightlike sub-
manifolds. First we give the following lemma which will be useful later.

Lemma 6.8.15. Let M be a proper screen slant lightlike submanifold of an indefinite
Kähler manifold M̄ such that ω(S(TM)) = S(TM⊥). If {e1, . . . , em} is a local
orthonormal basis of S(TM), then {csc θωe1, . . ., csc θ ωem} is an orthonormal
basis of S(TM⊥).

Proof. Since e1, . . . ., em is a local orthonormal basis of S(TM) and S(TM) is
Riemannian , from Corollary 6.8.9, we obtain

ḡ(csc θωei, csc θωej) = csc2 θ sin2 θ g(ei, ej) = δij ,

which proves the assertion. �

Theorem 6.8.16. Let M be a proper screen slant lightlike submanifold of an indef-
inite Kähler manifold M̄ . Then M is minimal if and only if

trA∗ξj
|S(TM)= 0, trAWα |S(TM)= 0

and
ḡ(Dl(X,W ), Y ) = 0, ∀X,Y ∈ Γ(RaDTM),

where {ξj}r
j=1 is a basis of RadTM and {Wα}m

α=1 is a basis of S(TM⊥).
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Proof. In Proposition 5.1.3, we have hl = 0 on RadTM . Thus M is minimal if
and only if

m∑
k=1

h(ek, ek) = 0

and hs = 0 on RadTM . Using (5.1.28) and (5.1.31) we obtain
m∑

k=1

h(ek, ek) =
m∑

k=1

1
r

r∑
j=1

g(A∗ξj
ek, ek)Nj

+
1
m

m∑
α=1

g(AWαek, ek)Wα. (6.8.22)

From (5.1.28) we obtain ḡ(hs(X,Y ),W )= ḡ(Dl(X,W ), Y ) for X,Y ∈Γ(Rad TM).
Thus our assertion follows from (6.8.22). �
Theorem 6.8.17. Let M be a proper slant lightlike submanifold of an indefinite
Kähler manifold M̄ such that ω(S(TM)) = S(TM⊥). Then M is minimal if and
only if

trA∗ξj
|S(TM)= 0, trAFei |S(TM)= 0

and
ḡ(Dl(X,ωei), Y ) = 0, ∀X,Y ∈ Γ(RadTM)

where {e1, . . . , em} is a basis of S(TM).

Proof. From Lemma 6.8.15, {csc θωe1, . . . , csc θ ωem} is an orthonormal basis of
S(TM⊥). Thus we can write

hs(X,X) =
m∑

i=1

Ai csc θωei, ∀X ∈ Γ(TM).

for some functions Ai, i ∈ {1, . . . ,m}. Hence we obtain

hs(X,X) =
m∑

i=1

csc θg(AωeiX,X)ωei, ∀X ∈ Γ(S(TM)).

Then the assertion of the theorem comes from Proposition 5.1.3 and Theorem
6.8.16. �
Remark 6.8.18. Observe that between slant lightlike and screen slant lightlike
submanifolds there exists no inclusion relation because a lightlike real hypersurface
is a slant lightlike submanifold and it is not a screen slant lightlike submanifold.
Moreover, invariant and screen real lightlike submanifolds are screen slant lightlike
submanifolds, but they are not slant lightlike submanifolds. Notice that it follows
from Proposition 6.8.7 that the screen slant lightlike geometry is different from
its counterpart of Chen’s Riemannian case. For example, there does not exist any
screen slant lightlike surface of a semi-Euclidean space R4

2.



Chapter 7

Submanifolds of indefinite
Sasakian manifolds

In this chapter, we first give a review of indefinite Sasakian manifolds, contact
CR-submanifolds and a variety of other submanifolds of Sasakian manifolds. Then,
similar to the case of the previous chapter, we focus on up-to-date published results
(with complete proofs) on the geometry of invariant, contact Cauchy-Riemann
(CR) and contact screen Cauchy-Riemann (SCR) lightlike submanifolds of indef-
inite Sasakian manifolds.

7.1 Introduction

Indefinite Sasakian manifolds. A (2n + 1)-dimensional differentiable manifold M
is said to have an almost contact structure (φ, ξ, η) if it admits a vector field ξ, a
1-form η and a field φ of endomorphism of the tangent vector space satisfying

φ2 = − I + η ⊗ ξ, η (ξ) = 1. (7.1.1)

It follows that φ(ξ) = 0, η ◦ φ = 0 and rank(φ) = 2n. Then, the manifold M , with
a (φ, ξ, η)-structure is called an almost contact manifold and the following holds
(also see Blair [67] and Gray [211]):

Theorem 7.1.1. (Sasaki [367]) A (2n + 1)-dimensional manifold M is an almost
contact manifold if and only if the structure group of its tangent bundle is reducible
to U(n)× {I}.

From the point of view of differential geometry it is desirable to define a
metric on a paracompact manifold M . We say that a Riemannian metric g is an
associated metric of an almost contact structure (φ, ξ, η) of M if

g(φX, φY ) = g(X, Y )− η(X) η(Y ), ∀X, Y ∈ Γ(TM). (7.1.2)
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It is always possible to choose such a Riemannian metric on M , although such
a metric is not unique. (M, g), with g satisfying (7.1.2), is called an almost con-
tact metric manifold with a (φ, ξ, η, g)-structure and g is called its compatible (or
associated) metric, whose fundamental 2-form Ω is defined by

Ω(X, Y ) = g(X, φY ), ∀X, Y ∈ Γ(TM). (7.1.3)

Since Ω, satisfying (7.1.3), also satisfies η ∧ Ωn �= 0, this almost contact metric
manifold M is orientable. A (2n+ 1)-dimensional manifold M is called a contact
manifold if there exists a 1-form η onM such that η∧(dη)n �= 0 everywhere. When
Ω = dη (i.e., Ω is closed), then, (M,φ, ξ, η, g) is called a contact metric manifold.
These metrics can be constructed by the polarization of Ω = dη evaluated on a
local orthonormal basis of the tangent space with respect to an arbitrary metric,
on the contact sub-bundle D. Thus, a contact metric manifold is an analogue of
an almost Kähler manifold, in odd dimensions.

Now we recall the concept of normal almost contact structures whose con-
dition is an analogue of the integrability condition in almost complex structures.
To understand this we let (M,φ, ξ, η) be an almost contact manifold. Construct
the product manifold M̄ = M × R such that (X, f∂t) is any vector field on M̄ ,
where X ∈ Γ(TM) and f is a smooth function on M̄ . Define an almost complex
structure J on M̄ by

J(X, f∂t) (φX − fξ, η(X)∂t) .

Then, the almost contact structure (φ, ξ, η) on M is said to be normal if J is
integrable. It is known (see Blair [66, page 49] for details) that M has a normal
contact structure if

Nφ + 2 d η ⊗ ξ = 0, (7.1.4)

where Nφ = [φ, φ] is the Nijenhuis tensor field of φ. A normal contact metric
manifold is called a Sasakian manifold. The following is well known.

Theorem 7.1.2. (Sasaki [367]) An almost contact metric manifold (M,φ, ξ, η, g) is
Sasakian if and only if

(∇Xφ)Y = g(X,Y )ξ − η(Y )X

where ∇ is the metric connection on M .

Sasakian space forms. A plane section S in TxM of a Sasakian manifold M is
called a φ-section if it is spanned by a unit vector X orthogonal to ξ and φX ,
where X is a non-null vector field on M . The sectional curvature K(X,φX) of
a φ-section is called a φ-sectional curvature. If M has a φ-sectional curvature c
which does not depend on the φ-section at each point, then, c is constant in M
and M is called a Sasakian space form, denoted by M(c). Well-known examples
are: the unit sphere in Cn+1 and R2n+1. See some more examples in Blair [66].
Finally, we state the following result on the curvature tensor R of M(c).
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Theorem 7.1.3. (Ogiue [313]) If the φ-sectional curvature c at any point of a
Sasakian manifold M (dim(M) ≥ 5) is independent of the choice of φ-section at
the point, then c is constant on M and its curvature tensor is

R(X,Y )Z =
(c+ 3)
4

{g(Y, Z)X − g(X,Z)Y }+ (c− 1)
4

{η(X)η(Z)Y

− η(Y )η(Z)X + g(X,Z)η(Y )V − g(Y, Z)η(X)V
+ g(φY,Z)φX + g(φZ,X)φY − 2g(φX, Y )φZ} (7.1.5)

for any X,Y and Z vector fields on M .

In 1990, Duggal [134] introduced a larger class of contact manifolds as follows.
Let (M, g) be a semi-Riemannian manifold of a constant index. We use the same
notation of geometric objects as in the Riemannian case. A (2n+ 1)-dimensional
smooth semi-Riemannian manifold (M, g) is called an (ε)-almost contact metric
manifold with a (φ, ξ, η, g)-structure if

φ2 = − I + η ⊗ ξ, η (ξ) = 1,
g(ξ, ξ) = ε, g(φX, φY ) = g(X, Y )− ε η(X) η(Y ), (7.1.6)

where ε = 1 or − 1 according as ξ is spacelike or timelike and rank(φ) = 2n. It
is important to mention that in the above definition ξ is never a null vector field.
The index q of g is an odd or even number according as ξ is timelike or spacelike.
This holds since onM one can consider an orthonormal field of frame {E1, . . . , En,
φE1, . . . , φEn, ξ} with Ei ∈ Γ(D) and g(Ei, Ei) = g(φEi, φEi).

Unfortunately, contrary to the Riemannian case ( ε = 1, q = 0) for which
there always exists a Riemannian metric satisfying (7.1.6), there is no such guar-
antee for a non-degenerate metric satisfying (7.1.6) for a proper semi-Riemannian
manifold M . At best the following is known.

Theorem 7.1.4. [149] Let (φ, ξ, η) be an almost contact structure and h0 a metric
on a semi-Riemannian manifold M such that ξ is non-null. Then there exists on
M a (1, 2) type symmetric tensor field g satisfying (7.1.6).

Proof. Define two semi-Riemannian metrics h1 = ε
α
h0 where α = ho(ξ, ξ) and h

such that

h(X,Y ) = h1(φ2X,φ2Y ) + εη(X)η(Y ), ∀X,Y ∈ Γ(TM).

To prove that h is semi-Riemannian we first note that η(X) = εh(X, ξ) and
h(ξ, ξ) = ε. Secondly, let L be the distribution spanned by ξ on M and D the
complementary orthogonal distribution to L with respect to h1. Then, it is easy to
show that h(X,X) = h1(X,X), ∀X ∈ Γ(D), since h1(X, ξ) = 0 and h1(ξ, ξ) = −ε.
Thus h is a semi-Riemannian metric onM of the same index as h1 is onD. Finally,
by defining a symmetric tensor field

g(X,Y ) =
1
2
{h(X,Y ) + h(φX, φY ) + εη(X)η(Y )},



308 Chapter 7. Submanifolds of indefinite Sasakian manifolds

we obtain

g(φX, φY ) =
1
2
{h(φX, φY ) + h(−X + η(X)ξ, η(Y )ξ)}

= g(X,Y )− εη(X)η(Y ),

which proves the theorem. �

However, on the brighter side, we now prove that there always exists a
Lorentzian metric g on a M satisfying (7.1.6).

Corollary 7.1.5. Under the hypothesis of Theorem 7.1.4, there exists a Lorentzian
metric g on M satisfying (7.1.6).

Proof. Since M is paracompact there exists a Riemannian metric say h0 on M .
Define three metrics h1, h and g as in Theorem 7.1.4 with ε = −1. Then it is
easy to see that both h and g are Lorentzian metrics on M , which completes the
proof. �

Moreover, there are restrictions on the signature of g as follows. For an al-
most contact metric manifold M , its 2n-dimensional distribution (D, ḡ/D) has an
indefinite Hermitian structure, defined by J = φ/D, i.e., we have

g(JX, JY ) = g(X,Y ) , ∀X,Y ∈ Γ(D).

For the endomorphism J , satisfying J2 = − I on D, as explained in the previous
section, the only possible signatures of g/D are (2p, 2s) with p+ s = n. In partic-
ular, (D, g/D, J) satisfying the above condition, can not carry a Lorentz metric,
if J is real. Subject to these restrictions on g, we have the following two classes of
(ε)-almost contact metric manifolds.

(1) ε = 1, q = 2r. M is a spacelike almost contact metric manifold.

(2) ε = −1, q = 2r + 1. M is a timelike almost contact metric manifold.

A subcase of the second class is the Lorentz almost contact manifold for which
ε = −1 and q = 1.

Now consider the fundamental 2-form Ω of M exactly as in the Riemannian
case and defined by the equation (7.1.3) and its normality condition as defined by
the equation (7.1.4). Then, we say that (φ, ξ, η, g) is an (ε)-contact metric structure
if Ω = dη and M is, then, called an (ε)-contact metric manifold. Moreover, if M
is also normal, then, M is called an indefinite Sasakian manifold [134, 386]. As in
the Riemannian case, we have:

Theorem 7.1.6. An (ε)-almost contact metric manifold M is an indefinite Sasakian
manifold if only if

(∇X φ)Y = g (X, Y ) ξ − ε η(Y )X, ∀X, Y ∈ Γ(TM). (7.1.7)
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By replacing Y by ξ in (7.1.7) we get

∇Xξ = −εφX, ∀X ∈ Γ(TM) (7.1.8)

which implies that ∇ξξ = 0. Thus , we have:

Corollary 7.1.7. The characteristic vector field ξ on an indefinite Sasakian mani-
fold is a Killing vector field.

Finally, we present some examples of (ε)-Sasakian structures on a semi-
Euclidean manifold R2n+1

q of index q. We need the following notation: 0p,k = p×k
null matrix; Ik = k × k unit matrix. For any non-negative integer s ≤ n we put

εa =
{

−1 for a ∈ {1, . . . , s},
1 for a ∈ {s+ 1, . . . , n},

in case s �= 0 and εa = 1 in case s = 0. Consider (xi, yi, z) as Cartesian coordinates
on R2n+1

q and define with respect to the natural field of frames {∂xi , ∂yi , ∂z} a
(1, 1) tensor field φ by its matrix

(φ) =

⎛⎝ 0n, n In 0n, 1

− In 0n, n 0n, 1

01, n εaya 0

⎞⎠ .

The 1-form η is defined by

η =
ε

2

(
dz +

s∑
i=1

yidxi −
n∑

i′=r+1

yi′ dxi′
)
, if s �= 0

and η = ε
2

(
dz −∑n

1 y
i dxi

)
, if s = o. The characteristic vector field is ξ = 2ε∂z.

It is easy to check that (φ, ξ, η) is an (ε)-almost contact structure on R2n+1
q for

each s. Define a semi-Riemannian metric g by the matrix

(g) =
ε

4

⎛⎜⎜⎜⎜⎝
−δij + yiyj −yiyj′ 0s,s Os,n−s yi

−yiyj′ δi′j′ + yi′yj′ 0n−s,s On−s,n−s − yi′

Os,s Os,n−s −Is Os,n−s Os,1

0n−s,s On−s,n−s 0n−s,s In−s On−s,1

yi −yi′ O1,s O1,n−s I

⎞⎟⎟⎟⎟⎠
for s �= 0, and for s = 0 we get

(g) =
ε

4

⎛⎝ −δij + yiyj 0n,n yi

On,n In On,1

yi O1,n I

⎞⎠ .

An orthonormal field of frames with respect to the above metric is⎧⎨⎩
Ei = 2 ∂yi , Ei′ = 2 ∂yi′ ,

φEi = 2 (∂xi − yi ∂z),
φEi′ = 2 (∂xi + yi ∂z), ξ

⎫⎬⎭ .



310 Chapter 7. Submanifolds of indefinite Sasakian manifolds

It is easy to check that the above data provides an (ε)-Sasakian structure onR2n+1
q

for any s ∈ {0, . . . , n}. In case s = 0 and ε = 1 we get the classical Sasakian
structure on R2n+1. If s �= 0, then, we either get a spacelike Sasakian structure
on R2n+1

2s for ε = 1 or a timelike Sasakian structure on R2n+1
2(n−s)+1 for ε = −1. In

particular, for s = n and ε = −1 we get a Lorentzian Sasakian structure.
Contact CR-submanifolds. By using the contact metric structure on a Sasakian
manifold, one may define invariant and anti-invariant submanifolds, contact CR-
submanifolds and slant submanifolds of Sasakian manifolds corresponding to com-
plex submanifolds, totally real submanifolds, CR-submanifolds and slant subman-
ifolds of Kählerian manifolds. In [411], Yano and Kon introduced the notion of
a contact CR-submanifold of a Sasakian manifold which is closely similar to the
one of a CR-submanifold of a Kählerian manifold defined by Bejancu. Note that
contact CR-submanifolds were also defined by Bejancu and Papaghiuc [54], under
the name of semi-invariant submanifolds.

Let (M̄, ḡ) be a (2m+ 1)-dimensional Sasakian manifold with structure ten-
sors (φ̄, V, η̄, ḡ). Consider a submanifold M of M̄ with induced metric tensor field
g. First of all, we have:

Proposition 7.1.8. [412] Let M be an n-dimensional submanifold of a (2m + 1)-
dimensional Sasakian manifold M̄ . If the structure vector field V is normal to M ,
then, M is anti-invariant with respect to φ̄, that is, φ̄(TxM) ⊂ Tx(M)⊥ for each
point x of M , and m ≥ n.

It follows from the above proposition that to study a variety of submanifolds
of contact manifolds one must assume that M is an n-dimensional submanifold,
tangent to the structure vector field V , of a (2m+1)-dimensional Sasakian manifold
M̄ . Then, for any vector field X tangent to M , we put

φ̄X = PX + FX, (7.1.9)

where PX is the tangential part of φ̄X and FX is the normal part of φ̄X . Similarly,
for any vector field N normal to M, we put

φ̄N = tN + fN, (7.1.10)

where tN is the tangential part of φ̄N and fN is the normal part of φ̄N .

Definition 7.1.9. [411] LetM be a submanifold tangent to the structure vector field
V and isometrically immersed in a Sasakian manifold M̄ . ThenM is a contact CR-
submanifold of M̄ if there exists a differentiable distribution D : x −→ Dx ⊂ TxM
on M satisfying the following conditions:

1. D is invariant with respect to φ̄, i.e., φ̄(Dx) ⊂ Dx for each x ∈M ,

2. the complementary orthogonal distribution D⊥ : x −→ D⊥x ⊂ TxM is anti-
invariant with respect to φ̄, i.e., φ̄(D⊥x ) ⊂ TxM

⊥ for each x ∈M .
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Set dim(M̄) = 2m + 1, dim(M) = 2n + 1, dim(D) = h, dim(D⊥) = p
and codim(M) = q. If p = 0, then, a contact CR-submanifold is an invariant
submanifold of M̄ . If h = 0, then,M is an anti-invariant submanifold of M̄ tangent
to the structure vector field V . If q = p, then, a contact CR-submanifold is called
a generic submanifold of M̄ . In this case, φ̄(TxM

⊥) ⊂ TxM for every point x of
M . If h > 0 and p > 0, then a contact CR-submanifold is said to be proper. Yano
and Kon obtained the following characterization:

Theorem 7.1.10. [411] In order for a submanifold M , tangent to the structure
vector field V , of a Sasakian manifold M̄ to be contact CR-submanifold, it is
necessary and sufficient that FP = 0.

They also proved the following:

Theorem 7.1.11. [411] Let M be an (n+ 1)-dimensional contact CR-submanifold
of a (2m+ 1)-dimensional Sasakian manifold M̄ . Then:

1. The distribution D⊥ is completely integrable and its maximal integral sub-
manifold is a q-dimensional anti-invariant submanifold of M̄ normal to V
or a (q + 1)-dimensional anti-invariant submanifold of M̄ tangent to V .

2. The distribution D is completely integrable if and only if

h(X,PY ) = h(Y, PX), ∀X,Y ∈ Γ(D).

Then ξ ∈ Γ(D), where h is the second fundamental form of M . Moreover, the
maximal integral submanifold of D is an (n + 1 − q)-dimensional invariant
submanifold of M̄ .

It is known that every odd-dimensional sphere S2m+1 has Sasakian structure.
In this case, we have the following:

Theorem 7.1.12. [411] Let M be an (n+ 1)-dimensional contact CR-submanifold
of a S2m+1 with flat normal connection. If the mean curvature vector of M is
parallel and PAN = ANP for any vector field N normal to M , then M is Sn+1

or
Sm1(r1)× . . .× Smk(rk), n+ 1 =

∑
i

mi,
∑

i

r2i , 2 ≤ k ≤ n+ 1

in some Sn+1+p, where m1, . . . ,mk are odd numbers

Let M be an (n + 1)-dimensional contact CR-submanifold of a Sasakian
manifold M̄ . Then, M has maximal contact CR-dimension in M̄ if dim(Dx) =
n − 1. In this case, if there is a non-zero vector U which is orthogonal to V and
contained in D⊥x , then N = φ̄U must be normal to M . In the case of M̄ =
S2m+1(1), we have the following:

Theorem 7.1.13. [320] Let M be an (n + 1)-dimensional contact CR-submanifold
of (n − 1) contact CR-dimension immersed in a (2m + 1)-unit sphere S2m+1.
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If the distinguished normal vector field N is parallel with respect to the normal
connection and the following equality h(X,PY ) = −h(PX, Y ) holds on M, then
M is locally isometric to S2n1+1(r1)× S2n2+1(r2) (r21 + r22 = 1) for some integers
n1, n2 with n1 + n2 =

(n−1)
2 .

If n ≥ 3, the above result was improved as follows:

Theorem 7.1.14. [260] Let M be an (n + 1)-dimensional (n ≥ 3) contact CR-
submanifold of (n− 1)-contact CR-dimension immersed in a (2m+1)-unit sphere
S2m+1. If the equality h(X,PY ) = −h(PX, Y ) holds on M, then M is locally
isometric to S2n1+1(r1) × S2n2+1(r2) (r21 + r22 = 1) for some integers n1, n2 with
n1 + n2 =

(n−1)
2 .

As in the complex case, a contact CR-submanifold of a Sasakian manifold
M̄ is called a contact CR-product, if it is locally a product of MT and M⊥, where
MT and M⊥ are the integral submanifolds of D ⊕ {V } and D⊥.

Theorem 7.1.15. [297] A contact CR-submanifold of a Sasakian manifold is a
contact CR-product if and only if

Aφ̄WX = η̄(X)W, ∀X ∈ Γ(D ⊕ {V }) and W ∈ Γ(D⊥).

If M̄ is a Sasakian space form, we have the following non-existence result.

Theorem 7.1.16. [297] There exists no contact CR-product of a Sasakian space
form M̄(c) with c < −3.

On totally umbilical submanifolds we quote the following result:

Proposition 7.1.17. [412] Let M be a submanifold, tangent to the structure vector
field V , of a Sasakian manifold M̄ . If M is totally umbilical, then M is totally
geodesic.

In fact, the above result tells us that the usual definition of totally umbilical
submanifolds does not work for submanifolds of Sasakian manifolds. Therefore,
we need the following definition.

Definition 7.1.18. [412] Let M be a submanifold, tangent to the structure vector
field V , of a Sasakian manifold M̄ . If the second fundamental form of a submanifold
is of the form

h(X,Y ) = [g(X,Y )− η̄(X)η̄(Y )]α + η̄(X)h(Y, V ) + η̄(Y )h(X,V ) (7.1.11)

for any vector fields X and Y tangent to M , α being a vector field normal to M ,
then, M is called a totally contact umbilical manifold.

It is easy to show that α = 1
n tr h = n+1

n H , where H denotes the mean
curvature vector of M . The notion of a totally contact umbilical submanifold
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of Sasakian manifolds corresponds to that of totally umbilical submanifolds of
Kählerian manifolds. If α = 0, that is, if h is of the form

h(X,Y ) = η̄(X)h(Y, V ) + η̄(Y )h(X,V ) (7.1.12)

then M is said to be totally contact geodesic.

Proposition 7.1.19. Let M be a totally contact umbilical submanifold, tangent to
the structure vector field V , of a Sasakian manifold M̄ . Then M is totally contact
geodesic if and only if M is minimal.

In particular, we have the next result for contact CR-submanifolds.

Theorem 7.1.20. [412] Let M be a totally contact umbilical proper contact CR-
submanifold of a Sasakian manifold. If dim(D⊥) > 2, then, M is totally contact
geodesic in M̄ .

There are many results on contact CR-submanifolds (also slant submanifolds)
of Sasakian manifolds (and other almost contact manifolds). We have quoted some
main results for such submanifolds in Riemannian Sasakian manifolds which are
needed to compare and understand their counterparts of lightlike geometry. For
those interested in knowing more about almost contact manifolds and their non-
degenerate contact CR-submanifolds, we recommend the following references: [7,
9, 11, 55, 56, 54, 65, 66, 67, 68, 69, 70, 78, 79, 84, 85, 86, 87, 88, 89, 117, 134, 184,
201, 209, 211, 226, 255, 258, 259, 265, 266, 271, 275, 277, 292, 299, 301, 303, 304,
313, 315, 338, 367, 374, 377, 386, 388, 399, 404, 413].

7.2 Lightlike hypersurfaces

In this section we present up-to-date results on lightlike hypersurfaces of almost
contact metric manifolds and indefinite Sasakian manifolds.

Let (M̄, φ̄, V, η, ḡ) be a (2m+1)-dimensional almost contact metric manifold,
where ḡ is a semi-Riemannian metric of index q, 0 < q < 2m+ 1. Let (M, g) be a
lightlike hypersurface of (M̄, ḡ). Then, for each ξp ∈ Γ(TM⊥) at p ∈ M, we have
ḡ(ξp, ξp) = 0. This implies that ξp ∈ Γ(TpM). On the other hand, (7.1.2) implies
that ḡ(ξp, φξp) = 0. Hence φ̄ξp is tangent to M . Thus, φ̄(TM⊥) is a distribution
on M of rank 1. Choose a screen distribution S(TM) of M such that it contains
φ̄ξ and V . Using (7.1.2), we have

ḡ(φ̄N, ξ) = −ḡ(N, φ̄ξ) = 0, ḡ(N, φ̄N) = 0,

where N ∈ Γ(tr(TM)). This implies that φ̄N is also tangent to M and belongs to
S(TM). Moreover, from (7.1.2) we get

ḡ(φ̄N, φ̄ξ) = 1.
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Thus φ̄(TM⊥) ⊕ φ̄(tr(TM)) is a non-degenerate vector sub-bundle of S(TM) of
rank 2. Then, there exists a non-degenerate distribution Do on M such that

S(TM) = {φ̄(TM⊥)⊕ φ̄(tr(TM))} ⊥ Do, (7.2.1)

where Do is an invariant distribution with respect to φ̄. Summing up the above
information, we obtain the decompositions

TM = {φ̄(TM⊥)⊕ φ̄(tr(TM))} ⊥ Do ⊥ {V } ⊕orth TM
⊥ (7.2.2)

and

TM̄ = {φ̄(TM⊥)⊕ φ̄(tr(TM))} ⊥ Do ⊥ {V } ⊥ {TM⊥ ⊕ tr(TM)}. (7.2.3)

At this point let (M̄, φ̄, V, η, ḡ) be an indefinite Sasakian manifold. Set

D = TM⊥ ⊕orth φ̄(TM⊥)⊕orth Do (7.2.4)

and
D′ = φ̄(tr(TM)). (7.2.5)

Then, it is obvious that D is invariant with respect to φ̄. Thus, we have the
decomposition:

TM = D ⊕D′. (7.2.6)

Now, consider local vector fields U = −φ̄N and W = −φ̄ξ. Then, any vector field
on M is expressed as

X = SX +QX, QX = u(X)U, (7.2.7)

where S and Q are the projection morphisms of TM to D and D′, respectively. u
is a 1-form locally defined on M by

u(X) = g(X,W ). (7.2.8)

Applying φ̄ to (7.2.7) and using (7.1.2) we get

φ̄X = φX + u(X)N, (7.2.9)

where φ is a tensor field of type (1, 1) defined on M by

φX = φ̄SX. (7.2.10)

Then, applying φ̄ to (7.2.9) and using (7.1.2) we obtain

φ2X = −X + η(X)V + u(X)U. (7.2.11)

Using Sasakian M̄, from (7.2.8),(7.2.9), (2.1.14) and (2.1.15) we derive

(∇Xφ)Y = η(Y )X − g(X,Y )V −B(X,Y )U + u(Y )ANX, (7.2.12)
(∇Xu)Y = −B(X,φY )− u(Y )τ(X), ∀X,Y ∈ Γ(TM). (7.2.13)
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Lemma 7.2.1. [254] Let M be a lightlike real hypersurface of an indefinite Sasakian
manifold M̄ .

1. If the vector field U is parallel, then, for X ∈ Γ(TM) we have

ANX = η(ANX)V + u(ANX)U, τ(X) = 0. (7.2.14)

2. If the vector field W is parallel, then

A∗ξX = η(A∗ξX)V + u(A∗ξX)U, τ(X) = 0. (7.2.15)

Proof. Taking U instead of Y in (7.2.12), we get

ANX = −φ̄(∇XU) + g(X,U)ξ −B(X,U)U. (7.2.16)

Applying φ to this equation and using (7.2.11), we have

φ(ANX) = ∇XU − η(∇XU)V − u(∇XU)U

for every X ∈ Γ(TM). Thus, if U is parallel, we obtain φ(ANX) = 0. Then from
(7.2.9), we get

φ̄(ANX) = u(ANX)N.

Applying φ̄ and using (7.1.1) we obtain the first equation of (7.2.14). Replacing
Y in (7.2.13) by U , we have (∇Xu)U = −u(U)τ(X). Then u(U) = 1 implies that
(∇Xu)U = −τ(X). Since (∇Xu)U = −u(∇XU) = 0, we get τ(X) = 0. Now
suppose that W is parallel. Replacing Y by ξ in (7.2.12) and using (2.1.16) we
obtain (∇Xφ)ξ = 0. Hence, we have

∇Xφ(ξ)− φ(∇Xξ) = 0.

Then, from (2.1.24) we derive

−∇XW + φ(A∗ξX + τ(X)ξ) = 0.

Since W is parallel, we arrive at

φ(A∗ξX + τ(X)ξ) = 0.

Hence we derive
φA∗ξX = τ(X)W.

Now, applying φ to this equation and using (7.2.11), we obtain

−A∗ξX + η(A∗ξX)V + u(A∗ξX)U = τ(X)φ(W ).

On the other hand, since φ(W ) = φ̄(W ) = −φ̄2(ξ) = ξ, we derive

−A∗ξX + η(A∗ξX)V + u(A∗ξX)U = τ(X)ξ.

Taking the screen and radical parts of this equation, we obtain (7.2.15). �
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From Lemma 7.2.1, we have the following result.

Corollary 7.2.2. [254] Let M be a lightlike real hypersurface of an indefinite Sasak-
ian manifold M̄ such that U and W are parallel vector fields with respect to ∇.
Then for any point p ∈ M the type numbers of M and S(TM) satisfy t(p) ≤ 2
and t∗(p) ≤ 2, respectively.

The next result indicates that the integrability of all distributions involved
in the study of lightlike real hypersurfaces is characterized by both second funda-
mental forms of M and S(TM).

Proposition 7.2.3. Let M be a lightlike hypersurface of an indefinite Sasakian man-
ifold M̄ . Then:

(i) TM⊥ ⊕orth φ̄(TM⊥) is integrable if and only if

B(X,Y ) = 0, ∀X ∈ Γ(φ̄(TM⊥)), Y ∈ Γ(φ̄(TM⊥)⊕orth Do). (7.2.17)

(ii) TM⊥ ⊕orth φ̄(TM⊥)⊕orth {V } is integrable if and only if (7.2.17) holds.

(iii) φ̄(tr(TM))⊕ φ̄(TM⊥) is integrable if and only if

C(U,W ) = C(W,U) (7.2.18)

and
B(U, φ̄X) = C(W, φ̄X), ∀X ∈ Γ(Do). (7.2.19)

(iv) Do is integrable if and only if

C(X,Y ) = C(Y,X), (7.2.20)
C(X, φ̄Y ) = C(Y, φ̄X), (7.2.21)
B(X, φ̄Y ) = B(Y, φ̄X), (7.2.22)

for any X,Y ∈ Γ(Do).

(v) TM⊥ ⊕orth Do is integrable if and only if (7.2.21) and (7.2.22) hold,

B(X,W ) = 0, ∀X ∈ Γ(Do) (7.2.23)

and
C(ξ, φ̄X) +B(X,U) = 0. (7.2.24)

(vi) φ̄(TM⊥)⊕orth Do is integrable if and only if (7.2.20) and (7.2.21) hold,

C(U, φ̄X) = 0 (7.2.25)

and
C(X,U) = C(U,X), ∀X ∈ Γ(Do). (7.2.26)
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(vii) φ̄(tr(TM))⊕orth Do is integrable if and only if (7.2.20) and (7.2.21) hold,

C(U, φ̄X) = 0 (7.2.27)

and
C(X,U) = C(U,X), ∀X ∈ Γ(Do). (7.2.28)

(viii) D is integrable if and only if (7.2.22) and (7.2.23) hold and

B(W,W ) = 0. (7.2.29)

(ix) φ̄(tr(TM))⊕orth TM
⊥⊕orth Do is integrable if and only if (7.2.21), (7.2.24)

and (7.2.25) hold and
B(U,U) = 0. (7.2.30)

For totally umbilical lightlike hypersurfaces we first have the following result:

Theorem 7.2.4. [254] Let M be a totally umbilical lightlike hypersurface of an indef-
inite Sasakian space form M̄(c). Then c = 1 and ρ satisfies the partial differential
equations

ξ(ρ) + ρτ(ξ) − ρ2 = 0 (7.2.31)

and
PX(ρ) + ρτ(PX) = 0, ∀X ∈ Γ(TM). (7.2.32)

Proof. From (7.1.5), we have

4ḡ(R̄(X,Y )Z, ξ) = (c− 1){ḡ(φ̄Y, Z)ḡ(φ̄X, ξ) + ḡ(φ̄Z,X)ḡ(φ̄Y, ξ)
− ḡ(φ̄X, Y )ḡ(φ̄Z, ξ)}

for any X,Y, Z ∈ Γ(TM). Then from (2.4.6) and using (7.2.8), we obtain

(∇XB)(Y, Z)− (∇Y B)(X,Z) =
c− 1
4

{ḡ(φ̄Y, Z)u(X) + ḡ(φ̄Z,X)u(Y )

− 2ḡ(φ̄X, Y )u(Z)}+ τ(Y )B(X,Z)
− τ(X)B(Y, Z). (7.2.33)

Replacing X,Y, Z in (7.2.33) by PX, ξ, PZ, respectively, we deduce

(∇PXB)(ξ, PZ)− (∇ξB)(PX,PZ) =
c− 1
4

{ḡ(φ̄ξ, PZ)u(PX)

− 2ḡ(φ̄PX, ξ)u(PZ)}+ τ(ξ)B(PX,PZ)
− τ(PX)B(ξ, PZ).

Since M is umbilical, we get

− ρg(∇PXξ, PZ)− ξ(ρg(PX,PZ)) + ρg(∇ξPX,PZ) + ρg(PX,∇ξPZ)

=
c− 1
4

{−3u(PZ)u(PX)}+ τ(ξ)ρg(PX,PZ).



318 Chapter 7. Submanifolds of indefinite Sasakian manifolds

Then, by direct calculations, using (2.1.24) and (2.5.1), we get

((ρ)2 − ξ(ρ)− ρτ(ξ))g(PX,PZ) =
c− 1
4

{−3u(PZ)u(PX)}.

Now, taking PX = PZ = U, we obtain c = 1. On the other hand, substituting
X = ξ, Y = PY and Z = PY in (7.2.33) with c = 1, we derive

{ξ(ρ)− ρ2 + ρτ(PX)}g(PY, PY ) = 0

which is (7.2.31) due to g(PY, PY ) �= 0 for at least one Y ∈ Γ(TM). Finally,
substituting X = PX, Y = PY and Z = PZ into (7.2.33) with c = 1 and taking
into account that S(TM) is non-degenerate, we get

{PX(ρ) + ρτ(PX)}PY = {PY (ρ) + ρτ(PY )}PX. (7.2.34)

Suppose there exists a vector field X ′ on some neighborhood of M such that
PX ′(ρ) + ρτ(PX ′) �= 0 at some point p in the neighborhood. Then, from (7.2.34)
it follows that all vectors of the fiber S(TpM) are collinear with (PX ′)p. This
contradicts dimS(TpM) > 1. Therefore, (7.2.32) holds which completes the proof.

�
From Theorem 7.2.4, we obtain the following result.

Corollary 7.2.5. There exists no totally umbilical lightlike hypersurface of indefinite
Sasakian space forms M̄(c) with c �= 1.

7.3 Invariant submanifolds

Let
(
M, g, S(TM), S(TM⊥)

)
be a lightlike submanifold of an indefinite almost

metric manifold (M̄, ḡ). We put

φX = PX + FX, ∀X ∈ Γ(TM), (7.3.1)

where PX and FX are the tangential and the transversal parts of φX respectively.
Moreover, P is skew symmetric on S(TM).

Lemma 7.3.1. Let M be a lightlike submanifold of an indefinite almost metric
manifold M̄ . If V is tangent to M , then the structure vector field V does not
belong to RadTM .

Proof. Suppose M is a lightlike submanifold and V ∈ Γ(RadTM). Then, there
exists a vector field N ∈ Γ(ltr(TM)) such that g(N,V ) = 1( or at least �= 0). On
the other hand, from (7.1.6) we have

ḡ(φN, φV ) = ḡ(V,N)− η(V )η(N).

Since V is null and φV = 0 we obtain

g(V,N) = 0.

This is a contradiction which proves our assertion. �
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The above lemma (also see [88]) implies that ifM is tangent to the structure
vector field V , then, V belongs to S(TM). Using this, we say thatM is an invariant
submanifold of M̄ if M is tangent to the structure vector field V and

φ̄(RadTM) = RadTM, φ̄(STM)) = S(TM). (7.3.2)

From (7.1.7), (7.1.8), (7.3.2) and (5.1.15) we get

hl(X,V ) = 0, hs(X,V ) = 0, ∇XV = PX, (7.3.3)
h(X,φY ) = φh(X,Y ) = h(φX, Y ), ∀X,Y ∈ Γ(TM). (7.3.4)

Proposition 7.3.2. Let
(
M, g, S(TM), S(TM⊥)

)
be an invariant lightlike subman-

ifold of an indefinite Sasakian manifold. If the second fundamental forms hl and
hs of M are parallel then M is totally geodesic.

Proof. Suppose hl is parallel. Then, we have

(∇Xh
l)(Y, V ) = ∇Xh

l(Y, V )− hl(∇XY, V )− hl(Y,∇XV ) = 0.

Thus, using (7.3.3) we have hl(Y, PX) = 0. Similarly, we have hs(Y, PX) = 0,
which completes the proof. �

Theorem 7.3.3. Let
(
M, g, S(TM), S(TM⊥)

)
be an invariant lightlike submanifold

of codimension two of an indefinite Sasakian manifold. Then, RadTM defines a
totally geodesic foliation on M . Moreover, M = M1 ×M2 is a lightlike product
manifold if and only if h∗ = 0, where M1 is a leaf of the radical distribution and
M2 is a semi-Riemannian manifold.

Proof. Since rank(RadTM) = 2, ∀X,Y ∈ Γ(RadTM) we can write X , Y as
linear combinations of ξ and φξ, i.e., X = A1ξ+B1φξ, Y = A2ξ+B2φξ. Thus by
direct calculations, using (5.1.15) we obtain

g(∇XY, P̄Z) = −A2A1ḡ(ξ, hl(ξ, P̄Z))−A2B1ḡ(hl(φξ, P̄Z), ξ)

−B2A1ḡ(φξ, hl(ξ, P̄Z))−B2B1ḡ(hl(φξ, P̄Z), φξ).

Now, by using (5.1.33) and (7.3.4) we derive g(∇XY, P̄Z) = 0. This shows that
RadTM defines a totally geodesic foliation. Then, the proof of the theorem follows
from Theorem 5.1.6. �

Theorem 7.3.4. Let
(
M, g, S(TM), S(TM⊥)

)
be an invariant lightlike submanifold

of codimension two of an indefinite Sasakian manifold M̄ . Suppose (M ′, g′) is a
non-degenerate submanifold of M̄ such that M ′ is a leaf of integrable S(TM). Then
M is totally geodesic, with an induced metric connection if M ′ is so immersed as
a submanifold of M̄ .
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Proof. Since dim(RadTM) = dim(ltr(TM)) = 2, hl(X,Y ) = A1N+B1φN , where
A1 and B1 are functions on M . Thus hl(X, ξ) = 0 iff ḡ(hl(X, ξ), ξ) = 0 and
ḡ(hl(X, ξ), φξ) = 0, ∀X ∈ Γ(TM) and ξ ∈ Γ(RadTM). From (5.1.33) we have
ḡ(hl(X, ξ), ξ) = 0. Using (7.3.4) we get ḡ(hl(X, ξ), φξ) = −ḡ(hl(φX, ξ), ξ) = 0.
Similarly, hl(X,φξ) = 0. For M ′, we write

∇̄XY = ∇′XY + h′(X,Y ), ∀X,Y ∈ Γ(TM ′),

where ∇′ is a metric connection on M ′ and h′ is the second fundamental form of
M ′. Thus, h′(X,Y ) = h∗(X,Y ) + hl(X,Y ), ∀X,Y ∈ Γ(TM ′). Also, g(X,Y ) =
g′(X,Y ), ∀X,Y ∈ Γ(TM), which completes the proof. �

Theorem 7.3.5. Let
(
M, g, S(TM), S(TM⊥)

)
be a lightlike submanifold, tangent

to the structure vector field V , of an indefinite Sasakian manifold (M̄, ḡ). If M is
totally umbilical, then, M is totally geodesic.

Proof. Using (7.1.8), (5.1.15), (7.3.1) and the transversal parts we get

hs(X,V ) + hl(X,V ) = −FX, ∀X ∈ Γ(TM). (7.3.5)

φV = 0 implies PV = 0 and FV = 0. Thus from (7.3.5) we have hl(V, V ) = 0
and hs(V, V ) = 0. Now M totally umbilical, V non-null and (5.3.7), (5.3.8) imply
hl = 0 and hs = 0. Thus, M is totally geodesic which completes the proof. �

Theorem 7.3.6. Let M be an invariant lightlike submanifold of an indefinite Sasak-
ian manifold M̄ . Then M is minimal in M̄ if and only if Dl(X,W ) = 0 for
X ∈ Γ(RadTM) and W ∈ Γ(S(TM)).

Proof. If M is invariant, then φRadTM = RadTM and φS(TM) = S(TM),
hence φ(ltr(TM)) = ltrTM and φS(TM⊥) = STM⊥. Then using (7.3.2), (5.1.15)
and taking transversal parts, we obtain

h(φX, Y ) = φh(X,Y )

for X,Y ∈ Γ(TM). Hence we get h(φX, φY ) = −h(X,Y ). Thus

trh |S(TM) =
m−2r∑
i=1

εi{h(ei, ei) + h(φei, φei)}

=
m−2r∑
i=1

εi{h(ei, ei)− h(ei, ei)} = 0.

On the other hand, from (5.1.28) we get ḡ(hs(X,Y ),W ) = ḡ(Dl(X,W ), Y ) for
X,Y ∈ Γ(RadTM) and W ∈ Γ(S(TM⊥). The proof follows from Definition 5.4.1
and Proposition 5.1.3. �
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7.4 Contact CR-lightlike submanifolds

Let
(
M,S(TM), S(TM⊥)

)
be a lightlike submanifold of an indefinite Sasakian

manifold M̄ . The next definition is a generalization of lightlike real hypersurfaces
of indefinite Sasakian manifolds.

Definition 7.4.1. Let
(
M, g, S(TM), S(TM⊥)

)
be a lightlike submanifold, tan-

gent to the structure vector field V , immersed in an indefinite Sasakian manifold
(M̄, ḡ). We say that M is a contact CR-lightlike submanifold of M̄ if the following
conditions are satisfied:

(A) RadTM is a distribution on M such that RadTM ∩ φ(RadTM) = {0}.
(B) There exist vector bundles D0 and D′ over M such that

S(TM) = {φ(RadTM)⊕D′} ⊥ Do ⊥ V,

φDo = Do, φ(D′) = L1 ⊕orth ltr(TM),

where D0 is non-degenerate and L1 is a vector sub-bundle of S(TM⊥).

Thus, we have the decomposition

TM = {D ⊕D′} ⊥ V, D = RadTM ⊕orth φ(RadTM)⊕orth Do. (7.4.1)

A contact CR-lightlike submanifold is proper if Do �= {0} and L1 �= {0}. It follows
that any contact CR-lightlike 3-dimensional submanifold is 1-lightlike.

Example 1. Let M be a lightlike hypersurface of an indefinite Sasakian manifold
M̄ . For ξ ∈ Γ(RadTM), we have ḡ(φ ξ, ξ) = 0. Hence, φ ξ ∈ Γ(TM). Thus,
we get a rank 1 distribution φ(TM⊥) on M such that φ(TM⊥) ∩ TM⊥ = {0}.
This enables us to choose a screen S(TM) such that it contains φ(TM⊥) as a
vector sub-bundle. Consider N ∈ Γ(ltr(TM)) to obtain ḡ(φN, ξ) = −ḡ(N,φ ξ) = 0
and ḡ(φN,N) = 0. Thus, φN ∈ Γ(STM). Taking D′ = φ(tr(TM)), we obtain
S(TM) = {φ(TM⊥) ⊕ D′} ⊥ Do, where Do is a non-degenerate distribution.
Moreover φ(D′) = tr(TM). Hence M is a Contact CR-lightlike hypersurface.

From now on, (R2m+1
q , φo, V, η, ḡ) will denote the manifold R2m+1

q with its
usual Sasakian structure given by

η =
1
2
(dz −

m∑
i=1

yidxi), V = 2∂ z,

ḡ = η ⊗ η +
1
4
(−

q
2∑

i=1

dxi ⊗ dxi + dyi ⊗ dyi +
m∑

i=q+1

dxi ⊗ dxi + dyi ⊗ dyi),

φo(
m∑

i=1

(Xi∂ x
i + Yi ∂ y

i) + Z ∂ z) =
m∑

i=1

(Yi∂ x
i −Xi ∂ y

i) +
m∑

i=1

Yiy
i ∂ z,
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where (xi; yi; z) are the Cartesian coordinates. The above construction will help in
understanding how the contact structure is recovered in the next three examples.

Example 2. Let M̄ = (R9
2, ḡ) be a semi-Euclidean space, where ḡ is of signature

(−,+,+,+,−,+,+,+,+) with respect to the canonical basis

{∂x1, ∂x2, ∂x3, ∂x4, ∂y1, ∂y2, ∂y3, ∂y4, ∂z}.

Suppose M is a submanifold of R9
2 defined by

x1 = y4, x2 =
√
1− (y2)2, y2 �= 1.

It is easy to see that a local frame of TM is given by

Z1 = 2(∂ x1 + ∂ y4 + y1∂ z), Z2 = 2(∂ x4 − ∂ y1 + y4∂ z),

Z3 = ∂ x3 + y3∂ z, Z4 = ∂ y3, Z5 = − y
2

x2
∂ x2 + ∂ y2 −

(y2)2

x2
∂ z,

Z6 = ∂ x4 + ∂ y1 + y4∂ z, Z7 = V = 2∂ z.

Hence RadTM = Span{Z1}, φo RadTM = Span{Z2} and RadTM∩φo RadTM
= {0}. Thus (A) holds. Next, φo(Z3) = −Z4 implies D0 = {Z3, Z4} is invariant
with respect to φo. By direct calculations, we get

S(TM⊥) = Span{W = ∂ x2 +
y2

x2
∂ y2 + y2 ∂ z} such that φo (W ) = −Z5

and ltr(TM) is spanned by N = −∂ x1 + ∂ y4 − y1∂ z such that φo (N) = Z6.
Hence M is a contact CR-lightlike submanifold.

LetM be isotropic or totally lightlike. Then, S(TM) = {0}. Hence conditions
(A) and (B) of Definition 7.4.1 are not satisfied. Thus it follows that there exist
no isotropic or totally lightlike contact CR-lightlike submanifolds.

Proposition 7.4.2. Let M be a proper contact CR-lightlike submanifold of an in-
definite Sasakian manifold M̄ . Then, D and D′ ⊕D are not integrable.

Proof. Suppose D is integrable. Then g([X,Y ], V ) = 0, for X,Y ∈ Γ(D). On the
other hand, from (5.1.23) we derive

g([X,Y ], V ) = ḡ(∇̄XY, V )− ḡ(∇̄Y X,V ).

Then, ∇̄ is a metric connection and using (7.1.8), we have g([X,Y ], V ) = g(Y, φX)
− g(φY,X). Hence, g([X,Y ], V ) = −2g(φY,X). Since M is proper and Do is non-
degenerate we can choose non-null vector fields X ,Y ∈ Γ(D) such that g(Y, φX) �=
0, which is a contradiction soD is not integrable. Similarly,D′⊕D is not integrable
which completes the proof. �



7.4. Contact CR-lightlike submanifolds 323

Denote the orthogonal complement sub-bundle to the vector sub-bundle L1

in S(TM⊥) by L⊥1 . For a contact CR-lightlike submanifold M we put

φX = fX + ωX, ∀X ∈ Γ(TM), (7.4.2)

where fX ∈ Γ(D) and ωX ∈ Γ(L1 ⊕orth ltr(TM)). Similarly, we have

φW = BW + CW, ∀W ∈ Γ(S(TM⊥) (7.4.3)

where BW ∈ Γ(φL1) and CW ∈ Γ(L⊥1 ).

Proposition 7.4.3. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then, D ⊕orth V is integrable if and only if

h(X,φY ) = h(φX, Y ), ∀X,Y ∈ Γ(D ⊕orth V ).

Proof. From (5.1.21), (7.4.2), (7.4.3), (7.1.7) and transversal parts, we get that
ω(∇XY ) = C hs(X,Y ) + h(X,φY ), ∀X,Y ∈ Γ(D ⊕orth V ). Thus, ω [X,Y ] =
h(X,φY )− h(φX, Y ), ∀X,Y ∈ Γ(D ⊕orth V ) which completes the proof. �
Proposition 7.4.4. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then D⊕orth V is a totally geodesic foliation if and only if

hl(X,φY ) = 0, and hs(X,Y ) has no components in L1. (7.4.4)

Proof. By Definition 7.4.1, D ⊕orth V is a totally geodesic foliation if and only if
g(∇XY, φξ) = g(∇XY,W ) = 0 for X,Y ∈ Γ(D ⊕orth V ) and W ∈ Γ(φL1). From
(5.1.15) we have g(∇XY, φξ) = −ḡ(φ∇̄XY, ξ). Using (7.1.7) and (5.1.15) we get

g(∇XY, φ ξ) = −ḡ(hl(X,φY ), ξ). (7.4.5)

In a similar way, we derive

g(∇XφY,W ) = −g(hs(X,Y ), φW ). (7.4.6)

Thus, from (7.4.5) and (7.4.6) we obtain (7.4.4) which completes the proof. �
Proposition 7.4.5. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then, D′ is a totally geodesic foliation if and only if ANZ
has no components in φL1 ⊥ φ(RadTM) and Aφ WZ has no components in Do ⊥
RadTM for Z,W ∈ Γ(D′).

Proof. Note that D′ defines a totally geodesic foliation if and only if

ḡ(∇ZW,N) = g(∇ZW,φN) = g(∇ZW,X) = g(∇ZW,V ) = 0,

Z,W ∈ Γ(D′), N ∈ Γ(ltr(TM)) and X ∈ Γ(Do). From (7.1.8) and (5.1.21) we get

g(∇ZW,V ) = 0. (7.4.7)
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On the other hand, ∇̄ is a metric connection and (5.1.21) implies

ḡ(∇ZW,N) = g(W,ANZ). (7.4.8)

By using (7.1.8), (7.1.7), (5.1.28) and (7.4.1) we obtain

g(∇ZW,φN) = g(Aφ WZ,N). (7.4.9)

In a similar way we have

g(∇ZW,φX) = g(AφWZ,X). (7.4.10)

Thus the proof follows from(7.4.8)- (7.4.10). �
We say that M is a contact CR-lightlike product if D ⊕orth V and D′ de-

fine totally geodesic foliations in M . This concept is consistent with the classical
definition of product manifolds.

Theorem 7.4.6. Let M be an irrotational contact CR-lightlike submanifold of an
indefinite Sasakian manifold M̄ . Then, M is a contact CR-lightlike product if the
following conditions are satisfied:

(1) ∇̄XU ∈ Γ(S(TM⊥)), ∀X ∈ Γ(TM) and U ∈ Γ(tr(TM)).

(2) A∗ξY has no components in Do ⊕ φ(ltr(TM)), Y ∈ Γ(D).

Proof. If (1) holds, then from (5.1.21) and (5.1.23) we have ANX = 0, AWX = 0
and Dl(X,W ) = 0, for X ∈ Γ(TM), W ∈ Γ(S(TM⊥)). These equations imply
that D′ defines a totally geodesic foliation. From (5.1.28) we get ḡ(hs(X,Y ),W ) =
−ḡ(Y,Dl(X,W )) = 0. Hence, hs(X,Y ) has no components in L1. Then, from
(5.1.32) and M irrotational we have ḡ(hl(X,φY ), ξ) = −ḡ(φY,A∗ξX) for X ∈
Γ(TM) and Y ∈ Γ(D). Hence, if (2) holds then hl(X,φY ) = 0. Thus, using
Propositions 7.4.4 and 7.4.5 we conclude thatM is a contact CR-lightlike product,
which completes the proof. �

From Theorem 7.3.5, it follows that any totally umbilical lightlike subman-
ifold, tangent to the structure vector field V , of an indefinite Sasakian manifold
is always invariant and totally geodesic. This tells that there are no totally um-
bilical lightlike submanifolds of indefinite Sasakian manifolds other than invariant
lightlike submanifolds. Hence, the usual definition of totally umbilical lightlike
submanifolds does not work for submanifolds of indefinite Sasakian manifolds.
Therefore, as in Section 1, we give the following definition.

Definition 7.4.7. If the second fundamental form h of a submanifold, tangent to
the structure vector field V , of an indefinite Sasakian manifold M̄ is of the form

h(X,Y ) = [g(X,Y )− η(X)η(Y )]α+ η(X)h(Y, V ) + η(Y )h(X,V ), (7.4.11)

for any X,Y ∈ Γ(TM), where α is a vector field transversal to M , then M is
called totally contact umbilical and totally contact geodesic if α = 0.
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The above definition also holds for a lightlike submanifold M . For a totally
contact umbilical M we have

hl(X,Y ) = [g(X,Y )− η(X)η(Y )]αL

+ η(X)hl(Y, V ) + η(Y )hl(X,V ), (7.4.12)
hs(X,Y ) = [g(X,Y )− η(X)η(Y )]αS

+ η(X)hs(Y, V ) + η(Y )hs(X,V ), (7.4.13)

where αS ∈ Γ(S(TM⊥)) and αL ∈ Γ(ltr(TM)).

Lemma 7.4.8. Let M be a totally contact umbilical proper contact CR-lightlike
submanifold of an indefinite Sasakian manifold M̄ . Then αL = 0.

Proof. Let M be a totally contact umbilical proper contact CR-lightlike subman-
ifold. Then, by direct calculations, using (5.1.15),(5.1.23), (7.1.7) and taking the
tangential parts we have

Aφ ZZ + f∇ZZ + φhl(Z,Z) +B hs(Z,Z) = g(Z,Z)V (7.4.14)

for Z ∈ Γ(φL1). Hence, we obtain ḡ(Aφ ZZ, φξ)+ ḡ(hl(Z,Z), ξ) = 0. Using (5.1.28)
we get g(hs(Z, φξ), φZ) + ḡ(hl(Z,Z), ξ) = 0. Thus, from (7.4.12) and (7.4.13) we
derive −g(Z,Z)ḡ(αL, ξ) = 0. Since φL1 is non-degenerate we get αL = 0, which
completes the proof. �

Theorem 7.4.9. Let M be a totally contact umbilical proper contact CR-lightlike
submanifold of an indefinite Sasakian manifold M̄ . Then either M is totally con-
tact geodesic or dim(φL1) = 1.

Proof. Assume M proper totally contact umbilical. (7.1.7), (5.1.15), (7.4.3) and
(7.4.4) imply ω∇XX + Chs(X,X) = 0 for X ∈ Γ(Do). Hence,

hs(X,X) ∈ Γ(L1). (7.4.15)

From (7.4.14) and (5.1.28) we have ḡ(hs(Z,Z), φW ) = ḡ(hs(Z,W ), φZ) for Z,W ∈
Γ(φL1). Since M is totally contact umbilical we obtain

g(Z,Z)ḡ(αS , φW ) = g(Z,W )ḡ(αS , φZ).

Interchanging role Z and W and subtracting we derive

ḡ(αS , φZ) =
g(Z,W )2

g(Z,Z)g(W,W )
ḡ(αS , φZ). (7.4.16)

Considering (7.4.15) the equation (7.4.16) has solutions if either (a) dim(L1) = 1,
or (b) αS = 0. Thus the proof follows from Lemma 7.4.8. �
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We know [45] that CR-submanifolds of Kähler manifolds were designed as
a generalization of both invariant and totally real submanifolds. Therefore, it is
important to know whether contact CR-lightlike submanifolds admit invariant
submanifolds (discussed in section 3) and are there any real submanifolds. To
investigate this we need the following definition:

Definition 7.4.10. [161] We say that a lightlike submanifold M , of an indefinite
Sasakian manifold M̄ , is screen real submanifold if Rad(TM) and S(TM) are,
respectively, invariant and anti-invariant with respect to φ.

Proposition 7.4.11. Contact CR-lightlike submanifolds are non-trivial.

Proof. Suppose M is an invariant lightlike submanifold of an indefinite Sasakian
manifold. Then we can easily see that radical distribution is invariant. Thus con-
dition (A) of Definition 7.4.1 is not satisfied. Similarly, one can prove the screen
real lightlike case is not possible. �

7.5 Contact SCR-lightlike submanifolds

We know from Proposition 7.4.11 that contact CR-lightlike submanifolds exclude
the invariant and the screen real subcases and, therefore, do not serve the central
purpose of introducing a CR-structure. To include these two subcases, we introduce
a new class, called a contact screen Cauchy Riemann (SCR)-lightlike submanifold
as follows:

Definition 7.5.1. [161] Let M be a lightlike submanifold, tangent to the structure
vector field V , of an indefinite Sasakian manifold M̄ . We say that M is a contact
SCR-lightlike submanifold of M̄ if the following holds:

1. There exist real non-null distributions D and D⊥ such that

S(TM) = D ⊥ D⊥ ⊥ V, φ(D⊥) ⊂ (S(TM⊥)), D ∩D⊥ = {0}

where D⊥ is orthogonal complementary to D ⊥ V in S(TM).

2. The distributions D and Rad(TM) are invariant with respect to φ.

It follows that ltr(TM) is also invariant with respect to φ. Hence we have

TM = D̄ ⊕orth D
⊥ ⊥ V, D̄ = D ⊕orth Rad(TM). (7.5.1)

Denote the orthogonal complement to φ(D⊥) in S(TM⊥) by μ. We say that M
is a proper contact SCR-lightlike submanifold of M̄ if D �= {0} and D⊥ �= {0}.
Note the following features of a contact SCR-lightlike submanifold:

1. Condition 2. implies that dim(RadTM) = r = 2p ≥ 2.

2. For properM , 2. implies dim(D) = 2s ≥ 2, dim(D⊥) ≥ 1. Thus, dim(M) ≥ 5,
dim(M̄) ≥ 9.
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For any X ∈ Γ(TM) and any W ∈ Γ(S(TM⊥)) we put

φX = P ′X + F ′X, φW = B′W + C′W, (7.5.2)

where P ′X ∈ Γ(D̄), F ′X ∈ Γ(φD⊥), B′W ∈ Γ(D⊥) and C ′ V ∈ Γ(μ).

Example 3. Let M be a submanifold of R9
2, defined by

x1 = x2, y1 = y2, x4 =
√
1− (y4)2.

It is easy to see that a local frame of TM is given by

Z1 = ∂ x1 + ∂ x2 + (y1 + y2)∂ z, Z2 = ∂ y1 + ∂ y2,

Z3 = ∂ x3 + y3 ∂ z, Z4 = ∂ y3,

Z5 = −y4 ∂ x4 + x4 ∂ y4 − (y4)2 ∂ z, V = 2 ∂ z.

Hence RadTM = Span{Z1, Z2} and φo(Z1) = −Z2. Thus RadTM is invariant
with respect to φo. Also, φo(Z3) = −Z4 implies D = Span{Z3, Z4}. By direct
calculations, we get S(TM⊥) = Span{W = x4 ∂ x4 + y4 ∂ y4+ x4 y4∂ z} such that
φo (W ) = −Z5 and ltr(TM) is spanned by

N1 = 2(−∂ x1 + ∂ x2 + (−y1 + y2)∂ z), N2 = 2(−∂ y1 + ∂ y2).

It follows that φo(N2) = N1. Thus ltr(TM) is also invariant. Hence,M is a contact
SCR-lightlike submanifold.

The following results can be easily proved by direct use of Definition 7.5.1.

(1) A contact SCR-lightlike submanifold of M̄ is invariant ( resp., screen real) if
and only if D⊥ = {0}. (resp. D = {0}).

(2) Any contact SCR-coisotropic, isotropic and totally lightlike submanifold of
M̄ is an invariant lightlike submanifold. Consequently, there exist no proper
contact SCR or screen real coisotropic or isotropic or totally lightlike sub-
manifolds of M̄ .

Theorem 7.5.2. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then the induced connection ∇ is a metric connection if
and only if the following hold:

(1) hs(X, ξ) has no components in φ(D⊥),

(2) A∗ξX has no components in D, ∀X ∈ Γ(TM), ξ ∈ Γ(RadTM).

Proof. From (7.1.7) we obtain ∇̄Xφξ = φ∇̄Xξ. Then using (5.1.15), (5.1.27),
(7.5.2), we get

∇Xφξ = B′hs(X, ξ) + φ∇∗t
Xξ − P ′A∗ξX. (7.5.3)

We know that the induced connection is a metric connection if and only if RadTM
is parallel with respect to ∇. Suppose that RadTM is parallel. Then, from (7.5.3)
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we have B′hs(X, ξ) = 0 and P ′A∗ξX = 0. Hence hs(X, ξ) has no components in
φ(D⊥) and A∗ξX has no components in D. Conversely, assume that (1) and (2)
are satisfied. Then, from (7.5.3) we get ∇Xφξ ∈ Γ(RadTM). Thus RadTM is
parallel and ∇ is a metric connection, which completes the proof. �

From (7.1.7), (5.1.15), (7.5.2) and taking the tangential (respectively, screen
transversal, lightlike transversal) parts we have

(∇XP
′)Y = AF ′Y X +B′hs(X,Y )− g(X,Y )V + η(Y )X, (7.5.4)

(∇XF
′)Y = C′hs(X,Y )− hs(X,P ′Y ), (7.5.5)

φhl(X,Y ) = hl(X,P ′Y ) +Dl(X,F ′Y ), ∀X,Y ∈ Γ(TM). (7.5.6)

The following results are similar to those proved in Propositions 7.4.3 and 7.4.4.

Proposition 7.5.3. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then:

(1) The distribution D⊥ is integrable if and only if

AφXY = AφYX, ∀X,Y ∈ Γ(D⊥).

(2) The distribution D̄ ⊕orth V is integrable if and only if

hs(X,P ′Y ) = hs(P ′X,Y ), ∀X,Y ∈ Γ(D̄).

(3) The distribution D̄ is not integrable.

Theorem 7.5.4. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold. Then, D̄ ⊕orth V defines a totally geodesic foliation in M if
and only if hs(X,φY ) has no components in φ(D⊥), for X,Y ∈ Γ(D̄ ⊕orth V ).

Proof. From (5.1.15) we have g(∇XY, Z) = ḡ(∇̄XY, Z) for X,Y ∈ Γ(D̄ ⊕orth V )
and Z ∈ Γ(D⊥). Using (7.1.7) we get g(∇XY, Z) = ḡ(∇̄XφY, φZ). Hence we derive
g(∇XY, Z) = ḡ(hs(X,φY ), φZ) which proves our assertion. �

Theorem 7.5.5. Let M be a contact SCR-lightlike submanifold of an indefinite
Sasakian manifold M̄ . Then the following assertions are equivalent:

(i) D⊥ defines a totally geodesic foliation on M .

(ii) AφXY has no components in D̄.

(iii) B′hs(X,φZ) = 0 and B′Ds(X,φN) = 0,

∀X,Y ∈ Γ(D⊥), Z ∈ Γ(D) and N ∈ Γ(ltr(TM)).
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Proof. (i) ⇒ (ii): Suppose D⊥ defines a totally geodesic foliation in M . Then,
∇XY ∈ Γ(D⊥). From (5.1.15) and (7.1.7) we have g(∇XY, Z) = ḡ(∇̄XφY, φZ) for
X,Y ∈ Γ(D⊥) and Z ∈ Γ(D). Using (5.1.23) we obtain

g(∇XY, Z) = −g(AφYX,φZ). (7.5.7)

In a similar way we get

g(∇XY,N) = −g(AφYX,φN) (7.5.8)

for N ∈ Γ(ltr(TM)) Thus (i)⇒ (ii) follows from (7.5.7) and (7.5.8).
(ii) ⇒ (iii) follows from (7.5.7), (7.5.8), (5.1.28) and (5.1.21).
(iii) ⇒ (i): By definition of a contact SCR-lightlike submanifold, D⊥ de-

fines a totally geodesic foliation in M if and only if g(∇XY, Z) = g(∇XY, V ) =
ḡ(∇XY,N) = 0 for X,Y ∈ Γ(D⊥), Z ∈ Γ(D̃) and N ∈ Γ(ltr(TM)). From
(5.1.15) and (7.1.8) we obtain g(∇XY, V ) = 0. Applying a similar method to
(7.5.7) and (7.5.8) we get g(∇XY, Z) = ḡ(hs(X,φZ), φY ) and g(∇XY,N) =
−g(Ds(X,φN), φY ). By assumption, B′hs(X,φZ) = 0 and B′Ds(X,φN) = 0.
Hence we obtain g(∇XY, Z) = 0 and g(∇XY,N) = 0 which proves the asser-
tion. �
Lemma 7.5.6. Let M be a contact SCR-lightlike submanifold of an indefinite Sasak-
ian manifold M̄ . Then we have

hl(X,V ) = 0, ∀X ∈ Γ(TM), (7.5.9)
∇XV = −φX, hs(X,V ) = 0, ∀X ∈ Γ(D̄), (7.5.10)

∇XV = 0, hs(X,V ) = φX, ∀X ∈ Γ(D⊥). (7.5.11)

Proof. Using (7.1.8) and (5.1.15) we get ∇XV + hl(X,V ) + hs(X,V ) = φX for
X ∈ Γ(TM). Then, considering (7.5.1) we get (7.5.9)–(7.5.11). �
Theorem 7.5.7. Any totally contact umbilical proper contact SCR-lightlike sub-
manifold M of M̄ admits a metric connection.

Proof. From (7.5.6) we obtain hl(X,φY ) = hl(φY,X), ∀X,Y ∈ Γ(D̃). Using this
and (7.4.12) we get g(X,φY )αL = g(φX, Y )αL. Thus, g(X,φY )αL = 0, since D
is non-degenerate and αL = 0. Thus, hl(X,Y ) = η(X)hl(Y, V ) + η(Y )hl(X,V )
for X,Y ∈ Γ(TM). If X,Y ∈ Γ(D ⊥ D̄), from Lemma 7.5.6, then, we obtain
hl(X,Y ) = 0. If X ∈ Γ(TM) and Y = V , then, from (7.5.9) we get hl(X,V ) = 0.
Thus hl = 0 on M . The assertion follows from (5.1.39). �
Theorem 7.5.8. Let M be a totally contact umbilical contact SCR-lightlike sub-
manifold of M̄ . If dim(D⊥) > 1, then M is contact totally geodesic.

Proof. The proof is similar to the proof of Theorem 7.4.9. �
Theorem 7.5.9. There exist no totally contact umbilical proper contact SCR-light-
like submanifolds in an indefinite Sasakian form M̄(c) with c �= −3.
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Proof. SupposeM is a totally contact umbilical proper SCR-lightlike submanifold
of M̄ . From Gauss’ equation (5.3.11) and (7.1.5) we get

1
2
(1− c)g(X,X)g(Z,Z) = ḡ((∇Xh

s)(φX,Z), φZ)

− ḡ((∇φXh
s)(X,Z), φZ) (7.5.12)

for any X ∈ Γ(D) and Z ∈ Γ(D⊥), where (∇Xh
s)(φX,Z) = ∇s

Xh
s(φX,Z) −

hs(∇XφX,Z)− hs(φX,∇XZ). Since M is totally contact umbilical we have that
hs(φX,Z) = 0 and, from (7.5.11) and (7.5.12) we get

−hs(∇XφX,Z) = −g(∇XφX,Z)αS − g(∇XφX, V )φZ.

Using (5.1.15) and (7.1.8) we obtain

−hs(∇XφX,Z) = −g(∇XφX,Z)αS + g(X,X)φZ. (7.5.13)

In a similar way we get

−hs(φX,∇XZ) = −g(φX,∇XZ)αS. (7.5.14)

Thus from (7.5.13) and (7.5.14) we have

(∇Xh
s)(φX,Z) = −g(∇XφX,Z)αS + g(X,X)φZ − g(φX,∇XZ)αS .

On the other hand, since ḡ(φX,Z) = 0, taking the covariant derivative with respect
to X , we obtain g(∇XφX,Z) = −g(φX,∇XZ). Hence we get

(∇Xh
s)(φX,Z) = g(X,X)φZ. (7.5.15)

In a similar way we have

(∇φXh
s)(X,Z) = −g(X,X)φZ. (7.5.16)

Thus from (7.5.15),(7.5.16) and (7.5.12) we obtain

1
2
(1− c)g(X,X)g(Z,Z) = 2g(X,X)g(Z,Z).

Hence, (3 + c)g(X,X)g(Z,Z) = 0. Since D and D⊥ are non-degenerate, we can
choose non-null X and Z, so c = −3 which proves the theorem. �
Minimal lightlike submanifolds. First of all, Theorem 7.3.5 implies that any totally
umbilical lightlike submanifold, with structure vector field tangent to a submani-
fold, is minimal. Furthermore, from Theorems 7.4.9 and 7.5.8 it follows that a to-
tally contact umbilical contact CR-lightlike submanifold with (dim(φL1)) > 1) and
a totally contact umbilical contact SCR-lightlike submanifolds with (dim(D⊥) >
1) are minimal.
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Example 4. Let M̄ = (R11
4 , ḡ) be a semi-Euclidean space where ḡ is of signature

(−,−,+,+,+,−,−,+,+,+,+) with respect to the canonical basis

{∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂z}.

Suppose M is a submanifold of R11
4 given by

x1 = u1, y1 = −u5

x2 = coshu2 coshu3, y2 = coshu2 sinhu3

x3 = sinhu2 coshu3, y3 = sinhu2 sinhu3

x4 = u4, y4 = −u6

x5 = u1 cos θ + u5 sin θ, y5 = u1 sin θ − u5 cos θ , z = u7.

Then it is easy to see that a local frame of TM is given by

Z1 = ∂ x1 + cos θ ∂ x5 + sin θ∂ y5 + (y1 + y5 cos θ)∂ z

Z2 = sin θ∂ x5 − ∂ y1 − cos θ∂ y5 + y5 sin θ∂z

Z3 = sinhu2 coshu3 ∂ x2 + coshu2 coshu3 ∂ x3 + sinhu2 sinhu3 ∂ y2

+ coshu2 sinhu3 ∂ y3 + (y2 sinhu2 coshu3 + y3 coshu2 coshu3)∂ z

Z4 = coshu2 sinhu3 ∂ x2 + sinhu2 sinhu3 ∂ x3 + coshu2 coshu3 ∂ y2

+ sinhu2 coshu3 ∂ y3 + (y2 sinhu3 coshu2 + y3 sinhu2 sinhu3)∂ z

Z5 = ∂ x4 + y4 ∂ z , Z6 = −∂ y4 , Z7 = 2∂ z.

We see that M is a 2-lightlike submanifold with RadTM = Span{Z1, Z2} and
φoZ1 = Z2. Thus RadTM is invariant with respect to φo. Since φo(Z5) = Z6, D =
{Z5, Z6} is also invariant. Moreover, since φoZ3 and φoZ4 are perpendicular to TM
and they are non-null, we can choose S(TM⊥) = Span{φoZ3, φoZ4}. Furthermore,
the lightlike transversal bundle ltr(TM) is spanned by

N1 = 2(−∂ x1 + cos θ ∂ x5 + sin θ∂ y5 + (−y1 + y5 cos θ)∂ z)

N2 = 2(sin θ∂ x5 + ∂ y1 − cos θ∂ y5 + y5 sin θ∂z)

which is also invariant. Thus we conclude that M is a contact SCR-lightlike sub-
manifold of R11

4 . A quasi orthonormal basis of M̄ along M is given by

ξ1 = Z1, ξ2 = Z2, e1 =
2√

cosh2 u3 + sinh2 u3
Z3,

e2 =
2√

cosh2 u3 + sinh2 u3
Z4, e3 = 2Z5, e4 = 2Z6, Z,

W1 =
2√

cosh2 u3 + sinh2 u3
φoZ3, W2 =

2√
cosh2 u3 + sinh2 u3

φoZ4,

N1, N2,
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where ε1 = g(e1, e1) = 1, ε2 = g(e2, e2) = −1 and g is the degenerate metric on
M . By direct calculations and using Gauss’ formula (5.1.15) we get

hs(X, ξ1) = hs(X, ξ2) = hs(X, e3) = hs(X, e4) = 0, hl = 0, ∀X ∈ Γ(TM)

and

hs(e1, e1) =
1

cosh2 u3 + sinh2 u3
W2, hs(e2, e2) =

1
cosh2 u3 + sinh2 u3

W2.

Therefore,

trhg|S(TM) = ε1h
s(e1, e1) + ε2h

s(e2, e2)
= hs(e1, e1)− hs(e2, e2)) = 0.

Thus M is a minimal contact SCR-lightlike submanifold of R11
4 .

Now we prove characterization results for minimal lightlike submanifolds of
all the cases discussed in previous sections of this chapter.

Theorem 7.5.10. A contact SCR-lightlike submanifold M of an indefinite Sasakian
manifold M̄ is minimal if and only if

trAWj |S(TM)= 0, tr |S(TM)A
∗
ξk
= 0 on D⊥ and Dl(X,W ) = 0

for X ∈ Γ(RadTM) and W ∈ Γ(S(TM⊥).

Proof. Since ∇̄V V = −φV = 0, from (5.1.15) we get hl(V, V ) = hs(V, V ) = 0.
Take an orthonormal frame {e1, . . . , em−r} such that {e1, . . . , e2a} are tangent to
D and {e2a+1, . . . , em−2r} are tangent to D⊥. From Proposition 5.1.3 we know
that hl = 0 on Rad(TM). From (7.5.6), for Y, Z ∈ Γ(D), we have

hl(φY, Z) = φhl(Y, Z).

Hence, hl(φZ, φY ) = −hl(Y, Z). Thus
∑2a

i=1 h
l(ei, ei) = 0. Since

tr h |S(TM)=
m−2r∑
i=1

εi(hl(ei, ei) + hs(ei, ei)),

M is minimal if and only if

2a∑
i=1

εih
s(ei, ei) +

m−2r∑
2a+1

εi(hl(ei, ei) + hs(ei, ei)) = 0.
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On the other hand, we have

tr h |S(TM) =
2a∑

i=1

1
n− 2r

n−2r∑
j=1

εiḡ(hs(ei, ei),Wj)Wj

+
1

n− 2r

n−2r∑
j=1

m−2r∑
i=2a+1

εiḡ(hs(ei, ei),Wj)Wj

+
2r∑

k=1

1
2r

m−2r∑
i=2a+1

εiḡ(hl(ei, ei), ξk)Nk.

Using (5.1.28) and (5.1.32) we get

tr h |S(TM) =
2a∑
i=1

1
n− 2r

n−2r∑
j=1

εiḡ(AWjei, ei)Wj

+
1

n− 2r

n−2r∑
j=1

m−2r∑
i=2a+1

εiḡ(AWj ei, ei)Wj

+
2r∑

k=1

1
2r

m−2r∑
i=2a+1

εiḡ(A∗ξk
ei, ei)Nk. (7.5.17)

On the other hand, from (5.1.28) we obtain

ḡ(hs(X,Y ),W ) = ḡ(Y,Dl(X,W )), ∀X,Y ∈ Γ(RadTM) (7.5.18)

and ∀W ∈ Γ(S(TM⊥)). Thus our assertion follows from (7.5.18) and (7.5.19). �
Theorem 7.5.11. An irrotational screen real lightlike submanifold M of an indefi-
nite Sasakian manifold M̄ is minimal if and only if

trAWa = 0 on S(TM).

Proof. From Proposition 5.1.3 we know that hl = 0. Thus, M is minimal if and
only if hs = 0 on RadTM and trhs |S(TM)= 0. Then, the proof follows from
Theorem 7.5.10. �
Theorem 7.5.12. An irrotational contact CR-lightlike submanifold M of an indef-
inite Sasakian manifold M̄ is minimal if and only if:

(1) A∗ξφξ and ANφN has no components in D′

(2) Ds(φN,N) has no components in L⊥1

(3) trAWa |D0⊥φL1= 0, trA∗ξk
|D0⊥φL1= 0

for N ∈ Γ(ltr(TM)) and ξ ∈ Γ(RadTM), where D′ = φ(ltr(TM)) ⊥ φ(L1).
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Proof. Let M be an irrotational contact CR-lightlike submanifold of M̄ . From
(5.1.15) and (7.1.7) we have ḡ(hl(φξ, φξ), ξ1) = −ḡ(∇̄φξξ, φξ1). Then using (5.1.27)
and(5.1.15) we obtain

ḡ(hl(φξ, φξ), ξ1) = −g(A∗ξφξ, φξ1), ∀ξ, ξ1 ∈ Γ(RadTM). (7.5.19)

In a similar way, from (5.1.15), (7.1.7), (5.1.27) and (7.5.2) we get

ḡ(hs(φξ, φξ),W ) = g(A∗ξφξ,BW ), ∀ξ ∈ Γ(RadTM) (7.5.20)

and W ∈ Γ(S(TM⊥). Now, using (5.1.23),(5.1.15) and (7.5.2) we derive

h(φN, φN) = −ωANφN + CDs(φN,N), ∀N ∈ Γ(ltr(TM)). (7.5.21)

Then the proof follows from (7.5.19)–(7.5.21) and Theorem 7.5.10. �

7.6 Generalized contact CR-lightlike submanifolds

In this section we study a new class of lightlike submanifolds, namely, contact
generalized Cauchy-Riemann (GCR)lightlike submanifolds of indefinite Sasakian
manifolds. We show that this class contains contact CR and SCR-lightlike sub-
manifolds. Therefore, it is an umbrella of all the subcases discussed so far.

Definition 7.6.1. [162] Let (M, g, S(TM)) be a real lightlike submanifold of an
indefinite Sasakian manifold (M̄, ḡ) such that V is tangent to M . Then, M is a
contact generalized Cauchy-Riemann (GCR)-lightlike submanifold if the following
conditions are satisfied:

(A) There exist two sub-bundles D1 and D2 of RadTM such that

RadTM = D1 ⊕D2, φ(D1) = D1, φ(D2) ⊂ S(TM).

(B) There exist two sub-bundles D0 and D̄ of S(TM) such that

S(TM) = {φ(D2)⊕ D̄} ⊥ D0 ⊥ {V }, φ(D̄) = L ⊥ S (7.6.1)

where D0 is an invariant non-degenerate distribution on M , {V } is the 1-
dimensional distribution spanned by V , L and S are vector sub-bundles of
ltr(TM) and S(TM⊥) respectively .

The tangent bundle TM of M is decomposed as

TM = {D ⊕ D̄} ⊥ {V }, D = RadTM ⊕orth D0 ⊕orth φ(D2). (7.6.2)

Proposition 7.6.2. A contact GCR-lightlike submanifold M , of an indefinite Sasa-
kian manifold M̄ , is contact CR (respectively, contact SCR-lightlike) if and only
if D1 = {0} (respectively, D2 = {0}).
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Proof. Let M be a contact CR-lightlike submanifold. Then φRadTM is a distri-
bution onM such that φRadTM∩RadTM = {0}. Therefore,D2 = RadTM and
D1 = {0}. Hence, φ ltr(TM) ∩ ltr(TM) = {0}. Then it follows that φ ltr(TM) ⊂
S(TM). Conversely, suppose M is a contact GCR-lightlike submanifold such that
D1 = {0}. Then, D2 = RadTM . Hence, φRadTM ∩ RadTM = {0}, that is,
φRadTM is a vector sub-bundle of S(TM). Thus, M is contact CR-lightlike.
The other assertion is similar. �

From Example 1 of this chapter, it follows that every lightlike real hypersur-
face of an indefinite Sasakian manifold M̄ is a contact CR-lightlike hypersurface.
Also from section 5, it is known that contact SCR-lightlike submanifolds have in-
variant and screen real lightlike subcases. Thus, we conclude from Proposition 7.6.2
that this class of contact GCR-lightlike submanifolds is an umbrella of real hyper-
surfaces, invariant, screen real and contact CR-lightlike submanifolds.

Example 5. Consider a semi-Euclidean space (R13
4 , g), where g is of signature

(−,−,+,+,+,+,−,−,+,+,+,+,+) with respect to a canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ y1, ∂ y2, ∂ y3, ∂ y4, ∂ y5, ∂ y6, ∂ z}.

Let M be a 9-dimensional submanifold of R13
4 given by

x4 = x1 cos θ − y1 sin θ, y4 = x1 sin θ + y1 cos θ

x2 = y3, x5 =
√
1 + (y5)2.

Then, it is easy to see that { ξ1, ξ2, ξ3, e1, e2, e3, Z } given by

ξ1 = ∂ x1 + cos θ ∂x4 + sin θ ∂y4 + (y1 + cos θ y4)∂z

ξ2 = − sin θ ∂ x4 + ∂y1 + cos θ ∂y4 − sin θ y4∂z

ξ3 = ∂ x2 + ∂y3 + y2∂z

e1 = ∂ x3 − ∂y2 + y3∂ z, e2 = 2∂ x6 + y6∂z

e3 = 2∂y6 , e4 = 2(y5∂ x5 + x5 ∂y5 + y5 ∂z)

e5 = 2(∂ x3 + ∂y2 + y3 ∂z), Z = 2 ∂ z = V

is a local frame of TM . HenceM is 3-lightlike with RadTM = Span{ξ1, ξ2, ξ3} and
φoξ1 = −ξ2. Thus, D1 = Span{ξ1, ξ2}. On the other hand, φoξ3 = e1 ∈ Γ(S(TM))
implies that D2 = Span{ξ3}. Moreover, φoe2 = e3. Hence D0 = Span{e2, e3}. By
direct calculations, we get S(TM⊥) = Span{W = 2(x5 ∂x5 − y5 ∂y5 + x5y5∂z)}.
Thus, φoW = −e4. Hence, S = S(TM⊥). On the other hand, the lightlike transver-
sal bundle ltr(TM) is spanned by

N1 = 2(−∂ x1 + cos θ ∂x4 + sin θ ∂y4 − y1 ∂z),

N2 = 2(− sin θ ∂x4 − ∂y1 + cos θ ∂y4 − y4 sin θ ∂z),

N3 = 2 (−∂ x2 + ∂y3 + y2 ∂z).
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From this Span{N1, N2} is invariant with respect to φo and φoN3 = e5. Hence,
L = Span{N3} and D̄ = Span{φoN3, φoW}. Thus, M is a contact GCR-lightlike
submanifold of R13

4 .

In the following we prove an existence theorem for contact GCR-lightlike
submanifolds in an indefinite Sasakian space form M̄(c).

Theorem 7.6.3. Let (M, g, S(TM)) be a lightlike submanifold tangent to the struc-
ture vector field V in an indefinite Sasakian M̄(c) with c �= 1 Then, M is a contact
GCR-lightlike submanifold of M̄(c) if and only if:

(a) The maximal invariant subspaces of TpM, p ∈M define a distribution

D = D1 ⊕orth D2 ⊕orth φ(D2)⊕orth Do

where RadTM = D1⊕orthD2, Do is a non-degenerate invariant distribution.

(b) There exists a lightlike transversal vector bundle ltr(TM) such that

ḡ(R̄(X,Y )ξ,N) = 0, ∀X,Y ∈ Γ(Do), ξ ∈ Γ(RadTM), N ∈ Γ(ltr(TM)).

(c) There exists a vector sub-bundle M2 on M

ḡ(R̄(X,Y )W,W ′) = 0, ∀W,W ′ ∈ Γ(M2)

where M2 is orthogonal to D and R̄ is the curvature tensor of M̄(c).

Proof. Suppose that M is a contact GCR-lightlike submanifold of M̄(c), c �= 1.
Then D = D1⊕orthD2⊕orthφ(D2)⊕orthDo is a maximal invariant subspace. Next
from (7.1.5), for X,Y ∈ Γ(Do), ξ ∈ Γ(D2) and N ∈ Γ(ltr(TM)) we have

ḡ(R̄(X,Y )ξ,N) =
−c+ 1
2

{g(φX, Y )ḡ(φξ,N)}.

Since g(φX, Y ) �= 0 and ḡ(φξ,N) = 0, ḡ(R̄(X,Y )ξ,N) = 0. Similarly, from (7.1.5),
we get

ḡ(R̄(X,Y )W,W ′) =
−c+ 1
2

{g(φX, Y )ḡ(φW,W ′)} = 0

for X,Y ∈ Γ(Do), W,W ′ ∈ Γ(φ(S)). Conversely, assume that (a), (b) and (c) are
satisfied. Then (a) implies that D = D1 ⊕orthD2 ⊕orth φ(D2)⊕orthDo is invariant.
From (b) and (7.1.5) we get

ḡ(φξ,N) = 0 (7.6.3)

which implies φξ ∈ Γ(S(TM)). Thus, some part of RadTM , say D2, belongs
to S(TM) under the action of φ. (7.6.3) also implies −ḡ(ξ, φN) = 0. Hence, a
part of ltr(TM), say L, also belongs to S(TM) under the action of φ. On the
other hand, (c) and (7.1.5) imply ḡ(φW,W ′) = 0. Hence we obtain φ(M2) ⊥
M2. Since M2 is non-degenerate ḡ(φW,φW ′) = g(W ′,W ) �= 0. Also ḡ(φξ,W ) =
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−ḡ(ξ, φW ) = 0 implies that φ(M2) ⊕orth RadTM . This also tells us that φM2

does not belong to ltr(TM)). On the other hand, invariant and non-degenerate
Do implies g(φW,X) = 0, for X ∈ Γ(Do). Thus,M2⊕orthDo and φ(M2)⊕orthDo.
Moreover, we know that the structure vector field V belongs to S(TM). Then
summing up the above results we conclude that

S(TM) = {φ(D2)⊕M1} ⊥M2 ⊥ Do ⊥ {V }

where φ(M1) ⊂ ltr(TM). Thus, the proof is complete. �

Let Q, P0, P1 and P2 be the projection morphisms on RadTM , D0, φL =M1

and φS =M2, respectively. Then we have

X = QX + P0X + P1X + P2X + η(X)V

for X ∈ Γ(TM). On the other hand, for X ∈ Γ(TM), we write

φX = TX + ωX, (7.6.4)

where TX and ωX are the tangential and transversal parts of φX . Applying φ to
(7.6.4) we obtain

φX = TX + ωP1X + ωP2X (7.6.5)

where TX ∈ Γ(D), ωP1X ∈ Γ(L) and ωP2X ∈ Γ(S). Similarly,

φW = BW + CW, W ∈ Γ(tr(TM)) (7.6.6)

where BW and CW are sections of TM and tr(TM), respectively. Differentiating
(7.6.5), and using (5.1.15)–(5.1.23), (7.6.5) and (7.6.6) we get

(∇XT )Y = AωP1Y X +AωP2Y X +Bhl(X,Y ) +Bhs(X,Y )
− g(X,Y )V + η(Y )X, (7.6.7)

hl(X,TY ) = −∇XωP1Y + ωP1∇XY −Dl(X,ωP2Y )

+ Chl(X,Y ), (7.6.8)
hs(X,TY ) = −∇XωP2Y + ωP2∇XY −Ds(X,ωP1Y )

+ Chs(X,Y ), ∀X,Y ∈ Γ(TM). (7.6.9)

Lemma 7.6.4. Let (M, g, S(TM)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold M̄ . Then we have

hl(X,V ) = 0, ∇XV = φX, hs(X,V ) = 0, ∀X ∈ Γ(D), (7.6.10)

∇XV = 0, hs(X,V ) = 0, hl(X,V ) = φX, ∀X ∈ Γ(M1),

∇XV = 0, hs(X,V ) = −φX, hl(X,V ) = 0, ∀X ∈ Γ(M2). (7.6.11)
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Proof. Using (7.1.8) and (5.1.15) we obtain

∇XV + hl(X,V ) + hs(X,V ) = −φX

for X ∈ Γ(TM). Then, considering (7.6.2) we get (7.6.10)–(7.6.11). �
Proposition 7.6.5. Let (M, g, S(TM)) be a proper contact GCR-lightlike subman-
ifold of an indefinite Sasakian manifold M̄ . Then we have:

(1) The distribution D̄ is integrable if and only if

AφXY = AφXY, ∀X,Y ∈ Γ(D̄).

(2) The distribution D ⊕orth {V } is integrable if and only if

h(X,TY ) = h(TX, Y ), ∀X,Y ∈ Γ(D ⊕orth {V }).

(3) The distribution D is not integrable.

Proof. For any X,Y ∈ Γ(D̄), from (7.6.7) we obtain

−T∇XY = AωP1Y X +AωP2Y X +Bhl(X,Y ) +Bhs(X,Y )− g(X,Y )V.

Hence we have T [X,Y ] = AωP1XY −AωP1Y X+AωP2XY −AωP2Y X , which proves
assertion (1). From (7.6.8) and (7.6.9) we get

h(X,TY ) = ωP1∇XY + ωP2∇XY + Ch(X,Y )

for X,Y ∈ Γ(D⊕orth {V }). Hence we derive h(X,TY )− h(Y, TX) = ωP1[X,Y ] +
ωP2[X,Y ] which proves the assertion (2). Suppose that D is integrable. Then, we
have ḡ([X,Y ], V ) = 0, for X,Y ∈ Γ(D0). On the other hand, by using metric
connection ∇̄ and (7.1.8) we obtain ḡ([X,Y ], V ) = −2g(φY,X). Thus we have
g(φY,X) = 0. Since D0 is non-degenerate, this is a contradiction. Hence D is not
integrable, which completes the proof. �
Theorem 7.6.6. Let (M, g, S(TM)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold M̄ . Then, D ⊕orth {V } defines a totally geodesic
foliation in M if and only if hl(X,φY ) has no components in L and hs(X,φY )
has no components in S for X,Y ∈ Γ(D).

Proof. From (7.6.10) we have ∇XV ∈ Γ(D⊕{V } for X ∈ Γ(D). Thus D⊕orth{V }
defines a totally geodesic foliation if and only if g(∇XY, Z) = g(∇XY, φξ) = 0 for
X,Y ∈ Γ(D), Z ∈ Γ(φ(S)) and ξ ∈ Γ(D2). From (5.1.15) we have g(∇XY, Z) =
ḡ(∇̄XY, Z). Using (7.1.7) we obtain that g(∇XY, Z) = ḡ(∇̄XφY, φZ). Then from
(5.1.15) we get g(∇XY, Z) = ḡ(hs(X,φY ), φZ). This shows that g(∇XY, Z) = 0
if and only if hs(X,φY ) has no components in S. In a similar way, we obtain,
g(∇XY, φξ) = −ḡ(hl(X,φY ), ξ) for X,Y ∈ Γ(D) and ξ ∈ Γ(D2). Hence we see
that g(∇XY, φξ) = 0 if and only if hl(X,φY ) has no components in L, which
completes the proof. �



7.6. Generalized contact CR-lightlike submanifolds 339

Theorem 7.6.7. Let (M, g, S(TM)) be a contact GCR-lightlike submanifold of an
indefinite Sasakian manifold. Then, D̄ defines a totally geodesic foliation in M if
and only if:

(i) ANZ has no components in φS ⊥ φ(D2).

(ii) Aφ WZ has no components in Do ⊥ D2, ∀Z,W ∈ Γ(D̄).

Proof. Note that D̄ defines a totally geodesic foliation if and only if

ḡ(∇ZW,N) = g(∇ZW,φN
′) = g(∇ZW,X) = g(∇ZW,V ) = 0

for Z,W ∈ Γ(D̄), N ∈ Γ(ltr(TM)), N ′ ∈ Γ(L) and X ∈ Γ(Do). First, from (7.1.8)
we obtain

g(∇ZW,V ) = 0. (7.6.12)

On the other hand, ∇̄ is a metric connection and (5.1.15) and (5.1.22) imply

ḡ(∇ZW,N) = g(W,ANZ). (7.6.13)

By using (7.1.8), (5.1.15), (5.1.28) and (7.6.1) we obtain

g(∇ZW,φN
′) = g(Aφ WZ,N ′). (7.6.14)

In a similar way we have

g(∇ZW,φX) = g(AφWZ,X). (7.6.15)

Thus the proof follows from(7.6.12)- (7.6.15). �

We say thatM is a contact GCR-lightlike product if D⊕orth{V } and D̄ define
totally geodesic foliations in M .

Theorem 7.6.8. A contact GCR-lightlike submanifold (M, g, S(TM)) of an indef-
inite Sasakian manifold M̄ is a product manifold if and only if:

(a) Bh(X,Y ) = 0, for X ∈ Γ(TM) and Y ∈ Γ(D ⊕ {V }.
(b) AφZW has no components in D for Z,W ∈ Γ(D̄).

Proof. From (7.6.7), for X,Y ∈ Γ(D ⊕ {V } we have

∇XTY = T∇XY +Bh(X,Y )− g(X,Y )V + η(Y )X.

Thus ∇XTY ∈ Γ(D ⊕ {V }) if and only if Bh(X,Y ) = 0. In a similar way, for
Z,W ∈ Γ(D̄), from (7.6.7) we get

T∇ZW = AφWZ +Bh(Z,W ).

Hence, ∇ZW ∈ Γ(D̄) if and only if AφWZ has no components in D. �
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We say that M is a proper contact GCR-lightlike submanifold if D2 �= {0},
D1 �= {0}, D0 �= {0} and S �= {0}, which has the following features:

(1) The condition (A) implies that dim(RadTM) ≥ 3.

(2) The condition (B) implies that dim(D) ≥ 2s ≥ 6 and dim(D2) = dim(L).
Thus, dim(M) ≥ 9 and dim(M̄) ≥ 13.

(3) Any proper 9-dimensional contact GCR-lightlike submanifold is 3-lightlike.

(4) (1) and contact distribution (η = 0) imply that ind(M̄) ≥ 4.

The following result can be easily verified.

Proposition 7.6.9. There exist no coisotropic, isotropic or totally lightlike proper
contact GCR-lightlike submanifold of an indefinite Sasakian manifold.

Theorem 7.6.10. There does not exist an induced metric connection of a proper
GCR-lightlike submanifold of an indefinite Sasakian manifold M̄ .

Proof. Let us suppose that ∇ is a metric connection. Then from Theorem 5.1.4,
the radical distribution is parallel with respect to ∇, i.e, ∇Xξ ∈ Γ(RadTM) for
X ∈ Γ(TM) and ξ ∈ Γ(RadTM). Now, from (7.1.7) we get

∇̄Xφξ = φ∇̄Xξ

for X ∈ Γ(TM) and ξ ∈ Γ(RadTM). Using contact structure we get

φ∇̄Xφξ = −∇̄Xξ − ḡ(ξ, ∇̄XV )V.

Then from (7.1.8) we obtain

φ∇̄Xφξ = −∇̄Xξ + ḡ(ξ, φX)V.

Now, choose X ∈ Γ(φL) and ξ ∈ Γ(D2) such that g(φX, ξ) �= 0 (since D2 ⊕ L is
a non-degenerate distribution on M , so we can always choose such vector fields).
Thus from (5.1.15), (5.1.26), (7.6.5) and (7.6.6) we get

−∇Xξ − h(X, ξ) + g(ξ, φX)V = φ∇∗Xφξ + φh∗(X,φξ) +Bh(X,φξ) + Ch(X,φξ).

for X ∈ Γ(φL) and ξ ∈ Γ(D2). The tangential parts from the above equation give

T∇∗Xφξ +∇Xξ + φh∗(X,φξ) +Bh(X,φξ) = g(ξ, φX)V.

Since RadTM is parallel, ∇Xξ ∈ Γ(RadTM). On the other hand, T∇∗Xφξ +
φh∗(X,φξ) ∈ Γ(RadTM ⊕orth φD2 ⊕orth D0) and Bh(X,φξ) ∈ Γ(D̄), thus we
obtain ḡ(ξ, φX)V = 0. Since V �= 0 and g(φX, ξ) �= 0 we have a contradiction so
RadTM is not parallel and, therefore, ∇ is not a metric connection. �
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Remark 7.6.11. The above theorem shows that the geometry of proper GCR-
lightlike submanifolds of indefinite Sasakian manifolds is different from the ge-
ometry of contact SCR-lightlike submanifolds and GCR-lightlike submanifolds of
indefinite Kähler manifolds, since for this general case the induced connection ∇
on M is never a metric connection. In this respect, these proper GCR-lightlike
submanifolds behave similar to the lightlike submanifolds of a semi-Riemannian
manifold for which also, in general, there does not exist an induced metric con-
nection.

The proof of the following theorem is similar to the proof of Theorem 7.5.9.

Theorem 7.6.12. There exists no totally contact umbilical proper contact GCR-
lightlike submanifold of an indefinite Sasakian M̄(c) with c �= −3
Lemma 7.6.13. Let (M, g, S(TM)) be a totally contact umbilical proper contact
GCR-lightlike submanifold of an indefinite Sasakian manifold M̄ . If D ⊕orth {V }
is integrable, then, M is totally contact geodesic.

Proof. Suppose that D ⊕orth {V } is integrable. Then from Theorem 7.6.6 (2)
we have h(X,φY ) = h(φX, Y ) for X,Y ∈ Γ(D0). Thus from (7.4.11) we have
g(X,φY )α = g(φX, Y )α. Hence we have 2g(X,φY )α = 0. Since D0 is non-
degenerate, we get α = 0 which proves the assertion. �

Lemma 7.6.14. Let (M, g, S(TM)) be a totally contact umbilical proper contact
GCR-lightlike submanifold of an indefinite Sasakian manifold M̄ . Then αS ∈ Γ(S)
and αL ∈ Γ(L).
Proof. From (7.6.8) and (7.6.9) we have

hs(X,φX) = ωP2∇XX + Chs(X,X),

hl(X,φX) = ωP1∇XX + Chl(X,X), ∀X ∈ Γ(D0).

Since M is totally contact umbilical, from (7.6.10), (7.4.12) and (7.4.13) we get

ωP2∇XX + g(X,X)CαS = 0,
ωP1∇XX + g(X,X)CαL = 0.

Since D0 is non-degenerate, we derive CαS = 0 and CαL = 0. �

Theorem 7.6.15. Let (M, g, S(TM)) be a totally contact umbilical proper contact
GCR-lightlike submanifold of an indefinite Sasakian manifold M̄ . Then one of the
following holds:

(i) The distribution D is totally lightlike,

(ii) M is totally contact geodesic,

(iii) αS = 0 or dim(S) = 1 and D ⊕orth {V } is not integrable.
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Proof. If D0 = 0 then D is totally lightlike, which is (i). If D0 �= {0} and D⊕orth

{V } is integrable, then Lemma 7.6.13 shows that M is totally contact geodesic. If
D ⊕ {V } is not integrable, then from (7.6.7) we have

−g(Bhs(Z,Z),W ) = g(AφZZ,W )

for Z,W ∈ Γ(φS). Thus from (5.1.28) we get

g(Bhs(Z,Z),W ) = −ḡ(hs(Z,W ), φZ).

Hence we have

ḡ(hs(Z,Z), φZ) = ḡ(hs(Z,W ), φZ).

Then using (7.4.13) we get

g(Z,W )ḡ(αS , φZ) = g(Z,Z)ḡ(αS , φW ). (7.6.16)

Interchanging the roles of Z and W in (7.6.16) we obtain

g(Z,W )ḡ(αS, φW ) = g(W,W )ḡ(αS , φZ). (7.6.17)

Thus from (7.6.16) and (7.6.17) we derive

ḡ(αS , φW ) =
g(Z,W )2

g(W,W )g(Z,Z)
ḡ(αS , φW ). (7.6.18)

Then, since φS is non-degenerate, from lemma 7.6.14 and (7.6.18) we conclude
that either αS = 0 or Z and W are linearly dependent, which completes the
proof. �

Example 6. Consider a semi-Euclidean space (R15
4 , g), where g is of signature

(−,−,+,+,+,+,+,−,−,+,+,+,+,+,+) with respect to a canonical basis

{∂ x1, ∂ x2, ∂ x3, ∂ x4, ∂ x5, ∂ x6, ∂ x7, ∂ y1, ∂ y2, ∂ y3, ∂ y4, ∂ y5, ∂ y6, ∂ y7, ∂ z}.

Let M be a submanifold of R15
4 given by

x1 = u1 coshα, x2 = u3, x3 = u1 sinhα+ u2, x4 = u3,

x5 = cosu4 coshu5, x6 = cosu6 coshu7, x7 = sinu6 coshu7,

y1 = −u2 coshα, y2 = u8, y3 = −u2 sinhα+ u1, y4 = u9,

y5 = sinu4 sinhu5, y6 = cosu6 sinhu7, y7 = sinu6 sinhu7, z = u10.
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Then it is easy to see {Z1, . . . , Z8, Z } given by

Z1 = coshα ∂ x1 + sinhα∂ x3 + ∂ y3 + (y1 coshα+ y3 sinhα) ∂ z,

Z2 = ∂ x3 − coshα∂ y1 − sinhα∂ y3 + y3 ∂ z,

Z3 = ∂ x2 + ∂ x4 + (y2 + y4)∂ z,

Z4 = − sinu4 coshu5 ∂ x5 + cosu4 sinhu5 ∂ y5 + (−y5 sinu4 coshu5)∂ z,

Z5 = cosu4 sinhu5 ∂ x5 + sinu4 coshu5 ∂ y5 + (y5 cosu4 sinhu5)∂ z,

Z6 = − sinu6 coshu7∂ x6 + cosu6 coshu7 ∂ x7 − sinu6 sinhu7∂ y6

+ cosu6 sinhu7 ∂ y7 + (−y6 sinu6 coshu7 + y7 cosu6 coshu7)∂ z,

Z7 = cosu6 sinhu7∂ x6 + sinu6 sinhu7 ∂ x7 + cosu6 coshu7∂ y6

+ sinu6 coshu7 ∂ y7 + (y6 cosu6 sinhu7 + y7 sinu6 sinhu7)∂ z,
Z8 = ∂ y2, Z9 = ∂ y4, Z = 2∂ z = V

is a local frame of TM . Hence we see that M is 3-lightlike with RadTM =
Span{Z1, Z2, Z3} and φo(Z1) = Z2, thus D1 = Span{Z1, Z2}. Moreover, φo(Z3) =
−Z8 − Z9 ∈ Γ(S(TM)), hence D2 = Span{Z3}. On the other hand, φoZ4 = Z5,
thus D0 = Span{Z4, Z5}, which is invariant. It is easy to see φoZ6 and φoZ7 are
orthogonal to M and {φoZ6, φoZ7} is not degenerate. The lightlike transversal
bundle ltr(TM) is spanned by

N1 = 2(− coshα∂ x1 − sinhα∂ x3 + ∂ y3 + (y1 coshα+ y3 sinhα)∂ z),

N2 = 2(∂ x3 + coshα∂ y1 + sinhα∂ y3 + y3 ∂ z),

N3 = 2(−∂ x2 + ∂ x4) + (y2 − y4)∂ z).

Hence it is easy to see that φo(N1) = N2 and φoN3 = Z8 − Z9 ∈ Γ(S(TM).
Thus D̄ = Span{φo(Z6), φo(Z7), φo(N3)}. Therefore,M is a proper contact GCR-
lightlike submanifold of R15

4 , with a quasi-orthonormal basis of M̄ along M is

ξ1 = coshα∂ x1 + sinhα∂ x3 + ∂ y3 + (y1 coshα+ y3 sinhα)∂ z

ξ2 = ∂ x3 − coshα∂ y1 + sinhα∂ y3 + y3 ∂ z

ξ3 = ∂ x2 + ∂ x4 + (y2 + y4)∂ z

φo(ξ3) = −∂ y2 − ∂ y4, Z = V = 2∂ z,
1
2
φoN3 = ∂ y2 − ∂ y4

e1 =
2√

cosh2 u5 − cos2 u4
{− sinu4 coshu5 ∂ x5 + cosu4 sinhu5 ∂ y5

+ (−y5 sinu4 coshu5)∂ z}

e2 =
2√

cosh2 u5 − cos2 u4
{cosu4 sinhu5 ∂ x5 + sinu4 coshu5 ∂ y5
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+ (y5 cosu4 sinhu5)∂ z}

X1 =
2√

cosh2 u7 + sinh2 u7
{− sinu6 coshu7∂ x6 + cosu6 coshu7 ∂ x7

− sinu6 sinhu7∂ y6 + cosu6 sinhu7 ∂ y7

+ (−y6 sinu6 coshu7 + y7 cosu6 coshu7)∂ z}

X2 =
2√

cosh2 u7 + sinh2 u7
{cosu6 sinhu7∂ x6 + sinu6 sinhu7 ∂ x7

+ cosu6 coshu7∂ y6 + sinu6 coshu7 ∂ y7

+ (y6 cosu6 sinhu7 + y7 sinu6 sinhu7)∂ z}

W1 =
2√

cosh2 u7 + sinh2 u7
{− sinu6 sinhu7∂ x6 + cosu6 sinhu7 ∂ x7

+ sinu6 coshu7∂ y6 − cosu6 coshu7 ∂ y7

(+ − y6 sinu6 sinhu7 + y7 cosu6 sinhu7)∂ z}

W2 =
2√

cosh2 u7 + sinh2 u7
{cosu6 coshu7∂ x6 + sinu6 coshu7 ∂ x7

− cosu6 sinhu7∂ y6 − sinu6 sinhu7 ∂ y7

+ (y6 cosu6 coshu7 + y7 sinu6 coshu7)∂ z}
N1 = 2(− coshα∂ x1 − sinhα∂ x3 + ∂ y3 + (y1 coshα+ y3 sinhα)∂ z)

N2 = 2(∂ x3 + coshα∂ y1 + sinhα∂ y3 + y3 ∂ z)

N3 = 2(−∂ x2 + ∂ x4) + (y2 − y4)∂ z)

where ε1 = g(e1, e1) = 1, ε2 = g(e2, e2) = 1, ε3 = g(X1, X1) = 1 and ε4 =
g(X2, X2) = 1. Direct calculations and Gauss formula (5.1.15) gives

h(ξ1, ξ1) = h(ξ2, ξ2) = h(ξ3, ξ3) = h(e1, e1) = h(e2, e2) = 0,

h(φoξ3, φoξ3) = h(
1
2
φoN3,

1
2
φoN3) = 0, hl(X1, X1) = hl(X2, X2) = 0,

hs(X1, X1) = − 1
cosh2 u7 + sinh2 u7

W2, h
s(X2, X2) =

1
cosh2 u7 + sinh2 u7

W2.

Therefore,
trg hS(TM) = hs(X1, X1) + hs(X2, X2) = 0.

Thus M is a non-totally geodesic minimal proper contact GCR-lightlike subman-
ifold of R15

4 .

Finally, we prove a characterization theorem for minimal contact GCR-light-
like submanifolds. Take a quasi-orthonormal frame

{ ξ1, . . . , ξq , e1, . . . , em, V, W1, . . . ,Wn, N1, . . . , Nq }
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such that (ξ1, . . . , ξq,e1, . . . , em, V ) belongs to Γ(TM). Then take (ξ1, . . . , ξq ,
e1, . . . , em, V ) such that { ξ1, . . . , ξ2p } form a basis of D1, { ξ2p+1, . . . , ξq } form a
basis of D2 and { e1, . . . , e2l } form a basis of D0. Moreover, we take {W1, . . . ,Wk}
a basis of S and {N2p+1, . . . , Nq } a basis of L. Thus we have a quasi-orthonormal
basis of M as follows:

{ξ1, . . . , ξ2p, ξ2p+1, . . . , ξq , φ(ξ2p+1), . . . , φ(ξq), e1, . . . , el, φe1, . . . , φel,

φW1, . . . , φWk, φN2p+1, . . . , φNq}.

Theorem 7.6.16. Let (M, g, S(TM)) be a proper contact GCR-lightlike submanifold
of an indefinite Sasakian manifold M̄ . Then M is minimal if and only if

trAWi|S(T M)
= 0, trA∗ξk

|S(TM) = 0

and ḡ(Y,Dl(X,W )) = 0 for X,Y ∈ Γ(RadTM) and W ∈ Γ(S(TM⊥)).

Proof. From Proposition 5.1.3, we have hl = 0 on RadTM . Hence, by Defini-
tion 5.4.1 and Definition 7.6.1, it follows that a contact GCR-lightlike submanifold
is minimal if and only if

2l∑
i=1

εih(ei, ei) +
q∑

j=2p+1

h(φξj , φξj) +
q∑

j=2p+1

h(φNj , φNj) +
k∑

l=1

εlh(φWl, φWl) = 0

and hs = 0 on Rad(TM). From (5.1.28) it follows that hs = 0 on Rad(TM) if and
only if ḡ(Y,Dl(X,W )) = 0 for X,Y ∈ Γ(RadTM) and W ∈ Γ(S(TM⊥)). On the
other hand, we have

tr h |S(TM)=
1
q

q∑
α=1

q∑
j=2p+1

ḡ(hl(φξj , φξj), ξα)Nα + ḡ(hl(φNj , φNj), ξα)Nα

+
1
n

q∑
j=2p+1

n∑
a=1

εa{ḡ(hs(φξj , φξj),Wa)Wa + ḡ(hs(φNj , φNj),Wa)Wa}

+
n∑

a=1

εa
1
n
{

2l∑
i=1

ḡ(hs(ei, ei),Wa)Wa +
k∑

l=1

ḡ((hs(φWl, φWl),Wa)Wa)}

+
q∑

b=1

1
q
{

2l∑
i=1

ḡ(hl(ei, ei), ξb)Nb +
k∑

l=1

ḡ((hl(φWl, φWl), ξb)Nb)}.
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Using (5.1.28) and (5.1.39) we obtain

tr h |S(TM) =
1
q

q∑
α=1

q∑
j=2p+1

g(A∗ξα
φξj , φξj)Nα + g(A∗ξα

φNj , φNj)Nα

+
1
n

q∑
j=2p+1

n∑
a=1

εa{g(AWaφξj , φξj)Wa + g(AWaφNj , φNj)Wa}

+
n∑

a=1

εa
1
n
{

2l∑
i=1

g(AWaei, ei)Wa +
k∑

l=1

g(AWaφWl, φWl)Wa)}

+
q∑

b=1

1
q
{

2l∑
i=1

g(A∗ξb
ei, ei)Nb +

k∑
l=1

g(A∗ξb
φWl, φWl)Nb)},

which proves our assertion. �



Chapter 8

Submanifolds of indefinite
quaternion Kähler manifolds

In this chapter, we first recall the structure of indefinite quaternion Kähler man-
ifolds. Then, we give a review of Riemannian submanifolds of quaternion Kähler
manifolds. We study the geometry of real lightlike hypersurfaces, the structure
of lightlike submanifolds, both, of indefinite quaternion Kähler manifolds and
show that a quaternion lightlike submanifold is always totally geodesic. This result
implies that the study of lightlike submanifolds, other than quaternion lightlike
submanifolds, is interesting. Then, we deal with the geometry of screen real sub-
manifolds in detail. As a generalization of real lightlike hypersurfaces of quaternion
Kähler manifolds, we introduce QR-lightlike submanifolds. We show that the class
of QR-lightlike submanifolds does not include quaternion lightlike submanifolds
and screen real submanifolds. Then, we introduce and study the geometry of screen
QR-lightlike and screen CR-lightlike submanifolds as generalizations of quaternion
lightlike submanifolds and screen real submanifolds, and provide examples for each
class of lightlike submanifolds of indefinite quaternion Kähler manifolds.

8.1 Introduction

Indefinite Quaternion Kähler Manifolds. A quaternionic Kähler manifold is an
oriented 4n-dimensional Riemannian manifold whose restricted holonomy group
is contained in the subgroup Sp(n)Sp(1) of SO(4n). These manifolds are of special
interest because Sp(n)Sp(1) is included in the list of Berger’s work [59] on possible
holonomy groups of locally irreducible Riemannian manifolds that are not locally
symmetric. It is well known that the twistor theory [329] is closely connected
with the existence of canonical quaternionic structures on 4-dimensional oriented
semi-Riemannian manifolds. S. Salamon [366] and others extended the theory to
4n-dimensional quaternionic manifolds. It is also well known that a quaternionic
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Kähler manifold M is always Einstein. In this section, we first review indefinite
quaternion Kähler manifolds which have been studied by Perez [330] and Perez-
Santos [331].

Let M̄ be an n-dimensional manifold with a 3-dimensional vector bundle Q

consisting of three tensors J1, J2 and J3 of type (1, 1) over M̄ . Suppose, in any
coordinate neighborhood U of M̄ , there is a local basis {J1, J2, J3} of Q such that

J2
1 = −I, J2

2 = −I, J2
3 = −I (8.1.1)

and

J2J3 = −J3J2 = J1, J3J1 = −J1J3 = J2, J1J2 = −J2J1 = J3. (8.1.2)

Such a basis {J1, J2, J3} is called a canonical local basis of the bundle Q in U .
We say that the bundle Q has an almost quaternion structure in M̄ and (M̄,Q) is
called an almost quaternion manifold [239] whose dimension is n = 4m, (m ≥ 1).

Consider another coordinate neighborhood U ′ in (M̄,Q) such that U∩U ′ �= ∅
and {J ′1, J ′2, J ′3} is a canonical basis of Q in U ′. Then, we have

J ′a =
3∑

b=1

SabJb, a = 1, 2, 3. (8.1.3)

From (8.1.1) and (8.1.2), it follows that (Sab) is an element of the proper orthogonal
group SO(3). Thus, every almost quaternion manifold M̄ is orientable. Let M̄ be
an almost quaternion manifold with a canonical local basis of Q in a coordinate
neighborhood U . Assume there exists a system of coordinates (xh) in each U with
respect to J1, J2 and J3 which have components of the form⎛⎜⎜⎝

0 −I 0 0
I 0 0 0
0 0 0 −I
0 0 I 0

⎞⎟⎟⎠ ,

⎛⎜⎜⎝
0 0 −I 0
0 0 0 I
I 0 0 0
0 −I 0 0

⎞⎟⎟⎠ (8.1.4)

and ⎛⎜⎜⎝
0 0 0 I
0 0 −I 0
0 I 0 0
I 0 0 0

⎞⎟⎟⎠ , (8.1.5)

respectively. Here, I denotes the identity (m,m) matrix. In such a case, the given
structureQ is called an integrable quaternionic structure. Suppose g is an indefinite
metric on (M̄,Q) such that

g(ΦX,ΦY ) = g(X,Y ), ∀X,Y ∈ TpM̄, p ∈ M̄, (8.1.6)

and Φ = J1, J2, J3, with {J1, J2, J3} being a basis of Q at p. Then, (M̄, g,Q) is
called an indefinite almost quaternion manifold [330]. Just like almost Hermitian
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manifolds, the condition (8.1.6) puts the following restrictions on the signature of
g:

Let E1 be a non-zero vector field on (M̄, g,Q). If E1 is timelike, then, Q =
Span{E1, J1E1, J2E1, J3E1} must be 4-dimensional. This condition implies from
(8.1.6) that the restriction of g to Q(E1) is of signature (4, 0). Similarly, for a
spacelike E1, the restriction g of Q(E1) is of type (0, 4). Thus, one can construct
a frame field B of M̄ such that

B = {E1, J1E1, J2E1, J3E1, . . . , Em1 , J1Em1 , J2Em1 , J3Em1 ,

F1, J1F1, J2F1, J3F1, . . . , Fm2 , J1Fm2 , J2Fm2 , J3Fm2}

where E1, . . . , Em1 and F1, , . . . , Fm2 are spacelike and timelike vector fields, re-
spectively. Consequently, for all three real J ′s, the only possible signature of g is
(4(m2), 4(m1)) with 4m1 + 4m2 = 4m. It follows that the index of g is s = 4t,
t ≥ 1. For example, g satisfying (8.1.6) can not be a Lorentzian metric. If the
Levi-Civita connection ∇ of (M̄, g,Q) satisfies

∇XJ1 = r(X)J2 − q(X)J3,

∇XJ2 = −r(X)J1 + p(X)J3, (8.1.7)
∇XJ3 = q(X)J1 − p(X)J2

for any vector field X on M̄, then, M̄ is called an indefinite quaternion Kähler
manifold, where p, q and r are certain local 1-forms and {J1, J2, J3} is a local
canonical basis of Q. The equation (8.1.7) can be written as

∇XJa =
3∑

b=1

Qab(X)Jb, a = 1, 2, 3, (8.1.8)

for any vector field X on M̄, where Qab are certain 1-forms locally defined on M̄
such that Qab +Qba = 0.

Let (M̄, g,Q) be an indefinite quaternion manifold and {J1, J2, J3} be a local
basis of Q. Then, the local 2-forms Θ1, Θ2 and Θ3 are defined by

Θi(X,Y ) = g(X, JiY ), i = 1, 2, 3, (8.1.9)

for any vector fields X and Y on M̄ . Thus, putting

Ω = Θ1 ∧Θ1 +Θ2 ∧Θ2 +Θ3 ∧Θ3, (8.1.10)

we get a 4-form Ω defined globally on M̄ . Using (8.1.7), (8.1.9) and (8.1.10) we
obtain the following theorem.

Theorem 8.1.1. An indefinite almost quaternion manifold (M̄, g,Q) is an indefinite
quaternion Kähler manifold if and only if ∇Ω = 0.
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In the sequel, we briefly denote an indefinite quaternion Kähler manifold by
M̄ , unless otherwise stated. Let R be the curvature tensor of M̄ . From (8.1.7), we
have

R(X,Y )J1Z − J1R(X,Y )Z = α(X,Y )J2Z − β(X,Y )J3Z,

R(X,Y )J2Z − J2R(X,Y )Z = γ(X,Y )J3Z − α(X,Y )J1Z, (8.1.11)
R(X,Y )J3Z − J3R(X,Y )Z = β(X,Y )J1Z − γ(X,Y )J2Z,

∀X,Y, Z ∈ Γ(TM̄), where α, β and γ are local 2-forms on U given by

α = dQ23 +Q31 ∧Q12,

β = dQ31 +Q12 ∧Q23,

γ = dQ12 +Q23 ∧Q31.

Let S be the Ricci tensor of M̄ . The Bianchi identity and (8.1.11) imply

S(X,Y ) = mγ(X, J1Y ) + β(X, J2Y ) + α(X, J3Y ),
S(X,Y ) = γ(X, J1Y ) +mβ(X, J2Y ) + α(X, J3Y ),
S(X,Y ) = γ(X, J1Y ) + β(X, J2Y ) +mα(X, J3Y ).

Hence, if the real dimension of M̄ is 4m ≥ 8, we get

γ(X,Y ) =
S(X, J1Y )
m+ 2

, β(X,Y ) =
S(X, J2Y )
m+ 2

,

α(X,Y ) =
S(X, J3Y )
m+ 2

. (8.1.12)

The proof of the following theorem is commom with the Riemannian case.

Theorem 8.1.2. [331] Let M be an indefinite quaternion Kähler manifold of real
dimension 4m ≥ 8. Then M is Einstein.

A 4-plane Q(X), spanned by X, J1X, J2X and J3X, is called a quaternionic
4-plane. A 2-plane in TpM̄, p ∈ M̄ spanned by X,Y is called half-quaternionic
(respectively, totally real) if K(X) = K(Y ) (respectively, K(X) ⊥ K(Y )). If X is
a non-null vector field, then K(X) is a non-degenerate subspace. Recall that, if P
is a non-degenerate 2-plane in TpM̄ spanned by X and Y, its sectional curvature
is defined by

K(X,Y ) = R(X,Y, Y,X)
g(X,X)g(Y, Y )− g(X,Y )2

,

which, for a half-quaternionic (respectively, totally real) plane is called quater-
nionic sectional curvature (respectively, totally real sectional curvature).
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Let Ro be the tensor field on M̄ given by

Ro(X,Y )Z =
1
4
{g(Y, Z)X − g(X,Z)Y (8.1.13)

+ g(J1Y, Z)J1X − g(J1X,Z)J1Y + 2g(X, J1Y )J1Z

+ g(J2Y, Z)J2X − g(J2X,Z)J2Y + 2g(X, J2Y )J2Z

+ g(J3Y, Z)J3X − g(J3X,Z)J3Y + 2g(X, J3Y )J3Z}

∀X,Y, Z ∈ Γ(TM̄). Then, Ro does not depend on the basis of Q chosen on a
neighborhood of any point. Moreover, it satisfies the conditions (1.2.9). An indef-
inite quaternion Kählerian manifold of constant quaternionic sectional curvature
is called an indefinite quaternion space form. In [331], Perez-Santos proved the
following chracterization theorem for an indefinite quaternion space form.

Theorem 8.1.3. [331] An indefinite quaternion Kähler manifold M̄ of real dimen-
sion ≥ 8 is an indefinite quaternion space form of quaternionic sectional curvature
c if and only if, for any vector fields X,Y and Z on M̄ ,

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y (8.1.14)

+ g(J1Y, Z)J1X − g(J1X,Z)J1Y + 2g(X, J1Y )J1Z

+ g(J2Y, Z)J2X − g(J2X,Z)J2Y + 2g(X, J2Y )J2Z

+ g(J3Y, Z)J3X − g(J3X,Z)J3Y + 2g(X, J3Y )J3Z}.

Proof. Let X ∈ TpM̄, p ∈ M̄, be a non-null vector and c the sectional curvature in
Q(X). Let R′ = R−cRo. Then, R′(Y, Z, Z, Y ) = 0 for any 2-plane {Y, Z} in Q(X).
Since g(X,X) is a polynomial function of the coordinates of X in a fixed basis,
the zero set of g(X,X) does not contain any open set. Thus, if X is a null vector
of TpM̄ , there exists a sequence {Xn} of non-null vectors such that {Xn} → X .
Then, {JiXn} → JiX . Let Y, Z span a 2-plane of Q(X). We write

Y = aoXn +
3∑

i=1

aiJiX, Z = boX +
3∑

i=1

biJiX.

Let Yn = aoXn +
∑3

i=1 aiJiXn and Zn = boXn +
∑3

i=1 biJiXn. Then the 2-plane
{Yn, Zn} is contained in Q(Xn). Hence, R′(Yn, Zn, Zn, Yn) = 0 and

R′(Y, Z, Z, Y ) = 0. (8.1.15)

Thus, (8.1.15) shows that for any X ∈ TpM̄ and any 2-plane {Y, Z} of Q(X), we
have R′(Y, Z, Z, Y ) = 0. On the other hand, for any X,Y ∈ TpM̄, p ∈ M̄, from
(8.1.12), we get

γ′(X,Y ) = γ(X,Y )− cg(X, J1Y ) = kg(X, J1Y ),
β′(X,Y ) = β(X,Y )− cg(X, J2Y ) = kg(X, J2Y ), (8.1.16)
α′(X,Y ) = α(X,Y )− cg(X, J3Y ) = kg(X, J3Y ),
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where k = ( r
m+2 ) − c, 4mr is the scalar curvature of M̄ . Let X ∈ TpM̄ be a

non-null vector. From (8.1.11) and (8.1.16), we obtain

R′(X, J1X, J2X, J3X) = −R′(X, J1X,X, J1X)− kg(X,X)2 = −kg(X,X)2,
R′(X, J3X, J1X, J2X) = −R′(X, J3X,X, J3X)− kg(X,X)2 = −kg(X,X)2,
R′(X, J2X, J3X, J1X) = −R′(X, J2X,X, J2X)− kg(X,X)2 = −kg(X,X)2.

Using the above equations and the Bianchi identity, we have kg(X,X)2 = 0.
Hence, we derive k = 0. Now, (8.1.11) and k = 0 imply that

R′(X, J1X, J2Y, J3Y ) = −R′(X, J1X,Y, J1Y ). (8.1.17)

From the Bianchi identity, we get

R′(X, J1X, J2Y, J3Y ) = R′(X, J3Y,X, J3Y )
+ R′(X, J2Y,X, J2Y ), (8.1.18)

R′(X, J1X,Y, J1Y ) = R′(X, J1Y,X, J1Y )
− R′(X,Y, Y,X). (8.1.19)

Thus, from (8.1.17), (8.1.18) and (8.1.19), we obtain

R′(X,Y, Y,X) +R′(X, J1Y, J1Y,X) +R′(X, J2Y, J2Y,X)
+R′(X, J3Y, J3Y,X)=0. (8.1.20)

Computing 0 = R′(X + Y, J1X + J1Y, J1X + J1Y,X + Y ), 0 = R′(X − Y, J1X −
J1Y, J1X − J1Y,X − Y ), using the Bianchi identity, (8.1.11), taking into account
that k = 0 and, then, adding the expressions, we get

0 = R′(X,Y, Y,X) + 3R′(X, J1Y, JY,X). (8.1.21)

In the same way, computing 0 = R′(X + J2Y, J1X + J3Y, J1X + J3Y,X + J2Y ),
0 = R′(X − J2Y, J1X − J3Y, J1X − J3Y,X − J2Y ) we obtain

0 = R′(X, J2Y, J2Y,X) + 3R′(X, J3Y, J3Y,X). (8.1.22)

Also 0 = R′(X+J3Y, J1X−J2Y, J1X−J2Y,X+J3Y ) and 0 = R′(X−J3Y, J1X+
J2Y, J1X + J2Y,X − J3Y ) imply that

0 = R′(X, J3Y, J3Y,X) + 3R′(X, J2Y, J2Y,X). (8.1.23)

Then, from (8.1.22) and (8.1.23) we get

R′(X, J2Y, J2Y,X) = R′(X, J3Y, J3Y,X). (8.1.24)

Thus, summing up (8.1.20) and (8.1.21) and (8.1.24) we arrive at R′(X,Y, Y,X) =
0. The converse is clear. �
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Corollary 8.1.4. [331] Let M̄ be an indefinite quaternion Kähler manifold of real
dimension 4m ≥ 8. Then M̄ is an indefinite quaternion space form of quaternionic
sectional curvature c = r

m+2 if and only if

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y (8.1.25)

+
3∑

b=1

g(JbY, Z)JbX − g(JbX,Z)JbY + 2g(X, JbY )JbZ}

for any vector fields X,Y and Z on M̄ .

Proposition 8.1.5. [331] Let M̄ be an indefinite quaternion Kähler manifold of real
dimension ≥ 8 and X a unit vector of TpM̄, p ∈ M̄ . If there exists a local basis of
Q, {J1, J2, J3} such that

(i) K(X, J1X) = K(X, J2X) = K(X, J3X),

(ii) R(X, J1X,X, J1X) = R(X, J2X,X, J2X) = R(X, J3X,X, J3X) = 0.

Then the quaternionic sectional curvature in Q(X) is constant and its value is
r/(m+ 2), 4mr is the scalar curvature of M̄ .

Proof. Using (8.1.11), (8.1.12) and Theorem 8.1.2, we have

K(X, J1X) = (
r

m+ 2
)g(X,X)2 +R(X, J1X, J2X, J3X),

K(X, J2X) = (
r

m+ 2
)g(X,X)2 +R(X, J2X, J3X, J1X),

K(X, J3X) = (
r

m+ 2
)g(X,X)2 +R(X, J3X, J1X, J2X) (8.1.26)

for X ∈ Γ(TM̄). Then, the proof follows from (i) and (ii). �
Lemma 8.1.6. [331] Let M̄ be an indefinite quaternion Kähler manifold of real
dimension 4m ≥ 8, p ∈ M̄, X ∈ TpM̄ a unit vector and {J1, J2, J3} a local
basis of Q on a coordinate neighborhood of M̄ at p. If K(Y,ΦY ) is constant for
any vector Y ∈ Q(X) and some Φ = J1, J2, J3, then, the quaternionic sectional
curvature on Q(X) is constant.

Proof. Suppose that K(Y, J1Y ) = a is a constant for any vector Y ∈ Q(X).
Let Kθ be the sectional curvature of the 2-plane spanned by the vectors Y =
cosθX + sin θJ2X, J1Y = cos θJ1X + sin θJ3X . Then

Kθ = (cos2 θ − sin2 θ)2K(X, J1X) + 4 sin2 θ cos2θK(X, J3X)

+ 4 sin θ cos θ(cos2 θ − sin2 θ)R(J3X,X,X, J1X).

Hence, we have

K(X, J1X) = K(X, J3X) and R(J3X,X,X, J1X) = 0. (8.1.27)
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If we consider the 2-plane spanned by Y = cos θX + sin θJ3X, J1Y = cos θJ1X −
sin θJ3X , then we obtain

K(X, J1X) = K(X, J3X) and R(J1X,X,X, J2X) = 0. (8.1.28)

In a similar way, we get
R(J1X,X,X, J3X) = 0. (8.1.29)

Then, the result comes from (8.1.27)–(8.1.29) and Proposition 8.1.5. �
The next result shows how the geometry of an indefinite quaternion Kähler

manifold is quite different from the geometry of Riemannian quaternion Kähler
manifolds. First, it is obvious that R(X,ΦX,ΦX,X) = 0, for any null vector
X ∈ TpM̄ , for an indefinite quaternion space form.

Theorem 8.1.7. [331] Let M̄ be an indefinite quaternion Kähler manifold of real
dimension 4m ≥ 8. If ∀p ∈ M̄ there exists a local basis {J1, J2, J3} of Q at p, such
that R(X,ΦX,ΦX,X) = 0 for any null vector X ∈ TpM̄ and Φ = J1, J2, J3, then
M̄ is an indefinite quaternion space form.

Proof. Let Y, Z be two orthonormal vectors of TpM̄ spanning a totally real 2-plane
of signature (+,−). If λ ∈ R, then λY + Z is a null vector if and only if λ = 1 or
λ = −1. Hence, we get

R(λY + Z, λΦY +ΦZ, λΦY +ΦZ, λY + Z) = 0. (8.1.30)

Then from (8.1.30), we obtain

K(Y,ΦY ) +K(Z,ΦZ) = 8K(Y, Z) = 8K(Y,ΦZ), (8.1.31)

R(Y,ΦZ,ΦY, Y ) +R(Y,ΦZ,ΦY, Y ) = 0. (8.1.32)

Let βn and μn be two sequences of real numbers such that for any n, βn > 1,
μn < −1, limn βn = 1 and limnαn = −1. From (8.1.30) and by continuity we
have

lim
n
R(βnY + Z, βnΦY ) +R(ΦZ, βnΦY +ΦZ, βnY + Z) = 0, (8.1.33)

lim
n
R(μnY + Z, μnΦY ) +R(ΦZ, μnΦY +ΦZ, μnY + Z) = 0. (8.1.34)

Let {δn} be a sequence of positive real numbers such that

lim
n

δn
(β2

n − 1)
= 0.

From (8.1.33), for any δm there exists n0(m) such that

−δm < (β2
n(m) − 1)(β2

n(m) + 1)K(Y,ΦY )− 8(β2
n(m) − 1)K(Y,ΦZ)

+ 4(β2
n(m) − 1))R(Y,ΦZ,ΦY, Y ) < δm. (8.1.35)
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Since (β2
n(m) − 1) is always positive and n −→ ∞ implies n(m) −→ ∞,

lim
m

δm
β2

n(m)

= 0.

From (8.1.35) we obtain

2K(Y,ΦY )− 8K(Y, Z) + 4R(Y,ΦZ,ΦY, Y ) = 0. (8.1.36)

In a similar way, we get

2K(Y,ΦY )− 8K(Y, Z)− 4R(Y,ΦZ,ΦY, Y ) = 0. (8.1.37)

From (8.1.31), (8.1.36) and (8.1.37) we have K(Y,ΦY ) = K(Z,ΦZ) = 4K(Y, Z) =
4K(Y,ΦZ) and R(Y, Z,ΦY, Y ) = R(ΦZ,Z, Y, Z) = 0. Then the proof follows from
Lemma 8.1.6. �

We say that an indefinite quaternion Kähler manifold is null quaternionically
flat, [199, 273], if R(U,ΦU,ΦU,U) = 0 for any null vector U ∈ TpM̄ and Φ =
J1, J2, J3. Thus, we can state the above result as:

Corollary 8.1.8. [199, 273] Let M̄ be an indefinite quaternion Kähler manifold of
real dimension 4m ≥ 8. Then M̄ is an indefinite quaternion space form if and
only if it is null quaternionically flat.

Example 1. Consider R4n with Cartesian coordinates (xi, yi, zi, wi), i = 1, . . . , n.
Define complex structures Φ = J1, J2, J3 of R8

4 and a Hermitian metric g as

J1(x1, y1, z1, w1, . . . , xn, yn, zn, wn) = (−y1, x1,−w1, z1, . . . ,−yn, xn,−wn, zn),
J2(x1, y1, z1, w1, . . . , xn, yn, zn, wn) = (−z1, w1, x1,−y1, . . . ,−zn, wn, xn,−yn),
J3(x1, y1, z1, w1, . . . , xn, yn, zn, wn) = (−w1,−z1, y1, x1, . . . ,−wn,−zn, yn, xn),

and

g((x1, y1, z1, w1, . . . , xn, yn, zn, wn), (u1, v1, t1, s1, . . . , un, vn, tn, sn))

= −
q∑

q=1

(xiui + yivi + zit1 + wisi) +
n∑

a=q+1

(xaua + yava + zata + wasa).

It is easy to see that (R4n,Φ, g) defines a flat indefinite quaternion space form and
its quaternionic structure is integrable.

For more examples on quaternionic semi-projective spaces and quaternionic
hyperbolic space, see:[203].

Submanifolds of Quaternion Kähler Manifolds. Let (M̄, J̄a, ḡ), a = 1, 2, 3 be a
quaternion Kähler manifold. A submanifold of M̄ is defined with respect to the
action of complex structures J̄a, a = 1, 2, 3 as follows: A submanifold M in a



356 Chapter 8. Submanifolds of indefinite quaternion Kähler manifolds

quaternion manifold M̄ is called a quaternion submanifold (respectively, totally
real submanifold) if each tangent space ofM is carried into itself (respectively, the
normal space) by each J̄a. A similar definition can be given for distribution onM .
LetM be a Riemannian manifold isometrically immersed in a quaternion manifold
M̄ . A distribution D : x −→ Dx ⊂ TxM is called a quaternion distribution if it
satisfies the condition J̄a(D) ⊆ D. This means that a distributionD is a quaternion
distribution if D is carried into itself by its quaternion structure. It is known
that every quaternion submanifold in any quaternion Kähler manifold is always
totally geodesic [98]. Therefore, it is more interesting to study a general class of
submanifolds than quaternion submanifolds. The first attempt in this direction
was made by Barros, Chen and Urbano in [27]. They defined the notion of a
quaternion CR-submanifold as follows:

Definition 8.1.9. [27] LetM be a real submanifold of a quaternion Kähler manifold
M̄ . Then M is called a quaternion CR-submanifold if it admits a differentiable
quaternion distribution D such that its orthogonal complementary distribution
D⊥ is totally real, i.e., J̄a(D⊥x ) ⊂ TxM

⊥, a=l, 2, 3 ∀x ∈ M , where TxM
⊥ is the

normal space of M in M at x.

It is easy to see that if D⊥ = 0 (resp., D = 0) then M is a quaternion
(resp., totally real) submanifold. A quaternion CR-submanifold is called proper if
D �= 0 and D⊥ �= 0. If M is proper, then Definition 8.1.9 implies the following
decomposition:

TM = D ⊥ D⊥ and TM⊥ = J̄1(D⊥) ⊥ J̄2(D⊥) ⊥ J̄3(D⊥) ⊥ ν, (8.1.38)

where ν is the invariant complementary sub-bundle to J̄1(D⊥)⊕ J̄2(D⊥)⊕ J̄3(D⊥)
in TM⊥. The following result is similar to Theorem 6.1.12 and it gives a charac-
terization of quaternion CR-submanifolds.

Proposition 8.1.10. [27] Let M be a submanifold of a quaternion-space-form M̄(c),
c �= 0 and Dx = TxN ∩ J̄1(TxM) ∩ J̄2(TxM) ∩ J̄3(TxM), x ∈ M . Then M is a
quaternion CR-submanifold of M̄ if and only if either M is totally real or D defines
a differentiable distribution of positive dimension such that

R̄(D,D,D⊥, D⊥) = 0

where D⊥ is the orthogonal complementary distribution of D.

On the integrability of distributions we have [27]:

(i) The totally real distributionD⊥ on a quaternion CR-submanifold of a quater-
nion Kähler manifold is always integrable.

(ii) The quaternion distribution D is integrable if and only if the second funda-
mental form of M satisfies

h(D,D) = 0.
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For a totally umbilical quaternion CR-submanifold, the following holds:

Proposition 8.1.11. [27] Every totally umbilical proper quaternion CR-submanifold
in a quaternion Kähler manifold M̄ is totally geodesic.

IfM is a totally geodesic quaternion CR-submanifold of a quaternion Kähler
manifold, then, M is locally the Riemannian product of a totally geodesic quater-
nion submanifold MT and totally geodesic totally real submanifold M⊥ [27]. A
quaternion CR-submanifold is said to be of minimal codimension if the sub-bundle
ν is trivial, i.e., TM⊥ = J̄1(D⊥)⊕ J̄2(D⊥)⊕ J̄3(D⊥).

Theorem 8.1.12. [27] The only quaternion Kähler manifolds which admit totally
umbilical proper quaternion CR-submanifolds of minimal codimension are Ricci
flat quaternion Kähler manifolds.

A quaternion CR-submanifold is called a QR-product if M is locally the
Riemannian product of quaternion submanifold MT and totally real submanifold
M⊥ [27]. The next result gives a characterization of QR-products in terms of the
curvature tensor R⊥ of the normal bundle.

Theorem 8.1.13. [27] Let M be a quaternion CR-submanifold of a quaternionic
space form M̄(c), c ≥ 0. Then we have

‖ R⊥ ‖2=≥ cpq, (8.1.39)

where dimQ(D) = p, dimR(D⊥) = q. If the equality of (8.1.39) holds, then M is
a QR-product.

Let M be a quaternion CR-submanifold of a quaternion Kähler manifold M̄ .
For any X ∈ Γ(TM), we put

J̄aX = PaX +QaX, a = 1, 2, 3 (8.1.40)

where PaX and QaX are the tangential and the normal parts of J̄aX . Using
(8.1.40), following is another characterization of a QR-product:

Theorem 8.1.14. [325] Let M be a quaternion CR-submanifold of a quaternion
Kähler manifold M̄ . Then M is a QR-product if and only if Pa is parallel, i.e.,
(∇XPa)Y = 0, for every X,Y ∈ Γ(TM). Here ∇ denotes the induced connection
on M .

Let us now recall a bit of information on real hypersurfaces of quaternion
Kähler manifolds. Let M̄ be an m-dimensional quaternionic Kähler manifold of
constant quaternionic sectional curvature c ∈ R − {0}. Let ḡ be the Riemannian
metric, ∇̄ the Levi-Civita connection and Q be the quaternionic Kähler structure
of M̄(c) and J̄1, J̄2 and J̄3 be a canonical local basis of Q. Now, let M be an
orientable real hypersurface in M̄ , N a unit normal field on M . We denote the
induced Riemannian metric on M by same letter. Let

Ua = −J̄aN, a = 1, 2, 3 (8.1.41)
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be a vector field on an open set O of M . The corresponding 1-form ηa is

ηa(X) = g(X,Ua). (8.1.42)

Let Ta be the skew symmetric tensor field of type (1, 1) on O given by

J̄aX = TaX + ηa(X)N (8.1.43)

for all vector fields on O. TaX is the tangential component of J̄aX . From (8.1.41)–
(8.1.43), we have

TaUa = 0, TaUa+1 = Ua+2, TaUa+2 = −Ua+1, (8.1.44)

T 2
aX = −X + ηa(X)Ua, (8.1.45)
TaTa+1X = Ta+2X + ηa+1(X)Ua, (8.1.46)
TaTa+2X = −Ta+1X + ηa+2(X)Ua, (8.1.47)

where the index is taken modulo 3. (8.1.44)–(8.1.47) show that (Ta, ηa, Ua), a =
1, 2, 3 is an almost contact 3-structure, see [271]. Also observe that

J̄b(Ua) = −J̄cN = Uc ∈ Γ(TM). (8.1.48)

Thus from (8.1.48) we say that quaternion CR-submanifolds do not include real
hypersurfaces of quaternion Kähler manifolds contrary to the complex case.

Definition 8.1.15. [46] Let M̄ be a quaternion Kähler manifold and M be a real
submanifold of M̄ . Then,M is said to be a QR-submanifold if there exists a vector
sub-bundle ν of the normal bundle such that we have

J̄a(νx) = νx (8.1.49)

and
J̄a(ν⊥x ) ⊂ TxM (8.1.50)

for x ∈M and a = 1, 2, 3, where ν⊥ is the complementary orthogonal bundle to ν
in TM⊥.

Let M be a QR-submanifold of M̄ . Set Dax = J̄a(ν⊥x ). We consider D1x ⊕
D2x ⊕D3x = D⊥x and 3s-dimensional distribution D⊥ : x → D⊥x globally defined
on M, where s = dim ν⊥x . Also we have, for each x ∈M ,

J̄a(Dax) = ν⊥x , J̄a(Dbx) = Dcx (8.1.51)

where (a, b, c) is a cyclic permutation of (1, 2, 3). Denote by D the complementary
orthogonal distribution to D⊥ in TM . Then, D is invariant with respect to the
action of J̄a, i.e., we have

J̄a(Dx) = Dx (8.1.52)

for any x ∈M . D is called a quaternion distribution.



8.1. Introduction 359

It is easy to see that a real hypersurface of a quaternion Kähler manifold M̄
is a QR-submanifold with νx = {0} and ν⊥x = Span{N}.

Recall that a QR-submanifold is called D-geodesic if h(X,Y ) = 0 for X,Y ∈
Γ(D), where h denotes the second fundamental form of M . For the integrability
of holomorphic distribution we have the following.

Theorem 8.1.16. [46] Let M be a QR-submanifold of a quaternion Kähler manifold.
Then the following assertions are equivalent:

1. h(J̄aX,Y ) = h(X, J̄aY ), a = 1, 2, 3 and X,Y ∈ Γ (D).

2. M is D-geodesic.

3. D is integrable.

Let M be a QR-submanifold of quaternion Kähler manifold M̄ . Denote by
P the projection morphism of TM to the quaternion distribution D and choose
a local field of orthonormal frames {v1, . . . , vs} on the vector sub-bundle ν⊥ in
TM⊥. Then on the distribution D⊥, we have the local field of orthonormal frames

{E11, . . . , E1s, E21, . . . , E2s, E31, . . . , E3s} (8.1.53)

where Eai = J̄avi, a = 1, 2, 3 and i = 1, . . . , s. For the integrability of distributions
of D⊥, we have the following:

Theorem 8.1.17. [46] Let M be a QR-submanifold of a quaternion Kähler manifold.
Then the following assertions are equivalent:

(a) the distribution D⊥ is integrable,

(b) Baij(X) = 0 for all a = 1, 2, 3; i, j = 1, 2 . . . , s, and X ∈ Γ(D),

(c) h(D,D⊥) ⊂ ν,

where Baij(X) = g(∇EaiEaj , X) and ∇ is the induced connection on M .

As in the complex case, every totally geodesic QR-submanifold is locally
a Riemannian product MT ×M⊥, where MT and M⊥ are leaves of D and D⊥,
respectively[46]. For a totally umbilical QR-submanifoldM , we have the following:

Theorem 8.1.18. Let M be a totally umbilical QR-submanifold of a quaternion
Kähler manifold M̄ .

(1) If dim(ν⊥x ) > 1 for any x ∈M , then M is totally geodesic [46].

(2) If dim(ν⊥x ) = 1∀x ∈M and M is not totally geodesic, then it is an extrinsic
sphere that inherits a generalized 3-Sasakian structure[50].

(3) If dim(ν⊥x ) = 0 for any x ∈ M , then M is a totally geodesic quaternion
submanifold [50].
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Finally, we have quoted some main results for such submanifolds in Rieman-
nian quaternion Kähler manifolds which are needed to compare and understand
their counterparts of lightlike geometry. For those interested in knowing more, we
recommend the following references: [27, 46, 50, 98, 108, 115, 199, 232, 234, 239,
264, 283, 280, 279, 300, 319, 321, 330, 331, 352, 364].

8.2 Lightlike hypersurfaces

In this section, we discuss the fundamental properties of real lightlike hypersurfaces
of an indefinite quaternion Kähler manifold.

Let
(
M̄, J̄a, ḡ

)
, a = 1, 2, 3 be a real 4n-dimensional indefinite quaternion

Kähler manifold, where ḡ is a semi-Riemannian metric of index ν = 4q, 0 < q < m.
Suppose (M, g) is a lightlike real hypersurface of M̄ . If ξ is a local section of TM⊥,
then g

(
J̄aξ, ξ

)
= 0 and J̄aξ are tangent to M . Thus, J̄aTM

⊥ is a distribution
on M of rank 3 such that J̄aTM

⊥ ∩ TM⊥ = {0}. Hence we can choose a screen
distribution S(TM) such that it contains J̄aTM

⊥ as a vector sub-bundle. Consider
a local section N of tr(TM). Since

ḡ
(
J̄aN, ξ

)
= ḡ

(
N, J̄aξ

)
= 0,

we deduce that J̄aN are tangent to M . On the other hand, since ḡ
(
J̄aN,N

)
= 0

the components of J̄aN with respect to ξ vanish. Thus J̄aN ∈ Γ (S(TM)). We
know that ξ and N are null vector fields satisfying g(ξ,N) = 1. Thus, J̄aN and
J̄aξ are null vector fields satisfying ḡ

(
J̄aN, J̄aξ

)
= 1, a = 1, 2, 3. Otherwise, we

have
g(J̄aN, J̄bξ) = 0

for a �= b. Hence J̄aTM
⊥ ⊕ J̄aRadTM is a vector sub-bundle of S(TM) of rank

6. Then, there exists a non-degenerate distribution D0 on M such that

S(TM) = {D1 ⊕D2} ⊥ D0

where
D1 = J̄1ξ ⊕orth J̄2ξ ⊕orth J̄3ξ,

D2 = J̄1N ⊕orth J̄2N ⊕orth J̄3N.

Proposition 8.2.1. The distribution D0 is invariant with respect to each J̄a, i.e.,

J̄a(D0) = D0, a = 1, 2, 3.

Proof. Since J̄a, a = 1, 2, 3, are almost Hermitian structures, we have

ḡ
(
J̄aX,Y

)
= −ḡ

(
X, J̄aY

)
for any X ∈ Γ (D0) and Y ∈ Γ (TM). For Y = J̄aξ we get

ḡ
(
J̄aX, J̄aξ

)
= −ḡ

(
X, J̄aJ̄aξ

)
= ḡ (X, ξ) = 0



8.2. Lightlike hypersurfaces 361

and from (8.1.2) we have

ḡ
(
J̄aX, J̄bξ

)
= −ḡ

(
X, J̄aJ̄bξ

)
= −ḡ

(
X, J̄cξ

)
= 0

for any Y = J̄aξ ∈ Γ (D1). Thus, J̄aX ⊥ D1. On the other hand, we have

ḡ
(
J̄aX, ξ

)
= −ḡ

(
X, J̄aξ

)
= 0

for any ξ ∈ Γ
(
TM⊥). Hence, J̄aX ⊕orth TM

⊥. From (8.1.2) we obtain

ḡ
(
J̄aX, J̄aN

)
= ḡ (X,N) = 0

and
ḡ
(
J̄aX, J̄bN

)
= −ḡ

(
X, J̄aJ̄bN

)
= −ḡ

(
X, J̄cN

)
= 0

for any N ∈ Γ (ltr(TM)). Thus, J̄aX ⊥ {{D1 ⊕D2} ⊥ TM⊥}. Finally, we derive

ḡ
(
J̄aX,N

)
= −ḡ

(
X, J̄aN

)
= 0.

Summing up these results we deduce

J̄aX ⊥ {{D1 ⊕D2} ⊥ (TM⊥ ⊕ ltr(TM))},

that is, J̄a(D0) = D0, a = 1, 2, 3, which proves our assertion. �
Thus, the general decompositions (2.1.4) and (2.1.8) become

TM = {(D1 ⊕D2) ⊥ D0 ⊕orth TM
⊥} (8.2.1)

and
TM̄ = {(D1 ⊕D2) ⊥ D0 ⊥ (TM⊥ ⊕ ltr(TM))}. (8.2.2)

Example 2. Consider a hypersurface of R8
4 given by

x1 = u1 + u7 cosα, y1 = u2 + b,

x2 = u3 + c, y2 = u4 + d,

x3 = −u3 cosα− u4 sinα+ u5, y3 = u3 sinα− u4 cosα+ u6,

x4 = u1 cosα− u2 sinα+ u7, y4 = u1 sinα+ u2 cosα,

where α ∈ IR − {π + kπ, k ∈ Z}. Thus TM is spanned by

Z1 = ∂ x1 + cosα∂ x4 + sinα∂ y4,
Z2 = ∂ y1 − sinα∂ x4 + cosα∂ y4,
Z3 = ∂ x2 − cosα∂ x3 + sinα∂ y3,
Z4 = ∂ y2 − sinα∂ x3 − cosα∂ y3,
Z5 = ∂ x3, Z6 = ∂ y3,

Z7 = cosα ∂ x1 + ∂ x4.
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It is easy to check that a hypersurface is lightlike such that TM⊥ = Span{Z1}.
Moreover, using the canonical complex structures of R8

4 we see that J̄1Z1 = Z2,
J̄2Z1 = Z3 and J̄3Z1 = Z4. Thus, J̄a(TM⊥), a = 1, 2, 3 are distributions on M .
Now, we consider V = cotα∂ y1 + cscα∂ y4. Hence we derive

N = −1
2
(∂ x1 − 2 cotα∂ y1 + cosα∂ x4 − (2 cscα+ sinα)∂ y4).

Thus, we have

J̄1N = − cotα∂ x1 −
1
2
∂ y1 + (

1
2
sinα− cscα)∂ x4 −

1
2
cosα ∂ y4,

J̄2N = −1
2
∂ x2 − cotα∂ y2 +

1
2
cosα∂ x3 − (

1
2
sinα + cscα)∂ y3,

J̄3N = cotα∂ x2 −
1
2
∂ y2 + (

1
2
sinα− cscα) ∂ x3 +

1
2
cosα∂ y3.

Hence, M is a real lightlike hypersurface of R8
4.

Consider the almost quaternion distribution

D = {TM⊥ ⊕orth D1} ⊕orth D0. (8.2.3)

Denote by S and Q the projection morphisms D and D2. Then, for Ua = −J̄aξ
and Va = −J̄aN , any vector field on M is expressed as

X = SX +
3∑

a=1

fa(X)Va, (8.2.4)

where fa(X) are 1-forms locally defined on M by

fa(X) = g(X,Ua). (8.2.5)

Apply J̄a to (8.2.4) and obtain

J̄aX = φaX + fa(X)N, a = 1, 2, 3 (8.2.6)

where φaX are the tangential components of J̄aX . Since J̄2
a = −I, we have

φ2
aX = −X + fa(X)Va. (8.2.7)

From (8.2.5) we get
fa(Va) = 1, fa(Vb) = 0, a �= b,

faφa = 0.

From (8.1.2) and (8.2.6) we derive

φaVb = J̄aVb − fa(Vb)N = J̄aVb = −J̄aJ̄bN

= −J̄cN = Vc.
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Using (8.2.4) and (8.2.6) we have

(fa ◦ φb)X = fa(φbX) = g(φbX,Va) = fc(X).

Finally, from (8.1.2), (8.2.4), (8.2.5), (8.2.6) and (8.2.7) we have

((φa ◦ φb)− Va ⊗ fb)X = φa(φbX)− fb(X)Va = φcX.

This shows that there exists an almost contact 3-structure on a real lightlike
hypersurface of an indefinite quaternion Kähler manifold, (for the definition of
almost contact 3-structure, see [271]). Thus, we have the following theorem.

Theorem 8.2.2. Let M be a lightlike hypersurface of an indefinite quaternion
Kähler manifold such that ξ and N are globally defined on M . Then (φa, Va, fa)
defines an almost contact 3-structure.

Remark 8.2.3. From (8.2.4), (8.2.6) and (8.2.7) we see that there exist no almost
metric contact 3-structures on lightlike real hypersurfaces of indefinite quaternion
Kähler manifolds.

Let M̄ be an indefinite quaternion Kähler manifold. Then, by using (8.1.2)
and (8.1.8) and Gauss-Weingarten formulae for a lightlike hypersurface, we derive

(∇Xφa)Y = fa(Y )ANX −B(X,Y )Va +Qab(X)φbY

+Qac(X)φcY, (8.2.8)
(∇Xfa)Y = −B(X,φaY )− fa(Y )τ(X) +Qab(X)fb(Y )

+Qac(X)fc(Y ), ∀X,Y ∈ Γ(TM). (8.2.9)

Theorem 8.2.4. Let M̄ be an indefinite quaternion Kähler manifold and M a real
lightlike hypersurface of M̄ . Then, M is totally geodesic if and only if

C(X,Ua) = 0,
(∇Xfa)Y = 0, ∀X ∈ Γ(TM), Y ∈ Γ(D), and Ua ∈ Γ(D1).

Proof. For Y = Va ∈ Γ (D2) from (8.2.8) we have

(∇Xφa)Va = ANX −B(X,Va)Va +Qab(X)φbVa +Qac(X)φcVa.

Using (8.1.2) we get

−φa∇XVa = ANX −B(X,Va)Va −Qab(X)Vc +Qac(X)Vb.

For Ua ∈ Γ (D1) , from (2.1.26) and (8.2.6) we derive

C(X,Ua) = B(X,Va).

On the other hand, we get

(∇Xfa)Y = B(X,Y )

for any Y ∈ Γ (D), which completes the proof. �
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Theorem 8.2.5. Let M be a real lightlike hypersurface of an indefinite quater-
nion Kähler manifold M̄ . Then, M is totally geodesic if and only if ANX, A∗ξX,
∇∗XZ0 /∈ Γ (D2) for any X ∈ Γ(TM), N ∈ Γ (ltr(TM)), ξ ∈ Γ

(
TM⊥), Z0 ∈

Γ (D0).

Proof. It suffices to show that h(X,Y ) = 0 for any X,Y ∈ Γ (TM). By the
definition of lightlike hypersurfaces,M is totally geodesic if and only if h(X,Va) =
0, h(X,Ua) = 0 and h(X,Z0) = 0 for any X ∈ Γ (TM) , Va ∈ Γ (D1) and Ua ∈
Γ (D2). From (8.1.2) and (8.2.6) we have

B(X,Va) = −fa(ANX).

From (8.1.8) we get

h(X,Ua) = −J̄a(A∗ξX) + τ(X)Ua +Qab(X)Vb +Qab(X)Vc −∇XUa

and

h(X, J̄aZ0) = J̄a(∇∗XZ0)− C(X,Z0)Ua −B(X,Z0)Va +Qab(X)J̄bZ0

+Qac(X)J̄cZ0 −∇XZ0.

The proof follows from these three equations. �

Theorem 8.2.6. Let M be a real lightlike hypersurface of an indefinite quaternion
Kähler manifold. Then, D0 is integrable if and only if

C(X,Y ) = C(Y,X), C(X, J̄aY ) = C(Y, J̄aX),
B(X, J̄aY ) = B(Y, J̄aX), ∀X,Y ∈ Γ(D0).

Proof. From (8.2.1) we see that D0 is integrable if and only if , we have

ḡ([X,Y ], Va) = ḡ([X,Y ], Ua) = ḡ([X,Y ], N) = 0

for any Va ∈ Γ (D2) , Ua ∈ Γ (D1) and N ∈ Γ (ltr(TM)). Now by using (8.1.2) and
(8.1.8), we have

ḡ([X,Y ], Va) = −ḡ([X,Y ], J̄aN)

= −ḡ
(
∇̄XY, J̄aN

)
+ ḡ

(
∇̄YX, J̄aN

)
= ḡ

(
J̄a∇̄XY,N

)
− ḡ

(
J̄a∇̄Y X,N

)
= ḡ

(
∇̄X J̄aY −

(
∇̄X J̄a

)
Y,N

)
− ḡ

(
∇̄Y J̄aX −

(
∇̄Y J̄a

)
X,N

)
= ḡ

(
∇X J̄aY −Qab(X)J̄bY −Qac(X)J̄cY,N

)
− ḡ

(
∇Y J̄aX −Qab(Y )J̄bX −Qac(Y )J̄cX,N

)
= ḡ

(
∇X J̄aY,N

)
− ḡ

(
∇Y J̄aX,N

)
.
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From (2.1.23) we get

ḡ([X,Y ], Va) = ḡ
(
h∗(X, J̄aY ), N

)
− ḡ

(
h∗(Y, J̄aX), N

)
or

ḡ([X,Y ], Va) = C(Y, J̄aX)− C(X, J̄aY ). (8.2.10)

In a similar way, we have

ḡ([X,Y ], Ua) = B(Y, J̄aX)−B(X, J̄aY ). (8.2.11)

Finally, from (2.1.14) we get

ḡ([X,Y ], N) = C(X,Y )− C(Y,X). (8.2.12)

Thus, considering (8.2.10), (8.2.11) and (8.2.12) we derive the assertion of the
theorem. �

Corollary 8.2.7. Let M be a real lightlike hypersurface of an indefinite quaternion
Kähler manifold. If M is totally geodesic, then, D is parallel.

Proof. Using (8.2.3) we have, D is parallel if and only if g(∇XY, Z) = 0 for any
X,Y ∈ Γ (D) , Z ∈ Γ (D1). From (8.1.2) and (8.1.8) we get

g(∇XY, Ua) = ḡ(∇̄XY, Ua) = −ḡ(∇̄XY, J̄aξ) = ḡ(J̄a∇̄XY, ξ)

= ḡ(∇̄X J̄aY −
(
∇̄XJ̄a

)
Y, ξ)

= ḡ(∇X J̄aY + h(X,Y )−Qab(X)J̄bY −Qac(X)J̄cY, ξ).

SinceM is totally geodesic and J̄bY, J̄cY ∈ Γ (D), we have g(∇XY, Ua) = 0. Thus,
D is parallel, which completes the proof. �

Lemma 8.2.8. Let M̄(c) be an indefinite quaternionic space form and M a real
lightlike hypersurface of M̄(c). Then, we have

c

4

3∑
a=1

g(Z, J̄aY )fa (X)− g(Z, J̄aX)fa(Y ) + 2g(X, J̄aY )fa(Z)

= (∇XB)(Y, Z)− (∇YB)(X,Z) +B(Y, Z)τ(X)−B(X,Z)τ(Y ), (8.2.13)

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y +

3∑
a=1

g(Z, J̄aY )φa(X)

− g(Z, J̄aX)φa(Y ) + 2g(X, J̄aY )φa(Z)−B(X,Z)ANY +B(Y, Z)ANX
(8.2.14)

for any X,Y, Z ∈ Γ (TM).

Proof. Using Gauss-Weingarten formulas and (8.1.14), we obtain the lemma. �
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Theorem 8.2.9. There exists no totally umbilical real hypersurface of M̄(c) with
c �= 0.

Proof. Suppose M is a totally umbilical real hypersurface of M̄(c) with c �= 0.
Replacing X,Y, Z by PX, ξ, PZ in (8.2.13) and using (2.5.1) we have

c

4

3∑
a=1

fa(PZ)fa(PX) = −B(∇PXξ, PZ)−∇ξB(PX,PZ)

+B(∇ξPX,PZ) +B(PX,∇ξPZ)
+B(ξ, PZ)τ(PX)−B(PX,PZ)τ(ξ).

Since M is umbilical, we derive

c

4

3∑
a=1

fa(PZ)fa(PX) = −ρg(∇PXξ, PZ)−∇ξ (ρg (PX,PZ))

+ ρg(∇ξPX,PZ) + ρg(PX,∇ξPZ)
+ ρg(ξ, PZ)τ(PX)− ρg(PX,PZ)τ(ξ).

Hence, we arrive at

c

4

3∑
a=1

fa(PZ)fa(PX) = −ρg(∇PXξ, PZ)− (∇ξρ) g (PX,PZ)− ρg(PX,PZ)τ(ξ).

Since ∇̄ is a metric connection we have

c

4

3∑
a=1

fa(PZ)fa(PX) = ρg(ξ, ∇̄PXPZ)− (∇ξρ) g (PX,PZ)− ρg(PX,PZ)τ(ξ).

Then, considering M is umbilical, we obtain

c

4

3∑
a=1

fa(PZ)fa(PX) =
(
ρ2 − (∇ξρ)− ρτ(ξ)

)
g(PX,PZ).

Now, for PX = PZ = V1 we have c = 0. This is a contradiction. Thus, M can not
be umbilical in M̄(c), c �= 0, which completes the proof. �

8.3 Screen real submanifolds

As in the indefinite Kähler geometry, lightlike submanifolds of indefinite quater-
nion Kähler manifolds are defined with respect to the complex structures J̄1, J̄2

and J̄3. A lightlike submanifold M of an indefinite quaternion Kähler manifold
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M̄ is called a quaternion lightlike submanifold if radical distribution and screen
distribution of M are invariant with respect to J̄a, a = 1, 2, 3, i.e.,

J̄a(RadTM) = RadTM and J̄a(S(TM)) = S(TM).

It is easy to see that lightlike transversal bundle ltr(TM ) is invariant. In a similar
way, ḡ(J̄aX, ξ) = −ḡ(X, J̄aξ) for X ∈ Γ(S(TM)) implies that S(TM) is also
invariant. One can see that the screen transversal bundle S(TM⊥) is also invariant.
For quaternion lightlike submanifolds of indefinite quaternion Kähler manifolds,
we have the following.

Theorem 8.3.1. A quaternion lightlike submanifold M of an indefinite quaternion
Kähler manifold is totally geodesic.

Proof. From (8.1.8) and (5.1.15) we get

∇X J̄aY = −hl(X, J̄aY )− hs(X, J̄aY ) +Qab(X)J̄bY

+Qac(X)J̄cY + J̄a∇XY + J̄ah
l(X,Y )

+ J̄ah
s(X,Y ), ∀X,Y ∈ Γ(TM).

Hence, we obtain

hl(X, J̄aY ) = J̄ah
l(X,Y ),

hs(X, J̄aY ) = J̄ah
s(X,Y ),

which imply that

hl(J̄aX, J̄aY ) = −hl(X,Y ), (8.3.1)
hs(J̄aX, J̄aY ) = −hs(X,Y ). (8.3.2)

In a similar way, we derive

hl(J̄bX, J̄bY ) = −hl(X,Y ), hl(J̄cX, J̄cY ) = −hl(X,Y ), (8.3.3)
hs(J̄bX, J̄bY ) = −hs(X,Y ), hs(J̄cX, J̄cY ) = −hs(X,Y ). (8.3.4)

On the other hand, using (8.1.2), (8.3.1), (8.3.2), (8.3.3) and (8.3.4) we get

hl(J̄aX, J̄aY ) = hl(J̄bJ̄cX, J̄bJ̄cY ) = −hl(J̄cX, J̄cY ) = hl(X,Y ) (8.3.5)

and
hs(J̄aX, J̄aY ) = hl(X,Y ). (8.3.6)

Then, (8.3.1), (8.3.2), (8.3.5) and (8.3.6) imply that hl(X,Y ) = 0 and hs(X,Y ) =
0, i.e., M is totally geodesic, which completes the proof. �



368 Chapter 8. Submanifolds of indefinite quaternion Kähler manifolds

Example 3. Consider in R12
4 a submanifold M given by the equations:

x9 = x1 cosα− x3 sinα, x10 = x2 cosα− x4 sinα,
x11 = x1 sinα+ x3 cosα, x12 = x2 sinα+ x4 cosα, α ∈ (0, π

2
).

Then TM is spanned by

Z1 = ∂ x1 + cosα∂ x9 + sinα ∂ x11, Z2 = ∂ x2 + cosα ∂ x10 + sinα∂ x12,
Z3 = ∂ x3 − sinα∂ x9 + cosα ∂ x11, Z4 = ∂ x4 − sinα∂ x10 + cosα∂ x12,

Z5 = ∂ x5, Z6 = ∂ x6, Z7 = ∂ x7, Z8 = ∂ x8.

Hence M is a lightlike submanifold with RadTM = Span{Z1 , Z2 , Z3 , Z4}. Thus,
RadTM = TM⊥ ⊂ TM , i.e., M is a coisotropic 8-dimensional submanifold of
R12

4 . Then S(TM⊥) = {0} and the lightlike transversal bundle is spanned by

N1 = 1
2{−∂ x1 + cosα ∂ x9 + sinα∂ x11},

N2 = 1
2
{−∂ x2 + cosα ∂ x10 + sinα∂ x12},

N3 = 1
2{−∂ x4 − sinα∂ x9 + cosα∂ x11},

N4 = 1
2{−∂ x4 − sinα∂ x10 + cosα∂ x12}.

It is easy to see that RadTM and D0 = Span{Z5, Z6, Z7, Z8} are invariant. Hence
TM = RadTM⊕orthD0 is invariant. ThusM is a quaternion lightlike submanifold.

Theorem 8.3.1 tells that it would be more interesting to study other types
of lightlike submanifolds of indefinite quaternion Kähler manifolds. For this aim,
we present some results on the geometry of screen real lightlike submanifolds of
indefinite quaternion Kähler manifolds. The definition of screen real submanifold
is the same as the definition of screen real submanifolds of Kähler manifolds.
More precisely, we say that a lightlike submanifold of an indefinite quaternion
Kähler manifold is a screen real lightlike submanifold if RadTM is invariant with
respect to J̄a and J̄a(S(TM)) ⊆ S(TM⊥) for all a = 1, 2, 3. Let M be a screen
real lightlike submanifold of an indefinite quaternion Kähler manifold. Then, for
W ∈ Γ(S(TM)), we write

J̄aW = BaW + CaW, (8.3.7)

where BaW and CaW are the tangential and screen transversal part of J̄aW .

Example 4. Consider a submanifold M in R12
4 given by

χ(θ, ϕ, r.s, t) = (θ, ϕ, r, s,−s, r,−ϕ, θ, sin t, 0, cos t, 0).

The tangent bundle of M is spanned by

Z1 = ∂ x1 + ∂ x8, Z2 = ∂ x2 − ∂ x7

Z3 = ∂ x3 + ∂ x6, Z4 = ∂ x4 − ∂ x5

Z5 = cos t ∂ x9 − sin t ∂ x11.
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It is easy to see thatM is a 4-lightlike submanifold. RadTM is spanned by Z1, Z2,
Z3 and Z4. Moreover, RadTM is invariant with respect to the canonical complex
structures J̄1, J̄2 and J̄3. Furthermore, by direct computations, we have

J̄1Z5 = cos t ∂ x10 − sin t ∂ x12, J̄2Z5 = sin t ∂ x9 + cos t ∂ x11,

J̄3Z5 = sin t ∂ x10 + cos t ∂ x12,

which span non-degenerate space and this space is orthogonal to TM . Thus,
S(TM⊥) = Span{J̄1Z, J̄2Z, J̄3Z}. That is, S(TM) = Span{Z5} is anti-invariant.
Thus, M is a screen real lightlike submanifold.

Let M be a screen real lightlike submanifold of an indefinite quaternion
Kähler manifold M̄ . Using (5.1.15), (5.1.27) and (8.3.7), we have

∇X J̄aξ = −hl(X, J̄aξ)− hs(X, J̄aξ) +Qab(X)J̄bξ

+Qac(X)J̄cξ − J̄aA
∗
ξX + J̄a∇∗t

Xξ

+ J̄ah
l(X, ξ) +Bah

s(X, ξ) + Cah
s(X, ξ)

for X ∈ Γ(TM) and ξ ∈ Γ(RadTM). Thus, considering (5.1.4), we obtain

∇X J̄aξ = Qab(X)J̄bξ +Qac(X)J̄cξ + J̄a∇∗t
Xξ +Bah

s(X, ξ), (8.3.8)
hs(X, J̄aξ) = −J̄aA

∗
ξX + Cah

s(X, ξ), (8.3.9)

hl(X, J̄aξ) = J̄ah
l(X, ξ). (8.3.10)

Then, from (8.3.8) and Theorem 5.1.4, we have the following results:

Theorem 8.3.2. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . The induced connection is a metric connection if and
only if hs(X, ξ) has no components in J̄(S(TM)) for X ∈ Γ(TM) and ξ ∈
Γ(RadTM).

Corollary 8.3.3. Any irrotational screen real lightlike submanifold of an indefinite
quaternion Kähler manifold has the induced metric connection.

Now, we discuss the integrability of radical and screen distributions of a
screen real lightlike submanifold.

Theorem 8.3.4. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then, the radical distribution is integrable if and only
if

Bah
s(ξ1, J̄aξ2) = Bah

s(J̄aξ1, ξ2), ξ1, ξ2 ∈ Γ(RadTM). (8.3.11)

Proof. From (8.1.8) and (8.1.2) we have

∇̄ξ1ξ2 = −∇̄ξ1 J̄
2
aξ2

= −(∇̄ξ1 J̄a)J̄aξ2 − J̄a∇̄ξ1 J̄aξ2

= Qab(ξ1)J̄cξ2 −Qac(ξ1)J̄bξ2 − J̄a∇̄ξ1J̄aξ2
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for ξ1, ξ2 ∈ Γ(RadTM). Using (5.1.15), (5.1.27) and taking tangential parts of the
obtained equation, we get

∇ξ1ξ2 = Qab(ξ1)J̄cξ2 −Qac(ξ1)J̄bξ2 − J̄a∇∗t
ξ1
ξ2 − Bah

s(ξ1, J̄ξ2). (8.3.12)

Changing the roles of ξ1 and ξ2 and subtracting, we arrive at

[ξ1, ξ2] = Qab(ξ1)J̄cξ2 −Qac(ξ1)J̄bξ2 − J̄a∇∗t
ξ1
ξ2

−Bah
s(ξ1, J̄ξ2)−Qab(ξ2)J̄cξ1 +Qac(ξ2)J̄bξ1

+ J̄a∇∗t
ξ2
ξ1 +Bah

s(ξ1, J̄ξ2). (8.3.13)

Since RadTM is invariant with respect to J̄a, it is integrable, Then, from (8.3.12)
we have (8.3.11). Conversely, if (8.3.11) holds, then, the right side of (8.3.13)
belongs to RadTM . Hence, the left side of (8.3.13) also belongs to RadTM . �
Theorem 8.3.5. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . If RadTM is integrable, then, the radical distribution
defines a totally geodesic foliation.

Proof. From (8.3.13), the radical distribution defines a totally geodesic foliation
inM if and only if Bah

s(ξ1, J̄aξ2) = 0. Suppose that RadTM is integrable. Then,
Theorem 8.3.4 implies that Bah

s(ξ1, J̄aξ2) = Bah
s(J̄aξ1, ξ2) a = 1, 2, 3. Using this

and (8.1.2), we get

Bah
s(ξ1, J̄aξ2) = Bah

s(ξ1, J̄bJ̄cξ2) = Bah
s(J̄bξ1, J̄cξ2)

= Bah
s(J̄cJ̄bξ1, ξ2) = −Bah

s(J̄aξ1, ξ2)

which gives Bah
s(ξ1, J̄aξ2) = 0 that completes the proof. �

Theorem 8.3.6. Let M be a screen real lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then the screen distribution is integrable if and only if

AJ̄aXY = AJ̄aY X, ∀X,Y ∈ Γ(S(TM)).

Proof. From (8.1.8), (5.1.15), (5.1.23) and (5.1.26) we obtain

AJ̄aYX = ∇l
X J̄aY +Ds(X, J̄aY )−Qab(X)J̄bY

−Qac(X)J̄cY − J̄a∇∗XY − J̄ah
∗(X,Y )

− J̄ah
l(X,Y )−Bah

s(X,Y )− Cah
s(X,Y ) (8.3.14)

for X,Y ∈ Γ(S(TM)). Taking the tangential parts of (8.3.14) we get

AJ̄aY X = −J̄ah
∗(X,Y )−Bah

s(X,Y ). (8.3.15)

Changing the roles of X and Y in (8.3.16) we derive

AJ̄aXY = −J̄ah
∗(Y,X)−Bah

s(Y,X). (8.3.16)
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Then, since hs is symmetric, from (8.3.15) and (8.3.16) we obtain

AJ̄aYX −AJ̄aXY = −J̄ah
∗(X,Y ) + J̄ah

∗(Y,X). (8.3.17)

The proof comes from (8.3.17) and Theorem 5.1.5. �
Theorem 8.3.7. Let M be a real lightlike submanifold of an indefinite quaternion
Kähler manifold. Then, the screen distribution is parallel in M if and only if
AJ̄aXY has no components in RadTM for X,Y ∈ Γ(S(TM)).

Proof. Suppose that S(TM) is parallel. Then, from Theorem 5.1.6, h∗ = 0. Also,
(8.3.16) implies that AJ̄aXY = Bah

s(Y,X) which shows that AJ̄aXY is S(TM)-
valued. Conversely, assume that AJ̄aXY has no components in RadTM . Then,
(8.3.16) implies that J̄ah

∗(X,Y ) = 0. Since the almost complex structures are
non-singular, we conclude that h∗ = 0. Then, Theorem 5.1.6 tells that S(TM) is
parallel. �

Now we study totally umbilical screen real lightlike submanifolds. The proof
of the following result comes from (8.3.8) and Theorem 5.1.4.

Theorem 8.3.8. Let M be a totally umbilical screen real lightlike submanifold of
an indefinite quaternion Kähler manifold M̄ . Then, the induced connection ∇ is
a metric connection

LetM be a screen real lightlike submanifold of an indefinite quaternion Käh-
ler manifold M̄ . Consider the complementary vector sub-bundle ν to J̄a(S(TM))
in S(TM⊥). Then, we have

S(TM⊥) = J̄a(S(TM))⊕orth ν, a = 1, 2, 3. (8.3.18)

Since J̄a(S(TM)) and S(TM⊥) are non-degenerate, it follows that ν is also non-
degenerate. Moreover, it is easy to see that ν is invariant.

Lemma 8.3.9. Let M be a totally umbilical screen real lightlike submanifold of an
indefinite quaternion Kähler manifold. Then, Hs ∈ Γ(J̄a(S(TM)).

Proof. Let M be a totally umbilical screen real lightlike submanifold and X,Y ∈
Γ(S(TM)). Using (8.1.8), (5.1.4), (5.1.26), (8.3.7) and taking the screen transversal
parts of (8.3.18), we have

hs(X,Y ) = −Qab(X)J̄bY −Qac(X)J̄cY − J̄a∇∗XY − Cah
s(X,Y ).

Thus, for V ∈ Γ(ν), we have

ḡ(hs(X,Y ), J̄aV ) = −ḡ(Cah
s(X,Y ), J̄aV ).

Then, a totally umbilical M implies that

g(X,Y )ḡ(Hs, J̄aV ) = −g(X,Y )ḡ(Hs, V ). (8.3.19)
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Since ν is invariant with respect to J̄a and V is an arbitrary vector field, substi-
tuting J̄aV in (8.3.19) we derive

g(X,Y )ḡ(Hs, V ) = g(X,Y )ḡ(Hs, J̄aV ). (8.3.20)

Thus, from (8.3.19) and (8.3.20) we obtain

g(X,Y )ḡ(Hs, V ) = 0.

S(TM) non-degenerate and ḡ(Hs, V ) = 0 shows that Hs ∈ Γ(J̄a(S(TM))). �
Theorem 8.3.10. Let M be a totally umbilical screen real lightlike submanifold of
an indefinite quaternion Kähler manifold. Then, M is either totally geodesic or
S(TM) is 1-dimensional.

Proof. From (8.3.14) and (5.1.28), for X,Y ∈ Γ(S(TM)), we have

ḡ(hs(X,X), J̄aY ) = ḡ(hs(X,Y ), J̄aX).

Using (5.3.8), we obtain

g(X,X)ḡ(Hs, J̄aY ) = g(X,Y )ḡ(Hs, J̄aX). (8.3.21)

Changing the role X and Y in (8.3.21), we get

g(Y, Y )ḡ(Hs, J̄aX) = g(X,Y )ḡ(Hs, J̄aY ). (8.3.22)

Thus, from (8.3.21) and (8.3.22), we have

ḡ(Hs, J̄aX) =
g(X,Y )2

g(X,X)g(Y, Y )
ḡ(Hs, J̄aX). (8.3.23)

Considering Lemma 8.3.9, the solution of the equation (8.3.23) is either Hs = 0
or X and Y are linearly dependent, which completes the proof. �

8.4 QR-lightlike submanifolds

In this section, we introduce and investigate QR-lightlike submanifolds which are a
generalization of lightlike real hypersurfaces of indefinite quaternion Kähler man-
ifolds and correspond to Riemannian QR-submanifolds.

Definition 8.4.1. [343] LetM be a lightlike submanifold of an indefinite quaternion
Kähler manifold M̄ . We say that M is a QR-lightlike submanifold if the following
conditions are fulfilled:

Ja RadTM ∩ RadTM = {0} , (8.4.1)

S(TM) = {Ja RadTM ⊕D′} ⊥ D0, (8.4.2)

Ja(D0) = D0, Ja(L1 ⊥ L2) = D′ ⊂ S(TM),

where L1 = ltr(TM) and L2 is a vector sub-bundle of S(TM⊥).
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Let M be a QR-lightlike submanifold of an indefinite quaternion Kähler
manifold. For x ∈M , let Dax = Ja(L1 ⊥ L2), a = 1, 2, 3. Then, D1x, D2x, D3x are
mutually orthogonal vector subspaces of TxM . We considerD′x = D1x⊕D2x⊕D3x,
then D′ : x → D

′
x is globally a 3d-dimensional distribution defined on M , where

dim (L1 ⊥ L2)x = d. Also we have

Ja(Dax) = L1 ⊥ L2 |x, Ja(Dbx) = Dcx,

where (a, b, c) is a cycle permutation of (1, 2, 3). Now, we consider

D = {RadTM ⊕orth Ja RadTM} ⊕orth D0, (8.4.3)

where D0 is non-degenerate distribution. It is easy to check that D0 is invariant
with respect to each Ja. Thus we have

TM = D ⊕D′.

From (8.4.3), it follows that D is invariant with respect to the action of Ja and we
callD a quaternion lightlike distribution. (8.4.3) also implies thatD is a 4r-lightlike
almost quaternion distribution on M . Thus we have the following proposition.

Proposition 8.4.2. Any QR-lightlike 7-dimensional submanifold must be 1-lightlike.

Example 5. Let
(
M̄, Ja, ḡ

)
, a = 1, 2, 3 be a real 4n-dimensional indefinite quater-

nion Kähler manifold, where ḡ is a semi-Riemann metric of index ν = 4q, 0 <
q < m. We suppose that (M, g) is a lightlike real hypersurface of M̄ , where g is
the degenerate induced metric of M . Now, if ξ is a local section of TM⊥, then,
g (Jaξ, ξ) = 0 (a = 1, 2, 3) and Jaξ are tangent toM . Thus

(
J1TM

⊥ ⊕orth J2TM
⊥

⊕orthJ3TM
⊥) is a distribution on M with rank 3 such that JaTM

⊥ ∩ TM⊥ =
{0}, a = 1, 2, 3 that is, the condition (8.4.1) is satisfied. Hence we can choose a
screen distribution S(TM) such that it contains JaTM

⊥, a = 1, 2, 3 as a vector
sub-bundle. Now we consider the local section N of tr(TM). Since

ḡ (JaN, ξ) = ḡ (N, Jaξ) = 0,

we deduce that JaN are tangent to M . On the other hand, since ḡ (JaN,N) = 0
we see that the components of JaN with respect to ξ vanishes. Thus, JaN ∈
Γ (S(TM)). We know that ξ and N are null vector fields satisfying g(ξ,N) = 1,
Thus, we deduce that JaN and Jaξ are null vector fields satisfying ḡ (JaN, Jaξ) =
1, a = 1, 2, 3. Otherwise, we have

g(JaN, Jbξ) = 0

for a �= b. Hence JaTM
⊥ ⊕ Ja(ltr(TM)) (a = 1, 2, 3) is a vector sub-bundle of

S(TM) of rank 6. Then there exists a non-degenerate distribution D0 on M such
that

S(TM) = {D1 ⊕D2} ⊥ D0
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where
D1 = J1ξ ⊕orth J2ξ ⊕orth J3ξ

and
D2 = J1N ⊕orth J2N ⊕orth J3N.

Hence, condition (8.4.2) is also satisfied. Thus, a lightlike hypersurface M of an
indefinite quaternion Kähler manifold

(
M̄, ḡ, J̄a

)
is a QR-lightlike submanifold.

Example 6. Consider a submanifold M in R12
4 given by the following equations:

x1 = u1, y1 = u2, x2 = u3, y2 = u4, x3 = u5, y3 = u6, x4 = u7, y4 = u8

x5 = −u3 cosα− u4 sinα− u5u6 tanα+ u9

y5 = u3 sinα− u4 cosα+ u5u6 + u10

x6 = u1 cosα− u2 sinα− u7u8 tanα
y6 = u1 sinα+ u2 cosα+ u7u8

where α ∈ R −
{

π
2
+ kπ, k ∈ Z

}
. Then the tangent bundle of M is spanned by

Z1 = ∂ x1 + cosα∂ x6 + sinα∂ y6
Z2 = ∂ y1 − sinα∂ x6 + cosα∂ y6
Z3 = ∂ x2 − cosα∂ x5 + sinα∂ y5
Z4 = ∂ y2 − sinα∂ x5 − cosα∂ y5
Z5 = ∂ x3 − u6 tanα ∂ x5 + u6 ∂ y5

Z6 = ∂ y3 − u5 tanα∂ x5 + u5 ∂ y5

Z7 = ∂ x4 − u8 tanα ∂ x6 + u8 ∂ y6

Z8 = ∂ y4 − u7 tanα∂ x6 + u7 ∂ y6

Z9 = ∂ x5, Z10 = ∂ y5.

Thus M is a 1-lightlike submanifold with RadTM = Span{Z1}. By using canon-
ical complex structures of R12

4 we obtain that J1(RadTM), J2(RadTM) and
J3(RadTM) are spanned by Z2, Z3 and Z4, respectively. Hence J1(RadTM) ∩
RadTM = {0} , J2(RadTM)∩RadTM = {0} and J3(RadTM)∩RadTM = {0}.
Thus condition (8.4.1) is satisfied. Choose S(TM⊥) spanned by

W = a ∂ x1 + b ∂ y1 − b u8 secα ∂ x4 − b u8 secα∂ y4
+ (a cosα− b sinα) ∂ x6 + (a sinα+ b cosα) ∂ y6

where a, b are non-zero constants. Take a vector field of S(TM⊥)⊥ to be

V = c∂ x1 + d∂ y1 +A∂ x4 +B∂ y4 + C∂ x6 +D∂ y6
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where c, d are constants and

A =
a
bu8 cosα+ u7 cosα

(u2
7 + u2

8)
,

B =
a
b
u7 cosα− u8 cosα

(u2
7 + u2

8)
,

C = (1 + c) cosα− d sinα,
D = (1 + c) sinα+ d cosα.

It is easy to obtain that g(Z1, V ) = 1. Thus, the complementary vector bundle F to
RadTM in S(TM⊥)⊥ is spanned by V . Hence, we obtain the lightlike transversal
vector bundle

ltr(TM) = Span{N = (c− G

2
) ∂ x1 + d ∂ y1 +A∂ x5 +B ∂ y5 + (C − G

2
)∂ x6

+ (D − F

2
)∂ y6}

where

G =
((a

b )
2 + 1) cos2 α
u2

7 + u2
8

+ 1 + 2c.

On the other hand by using the canonical complex structures of R12
4 we have

J1W = −b ∂ x1 + a ∂ y1 + b u7 sec α∂ x4 − b u8 secα∂ y4 − (a sinα+ b cosα) ∂ x6

+ (a cosα− b sinα) ∂ y6,
J2W = a ∂ x2 − b ∂ y2 + b u8 sec α ∂ x3 − b u7 secα∂ y3+(−a cosα+ b sin α) ∂ x5

+ (a sin α+ b cosα) ∂ y5,
J3W = b ∂ x2 + a ∂ y2 + b u7 sec α ∂ x3 + b u8 secα∂ y3 − (a cosα+ b sin α) ∂ x5

+ (−a cos α+ b sinα) ∂ y5,

and

J1N = −d ∂ x1 + (C − G

2
) ∂ y1 −B ∂ x4 +A∂ y4 + (−D +

G

2
) sin α∂ x6

+ (C − G

2
) cos α ∂ y6,

J2N = (c− G

2
) ∂ x2 − d ∂ y2 −A∂ x3 +B ∂ y3 + (−C +

G

2
) cos α∂ x5

+ (D − G

2
) sin α∂ y5,

J3N = d ∂ x2 + (c− G

2
) ∂ y2 −B ∂ x3 −A∂ y3 + (−D +

G

2
) sin α ∂ x5

+ (−C +
G

2
) cos α∂ y5.
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Since S(TM⊥) is spanned byW , D′ = J1W⊥J2W ⊥ J3W is a distribution onM .
On the other hand, ḡ(J1W,Z1) = ḡ(W,J1Z1) = ḡ (W,Z2) = 0 and ḡ(J1W,W ) =
0 imply that J1W is tangent to M . Similarly one can see that ḡ(J2W,Z1) =
ḡ(J3W,Z1) = 0. Therefore , we can choose S(TM) to contain J1W,J2W and
J3W . Finally, since ḡ(J1N,Z1) = ḡ(N, J1Z1) = ḡ (N,Z2) = 0 and ḡ(J1N,N) = 0
we can choose S(TM) to contain J1N, J2N and J3N too. Thus we obtain

S(TM) = {(J1Z1 ⊕orth J2Z1 ⊕orth J3Z1)⊕ (J1N ⊕orth J2N ⊕orth J3N)}
⊥ (J1W ⊥ J2W ⊥ J3W ).

Hence, condition (8.4.2) is satisfied, so M is a QR-lightlike submanifold.

Suppose M is an invariant lightlike submanifold of M̄ . Then, it is easy to
check that Ja(RadTM) = RadTM . Hence, M is not a QR-lightlike submanifold.
Next, suppose that M is a screen real lightlike submanifold. Then, one can check
that Ja(RadTM) = RadTM . Hence, a screen real lightlike submanifold also is
not a QR-lightlike submanifold. Thus, it follows that the class of QR-lightlike sub-
manifolds contains lightlike real hypersurfaces, but it excludes quaternion lightlike
submanifolds as well as screen real lightlike submanifolds. The above example mo-
tivates us to consider the following theorem (the proof is common with the proof
of Theorem 6.4.3).

Theorem 8.4.3. Let M be a 1-lightlike submanifold of codimension 2 of a real
4m-dimensional indefinite quaternion Hermitian manifold (M̄, Ja, ḡ) such that
Ja(RadTM) are distributions on M . Then M is a QR-lightlike submanifold.

Denote by P the projection morphism of TM to the D and choose a local
orthonormal frame {v1, . . . , vr, w1, . . . , wk} , k + r = l on the vector sub-bundle
L1 ⊥ L2 in tr(TM). Then on the distribution D′ we have a local field of orthonor-
mal frames

{E11, . . . , E1r, E21, . . . , E2r, E31, . . . , E3r, F11, . . . , F1k, F21, . . . , F2k, F31, . . . , F3k},
(8.4.4)

where Eai = Ja(vi), a = 1, 2, 3 i = 1, . . . , r and Faj = Ja(wj), j = 1, . . . , k. Thus
any vector field Y tangent to M can be written locally as

Y = PY +
3∑

b=1

⎧⎨⎩
{

r∑
i=1

ωbi(Y )Ebi

}
+

⎧⎨⎩
k∑

j=1

ω′bj(Y )Fbj

⎫⎬⎭
⎫⎬⎭ (8.4.5)

where ωbi and ω′bj are 1-forms locally defined on M by

ωbi(Y ) = g(Y, Jbξi) (8.4.6)

and
ω′bj(Y ) = g(Y, Fbj). (8.4.7)
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Applying Ja to (8.4.5), we obtain

JaY = JaPY + {
r∑

i=1

ωbi(Y )Eci − ωci(Y )Ebi − ωai(Y )vi

+
k∑

j=1

ω′bj(Y )Fcj − ω′cj(Y )Fbj − ω′aj(Y )wj}. (8.4.8)

Let M be a QR-lightlike submanifold of an indefinite quaternion Kähler manifold
M̄ and L⊥2 be a complementary vector sub-bundle to L2 in S(TM⊥). Then, we
have the following decomposition for the transversal bundle of M :

tr(TM) = L1 ⊕orth (L2 ⊥ L⊥2 ). (8.4.9)

Thus, for V ∈ Γ(S(TM⊥)), we have

JaV = BaV + CaV, (8.4.10)

where BaV ∈ Γ(D′) and CaV ∈ Γ(L⊥2 ). Then, using (5.1.14), (5.1.15), (8.4.5),
(8.4.8) and (8.4.10) in (8.1.8) and taking the transversal bundle parts we have

h(X, JaPY )− ωci(Y )h(X,Ebi) + ωbi(Y )h(X,Eci)−X(ωai(Y ))vi

− ωai(Y )∇l
Xvi − ωai(Y )Ds(X, vi) + ω′bj(Y )h(X,Fcj)− ω′cj(Y )h(X,Fbj)

−X(ω′aj(Y ))wj − ω′aj(Y )D
l(X,wj)− ω′aj(Y )∇s

Xwj = −Qab(X)ωbi(Y )vi

−Qab(X)ω′bj(Y )wj −Qac(X)ωci(Y )vi −Qab(X)ω′cj(Y )wj

− ωai(∇XY )vi − ω′aj(∇XY )wj + Cah(X,Y ) (8.4.11)

for any X,Y ∈ Γ (TM). Thus for any X,Y ∈ Γ (D), we get

h(X, JaPY )− Cah(X,Y ) = −ωai(∇XY )vi − ω′aj(∇XY )wj . (8.4.12)

We say that M is a D-geodesic QR-lightlike submanifold of M̄ if h(X,Y ) = 0, for
X,Y ∈ Γ (D). Using this definition, we obtain the following result for integrability
of the quaternion distribution D.

Theorem 8.4.4. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. Then the following assertions are equivalent:

(a) h(JaX,Y ) = h(X, JaY ) a = 1, 2, 3 and X,Y ∈ Γ (D).

(b) M is D-geodesic.

(c) D is integrable.

Proof. First, note that by the definition of QR-lightlike submanifold, D is inte-
grable if and only if g([X,Y ] , Jaξi) = 0 and g([X,Y ] , Faj) = 0.
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(a )⇒ (b): From (8.1.2), we have

h(X, JaY ) = h(JaX,Y ) = h((JboJc)X,Y )
= h(JcX, JbY ) = h(X, (JcoJb)Y )
= −h(X, JaY ).

Thus we get h(X, JaY ) = 0. For (b) ⇒ (c), from (8.4.12) we obtain

ωai(∇XY )vi + ω′aj(∇XY )wj = 0,

ωai(∇Y X)vi + ω′aj(∇Y X)wj = 0.

Hence we have ωai([X,Y ])vi + ω′aj([X,Y ])wj = 0. Since vi and wj are linearly
independent we derive ωai([X,Y ]) = g([X,Y ] , Jaξi) = 0 and ω′aj([X,Y ]) =
g([X,Y ] , Faj) = 0 which show that [X,Y ] ∈ Γ(D).

(c) ⇒ (a): Suppose that D is integrable. Then from (8.4.12) we have

h(X, JaPY )− Cah(X,Y ) = −ωai(∇XY )vi − ω′aj(∇XY )wj

or
h(Y, JaPX)− Cah(Y,X) = −ωai(∇Y X)vi − ω′aj(∇Y X)wj ,

which implies that h(X, JaY ) = h(JaX,Y ). �

We say that M is a mixed geodesic QR-lightlike submanifold if h(X,Z) = 0
for any X ∈ Γ (D) , Z ∈ Γ (D′).

Lemma 8.4.5. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. Then M is mixed geodesic if and only if

AV X ∈ Γ (D) , (8.4.13)

∇t
XV ∈ Γ (L1 ⊥ L2) (8.4.14)

for any X ∈ Γ (D) and V ∈ Γ (L1 ⊥ L2).

Proof. First, since (L1 ⊥ L2) is anti-invariant there exists a non-zero vector field
Z ∈ Γ (D′) such that Z = Ja(V ). By using (5.1.12) we have h(X, JaV ) = ∇̄XJaV−
∇XJaV . From (8.1.8) we get

h(X, JaV ) =
(
∇̄XJa

)
V + Ja∇̄XV −∇XJaV

= Qab(X)JbV +Qac(X)JcV + Ja∇̄XV −∇XJaV.

From (5.1.14) we derive

h(X, JaV ) = Qab(X)JbV +Qac(X)JcV − JaAVX + Ja∇t
XV −∇XJaV.
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Using (8.4.8), (8.4.10) and taking the tangent and transversal bundle parts we
obtain

Qab(X)JbV +Qac(X)JcV − JaPAVX −
r∑

i=1

ωbi(AV X)Eci

− ωci(AV X)Ebi −
k∑

j=1

ω′bj(AV X)Fcj − ω′cj(AVX)Fbj

+Ba∇t
XV −∇XJaV = 0 (8.4.15)

and
h(X, JaV ) = ωai(AV X)vi + ω′aj(AV X)wj + Ca∇t

XV. (8.4.16)

Now, if M is mixed geodesic, then from (8.4.16) we have

ωai(AVX)vi + ω′aj(AV X)wj + Ca∇t
XV = 0.

Since (L1 ⊥ L2)∩L⊥2 ={0}, we get ωai(AV X)vi+ω′aj(AVX)wj = 0 and Ca∇t
XV =

0. Thus ∇t
XV ∈ Γ(L1 ⊥ L2). Since vi and wj are linearly independent we de-

rive ωai(AV X) = 0, ω′aj(AVX) that is g(AVX, Jaξi) = 0 and g(AV X,Faj) = 0,
hence AV X ∈ Γ (D). Conversely we suppose that AV X ∈ Γ (D) and ∇t

XV ∈
Γ (L1 ⊥ L2) , then from (8.4.16) ) we obtain h(X,Z) = 0, X ∈ Γ (D) and Z ∈
Γ (D′.) Thus proof of the lemma is complete. �

Theorem 8.4.6. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. Then D′ is parallel if and only if AV Y has no components in
quaternion distribution D where, Y ∈ Γ(D′) and V ∈ Γ(L1 ⊥ L2).

Proof. Let {n1, . . . , nl} r + k = l be a local field of orthonormal frames on the
vector sub-bundle L1 ⊥ L2. Then we have the local field of orthonormal frames
on D′,

{K11, . . . ,K1l,K21, . . . ,K2l,K31, . . . ,K3l}

where Kas = Ja(ns), a = 1, 2, 3 and s = 1, . . . , l. Thus by using (8.1.8), (5.1.14),
(8.4.10) and taking tangent parts we have

∇KasKap = Qab(Kas)Kbp +Qac(Kas)Kcp − JaPAnpKas (8.4.17)

−
r∑

i=1

ωbi(AnpKas)Eci − ωci(AnpKas)Ebi

−
k∑

j=1

ω′bj(AnpKas)Fcj − ω′cj(AnpKas)Fbj

+Ba∇t
Kas

np.
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In a similar way we get

∇KasKbp = Qbc(Kas)Kcp +Qba(Kas)Kap − JbPAnpKas (8.4.18)

−
r∑

i=1

ωci(AnpKas)Eai − ωai(AnpKas)Eci

−
k∑

j=1

ω′cj(AnpKas)Faj − ω′aj(AnpKas)Fcj

+Bb∇t
Kas

np,

where p = 1, . . . , l. From (8.4.17) and (8.4.18) we have the assertion of the theorem.
�

From Lemma 8.4.5 and (8.4.15) we have the following lemma.

Lemma 8.4.7. Let M be a mixed geodesic QR-lightlike submanifold of M̄ . Then we
have the following expressions:

(a) g(AwjJaX + JaAwjX,Z) = 0, X ∈ Γ (D), Z ∈ Γ (D0) , wj ∈ Γ (L2).

(b) ∇XF11 = −J1Aw1X +B1∇t
Xw1 +Q12(X)F21 +Q13(X)F31, X ∈ Γ (D).

Let M be a QR-lightlike submanifold of an indefinite quaternion Kähler
manifold. Then, we say that M is a mixed foliate QR-lightlike submanifold if M is
mixed geodesic and D is integrable.

Theorem 8.4.8. There exists no mixed foliate QR-lightlike submanifold of an in-
definite quaternionic space form with positive or negative sectional curvature.

Proof. Suppose M is a mixed foliate QR-lightlike submanifold of M̄(c), c �= 0.
Taking X,Y ∈ Γ(D0), Z = F11 in (5.3.11)and using (8.1.14) we get

− c

2
g(X, J1Y )w1 = (∇Xh) (Y, F11)− (∇Y h) (X,F11).

On the other hand, M is mixed foliate and ∇ is torsion free, so we obtain

(∇Xh) (Y, F11)− (∇Y h) (X,F11) = −h(Y,∇XF11) + h(X,∇Y F11).

From Lemma 8.4.7 (b), we derive

(∇Xh) (Y, F11)− (∇Y h) (X,F11) = −h(Y,−J1Aw1X +B1∇t
Xw1

+Q12(X)F21 +Q13(X)F31)

+ h(X,−J1Aw1Y +B1∇t
Y w1

+Q12(Y )F21 +Q13(Y )F31).

Since M is mixed geodesic we have

(∇Xh) (Y, F11)− (∇Y h) (X,F11) = h(Y, J1Aw1X)− h(X, J1Aw1Y ).
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From Theorem 8.4.4, it follows that M is D-geodesic due to the fact that D is
integrable. Thus (∇Xh) (Y, F11)− (∇Y h) (X,F11) = 0, hence c

2g(X, J1Y )w1 = 0.
Since D0 is non-degenerate we have c = 0, which completes the proof. �

In the rest of this section, we study totally umbilical QR-lightlike submani-
folds. First, from (8.4.11) we have the following.

Lemma 8.4.9. Let M be a QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. If D0 is integrable, then

h(X, JaY ) = h (JaX,Y ) , ∀X,Y ∈ Γ (D0) .

Theorem 8.4.10. There exists no totally umbilical QR-lightlike submanifold in an
indefinite quaternion Kähler manifold with positive or negative null sectional cur-
vature with respect to ξ and ∇̄.

Proof. Suppose that M is a totally umbilical QR-lightlike submanifold of M̄ with
K̄ξ �= 0. From (8.1.11), we have

ḡ
(
R̄ (X,Y )J1Z, J1V

)
− ḡ

(
R̄ (X,Y )Z, V

)
= α (X,Y ) ḡ (J1V, J2Z)
− β (X,Y ) ḡ (J3Z, J1V )

for any X,Y, Z ∈ Γ
(
TM̄

)
and V ∈ Γ (L2). Thus, for X = F11, Y = ξ, Z = ξ and

V = F11 we derive

ḡ
(
R̄ (F11, ξ)J1ξ, J1F11

)
− ḡ

(
R̄ (F11, ξ)J1ξ, F11

)
= −α (F11, ξ) ḡ (w1, J2ξ)
+ β (F11, ξ) ḡ (J3ξ, w1) .

Hence we obtain

ḡ
(
R̄ (F11, ξ)J1ξ, w1

)
+ ḡ

(
R̄ (F11, ξ) ξ, F11

)
= 0. (8.4.19)

On the other hand, from the equation of (5.3.11) we have

g
(
R̄(X,Y )Z,W

)
= ḡ ((∇Xh

s) (Y, Z),W )− ḡ ((∇Y h
s) (X,Z),W )

+ ḡ
(
Ds(X,h�(Y, Z)),W

)
− ḡ

(
Ds(Y, h�(X,Z)),W

)
for any X,Y, Z ∈ Γ (TM) and W ∈ Γ

(
S(TM⊥)

)
. Since M is a totally umbilical

QR-lightlike submanifold, we get

ḡ
(
R̄(X,Y )Z,W

)
= (∇Xg) (Y, Z)ḡ (Hs,W ) + g(Y, Z)ḡ

(
∇t

XH
s,W

)
− (∇Y g) (X,Z)ḡ (Hs,W )− g(X,Z)g

(
∇t

YH
s,W

)
+ ḡ

(
Ds(X, g(Y, Z)H�),W

)
− ḡ

(
Ds(Y, g(X,Z)H�),W

)
.
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Using (5.1.39) we obtain

ḡ
(
R̄(X,Y )Z,W

)
= ḡ

(
hl(X,Y ), Z

)
ḡ(Hs,W ) + ḡ

(
hl(X,Z), Y

)
ḡ(Hs,W )

+ g(Y, Z)ḡ
(
∇t

XH
s,W

)
− ḡ

(
hl(X,Y ), Z

)
ḡ(Hs,W )

+ ḡ
(
hl(Y, Z), X

)
ḡ(Hs,W )− g(X,Z)g

(
∇t

YH
s,W

)
+ ḡ

(
Ds(X, g(Y, Z)H l),W

)
− ḡ

(
Ds(Y, g(X,Z)H l),W

)
.

Taking X = F11, Y = ξ, Z = J1ξ and W = w1 in the above equation, we obtain

ḡ
(
R̄(F11, ξ)J1ξ, w1

)
= 0. (8.4.20)

Thus, using (8.4.19) and (8.4.20) we derive KM̄ (ξ, F11) = 0, which is a contradic-
tion that completes the proof. �
Theorem 8.4.11. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kähler manifold. If D0 is integrable, then M is totally geodesic.

Proof. We suppose that D0 is integrable, then from the previous lemma h(X, JaY )
= h (JaX,Y ) for any X,Y ∈ Γ (D0). Since M is totally umbilical we get

hs(X, JaY ) = g(X, JaY )Hs = −g(JaX,Y )Hs = hs(JaX,Y ).

Thus we have g(X, JaY )Hs = 0. Since D0 is non-degenerate, we obtain Hs = 0.
In a similar way, we get H l = 0. Thus M is totally geodesic. �

As a result of this theorem, every totally umbilical QR-lightlike submanifold
of an indefinite quaternion Kähler manifold with integrable distribution D0 has
the induced metric connection.

Lemma 8.4.12. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kähler manifold M̄ . Then we have the following:

g(X,X)Hs = ω′aj(∇XJaX)wj (8.4.21)

and
g(X,X)H l = ω′ai(∇XJaX)vi, ∀X ∈ Γ(D0). (8.4.22)

Proof. From (5.1.13) and (8.1.2), we obtain

h(X,X) = ∇̄XX −∇XX

= −∇̄XJ
2
aX −∇XX

= −
(
∇̄XJa

)
JaX − Ja∇̄XJaX −∇XX.

Then (5.1.13) and (8.1.8)imply that

h(X,X) = −Qab(X)JbJaX −Qac(X)JcJaX

− Ja {∇XJaX + h(X, JaX)} − ∇XX

= Qab(X)JcX −Qac(X)JbX

− Ja∇XJaX −∇XX.
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Using (8.4.8), we derive

h(X,X) = Qab(X)JcX −Qac(X)JbX

− JaP∇XJaX −
r∑

i=1

ωbi(∇XJaX)Eci

− ωci(∇XJaX)Ebi − ωai(∇XJaX)vi

+
k∑

j=1

ω′bj(∇XJaX)Fcj − ω′cj(∇XJaX)Fbj

− ω′aj(∇XJaX)wj −∇XX.

Taking the transversal parts of this equation, we have (8.4.21) and (8.4.22). �

From (8.4.15), we have the following lemma.

Lemma 8.4.13. Let M be a totally umbilical QR-lightlike submanifold of an indef-
inite quaternion Kähler manifold M̄ . If Hs ∈ Γ (L2) and H l ∈ Γ (L1), then

∇XJaH
s = −JaPAHsX +Ba∇t

XH
s +Qab(X)BbH

s +Qac(X)BcH
s (8.4.23)

and

∇XJaH
l = −JaPAHlX +Ba∇t

XH
l +Qab(X)JbH

l +Qac(X)JcH
l (8.4.24)

for any X ∈ Γ (D0).

Theorem 8.4.14. Let M be a totally umbilical QR-lightlike submanifold of an in-
definite quaternion Kähler manifold M̄ . Then at least one of the following is true;

(i) D is totally lightlike,

(ii) M is totally geodesic,

(iii) D′ is not parallel along D0 with respect to induced connection ∇(namely,
∇XY /∈ Γ (D′) , for X ∈ Γ (D0) , Y ∈ Γ (D′) ) and D0 is not integrable.

Proof. D0 = 0 implies D is totally lightlike which is (i). Suppose 0 �= D0 is
integrable. Then, from Theorem 8.4.11, M is totally geodesic, which is (ii). Now
assume D0 is not integrable. If H l = 0 and Hs ∈ Γ(L2)⊥, then, from (8.4.22), M
is totally geodesic. Next, for H l �= 0, Hs ∈ Γ(L2); so let us suppose that D′ is
parallel along D0 with respect to the induced connection ∇. Then, from (8.4.23)
and (8.4.24), we have AHsX ∈ Γ (D′), whereas, from (5.1.28), (5.1.32) and (5.1.27)
we have, g (AHsX, Jaξi) = 0 and g (AHsX,Faj) = 0. Hence, AHsX ∈ Γ (D) which
is a contradiction. Thus D′ is not parallel along D0 with respect to ∇. �
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8.5 Screen QR-lightlike submanifolds

In this section, we introduce a new class, called screen quaternion-real (SQR)
lightlike submanifolds of an indefinite quaternion Kähler manifold and investigate
the geometry of such submanifolds.

Definition 8.5.1. [354] Let (M, g, S(TM)) be a lightlike submanifold of an indefinite
quaternion Kähler manifold (M̄, ḡ). We say thatM is a SQR-lightlike submanifold
of M̄ if the following conditions are satisfied:

(i) There exist real non-null vector sub-bundles L and L⊥ of S(TM⊥) such that

S(TM⊥) = L ⊥ L⊥, J̄a(L) ⊂ S(TM), J̄a(L⊥) = L⊥. (8.5.1)

(ii) J̄a(Rad(TM)) = Rad(TM),a = 1, 2, 3.

It follows that ltr(TM) is also invariant with respect to J̄a, a = 1, 2, 3, that
is

J̄a(ltr(TM)) = ltr(TM). (8.5.2)

Let M be a screen QR-lightlike submanifold of an indefinite quaternion Kähler
manifold. Put D′ap = J̄a(Lp) and dimLp = s, p ∈M . Then D′1p, D

′
2p and D

′
3p are

mutually orthogonal vector bundles of M . We consider D′p = D′1p ⊕D′2p ⊕D′3p, a
3s-dimensional distribution globally defined on M . Also we have

J̄a(D′ap) = L, J̄(D′bp) = D′cp, for each p ∈M,

a = 1, 2, 3, where (a, b, c) is cyclic permutation of (1, 2, 3). Consider

D = RadTM ⊕orth D0

which is orthogonal complementary to D′ in TM . It is easy to check that D0 is
an invariant non-degenerate distribution. Then, we obtain that D is also invari-
ant with respect to J̄a. We call D and D′ the quaternion and anti-quaternion
distribution, respectively. Thus, we have

TM = D ⊕orth D
′

and
tr(TM) = ltr(TM)⊕orth (L ⊥ L⊥).

We say that M is a proper screen QR-lightlike submanifold of M̄ if D0 �= {0} and
D′ �= {0}.

Note the following special features:

1. Condition (ii) implies that dim(RadTM) = 4r ≥ 4.

2. For proper M , dim(D0) ≥ 4m and dim(D′) ≥ 3.



8.5. Screen QR-lightlike submanifolds 385

3. There exists no screen QR-lightlike hypersurface.

Example 7. Consider in R12
4 the submanifold M given by the equations

x1 = x11, x2 = x12, x9 = −x3, x10 = −x4, x8 = constant.

Then the tangent bundle TM is spanned by

Z1 = ∂ x1 + ∂ x11, Z2 = ∂ x2 + ∂ x12,

Z3 = ∂ x3 − ∂ x9, Z4 = ∂ x4 − ∂ x13,

Z5 = ∂ x5, Z6 = ∂ x6, Z7 = ∂ x7.

Hence M is a 4-lightlike submanifold with RadTM = Span{Z1, Z2, Z3, Z4} and
RadTM is invariant with respect to canonical almost complex structures J̄a of
R12

4 . We consider the vector field W = ∂ x8 of S(TM⊥). Then we can obtain that
J̄1W = −Z7, J̄2W = −Z6, J̄3W = −Z5. Hence D′ is spanned by {Z5, Z6, Z7}.
Also the lightlike transversal bundle is spanned by

N1 = 1
2{−∂ x1 + ∂ x11}, N2 = 1

2{−∂ x2 + ∂ x12},
N3 = 1

2
{−∂ x3 − ∂ x9}, N4 = 1

2
{−∂ x4 − ∂ x10},

which is invariant with respect to J̄a, a = 1, 2, 3. Thus M is a screen QR-lightlike
submanifold of R4

12, with D = RadTM = Span{Z1, Z2, Z3, Z4} and D′ =
Span{Z5, Z6, Z7}.

Proposition 8.5.2. A screen QR-lightlike submanifold of an indefinite quaternion
Kähler manifold is a quaternion lightlike submanifold if and only if D′ = {0}.

Proof. Let M be a quaternion lightlike submanifold of an indefinite quaternion
Kähler manifold. We can easily check that RadTM is invariant with respect to
J̄a. Therefore, ltr(TM) is also invariant with respect to J̄a. Hence J̄a(S(TM⊥)) =
S(TM⊥), thus L = {0}. Conversely, letM be a screen QR-lightlike submanifold of
M̄ such that D′ = {0}. Then J̄a(RadTM) = RadTM and J̄a(S(TM)) = S(TM).
Hence M is a quaternion lightlike submanifold. �

Let M be a screen QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. If M is coisotropic, then, S(TM⊥) = {0} implies L = {0}.
Thus we have TM = D. Hence M is a quaternion lightlike submanifold. A similar
argument shows that a totally lightlike submanifold is also a quaternion lightlike
submanifold. On the other hand, considering definitions of screen real and screen
QR-lightlike submanifolds, one can conclude that a screen real lightlike submani-
fold of an indefinite quaternion Kähler manifold is not a screen QR-lightlike sub-
manifold due to J̄a(D′b) = D′c ⊂ TM .

Let M be a screen QR-lightlike submanifold of an indefinite quaternion
Kähler manifold. We denote the projection morphism of TM to the quaternion
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distribution D by S and choose a local field of orthonormal frames {v1, . . . , vs} on
the vector bundle L in S(TM⊥). Then we have the local orthonormal frames

{E11, . . . , E1s, E21, . . . , E2s, E31, . . . , E3s}

where E11 = J̄1(v1). Thus any vector field Y tangent to M can be written as

Y = SY +
3∑

b=1

ωbi (Y )Ebi (8.5.3)

where ωbi (Y ) = g(Y,Ebi). Thus applying J̄a to (8.5.3) we obtain

J̄aY = J̄aSY +
3∑

b=1

ωbi (Y )Eci − ωci (Y )Ebi − ωai (Y ) vi. (8.5.4)

For any vector field V ∈ Γ(S(TM⊥))we put

J̄aV = BaV + CaV, a = 1, 2, 3 (8.5.5)

where BaV ∈ Γ(D′) and CaV ∈ Γ(L⊥). From the definition of screen QR-lightlike
submanifold and using (8.1.8), (5.1.15), (8.5.4) and (8.5.5) we have

∇X J̄aY = Qab(X)J̄bY +Qac(X)J̄cY + J̄aS∇XY

− ω bi∇XY )Eci + ω ci(∇XY )Ebi +Bah
s(X,Y ), (8.5.6)

hl(X, J̄aY ) = J̄ah
l(X,Y ), (8.5.7)

hs(X, J̄aY ) = ωai (∇XY )vi + Cah
s(X,Y ), ∀X,Y ∈ Γ(D). (8.5.8)

Theorem 8.5.3. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kähler manifold. The following conditions are equivalent:

(1) hs(X, J̄aY ) = hs(J̄aX,Y ), a ∈ {1, 2, 3}, X, Y ∈ Γ(D).

(2) hs(X, J̄aY ) = 0.

(3) D is integrable.

Proof. (1) ⇒ (2): Since J̄a = J̄b ◦ J̄c, we have

hs(X, J̄aY ) = hs(X, (J̄b ◦ J̄c)Y ) = hs(X, J̄b(J̄cY ))
= hs(J̄bX, J̄cY )
= hs(J̄c ◦ J̄bX,Y )
= −hs(J̄aX,Y ).

Hence we obtain hs(X, J̄aY ) = 0. For (2) ⇒ (3)) suppose hs(X, J̄aY ) = 0.
From (8.5.8), we obtain ω ai(∇XY )vi = 0. Hence, ω ai([X,Y ]) = 0, i.e., [X,Y ] ∈
Γ(D). (3) ⇒ (1): If D is integrable, then, from (8.5.8) we have ω ai([X,Y ]) =
hs(X, J̄aY )− hs(J̄aX,Y ) = 0. Hence, hs(X, J̄aY ) = hs(J̄aX,Y ). �
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Lemma 8.5.4. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kähler manifold. Then we have

ḡ(hs(X,Eai), vj) = g(AviX,Eaj) (8.5.9)
g(AvjEai, X) = g(AviEaj , X)

− g(Dl(Eaj , vi), X) + g(Dl(Eai, vj), X) (8.5.10)

for X ∈ Γ(D) and Eai ∈ Γ(D′).

Proof. From (5.1.15), (8.1.2) and (8.1.8), we have

ḡ(hs(Eai, X), vj) = −ḡ(∇̄Xvi, J̄avj).

By using (5.1.23) we derive

ḡ(hs(Eai, X), vj) = g(AviX,Eaj).

On the other hand from (8.5.9) and (5.1.28) we obtain

g(AvjEai, X) = g(AviX,Eaj) + g(X,Dl(Eai, vj)).

Using again (8.5.9) we have

g(AvjEai, X) = ḡ(hs(X,Eaj), vi) + g(X,Dl(Eai, vj)).

Since hs is symmetric, we derive

g(AvjEai, X) = ḡ(hs(Eaj , X), vi) + g(X,Dl(Eai, vj)).

Thus taking account of (5.1.28) in this equation, we get (8.5.10). �

Theorem 8.5.5. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then the distribution D′ is integrable if and only if

ḡ(Ds(Eai, J̄aN), vj) = ḡ(Ds(Eaj , J̄aN), vi),

Baj(X) = 0, Daj(N) = 0

for X ∈ Γ(D0), where Baj(X) = g(∇∗Eai
Eaj , X) and Daj(N) = g(AJ̄cNEai, Eaj).

Proof. From (8.1.2), (8.1.8), (5.1.28) and (8.5.10) we have

g([Eai, Eaj ], X) = ḡ(∇̄EaiEaj , X)− ḡ(∇̄EajEai, X)
= −ḡ(∇̄Eaivj , J̄aX) + ḡ(∇̄Eajvi, J̄aX)
= g(AvjEai, J̄aX)− g(AviEaj , J̄aX)
= 0 (8.5.11)
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for X ∈ Γ(D0). In a similar way, we get

ḡ([Eai, Eaj ], N) = ḡ(Ds(Eai, J̄aN), vj)− ḡ(Ds(Eaj , J̄aN), vi). (8.5.12)

On the other hand, since Ebj = J̄cJ̄avj , from (8.1.2),(5.1.15) and (5.1.26) we obtain

g([Eai, Ebj], X) = g(∇∗Eai
Eaj , J̄cX)− g(∇∗Ebj

Ebi, J̄cX) (8.5.13)

for X ∈ Γ(D0). In a similar way,

ḡ([Eai, Ebj], N) = g(AJ̄cNEai, Eaj)− g(AJ̄cNEbj , Ebi). (8.5.14)

Thus, from (8.5.11), (8.5.12), (8.5.13)and (8.5.14), the proof follows. �
Theorem 8.5.6. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then D defines a totally geodesic foliation if and only
if hs(X, J̄aY ) has no components in L for X,Y ∈ Γ(D).

Proof. From (5.1.15) and (8.1.8) we obtain

g(∇XY,Eai) = ḡ(∇̄XY,Eai)
= −ḡ(J̄a∇̄XY, vi)

for X,Y ∈ Γ(D). Hence we have

g(∇XY,Eai) = g((∇̄X J̄a)Y − ∇̄X J̄aY, vi).

Now, by using (8.1.8) and (5.1.15) we obtain

g(∇XY,Eai) = ḡ(h(X, J̄aY ), vi)

which proves our assertion. �
Theorem 8.5.7. Let M be a screen QR-lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then D′ defines a totally geodesic foliation if and only
if AV X has no components on D, where X ∈ Γ(D′) and V ∈ Γ(S(TM⊥)).

Proof. Using (8.1.8), (5.1.15), (5.1.28), (8.5.4), (8.5.5) and taking the tangential
part we obtain

∇EaiEaj = Qab(Eai)Ebj +Qac(Eai)Ecj

− J̄aSAvjEai − ω bi(AvjEai)Eci

+ ω ci(AvjEai)Ebi +Ba∇s
Eai

vj . (8.5.15)

In a similar way we have

∇EaiEbj = −Qcb(Eai)Ecj +Qab(Eaa)Eaj

− J̄bSAvjEai + ω ci(AvjEai)Ebi

+Bb∇s
Eai

vj . (8.5.16)

Then, the proof follows from (8.5.15) and (8.5.16). �
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Using Yano-Kon terminology [412] we say that screen QR-lightlike subman-
ifold M is a lightlike product if D and D′ are its totally geodesic foliations. Thus,
from Theorem 8.5.6. and Theorem 8.5.7 we have the following:

Corollary 8.5.8. Let M be a screen QR-lightlike submanifold of an indefinite qua-
ternion Kähler manifold M̄ . Then, M is a lightlike product if and only if the
following conditions are satisfied:

1. AV X has no components in D, ∀X ∈ Γ(D′), V ∈ Γ(L).

2. hs(X, J̄aY ) has no components in L, ∀X,Y ∈ Γ(D).

Now we consider totally umbilical screen QR-lightlike submanifolds.

Theorem 8.5.9. Let M be a totally umbilical screen QR-lightlike submanifold of an
indefinite quaternion Kähler manifold M̄ . Then, the induced connection on M is
a metric connection.

Proof. It is well known that the induced connection∇ on an r-lightlike submanifold
is a metric connection if and only if hl vanishes identically on M . From (8.1.8),
(5.1.15), (8.5.4) and taking the lightlike transversal part we obtain

hl(X, J̄aY ) = J̄ah
l(X,Y ), ∀X,Y ∈ Γ(D0).

Since M is totally umbilical we get

g(X, J̄aY )H� = g(X,Y )J̄aH
�.

Thus, interchanging the roles of X and Y in this equation and subtracting we have

g(X, J̄aY )H� = 0.

Hence, we derive H� = 0 as D0 is non-degenerate. Thus, we obtain hl = 0. �
Note that the above theorem is not true for any r-lightlike submanifold.

Therefore, it is an important property of totally umbilical screen QR-lightlike
submanifolds.

Theorem 8.5.10. Let M be a totally umbilical screen QR-lightlike submanifold of
an indefinite quaternion Kähler manifold M̄ . If dim(L) > 1, then M is totally
geodesic.

Proof. From the previous theorem, we have H� = 0. So Hs = 0 is enough to show
that M is totally geodesic. Using (8.5.8), we have

g(X, J̄aY )Hs = ω ai(∇XY )vi + Cah
s(X,Y )

for X,Y ∈ Γ(D0). Hence we obtain

2g(X, J̄aY )Hs = ω ai([X,Y ])vi. (8.5.17)
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For Eai, Eaj ∈ Γ(D′), in a similar way, we derive

g(Eai, Eaj)Hs = ω ai(Avj )vi + Ca∇s
Eai

vj . (8.5.18)

Suppose dim(L) > 1. Since L is non-degenerate, it has an orthonormal basis. Thus
we can choose vector fields Eaj , Eai, i �= j such that they are orthogonal, then
(8.5.18) becomes

ω ak(AvjEai)vk + Ca∇s
Eai

vk = 0, k ∈ {1, . . . ,dim(L)}.

Hence we have
ω ak(AvjEai) = 0.

Using (5.1.28) we obtain

ḡ(hs(Eai, Eak), vj) = 0.

Hence we conclude that
Hs ∈ Γ(L⊥). (8.5.19)

For X,Y ∈ Γ(D0), if [X,Y ] ∈ Γ(D), then from (8.5.17) we derive Hs = 0. If
[X,Y ] ∈ Γ(D′) then from (8.5.17) we obtain

Hs ∈ Γ(L). (8.5.20)

Then, from (8.5.19) and (8.5.20) we derive Hs = 0, i.e., M is totally geodesic. �

Example 8. Consider a submanifold M , in R12
4 with the equations:

x9 = x1 sinα− x2 cosα, x10 = x1 cosα+ x2 sinα, x11 = x3 sinα+ x4 sinα

x12 = −x3 cosα+ x4 sinα, x5 =
√
1− x2

6 − x2
7 − x2

8.

The tangent bundle of M is spanned by

ξ1 = ∂ x1 + sinα ∂ x9 + cosα∂ x10, ξ2 = ∂ x2 − cosα∂ x9 + sinα∂ x10,

ξ4 = ∂ x3 + sinα ∂ x11 − cosα∂ x12, ξ4 = ∂ x4 + sinα ∂ x11 + sinα∂ x12,

Z1 = −x6 ∂ x5 + x5 ∂ x6, Z2 = −x7 ∂ x5 + x5 ∂ x7,

Z3 = −x8 ∂ x5 + x5 ∂ x8.

We see that M is a 4-lightlike submanifold and RadTM = Span{ξ1, ξ2, ξ3, ξ4}. It
is easy to see RadTM is invariant with respect to canonical complex structures
J̄1, J̄2, J̄3. Screen transversal bundle S(TM⊥) is spanned by

W = x5 ∂ x5 + x6 ∂ x6 + x7 ∂ x7 + x8 ∂ x8.
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By direct calculations, we have

U1 = J̄1W = Z1 −
x8

x5
Z2 +

x7

x5
Z3,

U2 = J̄2W =
x8

x5
Z1 + Z2 −

x6

x5
Z3,

U3 = J̄3W =
−x7

x5
Z1 +

x6

x5
Z2 + Z3.

Hence D′ = Span{U1, U2, U3}. Thus M is a screen QR-lightlike submanifold. On
the other hand, the lightlike transversal bundle is spanned by

N1 = 1
2
{−∂ x1 + sinα∂ x9 + cosα∂ x10},

N2 = 1
2
{−∂ x2 − cosα ∂ x9 + sinα∂ x10},

N3 = 1
2{−∂ x3 + sinα∂ x11 − cosα∂ x12},

N4 = 1
2{−∂ x4 + cosα ∂ x11 + sinα∂ x12}.

Hence lightlike transversal is also invariant. By direct calculations, we have

∇̄Xξ1 = ∇̄Xξ2 = ∇̄Xξ3 = ∇̄Xξ4 = ∇̄XN1 = ∇̄XN2 = ∇̄XN3 = ∇̄XN4 = 0

for any X ∈ Γ(TM). On the other hand we have

∇̄U1U1 = ∇̄U2U2 = ∇̄U3U3 = −W,
∇̄U1U2 = x8∂ x5 + x7∂ x6 − x6∂ x7 − x5∂ x8,

∇̄U1U3 = −x7∂ x5 + x8∂ x6 + x5∂ x7 − x6∂ x8,

∇̄U2U3 = x6∂ x5 − x5∂ x6 + x8∂ x7 − x7∂ x8.

By using (5.1.15) we obtain

hl = 0, hs(U1, U2) = hs(U2, U1) = hs(U1, U3) = hs(U3, U1) = hs(X, ξ) = 0,

hs(U1, U1) = g(U1, U1)Hs, hs(U2, U2) = g(U2, U2)Hs, hs(U3, U3) = g(U3, U3)Hs,

for X ∈ Γ(TM), Y ∈ Γ(RadTM), where Hs = −W . Hence M is a totally
umbilical screen QR-lightlike submanifold.

8.6 Screen CR-lightlike submanifolds

In section 5, we have seen that a screen real lightlike submanifold is not a screen
QR-lightlike submanifold. In this section we will introduce another class of lightlike
submanifolds of an indefinite quaternion Kähler manifold, namely, screen CR-
lightlike submanifolds which include screen real lightlike submanifolds as well as
quaternion lightlike submanifolds.
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Definition 8.6.1. [354] Let (M, g, S(TM)) be a lightlike submanifold of an indef-
inite quaternion Kähler manifold (M̄, ḡ.) We say that M is a screen CR-lightlike
submanifold of M̄ if the following conditions are satisfied:

1. There exist real non-null distributions D0 and D′ over S(TM) such that

S(TM) = D0 ⊥ D′, J̄a(D0) = D0, J̄a(D′) ⊂ S(TM⊥), a = 1, 2, 3. (8.6.1)

2. J̄a(RadTM) = RadTM , a = 1, 2, 3.

It follows that ltr(TM) is also invariant with respect to J̄a, i.e.,

J̄a(ltr(TM) = ltr(TM). (8.6.2)

Let μ be the orthogonal complementary distribution to J̄aD
′ in S(TM⊥). Note

that D0 and μ are non-degenerate. For a screen CR-lightlike submanifold we have

TM = D ⊕orth D
′, (8.6.3)

where
D = RadTM ⊕orth D0. (8.6.4)

We say that M is a proper screen CR-lightlike submanifold of M̄ if D0 �= 0 and
D′ �= 0. From (8.6.1), (8.6.2) and (8.6.4), for X ∈ Γ(TM) we can write

J̄aX = φaX + FaX, (8.6.5)

where φX ∈ Γ(D) and FaX ∈ Γ(J̄aD
′). For any vector field V ∈ Γ(S(TM⊥)) we

put
J̄aV = taV + faV, (8.6.6)

where taV ∈ Γ(D′) and faV ∈ Γ(μ).

Example 9. Consider in R16
4 the submanifold M given by the equations

x1 = x13, x2 = x14, x3 = x15, x4 = x16

x11 =
√
1− x2

9, x10 = constant, x12 = constant.

The tangent bundle of M is spanned by

Z1 = ∂ x1 + ∂ x13, Z2 = ∂ x2 + ∂ x14, Z3 = ∂ x3 + ∂ x15

Z4 = ∂ x4 + ∂ x16, Z5 = ∂ x5, Z6 = ∂ x6

Z7 = ∂ x7, Z8 = ∂ x8, Z9 = ∂ x9 −
x9√
1− x2

9

∂ x11.

Hence M is a 4-lightlike submanifold with RadTM = Span{Z1, Z2, Z3, Z4} and it
is invariant with respect to J̄1, J̄2, J̄3. Moreover we can see D0 = {Z5, Z6, Z7, Z8}
is also invariant. It is easy to see that

{Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8, Z9,W1 = J̄1Z9,W2 = J̄2Z9,W3 = J̄3Z9}
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is linearly independent. So

Span{W1,W2,W3} = J̄a(D′) = S(TM⊥).

Finally we obtain the lightlike transversal bundle spanned by

N1 = 1
2{−∂ x1 + ∂ x13} , N2 = 1

2{−∂ x2 + ∂ x14},
N3 = 1

2{−∂ x3 + ∂ x15} , N4 = 1
2{−∂ x4 + ∂ x16}.

Thus, we conclude that M is a proper screen CR-lightlike submanifold of R16
4 .

Proposition 8.6.2. A screen CR-lightlike submanifold of an indefinite quaternion
Kähler manifold is a screen real lightlike submanifold(resp, quaternion lightlike) if
and only if D0 = {0} (resp, D′ = {0}).
Proof. Let M be a screen real lightlike submanifold of an indefinite quaternion
Kähler manifold. Then, the radical distribution is an invariant subspace. Since
M is screen real, we have D0 = {0}. Conversely, let M be a screen CR-lightlike
submanifold such that D0 = {0}. Then we have S(TM) = D′, since J̄a(D′) ⊂
S(TM⊥). We obtain that M is a screen real lightlike submanifold. The other
assertion similarly follows. �

Consider a coisotropic submanifold M . Then, TM = S(TM)⊕orth RadTM
and S(TM⊥) = {0}), so D′ is undefined. Therefore, we have TM = RadTM⊕orth

D0, i.e., it is invariant with respect to J̄a, a = 1, 2, 3. Thus, any coisotropic screen
CR-lightlike submanifold of an indefinite quaternion Kähler manifold is a quater-
nion lightlike submanifold. Similarly, ifM is isotropic or totally lightlike, then, M
is again quaternion lightlike submanifold.

Theorem 8.6.3. Let M be a screen CR-lightlike submanifold of an indefinite quater-
nion Kähler manifold M̄ . Then:

1. D′ is integrable if and only if

AJ̄aUV = AJ̄aV U , ∀U, V ∈ Γ(D′).

2. D is integrable if and only if

hs(X, J̄aY ) = hs(J̄aX,Y ) , ∀X,Y ∈ Γ(D).

Proof. From (8.1.8), (5.1.15), (5.1.23), (8.6.5), (8.6.6) and tangential parts we get

−AJ̄aUV = φa∇V U + tah
s(U, V ) (8.6.7)

for U, V ∈ Γ(D′). Hence we obtain

AJ̄aUV −AJ̄aV U = φa[U, V ],
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thus we get the first assertion. In a similar way, by using (8.1.8), (5.1.15), (5.1.23),
(8.6.5), (8.6.6) and taking the screen transversal parts we obtain

hs(X, J̄aY ) = Fa∇XY + fah
s(X,Y ) (8.6.8)

forX,Y ∈ Γ(D), hence we obtain the second assertion of the theorem. �

For totally umbilical screen CR-lightlike submanifolds, first we have:

Corollary 8.6.4. Let M be a totally umbilical screen CR-lightlike submanifold of
an indefinite quaternion Kähler manifold M̄ . Then the induced connection on M
is a metric connection.

The proof is similar to that of section 4 of Chapter 6.

Lemma 8.6.5. Let M be a totally umbilical proper screen CR-lightlike submanifold
of an indefinite quaternion Kähler manifold M̄ . Then we have

Hs ∈ Γ(J̄aD
′). (8.6.9)

Proof. From (8.6.8) and (5.3.8), for X = Y ∈ Γ(D0) we obtain

Fa∇XY = 0, g(X,X)faH
s = 0.

Since D0 is non-degenerate we have, at least, a spacelike or timelike vector field,
thus faH

s = 0, which shows us Hs ∈ Γ(J̄aD
′). �

Theorem 8.6.6. Let M be a totally umbilical proper screen CR-lightlike of an in-
definite quaternion Kähler manifold. Then

1. M is totally geodesic or

2. the distribution D′ is one-dimensional.

Proof. From (8.6.7), (5.3.8) and (5.1.28) we obtain

g(X,X)ḡ(Hs, J̄aY ) = g(X,Y )ḡ(Hs, J̄aX) (8.6.10)

for X,Y ∈ Γ(D′). From (8.6.9) we have

g(Y, Y )ḡ(Hs, J̄aX) = g(X,Y )ḡ(Hs, J̄aY ). (8.6.11)

Thus we have

ḡ(Hs, J̄aX) =
g(X,Y )2

g(X,X)g(Y, Y )
ḡ(Hs, J̄aX). (8.6.12)

Since D′ and S(TM⊥) are non-degenerate , (8.6.10) and (8.6.12) imply Hs = 0
or X and Y are linearly dependent. Thus we have proved the theorem. �
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Example 10. Let M be the submanifold of R16
4 given in Example 9. Then we have

∇̄XZ1 = ∇̄XZ2 = ∇̄XZ3 = ∇̄XZ4 = 0,
∇̄XZ5 = ∇̄XZ6 = ∇̄XZ7 = ∇̄XZ8 = 0

for any X ∈ Γ(TM) and

∇̄Z9Z9 =
x9

1− x2
9

Z9 −
1√
1− x2

9

W2.

Using Gauss’ equation we have

hs(X,Z1) = hs(X,Z2) = hs(X,Z3) = hs(X,Z4) = 0,
hs(X,Z5) = hs(X,Z6) = hs(X,Z7) = hs(X,Z8) = 0

and
hl = 0, hs(Z9, Z9) = g(Z9, Z9)Hs

where Hs = −
√
1− x2

9W2. ThusM is totally umbilical, with a metric connection.

Theorem 8.6.7. There exists no proper totally umbilical screen CR-lightlike sub-
manifold in positively or negatively curved indefinite quaternion Kähler manifolds.

Proof. We suppose that M is a proper totally umbilical screen CR-lightlike sub-
manifold of M̄ withKM̄ (X,Y ) �= 0 for anyX ,Y ∈ Γ(TM). By direct calculations,
using (8.1.11), we have

−ḡ(R̄(X,Y )X,Y ) + ḡ(R̄(X,Y )J̄1X, J̄1Y ) = 0 (8.6.13)

for X ∈ Γ(D0), Z = J̄1X ∈ Γ(D0) and Y ∈ Γ(D′). By using (5.3.11) and (5.3.13)
we have

ḡ(R̄(X,Y )J̄1X, J̄1Y ) = ḡ(Hs, J̄1Y ){−g(∇XY, J̄1X)− g(Y,∇X J̄1X)
+ g(∇Y X, J̄1X) + g(X,∇Y J̄1X)}.

Then from (5.1.15) we get

ḡ(R̄(X,Y )J̄1X, J̄1Y ) = ḡ(Hs, J̄1Y ){−ḡ(∇̄XY, J̄1X)− ḡ(Y, ∇̄X J̄1X)
+ ḡ(∇̄Y X, J̄1X) + ḡ(X, ∇̄Y J̄1X)}.

Since ∇̄ is a metric connection we obtain ḡ(R̄(X,Y )J̄1X, J̄1Y ) = 0. Then, using
(8.6.13) we have

KM̄ (X,Y ) = ḡ(R̄(X,Y )X,Y ) = 0,

which is a contradiction. Thus, the proof is complete. �
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Remark 8.6.8. Note that among QR-lightlike, screen QR-lightlike and screen CR-
lightlike submanifolds there exist no inclusion relations, because a real lightlike
hypersurface is a QR-lightlike submanifold, but, it is not a screen QR-lightlike
or a screen CR-lightlike submanifold. On the other hand, a screen real lightlike
submanifold is a screen CR-lightlike submanifold, of course it is neither screen
QR-lightlike nor QR-lightlike. Finally, invariant lightlike submanifolds lie in the
intersection of the screen CR-lightlike and screen QR-lightlike submanifold.



Chapter 9

Applications of lightlike
geometry

In this chapter we present applications of lightlike geometry in the study of null
2-surfaces in spacetimes, lightlike versions of harmonic maps and morphisms, CR-
structures in general relativity and lightlike contact geometry in physics.

9.1 Null 2-surfaces of spacetimes

Let (M̄ , ḡ) be a 4-dimensional spacetime of general relativity. As discussed in
Chapter 3, null (lightlike) geodesics are important objects of study in relativity.
Here we concentrate on the use of null geodesics in the study of 2-surfaces of
spacetimes. First we present some basic information on timelike 2-surfaces which
are called photon surfaces explained as follows:

Photon surfaces. Let C(p) be a null curve in (M̄ , ḡ), where p ∈ I ⊂ R is a special
parameter, {ξ, N, W1, W2} is a pseudo-orthonormal Frenet frame along C(p), ξ
and N are null vectors such that ḡ(ξ, N) = 1, C = Span{ξ}, andW1, W2 are unit
spacelike vectors. If N moves along C, then, it generates a ruled surface given by
the parameterization ((I × R), f) where f : I × R → M̄ is defined by

(p, u)→ f(p, u) = C(p) + uN(p), u ∈ Iu ⊂ R.

The above ruled surface is called a null scroll which we denote by Sc. It is clear
by the above defining equation that the null scroll Sc is a timelike ruled surface in
M̄ . In particular, if Sc is ruled by null geodesics, then, there is an important link
of the concept of null scrolls [332] with the literature of physics as follows:

In general relativity, null geodesics are interpreted as the world lines of pho-
tons and a timelike null scroll is called a photon surface if each null geodesic
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tangent to Sc remains within Sc (for some parameter interval). For the construc-
tion of photon surfaces, we require that each null scroll will be fully immersed in
M̄ as opposed to an embedded submanifold, i.e., we allow for self-intersections.
This is necessary as our construction methods for photon surfaces may yield ruled
surfaces with self-intersections. With this condition, we proceed as follows:

A vector field on Sc assigns to each point x ∈ Sc a vector in the tangent space
TxSc whereas a vector field along Sc assigns to each x ∈ Sc a vector field in the
tangent space Ti(x)M̄ where i denotes the immersion Sc → M̄ . Given a timelike
vector field n on Sc, i.e., ḡ(n, n) = −1, the conditions

ḡ(n, v) = 0 and g(v, v) = 1

define a spacelike vector field v on Sc uniquely up to sign. Since n and v are
orthonormal, the relation

ξ =
n+ v√

2
and N =

v − n√
2

defines two null vector fields ξ and N on Sc such that at each point x of Sc, the
vectors ξx and Nx span the two different null lines tangent to Sc and

g(ξ, N) = 1.

Since any choice of n, v is unique up to sign, so ξ and N are unique up to
interchanging. Suppose we replace n by another vector field n̄ on Sc such that
ḡ(n̄, n̄) = −1 (and take corresponding vector field v̄), then, the following trans-
formation equations will hold:

ξ �→ fξ and N �→ f−1N,

where f is a nowhere vanishing scalar function on Sc.

Proposition 9.1.1. [191] A point x in a spacetime manifold (M̄, ḡ) admits a neigh-
borhood that can be foliated into timelike photon 2-surfaces if and only if on some
neighborhood of x there are two linearly independent null geodesic vector fields ξ
and N such that the Lie bracket [ξ,N ] is a linear combination of ξ and N . In this
case, the photon 2-surfaces are the integral manifolds, say Sc, of the 2-surfaces
spanned by ξ and N .

Proof. ξ and N being linearly independent, they generate a timelike 2-surface Sc

at each point x of M̄ . Then, by the Frobenius theorem these 2-surfaces admit local
integral manifolds if and only if the Lie bracket [ξ,N ] is a linear combination of ξ
and N . Since, by hypothesis, ξ and N are geodesic, it makes sure (by definition)
that these integral manifolds, say Sc, are timelike photon 2-surfaces, which proves
the if part. To prove the only if part, one just has to verify that the null geodesic
vector fields ξ and N , given on each leaf of the respective foliations up to the above
transformation, can be chosen such that they make up to two smooth vector fields
ξ and N on some neighborhood of x, which completes the proof. �
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On the existence of timelike photon surfaces in a spacetime (M̄, ḡ), one can
characterize such surfaces in terms of the second fundamental form B of a non-null
submanifold Σ of (M̄, ḡ) as follows: We know [317] that B can be written as

B(u,w) = P⊥(∇̄uw), ∀u,w ∈ T (Σ),

and Σ is called totally umbilical if there is a normal vector field Z of Σ such that

B(u, w) = g(u, w)Z, ∀u, w ∈ Γ(TΣ).

If Z = 0, then, Σ is totally geodesic. It is easy to see that the property of being
totally umbilical is conformally invariant, whereas the property of being totally
geodesic is not. Following is a characterization result for timelike photon 2-surfaces:

Proposition 9.1.2. [191] A 2-dimensional timelike submanifold Σ of a spacetime
manifold is a photon 2-surface if and only if Σ is totally umbilical.

Proof. Let ξ and N be the two null vector fields on Σ, unique up to the above
given transformations and are normalized according as explained before. Suppose
Σ is totally umbilical. Then, it is required thatB(ξ, ξ) = 0 and B(N,N) = 0. From
this it is easy to show that ξ and N are geodesics, so Σ is a photon 2-surface.

Conversely, assume Σ is a photon 2-surface. Let u = aξ+bN and w = cξ+dN
be any two vector fields on Σ, where a, b, c, d are scalar functions on Σ. Since ∇ξξ
and ∇NN are tangents to Σ, the second fundamental form reduces to

B(u, w) = adP⊥(∇ξN) + bc P⊥(∇N ξ).

The fact that ξ, N and [ξ, N ] must be tangent to Σ implies

P⊥(∇ξN) = P⊥(∇N ξ) =: −Z.

On the other hand, ḡ(u, w) = −ad− bc. Thus, we conclude that the above totally
umbilical condition holds for Σ, which completes the proof. �
Remark 9.1.3. For some examples and more details on photon surfaces and their
physical use, we refer to [191] and some more referred to therein. The notion of
a null geodesic ruled surface was first introduced by Schild [369] in the form of a
geodesic null string of a null hypersurface of a 4-dimensional Minkowski or curved
spacetime. By null strings we mean 2-dimensional ruled null surfaces on the null
cone (with one dimension suppressed) of M̄ . Since Schild’s paper, there has been
considerable work done on geodesic and non-geodesic null strings. For example,
IIyenko [235] has presented a twistor description for null 2-surfaces (null strings)
in 4D Minkowski spacetime by taking the Lagrangian for a variational principle
as a surface-forming null bivector. His proposed formulation is reparametrization
invariant and free of any algebraic and differential constraints. An example of a null
2-surface given by the 2-dimensional self-intersecting caustic of a null hypersurface
has been studied in this paper (also see many other papers cited therein.) More
on null geodesics and photon surfaces is available in [156, Chapter 8].
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Half-lightlike surfaces. As discussed in Chapter 4, there is another class of null
surfaces, called half-lightlike 2-surfaces, whose physical interpretation has been
quite rare. The objective of this section is to present up-to-date results on this
class of null surfaces for their possible applications in mathematical physics. As
we have seen the importance of totally umbilical surfaces as photon surfaces in
relativity, so we concentrate on mathematical results on totally umbilical half-
lightlike surfaces in a 4-dimensional spacetime (M̄ , ḡ). Let (M, g, S(TM)) be a
half-lightlike 2-surface of (M̄ , ḡ). Then, S(TM) is a spacelike screen distribution
of rank 1. Suppose S(TM) , RadTM , D and ntr(TM) are locally spanned by
U , ξ , u and N respectively. Following is an example:

Example 1. Consider a 4-dimensional spacetime (M̄, ḡ), with Lorentzian metric ḡ,
of signature (−,+,+,+), which admits a smooth 2-parameter group G, generated
by two spacelike Killing vector fields U and V . Suppose M̄ also admits a non-
Killing null vector field ξ. Then, U and V will span a lightlike surface M defined
by U[a Vb] U

a V b = 0, a, b ∈ {1, 2, 3, 4}. At any x of Tx M we have a unique null
vector tangent to TxM given by

ξ = U − ΩV, Ω = (V a Va)−1U b Vb, ḡ(ξ, U) = 0 = ḡ(ξ, V ).

It is easy to see that M is a half-lightlike surface of M̄ and RadTM = Span{ξ}.
Since ξ is non-Killing, Theorem 4.1.3 tells us that D1 �= 0. Thus,M neither admits
a metric connection nor is totally geodesic.

Theorem 9.1.4. Let M be a half-lightlike surface of a 4-dimensional spacetime
manifold (M̄ , ḡ). Then we have the following assertions:

(1) U and ξ are eigenvector fields for A∗ξ with respect to the eigenfunction λ1 =
1

‖U ‖ ḡ (h (U , U) , ξ ) and λ2 = 0 respectively.

(2) U is an eigenvector field for AN1 with respect to the eigenfunction α =
1

‖U ‖ ḡ (h
∗ (U , U) , N ). Moreover, one of the eigenvalues of AN is zero.

Proof. As A∗ξ is Γ (S(TM))-valued, it follows that U is an eigenvector field for A∗ξ .
Its eigenfunction follows from (4.1.21). The second part of the assertion (1) follows
from (4.1.22). Next, from (4.1.11) we find that AN is Γ (S(TM))-valued. Hence U
is also an eigenvector field for AN . Its eigenfunction follows from (4.1.20). Finally,
one of the eigenfunctions of AN is equal to zero since rankAN = 1. �

Using (4.1.27)–(4.1.33) and (4.1.10) and the field of frames {U, ξ, u,N }, the
structure equations of M can be written as follows:

R̄(U, ξ, ξ, U) = R(U, ξ, ξ, U) + ε1(ξ)D2(U,U) + ε(ε1(U))2

= (∇ξD1)(U,U)− (∇UD1)(ξ, U)
+ ρ1(ξ)D1(U,U) + ε1(ξ)D2(U,U)

+ ε (ε1(U))2, (9.1.1)
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R̄(U, ξ, u, U) = g(∇ξ(AuU)−∇U (Auξ)−Au[ξ, U ], U)
+ ε1(U)E1(ξ, U)− ε1(ξ)E1(U,U)

= ε{(∇ξD2)(U,U)− (∇UD2)(ξ, U)
+ ρ2(ξ)D1(U,U)}, (9.1.2)

R̄(U, ξ,N, U) = R(U, ξ,N, U)
− ρ2(U)ε1(U)− ερ2(ξ)D2(U,U)

= g(∇ξ(ANU)−∇U (ANξ)
− AN [ξ, U ], U), U ], U) + ρ1(U)E1(ξ, U)
− ρ1(ξ)E1(U,U)− ρ2(U) ε1(U)
− ερ2(ξ)D2(U,U), (9.1.3)

R̄(U, ξ,N, ξ) = R(U, ξ,N, ξ)
+ ρ2(ξ)ε1(U)− ρ2(U)ε1(ξ)

= −D1(U,ANξ) + 2dρ1(U, ξ)
+ ρ2(ξ)ε1(U)− ρ2(U)ε1(ξ), (9.1.4)

R̄(U, ξ, u, ξ) = ε{(∇ξD2)(U, ξ)− (∇UD2)(ξ, ξ)}
= −D1(U,Auξ) + 2dε1(U, ξ)
ρ1(U)ε1(ξ)− ρ1(ξ)ε1(U), (9.1.5)

R̄(U, ξ, u,N) = ε{D2(U,ANξ)−D2(ξ, ANU)
+ 2dρ2(U, ξ) + ρ1(U)ρ2(ξ)
− ρ1(ξ) ρ2(U)}

= ḡ(∇ξ(AuU)−∇U (Auξ), N )
− ερ2([ξ, U ]. (9.1.6)

By using (4.1.36)–(4.1.39), (4.1.10) and (4.1.22), we obtain the following compo-
nents of curvature tensor field R of the induced connection ∇ on M :

R(U, ξ, ξ, U) = (∇ξD1)(U,U)− (∇UD1)(ξ, U)
+ ρ1(ξ)D1(U,U) (9.1.7)

= g(∇∗ξ(A∗ξU), U) +D1([U, ξ], U)

+ ρ1(ξ)D1(U,U),
R(U, ξ,N1, U) = g(∇ξ(AN1U)−∇U (AN1ξ)

− AN1 [ξU ], U) + ρ1(U)E1(ξ, U)
− ρ1(ξ)E1(U,U) (9.1.8)

= ξ(E1(U,U))− U(E1(ξ, U))
− E1([ξ, U ], U )
+ E1(ξ,∇∗UU)− E1(U,∇∗ξU)
+ ρ1(U)E1(ξ, U)− ρ1(ξ)E1(U,U),
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R(U, ξ,N, ξ) = −D1(U,AN1ξ) + 2dρ1(U, ξ)
= −E1(ξ, A∗ξU) + 2dρ1(U, ξ), (9.1.9)

R(U, ξ, U, U) = −E1(ξ, U)D1(U,U). (9.1.10)

The components in (9.1.7), (9.1.8), (9.1.9) and (9.1.10) follow from (4.1.38),
(4.1.37), (4.1.39) and (4.1.36) respectively. The structure equations of a totally
umbilical half-lightlike surface M are

R̄(U, ξ, ξ, U) = R(U, ξ, ξ, U)
= (∇ξD1)(U,U) +D1(∇Uξ, U)
+ ρ1(ξ)D1(U,U),

R̄(U, ξ, u, U) = g(∇ξ(AuU)−Au[ξ, U ], U)
= ε{(∇ξD2)(U,U) +D2(∇Uξ, U)}

R̄(U, ξ,N, U) = R(U, ξ,N, U)
= g(∇ξ(ANU)−∇U (AN ξ)−AN [ξ, U ], U)
+ ρ1(U)E1(ξ, U)− ρ1(ξ)E1(U,U),

R̄(U, ξ,N, ξ) = R(U, ξ,N, ξ)
= −D1(U,ANξ) + 2dρ1(U, ξ),

R̄(U, ξ, u, ξ) = 0,
R̄(U, ξ, u,N) = ε{D2(U,ANξ) + 2dρ2(U, ξ)− ρ1(ξ)ρ2(U)}

= ḡ(∇ξ(AuU), N)− ερ2([ξ, U ]).

Since the tangent space of a half-lightlike surfaceM of M̄ is a null plane, we define
the null sectional curvature ofM at x ∈ M , with respect to ξx, as the real number

Kξx(M)x =
R (Ux , ξx , ξx , Ux)

g (Ux , Ux)
, (9.1.11)

where Ux is an arbitrary non-null vector in TxM . The above definition follows the
one given in Beem-Ehrlich [34, page 571] and O’Neill [317, pages 152, 153, 163].
Similarly, define the null sectional curvature K̄ξx(TxM) of the null plane TxM of
the Lorentz vector space TxM̄ with respect to ξx and ∇ as a real number

K̄ξx(TxM) =
R̄ (Ux , ξx , ξx , Ux)

g (Ux , Ux)
. (9.1.12)

On a coordinate neighborhood U of M denote by K̄ξ(TM)|U and Kξ(M)|U the
null sectional curvature functions which associate to each x ∈ U the real numbers
K̄ξx(TxM) and Kξx(M)x, respectively. Since neither of the null sectional curva-
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tures depends on Ux, using (9.1.1) and (9.1.7), we obtain

K̄ξ(TxM)|U = Kξ(M)|U

+
1

g(U,U)
{ε1(ξ)D2(U,U) + ε(ε1(U))2}, (9.1.13)

Kξ(M)|U =
1

g(U,U)
{(∇ξD1)(U,U)

− (∇UD1)(ξ, U) + ρ1(ξ)D1(U,U)}. (9.1.14)

Hence, in general, the null curvature of M is expressed in terms of the lightlike
second fundamental form of M .

If M̄ is of constant curvature, by using (9.1.12) and (9.1.13) we obtain the
null sectional curvature ofM expressed in terms of the screen second fundamental
form of M ,

Kξ(M)| U = − 1
g (U , U)

{ ε1 (ξ)D2 (U , U) + ε (ε1 (U))2 }. (9.1.15)

Comparing (9.1.15) with the classical formula of Gaussian curvature of a non-
degenerate surface [149], we may call Kξ(M)| U , given by (9.1.15), the null Gaus-
sian curvature of M on U . Also we note from (9.1.14) and (9.1.15) the lightlike
and screen second fundamental forms of a lightlike surface of a spacetime manifold
of constant sectional curvature are related by

ε1(ξ)D2(U,U) + ρ1(ξ)D1(U,U) + ε(ε1(U))2

= (∇UD1)(ξ, U)− (∇ξD1)(U,U). (9.1.16)

From (9.1.15) and Theorem 4.3.1 (chapter 4), we obtain

Theorem 9.1.5. The null Gaussian curvature of a totally umbilical half-lightlike
surface M of a spacetime manifold vanishes.

As M is totally umbilical, from (9.1.13) and (9.1.14) we obtain

K̄ξ(TxM)| U = Kξ(M)| U , (9.1.17)

Kξ(M)| U = ξ (H1)− (H1)2 +H1 ρ1 (ξ). (9.1.18)

Thus we have

Theorem 9.1.6. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold (M̄ , ḡ). Then the null sectional curvature functions K̄ξ(TM) and Kξ(M)
vanish, if and only if, H1 is a solution of the partial differential equation

ξ (H1)− (H1)2 +H1 ρ1 (ξ) = 0.

From (4.1.9) in Theorem 4.3.3 and the above theorem, we obtain
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Corollary 9.1.7. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold of constant curvature (M̄ , ḡ). Then the null sectional curvature functions
of M and M̄ vanish.

From Theorem 4.1.3 and (4.3.1) and the above theorem, we obtain

Theorem 9.1.8. Let M be a totally umbilical half-lightlike surface of a spacetime
manifold. If the induced connection ∇ on M is a metric connection, then, both the
null sectional curvatures K̄ξ(TM) and Kξ(M) vanish.

Null 2-surfaces of a Minkowski space. Suppose (M, g) is a half-lightlike surface of
a Minkowski space (R4

1 , ḡ ), where ḡ is the Minkowski metric given by

ḡ (x , y) = − x0 y0 + x1 y1 + x2 y2 + x3 y3.

Locally M is given by equations

xA = xA (u , v) , A ∈ {0, 1, 2, 3}.

Then the tangent bundle of M is locally spanned by{
∂

∂ u
=

∂ xA

∂ u

∂

∂ xA
;

∂

∂ v
=

∂ xA

∂ v

∂

∂ xA

}
.

Considering the vector field

ξ = α
∂

∂ u
+ β

∂

∂ v
,

we find thatM is half-lightlike, if and only if, the homogeneous linear system with
(α , β) as variables,

3∑
a=1

{α( (∂ x
a

∂ u
)2 − (

∂ x0

∂ u
)2 ) + β (

∂ xa

∂ u

∂ xa

∂ v
− ∂ x0

∂ u

∂ x0

∂ v
)} = 0,

3∑
a=1

{α(∂ x
a

∂ u

∂ xa

∂ v
− ∂ x0

∂ u

∂ x0

∂ v
) + β ( (

∂ xa

∂ v
)2 − (

∂ x0

∂ v
)2 )} = 0,

has non-trivial solutions. Thus, we can state the following:

Theorem 9.1.9. [149] The surface M of R4
1 is half-lightlike, if and only if, on each

coordinate neighborhood U ⊂ M we have

3∑
a=1

(Doa)2 =
∑

1≤a<b≤3

(Dab)2

where

DAB =

∣∣∣∣∣ ∂ xA

∂ u
∂ xB

∂ u

∂ xA

∂ v
∂ xB

∂ v

∣∣∣∣∣ .
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Next, we choose from the last homogeneous linear system

α =
3∑

a=1

∂xa

∂u

∂xa

∂v
− ∂x0

∂u

∂x0

∂v
,

β = (
∂x0

∂u
)2 −

3∑
a=1

(
∂xa

∂u
)2, (9.1.19)

in case at least one of the quantities from the right-hand side of (9.1.19) is non-
zero. Then by direct calculations we obtain that RadTM , ntr(TM), S(TM) and
D are locally spanned on U by

ξ = ξA ∂

∂ xA
, ξA =

3∑
B=0

εB D
AB ∂ xB

∂ u
,

N =
1

2(ξ0)2

(
− ξ0

∂

∂ x0
+

3∑
a=1

ξa ∂

∂ xa

)
, (9.1.20)

U =
∂ x0

∂ v

∂

∂ u
− ∂ x0

∂ u

∂

∂ v
=

3∑
a=1

Dao ∂

∂
,

W = D23 ∂

∂ x1
+D31 ∂

∂ x2
+D12 ∂

∂ x3

respectively, where {εB} is the signature of the basis
{

∂
∂ xB

}
with respect to ḡ.

Summing up, we obtain the quasi-orthonormal frames field

{ ξ , N , Uo =
1√
� U , Wo =

1√
�W }, � ≡

3∑
a=1

(Doa)2.

However, in order to simplify the calculations we shall work, from now on, with
the frames field F = { ξ , N , U , W }.

By direct calculations from the Gauss equation (4.1.7) of M and the Wein-
garten equation (4.1.8) of S(TM) we derive

ρ1(ξ) = − 1
2(ξ0)2

3∑
A=0

PAξA

D1(U,U) =
3∑

a=1

Sa ξa,

D2(ξ, ξ) =
1
� (P 1D23 + P 2D31 + P 3D12)

= − ε1 (ξ),

D2(U, ξ) =
1
� (Q1D23 +Q2D31 +Q3D12)
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=
1
� (R1D23 +R2D31 +R3D12)

= D2(ξ, U),

D2(U,U) =
1
� (S1D23 + S2D31 + S3D12), (9.1.21)

PA = (α
∂α

∂u
+ β

∂α

∂v
)
∂xA

∂u
+ (α

∂β

∂u
+ β

∂β

∂v
)
∂xA

∂v

+ α2 ∂
2xA

∂u2
+ 2αβ

∂2xA

∂u∂v
+ β2 ∂

2xA

∂v2
, (9.1.22)

QA = (
∂α

∂u

∂x0

∂v
− ∂α

∂v

∂x0

∂u
)
∂xA

∂u

+ (
∂β

∂u

∂x0

∂v
− ∂β

∂v

∂x0

∂u
)
∂xA

∂v
+ α

∂x0

∂v

∂2xA

∂u2

+ (β
∂x0

∂v
− α

∂x0

∂u
)
∂2xA

∂u∂v
− β

∂x0

∂u

∂2xA

∂v2
,

Ra = (α
∂2x0

∂u∂v
+ β

∂2x0

∂2v
)
∂xa

∂u

− (α
∂2x0

∂u2
+ β

∂2x0

∂u∂v
)
∂xa

∂v
+ α

∂x0

∂v

∂2xa

∂u2

+ (β
∂x0

∂v
− α

∂x0

∂u
)
∂2xa

∂u∂v
− β

∂x0

∂u

∂2xa

∂v2
,

Sa = (
∂x0

∂v

∂2x0

∂u∂v
− ∂x0

∂u

∂2x0

∂2v
)
∂xa

∂u

− (
∂x0

∂u

∂2x0

∂u∂v
− ∂x0

∂v

∂2x0

∂u2
)
∂xa

∂v

+ (
∂x0

∂v
)2
∂2xa

∂u2
− 2

∂x0

∂u

∂x0

∂v

∂2xa

∂u∂v
+ (

∂x0

∂u
)2
∂2xa

∂v2
,

A ∈ {0, 1, 2, 3}, a ∈ {1, 2, 3}.
The following results are straightforward.

Theorem 9.1.10. A half-lightlike surface M of a Minkowski spacetime R4
1 is totally

umbilical if and only if there exist smooth functions f1 , f2 on M such that

D1 (U , U) = f1 g (U , U) = f1 �,
D2 (U , U) = f2 g (U , U) = f2 �,
D2 (U , ξ) = D2 (ξ , U) = D2 (ξ , ξ) = 0.

Example 2. Consider a surface M in R4
1 given by

x2 = f(x1) ; x3 − x0 = 0,

where f is an arbitrary smooth function. By direct calculation we find that M is
a half-lightlike submanifold of R4

1 and we obtain the following frames field on R
4
1
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along M :

ξ = − (1 + (f ′(x1))2)
(

∂

∂ x0
+

∂

∂ x3

)
,

N1 =
1

2(1 + (f ′(x1))2)

(
∂

∂ x0
− ∂

∂ x3

)
,

U =
∂

∂ x1
+ f ′(x1)

∂

∂ x2
,

u = f ′(x1)
∂

∂ x1
− ∂

∂ x2

such that

RadTM = Span{ξ}, ntr(TM) = Span{N1},
S(TM) = Span{U}, D = Span{u}.

By the method of Example 2 in Chapter 4, we obtain

D1 = 0 , D2(U, ξ) = D2(ξ, ξ) = 0 , D2(U,U) = − f ′′(x1)
1 + (f ′(x1))2

.

On the other hand, ḡ (U, U) = 1 + (f ′(x1))2. Therefore

D2 (U, U) = H2 ḡ (U, U), H2 ≡ f ′′(x1)
(1 + (f ′(x1))2)2

.

Thus M is a totally umbilical half-lightlike surface of R4
1.

9.2 Harmonic maps and morphisms

Introduction. The concept of harmonic maps and morphisms constitutes a very
useful tool for both Global Analysis and Differential Geometry. The theory of
harmonic maps has been developed in the last fifty years; it is still an active
field in differential geometry and it has applications to many different areas of
mathematics and physics. The objective of this section is to present latest work
on the applications of lightlike geometry in this important topic on harmonicity.
For details on Riemannian harmonic maps and morphisms and the terminology
used in this section, we refer to the latest book by Baird and Wood [25] and the
two bibliographies [80] and [220], respectively. In this section we deal with the case
of harmonic maps and morphisms into a class of lightlike manifolds. In the next
section we present the latest work on harmonic maps from r-lightlike manifolds to
semi-Riemannian manifolds.

Let (M̄, ḡ) and (M, g) be Riemannian manifolds and φ : M̄ →M a smooth
map from M̄ to M . The energy density of φ is given by e(φ) = 1

2 |dφ(x)|2, where
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|dφ(x)| is the Hilbert-Schmidt norm of the linear map dφx : Tx M̄ → Tφ(x)M . The
energy ε(φ) is defined by

ε(φ) =
∫

D

e(φ) dvg (9.2.1)

where dvg is the volume element of M̄ and D is any compact domain of M̄ . The
covariant derivative of the differential dφ, denoted by ∇̄ dφ, is called the second
fundamental form of φ, where ∇̄ is the Levi-Civita connection on M̄ . The tension
field, denoted by τ(φ), is defined by the trace of ∇̄ dφ. It is known that φ is
harmonic, that is, φ is a critical point of ε(φ), if and only if τ(φ) vanishes. Also,
φ is a minimal map if ε(φ) ≤ ε(φi) for all φi in the component of the space
of all smooth maps between M̄ and M . A subcase of a harmonic map is called
a harmonic morphism, first studied by Fuglede [193] and Ishihara [238] and φ
is a harmonic morphism if it carries germs of harmonic functions to germs of
harmonic functions. This means that whenever μ : U → R is a harmonic function
on M and φ−1(U) is non-empty, then the composite μ ◦ φ : φ−1(U) → R is also
harmonic. Since harmonic functions are solutions of Laplace’s equation �μ = 0,
any constant map is a harmonic morphism. Also, it is known that a non-constant
harmonic morphism only exists if dim(M̄) ≥ dim(M). The validity of the energy
equation (9.2.1) for any semi-Riemannian manifold is not obvious for the following
reasons.

(a) The Hopf-Rinow theorem (which guarantees the completeness of all Rie-
mannian metrics for a compact Riemannian manifold) does not hold for an
arbitrary semi-Riemannian manifold (see Beem et al. [34]). Therefore, the
existence of a compact domain D, of the integral in (9.2.1), for an arbitrary
semi-Riemannian manifold M̄ is questionable.

(b) The possibility of degenerate(lightlike) fibers. If M̄ has boundary ∂ M̄ , then,
the null (lightlike) ∂ M̄ is a physically important case.

Thus, the harmonic maps and morphisms between semi-Riemannian manifolds
behave differently and their study is restricted to some classes of semi-Riemannian
manifolds. For example, among all Lorentzian manifolds the globally hyperbolic
manifolds [34] may be preferred since they do possess compact regions.

Harmonic maps, morphisms into lightlike manifolds. Since for any semi-Riemann-
ian manifold, there is a natural existence of a lightlike subspace (hypersurface or
submanifold), whose metric is degenerate, one cannot use the theory of harmonic
maps of non-degenerate manifolds for the lightlike case. For example, if the target
space M is lightlike, with φ : M̄ → M , then φ−1(TM) will not exist because
the metric of M is degenerate and the tension tensor can not be defined. Similar
situation arises if the base space M̄ is lightlike. The objective in this section is
to explain how this anomaly can be removed if the target space M belongs to a
class of lightlike manifolds, called globally null manifolds discussed in Section 4
of Chapter 1. The case when the base space M̄ is lightlike has been discussed in
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the next section. We will also explain the reason for the choice of globally null
manifolds.

Recall from Chapter 1 that a lightlike manifold (M, g), with RadTM of rank
one, is called a globally null manifold if it admits a global null vector and a complete
Riemannian hypersurface. As explained in [134], we choose a class of globally null
manifolds which admit a metric connection with respect to the degenerate metric
tensor g and RadTM is Killing. We need the following result:

Theorem 9.2.1. (Duggal [140] Let (M, g ) be an (n+1)-dimensional lightlike man-
ifold with r = 1. Then, there exists a quasi-orthonormal frame

F = {ξ, W1, . . . ,Wn } , g(Wa , Wa) = 1 , g(ξ, Wa) = 0, (9.2.2)

∀a ∈ {1, . . . , n }, along a null curve C, generated by a null vector field ξ, on M .
Also, there exists a special affine parameter with respect to which C is a null
geodesic of M .

Note 1. We refer to the brief Definition 1.4.5 and to [137, 138, 139] for up-to-date
information on globally null manifolds with geometric or physical examples.

Definition 9.2.2. Let (M̄, ḡ) and (M, g) be Riemannian (or semi-Riemannian) and
globally null manifolds respectively. Define a harmonic map

φ : M̄ →M ′ ⊂M , φ(M̄ ) =M ′, (9.2.3)

where M ′ denotes a complete Riemannian hypersurface of M .

The above definition is well defined for the energy equation (9.2.1) since the
target space M ′ is Riemannian for which we do have the pullback φ−1(TM ′) to
define the tension field needed for setting up φ as a harmonic map. Observe that
the study of semi-Riemannian domain manifolds M̄ is subject to restrictions as
mentioned in item (a) above. The Laplace-Beltrami operator �

M
on M is given

in local coordinates xi by

�M̄ =
1√
|ḡ|

m∑
i

∂xi (
√
|ḡ|

m∑
i

ḡij ∂xj),

where ḡ = |det(ḡij)|. Any harmonic function μ is a C2-smooth local solution to
the Laplace-Beltrami equation �M̄ μ = 0. The tension field τ(φ) is a vector field
along φ which assigns each tangent vector τ(φ)(x) = Tφ(x)(M ′) for each point
x ∈ M̄ . It is the trace of ∇dφ where ∇ is the Levi-Civita connection on M .
The map φ is called a harmonic map if and only if the tension field τ(φ) = 0.
To justify the use of globally null manifolds and the validity of equation (9.2.3),
we now discuss the following properties of M to show that the geometry of this
class of M essentially reduces to the Riemannian geometry of its hypersurface
M ′. By definition we assume that (M ′, g′) is a complete spacelike hypersurface



410 Chapter 9. Applications of lightlike geometry

of the globally null manifold M , with induced Riemannian metric g′. Also, using
Theorem 9.2.1, if we consider a congruence of null geodesics, given by the null
vector field d

dp , with respect to the distinguished parameter p, the induced metric
g′ can be expressed by

g′ = w1 ⊗ w1 + . . .+ wn−1 ⊗ wn−1 (9.2.4)

where {w1, . . . , wn−1} is the dual set of an orthonormal basis {W1, . . . ,Wn−1}
of ΓS(TM). Clearly g′ being Riemannian metric, its inverse exists and is also
Riemannian. Thus, the energy equation is well defined. Moreover, it follows from
(9.2.4)that any tensor (including degenerate metric g) on M can be projected
onto its screen distribution and all the analysis on M can be done on its inte-
gral spacelike hypersurface M ′, without any loss of the geometry of globally null
manifolds.

Recall that the existence problem for harmonic maps concerns the minima
and critical points of the energy in homotopy classes of maps defined by (9.2.3).
To deal with this problem, we assume that M̄ is either compact or has a compact
domain D of the integral (9.2.1). Since M ′ can be a complete integral manifold of
S(TM), the existence result for harmonic maps, due to Eells and Sampson [177],
must hold for φ defined by (9.2.3). Let M̄ and M be Riemann surfaces and let M
carry a degenerate metric associated to a holomorphic quadratic differential form.
Thus, dim(M ′) = 1. For this case, recall the following existence result:

Theorem 9.2.3. (Leite [286]) If M̄ and M are two Riemann surfaces and M carries
a degenerate metric associated to a holomorphic quadratic differential form, then
every non-trivial homotopy class contains a Hölder continuous harmonic map.

Note 2. If M̄ and M are two surfaces of the same genus p ≥ 2, then, Leite’s result
is a characterization of Teichmüller maps which satisfy Beltrami’s equation, whose
coefficients involve some holomorphic quadratic differentials. Here, in the above
case, the target space of harmonic map φ is a 1-dimensional space M ′ in M .

Note 3. If (B, gB) is globally hyperbolic, with Hs its Cauchy surface, it is easy to
see that (M, g) is a globally null manifold, embedded in B.

Based on Note 3, we consider a harmonic map

φ : M̄ →M ′ ⊂M
i→ B, φ(M̄) =M ′ (9.2.5)

where M̄ is a Riemannian (or semi-Riemannian) manifold, B and i(B) are globally
hyperbolic spacetime and a globally null hypersurface of B respectively. Thus, M
will have geometry induced from B. Consequently, the relation (9.2.5) establishes
an interplay between harmonic maps and the geometries of globally null mani-
folds and globally hyperbolic spacetimes. To support this interplay, we present the
following physical example.

Example 3. Let (R4
1, ḡ) be the Minkowski spacetime, with metric ds2 = − dt2 +

dr2 + r2 (dθ2 + sin2 θ dφ2 ), for a spherical coordinate system (t, r, θ, φ), which is
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non-singular if 0 < r < ∞, 0 < θ < π, 0 < φ < 2π. It is well known that R4
1

is globally hyperbolic. Take two null coordinates u = t+ r and v = t− r (u > v).
Then, we have

ds2 = − du dv +
1
4
(u− v)2 (dθ2 + sin2 θ dφ2 ), −∞ < u, v < ∞. (9.2.6)

The absence of the terms du2 and dv2 in (9.2.6) implies that the two hypersurfaces
{ v = constant }, { u = constant } are lightlike. Denote one of these lightlike
hypersurfaces by (M, g), where g is the induced degenerate metric of ḡ. A leaf of
the 2-dimensional screen distribution S(TM) is topologically a 2-sphere S2 with
Riemannian metric dΩ2 = r2 (dθ2 + sin2 θ dφ2 ) which is the intersection of two
hypersurfaces. Since, by definition, a spacetime admits a global timelike vector
field, it follows that both its lightlike hypersurfaces admit a single global null
vector field. Thus, there exists a pair of globally null hypersurfaces of R4

1 and
(9.2.5) reduces to

φ : M̄ → S2 ⊂M
i→ R4

1, φ(M̄ ) = S2. (9.2.7)

Similarly, one can show that there exists a pair of globally null hypersur-
faces of Robertson-Walker spacetimes, Reissner-Nordström spacetimes, and Kerr
spacetimes, with S2 a leaf of their respective screen distributions.

Note 4. It is well known that the energy e(φ) and the equation τ(φ) = 0 are both
preserved by a conformal class of the metric on a surface M̄ . For this reason,
we have set dim(M̄) = 2. Since, in equation (9.2.7), we are dealing with non-
degenerate metrics for M̄ and S2 both, the fundamental existence problem of
harmonic maps between Riemannian surfaces (see, Eells-Lemaire [168] for the
existence problem of harmonic maps from an oriented surface and from a non-
oriented surface to S2) must hold for the harmonic maps defined by (9.2.7).

Harmonic morphisms. Let φ be a harmonic map from a smooth Riemannian (or
semi-Riemannian) manifold (M̄, ḡ) into a globally null manifold (M, g), of dimen-
sions m and n respectively, as defined by (9.2.3). If M̄ is Riemannian, then, we
have the tangent space TxM̄ = Hx ⊕ Vx, at each point x ∈ M̄ , where Hx and
Vx = H⊥x = Ker(dφx) are its horizontal and vertical spaces, respectively. If M̄ is
semi-Riemannian, then, Vx +Hx �= TxM̄ is possible, whenever Vx (or just as well
Hx) is degenerate for which φ is called a degenerate harmonic map. In this book,
we assume that φ is non-degenerate.

Definition 9.2.4. A map φ : (M̄, ḡ) → (M ′, g′) ⊂ (M, g) is called horizontally
(weakly) conformal if, for every x ∈ M̄ , either dφx |Hx is conformal and surjective
or dφx = 0.

The coefficient of conformality λ = λ(x) is called the dilation of φ at x.
Clearly, for a non-degenerate φ, the possibility dφ = 0 will not arise and, there-
fore, λ(x) �= 0. It is known [193] that harmonic morphisms are characterized as
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the harmonic maps which are horizontally (weakly) conformal. Such maps pull
back harmonic functions to harmonic functions. Since any constant φ is obviously
a harmonic morphism, for the non-constant case, the existence of harmonic mor-
phisms requires at least the existence of local harmonic functions on M ′ and M̄
both. To deal with this existence problem, we show that there do exist harmonic
functions on globally null manifolds. First we deal with the following simple cases.

• Suppose dim(M ′) = 1. Then, the horizontal weak conformality is trivial and
a harmonic morphism is just a harmonic map.

• Suppose dim(M̄) = dim(M ′) = 2. Then the harmonic morphisms are exactly
(weakly) conformal maps, for which the concept of harmonic morphism into
Riemann surfaces is well-defined. Also, see Fuglede [25, 193] for some results
on Riemannian and Lorentzian surfaces.

• Suppose dim(M̄) = dim(M ′) ≥ 3. Then, the harmonic maps are conformal
maps with constant dilation [193].

Physical application. Let (M̄, ḡ) be the Einstein universe which may be described
as a 3-sphere S3 of a fixed radius r, i.e., as the boundary of a 4-dimensional ball,
by the equator. Consider a non-constant map

φ : (M̄, ḡ) → S2 ⊂ (M, g) i→ R4
1 (9.2.8)

where S2 is a leaf of a screen S(TM̄) of M̄ . A sub-mapping of (9.2.8), given by

φ|S3 : S3 → S2 ⊂ M̄
i→ R4

1

is known as a Hopf map, the most celebrated example of harmonic morphisms,
with constant dilation λ = 2 and minimal fibers. Here we have related the Hopf
map with a spacetime and a globally null manifold.

The general theory, with dim(M̄) > dim(M ′), is difficult. For the existence
of a harmonic morphism, one must make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M̄, ḡ ) with local harmonic functions. To justify
this, we consider the following special case. Let Rn+2

1 be Lorentzian space with a
local coordinates system (xo, . . . , xn+1). Consider a smooth function μ : D → R,
where D is an open set of Rn+1. Then

M = {(x0, . . . , xn+1 ∈ Rn+2
1 ; x0 = μ(x1, . . . , xn+1)}

is a hypersurface of Rn+2
1 which is called a Monge hypersurface. Let a natural

parameterization on M be given by

xo = μ(v0, . . . , vn) ; xα+1 = vα, α ∈ {0, . . . , n}.

Hence, the natural frames field on M is globally defined by

∂vα = μ′xα+1 ∂x0 + ∂xα+1 , α ∈ {0, . . . , n}.
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Then, it is easy to see that TM⊥ is spanned by a global vector

ξ = ∂x0 +
n+1∑
a=1

μ′xa ∂xa . (9.2.9)

For a hypersurface (see Chapter 2) we know that M is lightlike if and only if
TM⊥ = RadTM . This means that ξ, defined by (9.1.9), must be a null vector
field if and only if M is lightlike. Now we recall the following results from [149,
Section 4].

Proposition 9.2.5. On a lightlike Monge hypersurface M of Rn+2
1 , there exists an

integrable screen distribution S(TM).

Proposition 9.2.6. A lightlike Monge hypersurface M of Rn+2
1 , is a product mani-

fold M = L ×M ′, where L is an open subset of a null line and M ′ is Riemannian.

Proposition 9.2.7. A lightlike Monge hypersurface M of R4
1 is minimal if and only

if M admits a harmonic function.

Note that Proposition 9.2.7 also holds for a general case of Rn+2
1 , although

the proof is very lengthy.

To relate the above three results with the subject matter of this section,
we let Rn+2

1 admit a globally defined timelike vector field, which means it is a
time orientable Minkowski spacetime. This further means that Rn+2

1 is a globally
hyperbolic spacetime. Since, by Proposition 9.2.6, M ′ is a Riemannian manifold,
the celebrated Hopf–Rinow theorem allows us to assume that M ′ is a complete
Riemannian manifold. Comparing Propositions 9.2.5 and 9.2.6 with the assertions
(a) and (b) of Theorem 1.4.9 and the fact that M admits a single global null
vector ξ,M is a globally null Monge hypersurface of a Minkowski spacetimeRn+2

1 .
Consequently, Proposition 9.2.7 implies the following:

Proposition 9.2.8. A globally null Monge hypersurface M of a Minkowski spacetime
is minimal if and only if M admits a harmonic function μ.

To show the relevance of the above result in the study of harmonic morphisms,
we consider a harmonic map

φ : M̄ →M ′ ⊂M ⊂ Rn+2
1 , φ(M̄) =M ′, (9.2.10)

where (M̄, ḡ) is a Riemannian (or semi-Riemannian) manifold, M is a globally
null Monge hypersurface of Rn+2

1 and M ′ is a Riemannian minimal hypersurface
of N . Let dim(M̄) = m > n. We know that the harmonic functions on M̄ are those
which satisfy the Laplace-Baltrami equation. Thus, the conclusion is that given
a harmonic map φ, defined by (9.2.10), Proposition 9.2.8 can satisfy the basic
requirement (existence of local harmonic functions on M̄ andM) for the existence
of φ as a harmonic morphism. To make sure that there is a class of Riemannian
(or semi-Riemannian) manifolds (M̄, ḡ ) with local harmonic functions, there are
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more than one approaches. We prefer to use the following differential geometric
structure, called f -structure on M̄ , studied by Yano [406]. Also see Fuglede [193]
who used a special case of an f -structure, called an almost Hermitian structure,
in the study of harmonic morphisms. We first give some brief information on f -
structures. In 1963, Yano [406] introduced an f -structure on a C∞ m-dimensional
manifold M̄ , defined by a tensor field f of type (1,1) which satisfies f 3+f = 0 and
has constant rank r which is necessarily even. TM̄ splits into two complementary
sub-bundles Im f and Ker f and the restriction of f to Im f determines a complex
structure on such a sub-bundle. Almost complex and almost contact structures
are special cases according as r = m and r = m − 1 respectively. Suppose Ker f
is parallelizable [152]. Then, there exists a global frame {ξ

i
} for Ker f with dual

1-forms ηi satisfying:

f2 = −I + ηi ⊗ ξ
i
, ηi(ξ

j
) = δi

j , 1 ≤ i ≤ s.

It follows that fξ
i
= 0, ηi ◦ f = 0. An f -structure on M̄ is normal if the tensor

field Nf = [f, f ] + 2dηi ⊗ ξi vanishes, where [f, f ] is the Nijenhuis tensor of f .
Then, there exists a semi-Riemannian metric ḡ on M̄ such that

ḡ(X, fY ) + ḡ(fX, Y ) = 0, ∀X,Y ∈ T (M). (9.2.11)

The structure (f, ξ
i
, ηi, g) is called a metric f-structure and M is then called a

metric framed manifold. T (M̄) splits as complementary orthogonal sum of its
sub-bundles Im f and Ker f . We denote their respective horizontal and vertical
distributions by D and D⊥. In particular, ḡ is a Riemannian metric on M̄ if both
the distributions D and D⊥ are Riemannian. If there is only a single timelike
ξ

i
and if D is Riemannian, then, M̄ is called a Lorentz framed manifold [133].

f extended by C-linearity to the complexified tangent space T C(M̄) has i,−i, 0
eigenvalues. Let H = {X − ifX |X ∈ D} ⊂ D ⊗ C, the holomorphic distribution
related to the eigenvalue i.

Definition 9.2.9. A metric framed manifold M̄ is called a CR-integrable framed
manifold if its holomorphic distribution is involutive, that is,

[X − ifX, Y − ifY ] ∈ H for any X,Y ∈ D.

Proposition 9.2.10. [152] A metric framed manifold M̄ is CR-integrable if and
only if its horizontal distribution D is normal, that is, the Nijenhuis tensor field
Nf(X,Y ) = 0 for X,Y ∈ D.

For a CR-integrable framed manifold (M̄, ḡ), we have

M̄ = (B × V, ḡ) ; TM̄ = TB ⊕ TV, (9.2.12)

where (B, g
B
) and (V, g

V
) are the horizontal and the vertical integral submani-

folds (generated by D and D⊥ respectively) of M̄ . To show the relevance of the
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above brief note (on f -structures) in the study of harmonic morphisms, we first
observe that a CR-framed ( or integrable framed) manifold M̄ has a holomorphic
distributionH . This means that M̄ admits holomorphic functions whose real parts
are locally harmonic functions of its horizontal submanifold (B, gB ) (see equation
(9.2.12). Thus, we conclude:

A CR-integrable framed manifold (M̄, ḡ) admits harmonic functions, defined lo-
cally on its horizontal submanifold (B, g

B
).

Therefore, we have justified the validity of a basic requirement for the ex-
istence of harmonic functions on the manifolds M̄ and M ′ needed for equation
(9.2.10). To show that the map φ, given by (9.2.10), can be a harmonic morphism,
we let M̄ = (B × V, ḡ) be a CR-integrable Lorentz framed manifold and (B, g

B
)

its Riemannian horizontal submanifold. Also, set

dim(M̄) = m = 2p+ s (s ≥ 1), dim(B) = dim(M ′) = n = 2p.

Suppose M denotes the space of all smooth Riemannian metrics on M ′ and [h′] a
conformal class of metrics of M. Since dimB = dimM ′ and B is Riemannian, we
let g

B
∈ M. This means that B andM ′ are conformal to each other.B a horizontal

submanifold of M̄ implies that dφ
x
|Tx B is conformal for every x ∈ B. Thus φ is

horizontally (weakly) conformal, which implies that φ is a harmonic morphism.
If we relax the condition of B conformal to M ′, φ can be a harmonic morphism
where we let φ pull back harmonic functions of M ′ to harmonic functions of M̄ ,
since their existence has been assured.

In support of the above model, we have the following physical model of a
class of 4-dimensional spacetimes which inherit a metric f -structure.

Physical Model. Let (M̄, ḡ) be a 4-dimensional Einstein Maxwell spacetime of gen-
eral relativity, with a skew-symmetric (i.e., a 2-form) tensor field F = (Fab) on M̄
which represents the electromagnetic fields. The complex self-dual electromagnetic
tensor field F � is defined by

F �
ab = Fab + i

∼
Fab

∼
Fab=

1
2
εabcd F

cd, i =
√
−1.

Here, εabcd is the Levi-Civita tensor field. At each point x ∈ M̄ consider the
null tetrad e

a
= {�, k,m, m̄} where ḡ(�, k) = −1 and ḡ(m, m̄) = 1. According to

Debney-Zund [120], define the following three complex functions, called Maxwell
scalar fields:

φ0 = 2Fab�
amb, φ1 = Fab(�akb + m̄amb), φ2 = 2Fabm̄

amb.

By a Lorentz transformation, one can set φ0 = φ2 = 0 (see Debney-Zund [120]).
We are interested in a special case when φ1 is either real or pure imaginary. For
this subcase, it is known [120] that its canonical form is given by

Fab = −2Re(φ1) �[anb] or 2 i Im(φ1)m[am̄b] , det(Fab) = 0.
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Consider a homogeneous spacetime for which φ1 is constant (see Kramer et al
[267, page 120]) and set|φ1 |2 = 1. Define a (1, 1)-tensor field f ≡ (fa

b ), on the
tangent space Tx(M̄), at each point x ∈ M̄ , such that

fa
b = gac Fcb , i.e., F (X,Y ) = ḡ(X, fY ), (9.2.13)

for every X,Y ∈ M̄ . Operating fa
b by itself three times, it is easy to see that f

satisfies its own minimum characteristic polynomial equation: f3 ± f = 0, where
the sign ± depends on the choice of Im(φ) or Re(φ). We choose Im(φ). For a
Minkowski space, this condition means that the electric and the magnetic fields
are aligned. Thus,

f3 + f = 0 , rank(f) = 2.

F skew-symmetric and (9.2.13) implies f is also skew-symmetric, that is,

ḡ(X, f Y ) + ḡ(f X, Y ) = 0 , ∀X,Y ∈ M̄.

It follows from (9.2.11) and the above two equations that, under some geometric
conditions, a 4-dimensional Einstein Maxwell homogeneous spacetime (M̄, ḡ, F )
inherits a metric f -structure, induced from its electromagnetic tensor field F .
Furthermore, using Definition 9.2.9 and Propositions 9.2.6 and 9.2.10, M̄ can be
endowed with a CR-integrable Lorentz framed structure, denoted by ( f, ḡ, H, F ),
such that M̄ = (B × V, ḡ) is a product manifold, with 2-dimensional horizontal
surface (B, g

B
). On the existence of such a physical spacetime, we quote the

following:

Theorem 9.2.11. [267, page 120] The only Einstein Maxwell field which is homoge-
neous and has a homogeneous non-singular Maxwell field is the Bertotti-Robinson
solution

ds2 = A2(d θ2 + sin2 θ d φ2 + d x2 + sinh2 xdt2)

for local coordinates (t, x, θ, φ) and an arbitrary constant A.

The above solution has two families of orthogonal 2-surfaces having equal
and opposite curvatures. Relating these 2-surfaces with D and D⊥, we observe
that they are integrable. Thus, Bertotti-Robinson spacetime has an integrable
f -structure. Based on the above, we have the following result:

Theorem 9.2.12. Let φ : M̄ → S2 ⊂ (M, h) ⊂ R4
1 be a map from a homogeneous

Bertotti-Robinson spacetime to a Riemann surface S2 of a globally null hypersur-
face M of R4

1. Then, φ is a harmonic morphism with respect to a CR-integrable
Lorentz framed structure ( f, ḡ, H, F ) on M̄ .

Note 6. Theorem 9.2.12 will hold if R4
1 is replaced by those asymptotically flat

spacetimes which possess S2, a leaf of their respective screen distribution of a
globally null manifold. Examples are: Schwarzchild, Robertson–Walker, Reissner–
Nordström and Kerr spacetimes.
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Remark 9.2.13. (a) In the final chapter of a book by Baird and Wood [25] on
Harmonic morphisms between semi-Riemannian manifolds these authors have dis-
cussed the case when the subspaces of the tangent spaces involved may be lightlike
(degenerate). For such degenerate cases they have modified the definitions accord-
ingly and proved some characterization theorems of harmonic morphisms as hor-
izontally weakly conformal harmonic maps. They observe that certain harmonic
morphisms are simply null solutions of the wave equations.

(b) Pambira [323] has studied Harmonic morphisms between degenerate semi-
Riemannian manifolds where he used Kupeli’s method [273] for the mapping be-
tween lightlike manifolds.

(c) The readers may also be interested in the works of Mikhail Gromov and
Richard Schoen [219] on Harmonic maps into singular spaces and p-adic super
rigidity for lattices in groups of rank one and some references in [80] and [220] on
harmonic mappings with values in higher-dimensional degenerate submanifolds
which appear naturally as solutions of sigma-models with indefinite target spaces
and related topics on applications of sigma-models.

9.3 Harmonic maps from lightlike manifolds

In this section, we consider maps from lightlike manifolds. First, we present screen
lightlike submersions which can be considered as a lightlike version of Riemannian
submersions. Then, as a generalization of lightlike submersions, we define and
study screen conformal submersions which can be considered as a lightlike version
of horizontally conformal submersions. Finally, we give a definition for harmonic
maps from a lightlike manifold to a semi-Riemannian manifold and obtain a char-
acterization of harmonic maps.

LetM and B be Riemannian manifolds. A Riemannian submersion φ :M →
B is a mapping of M onto B satisfying the following axioms S.1 and S.2:

S.1 φ has maximal rank,

S.2 φ∗ preserves the lengths of horizontal vectors.

For each b ∈ B, φ−1(b) is a submanifold of M of dimension dimM − dimB. The
submanifolds φ−1(b) are called fibers and a vector field on M is vertical if it is
always tangent to the fibers, horizontal if always orthogonal to the fibers.

The Riemannian submersion was introduced by O’Neill [316] and A. Gray
[212]. Since then, it has been an effective tool to describe the structure of a Rie-
mannian manifold. For more information on Riemannian submersions, see: [184]
and [413]. Note that the vertical distribution V of M is defined by Vp = Ker dφp,
p ∈ M . The orthogonal complementary distribution to V = Ker dφ is defined by
Hp = (Ker dφp)⊥, denoted by H and called horizontal. Thus it follows that the
tangent bundle of M has the decomposition

TM = V ⊥ H.
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Screen lightlike submersions. In case of Riemannian submersion, the fibers are
always Riemannian manifolds. However, for the case of semi-Riemannian man-
ifolds, the fibers of φ may not be semi-Riemannian manifolds. From the above
definition of Riemannian submersions and Section 1.4 of Chapter 1, we have seen
that for both Riemannian submersions and lightlike manifolds a natural splitting
of the tangent bundle plays a crucial role. For Riemannian submersions, it is the
splitting of the tangent bundle of the source manifold into horizontal and vertical
part. On the other hand, the tangent bundle of a lightlike manifold is decomposed
into radical and screen parts. From this similarity, it is natural to give the fol-
lowing definition of screen lightlike submersion between a lightlike manifold and a
semi-Riemannian manifold.

Definition 9.3.1. [357] Let (M, g
M
, S(TM)) be an r-lightlike manifold and (N, g

N
)

a semi-Riemannian manifold. We say that a smooth mapping

φ : (M, g
M
, S(TM)) −→ (N, g

N
)

is a screen lightlike submersion if

(a) at every p ∈M, Vp = Ker(dφ)p = RadTpM , i,e., dφ(X) = 0 for every vector
field X ∈ Γ(RadTM).

(b) At each point p ∈ M, the differential dφp restricts to an isometry of the
horizontal space Hp = S(TM)p onto Tφ(p)N, i.e.,

g
S(TM)(X1, X2) = gN (dφ(X1), dφ(X2)), ∀X1, X2 ∈ Γ(S(TM)).

First of all, from the definition, it follows that RadTM is integrable. Let
Q and P denote the orthogonal projections onto the distributions RadTM and
S(TM), respectively. Obviously, the restriction of the differential dφp to the screen
distribution Hp = S(TM)p maps that space isomorphically onto Tφ(p)N . Then,
for any vector X̃ ∈ Tφ(p)N, we say that the vector X ∈ S(TM)p is a horizontal lift
of X̃ , the same as for Riemannian submersions. If X̃ is a vector field on an open
subset V of N, then the horizontal lift of X̃ is the vector field X ∈ Γ(S(TM))
on φ−1(V ) such that dφ(X) = X̃ ◦ φ. As it is well known, the vector field X is
called a basic vector field. Notice that if M is the same as in a semi-Riemannian
manifold, then the above definition agrees with the definition of a semi-Riemannian
submersion.
Remark 9.3.2. From Definition 9.3.1, it follows that M and N have the same
index.
Example 4. Let R4

2,1,1 and R2
0,1,1 be R4 andR2 endowed with the degenerate metric

g1 = −(dx3)2 + (dx4)2 and a Lorentzian metric g2 = −(dy1)2 + (dy2)2, where
x1, x2, x3, x4 and y1, y2 are the canonical coordinates on R4 and R2, respectively.
Define the map

φ : R4
2,1,1 → R2

0,1,1

(x1, x2, x3, x4) (2x3+x4√
3

, x3+2x4√
3

).
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Then it is easy to see that the kernel of dφ is

Ker dφ = RadTM = Span{Z1 = ∂ x1, Z2 = ∂ x2}.

By direct computation, we obtain

S(TM) = Span{Z3 =
1√
3
{∂ x3 + 2∂ x4}, Z4 =

1√
3
{2∂ x3 + ∂ x4}.

On the other hand, we get

dφ(Z3) =
4
3
∂ y1 +

5
3
∂ y2, dφ(Z4) =

5
3
∂ y1 +

4
3
∂ y2.

Then, it follows that

g1(Z3, Z3) = g2(dφ(Z3), dφ(Z3)) = 1

and
g1(Z4, Z4) = g2(dφ(Z4), dφ(Z4)) = −1.

Consequently, φ is a screen lightlike submersion.

Lemma 9.3.3. Let φ : (M, g
M
, S(TM)) −→ (N, g

N
) be a screen lightlike submersion

and X,Y basic vector fields of M . Then:

(a) g
M
(X,Y ) = g

N
(dφ(X), dφ(Y )) ◦ φ.

(b) The horizontal part [X,Y ]P of [X,Y ] is a basic vector field and corresponds
to [X̃, Ỹ ].

(c) For ξ ∈ Γ(RadTM), [X, ξ] ∈ Γ(RadTM).

Proof. Let X and Y be basic vector fields of M . Then, from Definition 9.3.1 (b),
(a) follows. Since TM = S(TM)⊕orth RadTM , we write

[X,Y ] = P [X,Y ] +Q[X,Y ].

Then, the horizontal part [X,Y ]P of [X,Y ] is a basic vector field and corresponds
to [X̃, Ỹ ], i.e., dφ([X,Y ]P ) = [dφ(X), dφ(Y )]. On the other hand, since RadTM is
the kernel space of dφ, we have dφ([X, ξ]) = [dφ(X), dφ(ξ)] = 0, ξ ∈ Γ(RadTM),
which implies that [X, ξ] belongs to RadTM . �
Theorem 9.3.4. Let φ : (M, g

M
, S(TM)) −→ (N, g

N
) be a screen lightlike submer-

sion. Then M is a Reinhart (or stationary [273]) lightlike manifold if and only if
ξ (g

M
(X,Y )) = 0 for any ξ ∈ Γ(RadTM) and X,Y basic vector fields.

Proof. We first note that the radical distribution is integrable. For ξ∈Γ(Rad TM),
X, Y ∈ Γ(TM) we have

(£ξgM )(X,Y ) = £ξgM (X,Y )− gM (£ξX,Y )− gM (X,£ξY ),
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where £ denotes the Lie derivative. Then, we obtain

(£ξgM
)(X,Y ) = ξ (g

M
(X,Y ))− g

M
([ξ,X ], Y )− g

M
(X, [ξ, Y ]).

Now, if X ∈ Γ(RadTM), then [X, ξ] ∈ Γ(RadTM) due to RadTM is integrable.
Thus, if X,Y ∈ Γ(RadTM), we obtain

(£ξgM )(X,Y ) = 0, ∀ξ,X, Y ∈ Γ(RadTM).

On the other hand, if X ∈ Γ(RadTM) and Y ∈ Γ(S(TM)), we get

(£ξgM
)(X,Y ) = −g

M
(X, [ξ, Y ]).

Hence, we have
(£ξgM )(X,Y ) = 0.

If X,Y ∈ Γ(S(TM)) are basic vector fields, using Lemma 9.3.3 (c), we obtain

(£ξgM
)(X,Y ) = ξg

M
(X,Y ).

Thus, from Theorem 1.4.2 and the above equations, we conclude that M is Rein-
hart if and only if ξ (g

M
(X,Y )) = 0, which completes the proof. �

From now on, suppose M is Reinhart unless otherwise stated.

Lemma 9.3.5. Let φ : (M, gM
) −→ (N, g

N
) be a screen lightlike submersion. Let

also X and Y be basic vector fields on M . Then (∇XY )P is the basic vector field
corresponding to ∇N

X̃
Ỹ .

Proof. Since M is Reinhart, it has a torsion free connection ∇ such that g
M
is

parallel with respect to ∇. Then, from the Kozsul identity, with Z a basic vector
field, we have

2g
M
(∇XY, Z) = Xg

M
(Y, Z) + Y g

M
(Z,X)− Zg

M
(X,Y )

− g
M
(X, [Y, Z]) + g

M
(Y, [Z,X ]) + g

M
(Z, [X,Y ]).

Hence, since dφ([Z,X ]) = [dφ(Z), dφ(X)], using Lemma 9.3.3, we get

2g
M
(P∇XY, Z) = {X̃g

N
(Ỹ , Z̃) + Ỹ g

N
(Z̃, X̃)− Z̃g

N
(X̃, Ỹ )

− g
N
(X̃, [Ỹ , Z̃]) + g

N
(Ỹ , [Z̃, X̃ ]) + g

N
(Z̃, [X̃, Ỹ ])} ◦ φ.

Then, the right side of the above equation is the Kozsul identity for the Levi-Civita
connection ∇N

; thus, we derive

g
M (P∇XY, Z) = gN (∇

N

X̃
Ỹ , Z̃) ◦ φ

which proves our assertion. �
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Let φ : (M, gM ) −→ (N, gN ) be a screen lightlike submersion and E,F ∈
Γ(TM). We now define O’Neill’s tensors for φ. It will be seen that the situation
is very different from a semi-Riemannian submersion. We denote the linear con-
nection on M by ∇. Then since M is Reinhart, we know that ∇gM = 0. Define a
tensor field T as

TEF = P∇QEQF +Q∇QEPF.

It follows that T is a tensor field of type (1, 2).

Lemma 9.3.6. Let φ : (M, g
M
) −→ (N, g

N
) be a screen lightlike submersion, X,Y

be horizontal vector fields and V,W ∈ Γ(RadTM). Then we have:

(a) T is vertical; TE = TQE, ∀E ∈ Γ(TM).

(b) T reverses the radical and screen subspaces.

(c) TV W = 0.

(d) TXY = 0.

(e) TXV = 0.

(f) TV X = Q∇VX.

Proof. (a), (b), (d), (e) and (f) are clear from the definition of T . So we prove only
(c). First, note that TVW ∈ Γ(S(TM)). Then, for Z ∈ Γ(S(TM)) we get

gM (TV W,Z) = g
S(T M)(P∇VW,Z) = g

S(TM)(∇V W,Z).

Taking into account that gM
is parallel with respect to ∇, we get

gM
(TVW,Z) = V g

M
(W,Z)− g

S(TM)(∇V Z,W ) = 0,

since W ∈ Γ(RadTM). Then non-degenerate S(TM) and Z, TVW ∈ Γ(S(TM))
imply that TVW = 0. �

Thus, from Lemma 9.3.6, we have

TEF = Q∇QEPF.

Now define another tensor as

AEF = Q∇PEPF + P∇PEQF

which is also a tensor field of type (1, 2).

Lemma 9.3.7. Let φ : (M, g
M
) −→ (N, g

N
) be a screen lightlike submersion, X,Y

horizontal vector fields and V,W ∈ Γ(RadTM). Then we have:

(a) A is screen; AE = APE , ∀E ∈ Γ(TM).

(b) A reverses the radical and screen subspaces.
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(c) AV W = 0.

(d) AXY = Q∇XY .

(e) AV X = 0.

(f) AXV = P∇XV = 0.

Proof. The proof of the lemma is similar to the proof of the previous lemma. �
Then, from Lemma 9.3.7, we have

AEF = Q∇PEPF.

Moreover, from Lemma 9.3.6 and Lemma 9.3.7, we obtain the following lemma.

Lemma 9.3.8. Let φ : (M, g
M
) −→ (N, g

N
) be a screen lightlike submersion, X,Y

horizontal vector fields and U, V ∈ Γ(RadTM). Then we have:

1. ∇XY = P∇XY +AXY .

2. ∇UV = Q∇UV .

3. ∇UX = P∇UX + TUX.

4. ∇XU = Q∇XU .

Remark 9.3.9. Notice that Lemma 9.3.8 (2) implies that the fibres are totally
geodesic inM . IfX is a basic vector field, then [V,X ], V ∈ Γ(RadTM), is vertical.
Hence P∇VX = P∇XV . Using Lemma 9.3.8 (4), we obtain P∇V X = 0.

Now, we obtain the covariant derivatives ∇T and ∇A. Recall that the co-
variant derivative of a (1, 2)-tensor field B is

(∇EB)GF = ∇E(BGF )−B∇EGF −BG(∇EF ), ∀E,F,G ∈ Γ(TM).

Using this, Lemmas 9.3.6 and 9.3.7, we obtain the following result.

Lemma 9.3.10. Let φ : (M, g
M
) −→ (N, g

N
) be a screen lightlike submersion, X,Y

horizontal vector fields and V,W ∈ Γ(RadTM). Then we have:

(a) (∇V A)W = 0.

(b) (∇XT )Y = −TAXY .

(c) (∇XA)W = 0.

(d) (∇V T )Y = −TTV Y .

Now denote Q∇V W by ∇̂V W , where V,W ∈ Γ(RadTM). Also denote the
other geometrical objects related to the fibers by .̂ From Lemma 9.3.8 (2), for
U, V,W ∈ Γ(RadTM), we have

∇U∇VW = ∇̂U ∇̂V W
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and
∇V ∇UW = ∇̂V ∇̂UW.

Since RadTM is integrable, we have ∇[U,V ]W = ∇̂[U,V ]W . Thus we obtain

R̂(U, V )W = R(U, V )W.

Denote the horizontal lift of the curvature tensor RN of N by R∗, that is, if
X1, X2, X3 and X4 are basic vector fields of M, we write

gM
(R∗(X1, X2)X3, X4) = g

N
(RN (X̃1, X̃2)X̃3, X̃4),

where X̃i = dφ(Xi). Also, if Xi and Xj are basic vector fields, we will denote the
horizontal lift of ∇N

X̃i
X̃j by ∇∗Xi

Xj .

Lemma 9.3.11. Let φ : (M, g
M
) −→ (N, g

N
) be a screen lightlike submersion, X,

X1, X2, X3 basic vector fields and ξ ∈ Γ(RadTM). Then we have

R(X1, X2)X3 = R∗(X1, X2)X3 +AX1∇∗X2
X3 +Q∇X1AX2X3

−AX2∇∗X1
X3 −Q∇X2AX1X3 −AP [X1,X2]X3

− P∇Q[X1,X2]X3 − TQ[X1,X2]X3

and
R(X, ξ)ξ = Q∇X∇̂ξξ − ∇̂ξ(Q∇Xξ)− ∇̂[X,ξ]ξ.

Proof. Using Lemma 9.3.8 (1) we have

∇X1∇X2X3 = ∇X1{∇∗X2
X3 +AX2X3} = ∇X1∇∗X2

X3 +∇X1AX2X3.

Since AX2X3 = Q∇X2X3 ∈ Γ(RadTM), from Lemma 9.3.7 and Lemma 9.3.8 (1),
we get

∇X1∇X2X3 = ∇∗X1
∇∗X2

X3 +AX1∇∗X2
X3 +Q∇X1AX2X3.

In a similar way, we obtain

∇X2∇X1X3 = ∇∗X2
∇∗X1

X3 +AX2∇∗X1
X3 +Q∇X2AX1X3

and

∇[X1,X2]X3 = ∇∗P [X1,X2]
X3 +AP [X1,X2]X3 + P∇Q[X1,X2]X3

+ TQ[X1,X2]X3.

Thus, from the above equations, we have the first assertion. On the other hand,
from Lemma 9.3.8 (2), for ξ ∈ Γ(RadTM) and X ∈ Γ(S(TM)), we get

∇X∇ξξ = ∇X∇̂ξξ.
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Then, from Lemma 9.3.8 (4), we obtain

∇X∇ξξ = Q∇X∇̂ξξ.

In a similar way, we have

∇ξ∇Xξ = ∇̂ξ(Q∇Xξ).

Also, for a basic vector field X, [X, ξ] is vertical. Hence, we get

∇[X,ξ]ξ = ∇̂[X,ξ]ξ.

Summing up the above equations, we derive the second assertion. �
Theorem 9.3.12. Let φ : (M, g

M
) −→ (N, g

N
) be a screen lightlike submersion,

X1, X2 horizontal vector fields spanning 2-planes and ξ ∈ Γ(RadTM). Then we
have

Kξ(H) = 0

and
K(X1, X2) = K

N

(X̃1, X̃2).

Here K and K
N

are sectional curvatures of M and N, respectively.

Proof. From (9.1.12) and the second equation of Lemma 9.3.11, it follows imme-
diately that Kξ(H) = 0. To obtain the second formula it suffices to prove

g
M
(R(X1, X2)X3, X4) = g

N
(R

N

(X̃1, X̃2)X̃3, X̃4) ◦ φ

using basic vector fields since they locally span horizontal vector fields. From
Lemma 9.3.11, we obtain

g
M
(R(X1, X2)X3, X4) = g

M
(R∗(X1, X2)X3, X4)− g

M
(∇Q[X1,X2]X3, X4).

Since ∇ is a torsion free connection, we get

g
M
(∇Q[X1,X2]X3, X4) = g

M
([Q[X1, X2], X3], X4) + g

M
(∇X3Q[X1, X2], X4).

Since Q[X1, X2] ∈ Γ(RadTM), from Lemma 9.3.3 (c), it follows that

[Q[X1, X2], X3] ∈ Γ(RadTM).

Thus, we obtain

gM (∇Q[X1,X2]X3, X4) = gM (∇X3Q[X1, X2], X4).

On the other hand, since gM is parallel with respect to ∇, we can write

gM (∇Q[X1,X2]X3, X4) = X3gM (Q[X1, X2], X4)− gM (Q[X1, X2],∇X3X4).
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Then Q[X1, X2] ∈ Γ(RadTM) implies that

g
M
(∇Q[X1,X2]X3, X4) = 0.

Thus, using this we obtain

gM
(R(X1, X2)X3, X4) = g

N
(R

N

(X̃1, X̃2)X̃3, X̃4) ◦ φ

which completes the proof. �
Remark 9.3.13. Observe that the assertions of Theorem 9.3.12 are not true for a
Riemannian submersion as well as for a semi-Riemannian submersion. Indeed, in
the Riemannian case, the sectional curvature in the base manifold N increase by
the amount 3‖AXY ‖2

‖X∧Y ‖2 , as presented in [316].

Screen conformal submersions. The notion of Riemannian submersion was gener-
alized to the horizontally conformal submersion. In this case, the second axiom
takes the following form: There exists a function λ :M −→ R+ such that

gB(dφ(X), dφ(Y )) = λ2g(X,Y ), ∀X,Y ∈ Γ(H),

where H is the complementary orthogonal distribution to V = Ker dφ in TM .
Thus, by the definition of horizontally conformal submersion, we have the decom-
position

TM = V ⊥ H.
In the rest of this section, first we present a recent work of Sahin [351] who in-
troduced a lightlike version of horizontally conformal submersion. Secondly, as an
application we use the theory of lightlike submersion to show the existence of a
well-defined concept of harmonic maps from r-lightlike manifolds submersed in a
semi-Riemannian manifold.

Let (M, g) and (M̄, ḡ) be r-lightlike and semi-Riemannian manifolds respec-
tively. Consider a submersion map φ :M −→ M̄ . A vector field X onM is said to
be projectable if there exists a vector field X̄ on M̄ such that dφ(Xp) = X̄φ(p), for
all p ∈ M . In this case X and X̄ are called φ-related. We now put Vp = Ker dφp

and consider a complementary distribution H to V in TM . Notice that, since M
is a lightlike manifold, V⊥ is not complementary to V , (in fact, V⊥ ⊆ V). From
discussion on lightlike manifolds we know that complementary distribution H is
non-degenerate.

Definition 9.3.14. Let (M, g) and (M̄, ḡ) be a lightlike and a semi-Riemannian
manifold respectively with a submersion φ : M −→ M̄ . We say that φ is a screen
conformal lightlike submersion if the following conditions are satisfied:

1. Ker dφ = RadTM .

2. There exists a function λ :M −→ R+ such that , for x ∈M ,

ḡ(dφ(X), dφ(Y )) = λ2(x)g(X,Y ), ∀X,Y ∈ Γ(S(TM)). (9.3.1)
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First of all, it follows from the above definition that the function λ2 :M −→
R+ is smooth. We say that a screen vector field (i.e., X ∈ Γ(S(TM)).) is called
basic if it is projectable. Thus, if X̄ is a vector field on M̄ then there exists a
unique basic vector field X on M such that X and X̄ are φ-related. We say that
the vector field X is the screen lift of X̄ . Also, it is clear from above definition that
the index of S(TM) and M̄ are same. From now on, we denote the projections
onto RadTM and S(TM) by Q and P, respectively. Next, we give an example of
screen conformal lightlike submersion.

Example 5. Let R4
2,1,1 and R̃

2
0,1,1 be R

4 and R̃2 endowed with the degenerate metric
g1 = −(dx3)2 + (dx4)2 and a Lorentzian metric g2 = −(dy1)2 + (dy2)2, where
x1, x2, x3, x4 and y1, y2 are the canonical coordinates on R4 and R̃2, respectively.
We define the map

φ : R4
2,1,1 → R̃2

0,1,1

(x1, x2, x3, x4) (sinhx3 coshx4, coshx3 sinhx4).

It is easy to see that the kernel of dφ is

Ker dφ = RadTM = Span{Z1 = ∂ x1, Z2 = ∂ x2}.

By direct computation, we obtain

S(TM) = Span{Z3 = ∂ x3, Z4 = ∂ x4}.

On the other hand, we get

dφ(Z3) = coshx3 coshx4∂ y1 + sinhx3 sinhx4∂ y2,

dφ(Z4) = sinhx3 sinhx4∂ y1 + coshx3 coshx4∂ y2.

Then, it is easy to see that

g2(dφ(Z3), dφ(Z3) = (cosh2 x3 cosh2 x4 − sinh2 x3 sinh2 x4)g1(Z3, Z3)

and

g2(dφ(Z4), dφ(Z4)) = (cosh2 x3 cosh2 x4 − sinh2 x3 sinh2 x4)g1(Z4, Z4).

As a result, φ is a screen conformal lightlike submersion.

It is known that in the Riemannian case a projection from warped prod-
uct manifold onto its second factor is a simple example of horizontal conformal
submersion. Now, we present similar example for a screen conformal lightlike sub-
mersion.

Example 6. Recall the concept of warped product lightlike manifold (see Chapter 1)
as follows: let (H, gH) and (B, gB) be lightlike and a Riemannian manifold of
dimensions n and m, respectively. Here, RadTH is of rank r. Let also f : H −→
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(0,∞) be a function, π : H × B −→ H and σ : H × B −→ B the projection
maps given by π(x, y) = x and σ(x, y) = y for every (x, y) ∈ H × B. Then the
product manifold M = H × B is said to be a lightlike warped product H ×f B,
with degenerate metric g defined by

gH(X,Y ) = g(dπ(X), dπ(Y )) + f(π(x, y))gB(dσ(X), dσ(Y ))

for every X,Y of M . It follows that RadTM of M still has rank r, but its screen
distribution S(TM) is of dimension m+n− r. If we consider rank(RadTH) = n,
then we obtain that M is still a lightlike manifold. But, we see that in this case,
S(TM) is of dimensionm. We now consider the projection map σ :M = H×B −→
B, then it is obvious that σ is a screen conformal lightlike submersion.

Recall that a distribution V on a Riemannian manifold is said to be conformal
or shear free if, for each x ∈M ,

(£V g)(X,Y ) = ν(V )g(X,Y )

for V ∈ Γ(V) and X,Y ∈ Γ(H), where H is the orthogonal distribution to V in
TM . Notice that, for a non-degenerate manifold, the orthogonal distribution H to
V is also complementary. For the lightlike case we have the following results:

Lemma 9.3.15. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal lightlike submer-
sion and X,Y be basic vector fields of M . Then:

(a) The screen part [X,Y ]P of [X,Y ] is a basic vector field and corresponds to
[X̄, Ȳ ].

(b) For ξ ∈ Γ(RadTM), [X, ξ] ∈ Γ(RadTM).

The proof of the above lemma is similar to the proof of Lemma 9.3.3.

Lemma 9.3.16. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal lightlike submer-
sion. Then RadTM is shear free if

ξgN (dφ(X), dφ(Y )) = 0, ∀ξ ∈ Γ(RadTM) and X,Y ∈ Γ(S(TM)).

Proof. We first note that the radical distribution is integrable. Let ∇ be a linear
connection on M . For ξ ∈ Γ(Rad(TM)), X, Y ∈ Γ(TM) we have

(£ξg)(X,Y ) = £ξg(X,Y )− g(£ξX,Y )− g(X,£ξY ),

where £ denotes the Lie derivative. Then, we obtain

(£ξg)(X,Y ) = ξg(X,Y )− g([ξ,X ], Y )− g(X, [ξ, Y ]). (9.3.2)

Now, if X ∈ Γ(RadTM), then [X, ξ] ∈ Γ(RadTM) due to RadTM is integrable.
Thus, if X,Y ∈ Γ(RadTM), we obtain

(£ξg)(X,Y ) = 0, ∀ξ,X, Y ∈ Γ(RadTM). (9.3.3)
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On the other hand, if X ∈ Γ(RadTM) and Y ∈ Γ(S(TM)), from (9.3.2) we get

(£ξg)(X,Y ) = −g(X, [ξ, Y ]).

But, from Lemma 9.3.15 (b), it follows that [ξ, Y ] ∈ Γ(RadTM). Hence

(£ξg)(X,Y ) = 0, ∀ξ,X ∈ Γ(RadTM) and Y ∈ Γ(S(TM)). (9.3.4)

If X,Y ∈ Γ(S(TM)), using Lemma 9.3.15 (a), from (9.3.2) we have

(£ξg)(X,Y ) = ξg(X,Y ).

Then, the screen conformal lightlike submersion φ implies that

(£ξg)(X,Y ) = ξ(λ−2)ḡ(dφ(X), dφ(Y ))
= ξ(lnλ)g(X,Y ) + ξḡ(dφ(X), dφ(Y )) (9.3.5)

for any X,Y ∈ Γ(S(TM)). Then, proof comes from (9.3.3)–(9.3.5). �

At this point, we give definitions of screen (resp, radical) homothetic maps.
These definitions can be seen as a lightlike version of horizontally (resp. vertically)
homothetic maps. For the Riemannian case, see [25].

Definition 9.3.17. Let φ : M −→ M̄ be a screen conformal lightlike submersion.
Then, we say that φ is screen homothetic if gradS(TM)(λ2) = 0, λ �= 0. Also, we
say that φ is radical homothetic if V (λ2) = 0, λ �= 0.

Remark 9.3.18. The screen conformal lightlike submersion given in Example 5 is
radical homothetic. On the other hand, the screen conformal lightlike submersion
given in Example 6 is screen homothetic.

From Lemma 9.3.15, Theorem 1.4.2 (with reference to Reinhart manifolds)
and the above definition, we have the following:

Theorem 9.3.19. Let φ : (M, g) −→ (M̄, ḡ) be a radical homothetic lightlike sub-
mersion. Then M is a Reinhart lightlike manifold if ξgN (dφ(X), dφ(Y )) = 0 for
ξ ∈ Γ(RadTM) and X,Y ∈ Γ(S(TM)).

We now define a tensor field T as

TEF = P∇QEQF +Q∇QEPF. (9.3.6)

It follows that T is a tensor field of type (1, 2). From now on, we suppose that
(M, g) is a Reinhart lightlike manifold, unless otherwise stated.

Lemma 9.3.20. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal submersion, X,Y
be basic vector fields and V,W ∈ Γ(RadTM). Then, we have:

(a) T is vertical; TE = TQE.
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(b) T reverses the radical and screen subspaces.

(c) TV W = 0.

(d) TXY = 0.

(e) TXV = 0.

(f) TV X = Q∇QV PX.

We now define another tensor as

AEF = Q∇PEPF + P∇PEQF (9.3.7)

which is also a tensor field of type (1, 2). The tensor field A satisfies the following:

Lemma 9.3.21. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal submersion, X,Y
be basic vector fields and V,W ∈ Γ(RadTM). Then, we have:

(a) A is screen; AE = TPE.

(b) A reverses the radical and screen subspaces.

(c) AV W = 0.

(d) AXY = Q∇XY

(e) AV X = 0.

(f) AXV = P∇XV = 0.

The proofs of Lemma 9.3.20 and Lemma 9.3.21 are similar to the proof of
Lemma 9.3.6, and from them we obtain the following lemma.

Lemma 9.3.22. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal submersion, X,Y
be basic vector fields and V,W ∈ Γ(RadTM). Then, we have:

1. ∇XY = P∇XY +AXY .

2. ∇UV = Q∇UV .

3. ∇UX = P∇UX + TUX.

4. ∇XU = Q∇XU .

Remark 9.3.23. Lemma 9.3.22(2) implies that fibers are totally geodesic in M . If
X is a basic vector field, then [V,X ], V ∈ Γ(RadTM), is vertical. Hence P∇V X =
P∇XV .Using Lemma 9.3.22(4), we obtain P∇VX = 0.

Now we obtain the screen conformal lightlike version of fundamental equa-
tions for horizontally conformal submersion. For the Riemannian case, see:[25].
Denote Q∇V W, where V,W ∈ Γ(RadTM), by ∇̃VW and the other geometrical
objects of fibers, by .̃ Also denote the screen lift of curvature tensor R̄ of M̄ by
R∗, that is, if X1, X2, X3 and X4 are screen vector fields of M, we write

g(R∗(X1, X2)X3, X4) = ḡ(RN (X̄1, X̄2)X̄3, X̄4),
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where X̄i = dφ(Xi). Then, following the proof of Lemma 9.3.11, we have

R̃(U, V )W = R(U, V )W, (9.3.8)

R(X1, X2)X3 = R∗(X1, X2)X3 + AX1∇∗X2
X3 +Q∇X1AX2X3

−AX2∇∗X1
X3 −Q∇X2AX1X3 −AP [X1,X2]

− P∇Q[X1,X2]X3 − TQ[X1,X2]X3 (9.3.9)

and
R(X, ξ)ξ = Q∇X∇̃ξξ − ∇̃ξ(Q∇Xξ)− ∇̃[X,ξ]ξ. (9.3.10)

Recall that the null sectional curvature Kξ(H) (see Section 3 of Chapter 6) of a
plane H with respect to ξ ∈ Γ(RadTM) and ∇ is defined by

Kξ(H) =
gM (R(W, ξ)ξ),W )

g(W,W )
(9.3.11)

where W is an arbitrary non-null vector field in H .

Theorem 9.3.24. Let φ : (M, g) −→ (M̄, ḡ) be a screen conformal submersion,
X1, X2 be basic vector fields and ξ ∈ Γ(RadTM). Then we have

Kξ(H) = 0

and
K(X1, X2) =

1
λ2
K∗(X̄1, X̄2).

Here K and K∗ are sectional curvatures of M and M̄ respectively.

Proof. From (9.3.10) and (9.3.11), it follows that Kξ(H) = 0. On the other hand,
from (9.3.9) we obtain

gM (R(X1, X2)X3, X4) = gM(R∗(X1, X2)X3, X4)− gM (P∇Q[X1,X2]X3, X4)

or

gM (R(X1, X2)X3, X4) = gM (R∗(X1, X2)X3, X4)
− gM(∇Q[X1,X2]X3, X4). (9.3.12)

Since M is Reinhart, ∇ is a torsion free metric connection. Hence, we get

g(∇Q[X1,X2]X3, X4) = g([Q[X1, X2], X3], X4) + g(∇X3Q[X1, X2], X4).

Since Q[X1, X2] ∈ Γ(RadTM), from Lemma 9.3.2(b), it follows that

[Q[X1, X2], X3] ∈ Γ(RadTM).
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Thus, we obtain

g(∇Q[X1,X2]X3, X4) = g(∇X3Q[X1, X2], X4).

On the other hand, since g is parallel with respect to ∇, we can write

g(∇Q[X1,X2]X3, X4) = X3g(Q[X1, X2], X4)− g(Q[X1, X2],∇X3X4).

Then Q[X1, X2] ∈ Γ(RadTM) implies that

g(∇Q[X1,X2]X3, X4) = 0.

Thus, using this in (9.3.12) we obtain

g(R(X1, X2)X3, X4) =
1
λ2
ḡ(R∗(X̄1, X̄2)X̄3, X̄4) ◦ φ

which completes the proof. �
Using some of the above results now we discuss the existence of a harmonic

map φ :M −→ M̄ . Suppose ∇ and ∇̄ are a linear connection and the Levi-Civita
connection on M and M̄ respectively. Denote the induced connection by the map
φ on the bundle φ−1(M̄) by ∇φ. Then the second fundamental form ∇dφ of φ is
defined as

∇dφ(X,Y ) = ∇φ
Xdφ(Y )− dφ(∇XY ), ∀X,Y ∈ Γ(TM).

In the Riemannian case, a differentiable map f between Riemannian manifolds is
called harmonic if tr∇df = 0. But in case M is lightlike we know that the trace
of the second fundamental form is meaningless on the radical part. To heal this
anomaly, recently the second author of this book (Sahin) has done some work in
[351] which we now present as follows:

Definition 9.3.25. Let (M, g) be a lightlike manifold and (M̄, ḡ) a semi-Riemannian
manifold. We say that a smooth mapping φ :M −→ M̄ is harmonic if:

(i) ∇dφ = 0 on RadTM .

(ii) tr |S(TM) ∇dφ = 0, where the trace is written with respect to gM restricted
to S(TM).

It is known that in the Riemannian as well as semi-Riemannian cases, a
minimal isometric immersion is a particular harmonic map [25]. Using the concept
of r-lightlike isometric immersion (as discussed in the previous section) we show
that the above definition agrees with the non-degenerate cases. Indeed, let (M, g)
be a lightlike manifold, (M̄, ḡ) a semi-Riemannian manifold and φ :M −→ M̄ an
r-lightlike immersion, i.e., g(X,Y ) = ḡ(dφ(X), dφ(Y )). Then, from the theory of
lightlike submanifolds, we have a decomposition of vector bundles

φ−1(TM̄) = dφ(TM)⊕ tr(TM), X = Xtangent +Xtransversal
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into the tangent bundle and transversal bundle. Using dφ to identify with its im-
age dφ(TM) in φ−1(TM̄), then for X,Y ∈ Γ(TM) we have ∇φ

Xdφ(Y ) = ∇̄XY .
On the other hand, dφ(∇XY ) equals the tangential component of ∇̄XY . Hence,
∇dφ(X,Y ) equals the transversal component of ∇̄XY . Then it follows that the
second fundamental form of an r-lightlike isometric immersion is equal to the sec-
ond fundamental form of the lightlike submanifold φ(M) in M̄ . Thus, considering
Definition 5.4.1 and Definition 9.3.25, we conclude that an r-lightlike immersion
is harmonic if and only if it is a minimal lightlike immersion.

To investigate the harmonicity of the function φ, we let (M, g) be a Reinhart
lightlike manifold. This condition is geometrically reasonable, as we know from
Chapter 1 that a Reinhart lightlike manifold is equivalent to the existence of a
torsion free metric connection ∇ on M such that g is a parallel tensor field with
respect to ∇. All these are good properties for discussion on the harmonicity in
lightlike geometry. Moreover, we assume that φ : M −→ M̄ is a screen confor-
mal lightlike submersion where M is Reinhart lightlike. Now we investigate the
harmonicity of φ.

Lemma 9.3.26. Let φ :M −→ M̄ be a screen conformal lightlike submersion. Then,

∇dφ(ξ1, ξ2) = 0, (9.3.13)

for ξ1, ξ2 ∈ Γ(RadTM) and

∇dφ(X,Y ) = X(lnλ)dφ(Y ) + Y (ln λ)dφ(X)− dφ(grad lnλ)gS(TM)(X,Y )
(9.3.14)

for X,Y ∈ Γ(S(TM)).

Proof. Let ξ1, ξ2 ∈ Γ(RadTM). Then, ∇dφ(ξ1, ξ2) = −dφ(∇ξ1ξ2). From Lemma
9.3.22 (2), we get ∇dφ(ξ1, ξ2) = −dφ(Q∇ξ1ξ2). Hence, ∇dφ(ξ1, ξ2) = 0, which is
(9.3.13). Now let {Z̄i} be an orthonormal frame on an open subset of M̄ ; lift each
Z̄i to a screen vector field Zi on M, then λZi is an orthonormal frame for the
screen distribution of M . Let X̄ and Ȳ be vector fields on an open subset of M̄
and X, Y their screen lifts to M . Then we can write

P (∇XY ) =
n∑

i=1

εig(∇XY, λZi)λZi = λ2
n∑

i=1

εig(∇XY, Zi)Zi.

Since M is Reinhart, it follows that g is parallel with respect to ∇. As a result of
this, we have a Kozsul identity for ∇. Thus we have

P (∇XY ) =
λ2

2

n∑
i=1

εi{Xg(Y, Zi) + Y gM (Zi, X)− ZigM(X,Y )

− g(X, [Y, Zi])− g(Y, [X,Zi]) + g(Zi, [X,Y ])}.



9.3. Harmonic maps from lightlike manifolds 433

Now, using g(X,Y ) = 1
λ2 ḡ(X̄, Ȳ ), we get

P (∇XY ) =
λ2

2

n∑
i=1

εi{X(
1
λ2
g(Ȳ , Z̄i)) + Y (

1
λ2
ḡ(Z̄i, X̄))− Zi(

1
λ2
ḡ(X̄, Ȳ )

− 1
λ2
ḡ(X̄, [Ȳ , Z̄i])−

1
λ2
ḡ(Ȳ , [X̄, Z̄i]) +

1
λ2
ḡ(Z̄i, [X̄, Ȳ ])}.

Hence, we derive

P (∇XY ) =
n∑

i=1

εi{−X(lnλ)ḡ(Ȳ , Z̄i)− Y (lnλ)ḡ(Z̄i, X̄)

+ Zi(lnλ)ḡ(X̄, Ȳ ) + ḡ(∇̄X̄ Ȳ , Z̄i)}Zi.

Then applying dφ, we get

dφ(P (∇XY )) =
n∑

i=1

εi{−X(lnλ)ḡ(Ȳ , Z̄i)− Y (lnλ)ḡ(Z̄i, X̄)

+ Zi(ln λ)ḡ(X̄, Ȳ ) + ḡ(∇̄X̄ Ȳ , Z̄i)}Z̄i.

Hence, we obtain

dφ(P (∇XY )) = −X(lnλ)Ȳ − Y (lnλ)X̄

+
n∑

i=1

εiZi(lnλ)ḡ(X̄, Ȳ )Z̄i + ∇̄X̄ Ȳ .

Thus, we arrive at

∇dφ(X,Y ) = X(lnλ)Ȳ + Y (ln λ)X̄

−
n∑

i=1

εi(gS(TM)(gradλ, Zi)Z̄i)(λ2gS(TM)(X,Y ).

or

∇dφ(X,Y ) = X(lnλ)Ȳ + Y (ln λ)X̄

−
n∑

i=1

(
1
λ2
εiḡ(dφ(gradλ), Z̄i)Z̄i)(λ2gS(TM)(X,Y ).

Hence, we get

∇dφ(X,Y ) = X(lnλ)Ȳ + Y (lnλ)X̄
− dφ(gradλ)gS(TM)(X,Y ),

which proves (9.3.13). �
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Using the above lemma, we get the following theorem.

Theorem 9.3.27. Let φ :M −→ M̄ be a screen conformal lightlike submersion and
dim(S(TM)) = n. Then:

(i) If n = 2, φ is a lightlike harmonic map.

(ii) If n �= 2, then φ is lightlike harmonic ⇔ φ is screen homothetic.

Proof. First of all, from (9.3.13)), we obtain

∇dφ = 0 on RadTM. (9.3.15)

Let {e1, . . . , en} be a local orthonormal frame for the screen frame for the screen
distribution S(TM). Then the trace of the restriction to S(TM)× S(TM) of the
second fundamental form is

trP ∇dφ =
n∑

i=1

∇dφ(ei, ei).

From (9.3.14), we get

trP ∇dφ = dφ{
n∑

i=1

ei(lnλ)ei + ei(lnλ)ei − gM (ei, ei)P (gradλ)}.

Thus, we have

trP ∇dφ = dφ{−(n− 2)P (gradλ) = −(n− 2)dφ(gradλ)}.

If n = 2, trP ∇dφ = 0. From this and (9.3.15), it follows that φ is harmonic. If
n �= 2, then trP ∇dφ = 0 if and only if dφ(gradλ) = 0. �

9.4 CR-lightlike geometry in relativity

The use of complex variables in relativity has its roots in a 1906 paper by Poincaré
in which he introduced the imaginary coordinate

√
−1, popularly referred to as

the imaginary time coordinate of a Minkowski spacetime. However, very soon it
became clear that there is no natural place for an imaginary time coordinate for the
curved spacetimes of general relativity and its use (even in special relativity) has
steadily declined. Nevertheless, it is now well known that the complex techniques
in relativity have been very effective tools for understanding spacetime geometry
(see Penrose [329, 328], LeBrun [284, 282, 281, 278] Trautman [394] and many
more cited therein). Also, complex manifolds have two interesting classes of Kähler
manifolds, namely, (i) Calabi-Yau manifolds which have their application in super
string theory (see Candelas et al. [90]) and (ii) Teichmuller spaces applicable to
relativity (see Tromba [396]). On the other hand, complex numbers have been used
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in quantum theory as follows: A simple case is that of differential operators such
as ∂/∂x which are needed to represent components of momentum. To make them
self-adjoint one has to multiply by i =

√
−1. Also, complex structures appear

through Hodge duality in vector and spinor spaces associated with spacetime.
To explore more on this topic, we let (M, g) be a time oriented 4-dimensional

spacetime manifold with the Lorentz metric g of signature (− + ++) (although
the mathematical results do hold for higher-dimensional Lorentzian manifolds) and
expressed in terms of a general coordinate system (xa), where (0 ≤ a, b, c . . . ≤ 3).
Suppose (ea) = {eo, e1, e2, e3} is a local orthonormal real frame field on M . It
is known [190] that for each tangent space TxM at each x ∈ M , there exists a
basis T = {l, k,m, m̄} of four null vectors, called the Newman-Penrose (NP) null
tetrad such that l, k are real null vectors and m, m̄ are complex and its conjugate
null vectors, with g(l, k) = −1 and g(m, m̄) = 1 and all other products are zero.
Let {ωa} = {ω0, ω1, ω2, ω3} be its dual basis. It is always possible to introduce
a NP tetrad locally. Globally, the existence of a NP tetrad is equivalent to the
existence of a global orthonormal basis ea. A null tetrad T is associated with this
orthonormal basis as follows:

� =
1√
2
(eo + e1) , k =

1√
2
(eo − e1),

m =
1√
2
(e2 + i e3) , m̄ =

1√
2
(e2 − i e3) . (9.4.1)

Therefore, the canonical form of the matrix of g is expressed by

[g] =

⎛⎜⎜⎝
0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎠ .

A Lorentz metric cannot admit an almost Hermitian structure defined by a real
endomorphism J such that J2 = −I and (6.1.2) holds. Indeed, for the real J ,
satisfying J2 = − I, the eigenvalues of J are i and −i where i =

√
−1, each one of

multiplicity 2. As J is real, and J satisfies (6.1.2), the only possible signatures of g
are (2, 2). For this reason, as an application to Hermitian and Kählerian structures
in relativity, Flaherty [190] modified these structures by using a complex-valued
endomorphism J , defined by

J = i(ω0 ⊗ E0 − ω1 ⊗ E1 + ω2 ⊗ E2 − ω3 ⊗ E3),

where {Ea} = {l, k,m, m̄}. It is easy to see that this complex-valued J satisfies
the condition (6.1.2) of an almost Hermitian structure with respect to a Lorentz
metric g of a spacetime. Flaherty also derived the modified integrability conditions
(N = 0), where for this case N is the Nijenhuis tensor field with respect to the
complex-valued J . Furthermore, he then defined a modified Kählerian structure
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for the spacetime manifolds M . If the modified integrability condition is satisfied
then the Lorentz metric g can be locally expressed as

g = Ad z0 d z̄0 +B d z1 d z̄1 + C d z0 d z̄1 +Ddz1 d z̄0, (9.4.2)

for a complex coordinate system (z0, z1, z̄0, z̄1) and for some functions A, B, C,
and D. Well-known physical examples are vacuum spacetimes, which include
Schwarzschild and Kerr solutions (see Hawking-Ellis [228, pages 149, 161]. For
more details on the use of modified Kählerian structures in relativity (out of the
scope of this book) we refer to a book by [190] which also includes an extensive
list of related references and many more therein.

As a physical use of CR-lightlike geometry, we first show how to construct a
CR-structure for a real 2m-dimensional Lorentzian manifold (M̄, ḡ), followed by
an induced CR structure on a lightlike hypersurface of a 4-dimensional spacetime
of general relativity. According to Penrose [328] M̄ has a CR-structure if in the
tangent space Tx, at each point x ∈ M̄ , a 2n-real-dimensional subspace Hx of Tx

is singled out, called the holomorphic tangent space. Hx regarded as n-dimensional
complex space and spanned by the vectors Zr = Xr + iYr for every: (1 ≤ r ≤ n)
provides a linear operator J , satisfying J2 = −1. Explicitly, JXr = −Yr, JYr = Xr

so that JZr = iZr. To complete a basis for the entire Tx, one needs a comple-
mentary neighborhood Ur of x in M̄ . Newlander and Nirenberg [305] have proved
that a real-analytic CR-structure can be realized in the above way if the following
integrability relations hold:

[Zr, Z
′
r] = complex linear combination of Z ′s

where 1 ≤ r, r′ ≤ n. However, for a C∞ CR-structure it has been shown in [308] by
counterexamples that the above relations are not sufficient. Therefore, in the later
case, a non-realizable CR-structure may arise. For details on physical spacetimes
and non-realizable CR-structure we refer to a paper by Penrose [328]. Here we
study only realizable CR-structures. It is known that on a CR manifold there
exists a real distribution D, of the subspaces Dx = Real(H ⊕ H̄)x such that D is
invariant (JD = D).

Related to the focus of this book, we now show how to construct a lightlike
CR structure for an oriented 2m-dimensional Lorentzian manifold (M̄, ḡ). We need
the following result:

Proposition 9.4.1. [317] For an r-dimensional subspace Dx of a Lorentzian space
TxM̄ , the following are equivalent:

(1) Dx is lightlike.

(2) Dx contains a null vector but not any timelike vector.

(3) Dx ∩ ∧x = Lx − 0x, where Lx = Dx ∩D⊥x , the 1-dimensional null space and
∧x is the null cone of TxM̄ .
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Thus, if the distribution D is lightlike then D⊥ is not the orthogonal comple-
ment of D since their sum is not all of TxM̄ . Therefore, using the above procedure
one can not realize a CR-structure for M̄ so that D is invariant by its structure
tensor J . In view of this, to recover a CR-structure, we proceed as follows:

Since the lightlike D fails to recover a complex structure, its dimension need
not be even. We form the exact sequence

0 → D → D⊥ → D⊥/L→ 0, L = D ∩D⊥.

Fibers of quotient bundle D⊥/L are (2m− r − 1)-dimensional screens Sx.
Physically we construct a lightlike CR-structure for an oriented 4-dimensional

spacetime M̄ by setting m = 2 for which r = 1. Therefore, D = L and 2-
dimensional screen Sx is an oriented plane. Let J act as a rotation in a chosen
plane through 900. Then, J2 = −1, and J defines a complex structure on Sx. The
complexified space Sc

x can be represented as a direct sum S+
x ⊕ S−x , where

S±x = {u ∈ Sc
x : Ju = ±iu}.

Let H±x be the subspaces of Dc
x projecting onto S

±
x by a canonical map Dc

x → Sc
x.

It is easy to see that

H+
x ∩H−x = Lc

x, H+
x +H−x = Dc

x.

Each H±x is a (maximal) 2-dimensional lightlike subspace of T c
xM̄ . The fact that

a CR structure, with a lightlike distribution D and a maximal holomorphic space,
say H+

x , can be locally realized on M̄ , comes from the famous Riemann mapping
theorem: Any smooth bounded simply connected region in the Argand plane C1 is
holomorphically identical with a unit disc.

Note that Poincaré, back in 1907, pointed out that the Riemann mapping the-
orem for C1 has no analogue in higher complex dimension. This is why, in general,
non-realizable CR structures may exist [329] for the case of higher-dimensional
complex manifolds.

Relating the above discussion with the theory of CR-lightlike hypersurfaces of
Kähler manifolds, let {Ea} = {l, k,m, m̄} be the Newman-Penrose (NP) formalism
at each point x of TxM̄ . Suppose M is a hypersurface of M̄ . If the Jacobian
matrix of the map f : M → M̄ is of rank 2 everywhere, then, M is a lightlike
hypersurface of M̄ . We know from [228] that such a hypersurface can be obtained
by the equation E0 = 0 or E1 = 0 if it is completely integrable. Set E0 = 0.
Examples are lightlike hypersurfaces of asymptotically flat spacetime [228] M̄ ,
where M̄ can be endowed with Flaherty’s [190] modified Hermitian or Kählerian
structure.
Remark 9.4.2. (a) Since the 1996 Duggal-Bejancu book [149] included very limited
information on the geometry of lightlike CR-submanifolds, we hope that the pub-
lication of new and deeper results (as presented in Chapter 6 of this volume) will
stimulate the readers to do more work on applications of lightlike CR-geometry in
physics.
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(b) The readers may also be interested in works of Flaherty [190] on appli-
cations of modified Hermitian or Kählerian structures in relativity and Penrose
[328] on Physical spacetime and non-realizable CR-structure and in particular ref-
erence to his work on the Twistor geometry of light rays [329], Robinson-Trautman
[335] on Cauchy-Riemann structures in optical geometry and many other related
references therein. Also, see the recent article by Dragomir and Duggal [130] on
indefinite extrinsic spheres.

9.5 Lightlike contact geometry in physics

The theory of contact manifolds has its roots in differential equations, optics and
phase space of a dynamical system (for details see Arnold [9], Maclane [292] and
Nazaikinskii [304] and many more references therein). We refer to basic information
on contact manifolds as presented in Chapter 7. In thermodynamics, there is an
example due to Gibbs which is given by a contact form du − Tds + pdv ( u is
the energy, T is the temperature, s is the entropy, p is the pressure and v is the
volume) whose zeros define the laws of thermodynamics. Details may be seen in
Arnold [9]. Also, see a recent paper by Philippe Rukimbira [340] on Energy, volume
and deformation of contact metrics. In 1990, Duggal [134] initiated the study of
contact geometry of odd-dimensional spacetime manifolds. We prefer explaining
this concept by means of the following two Models:

Model 1. Consider a (2n+1)-dimensional Minkowski spacetime (M̄, ḡ) with local
coordinates (xi , yi, t) and i = 1, . . . , n. M̄ being time oriented admits a global
timelike vector field, say ξ. Define a 1-form η = 1

2
(dt−∑n

1 yi dxi ) so that ξ = 2 ∂t.
With respect to the natural field of frames {∂xi ; ∂yi , ∂t }, define a tensor field φ
of type (1, 1) by its matrix

(φ) =

⎛⎝ 0n, n In 0n, 1

− In 0n, n 0n, 1

01, n − yi 0

⎞⎠ .

Define a Lorentzian metric ḡ with line element given by

ds2 =
1
4
{

n∑
1

( (dxi)2 + (dyi)2 )− η ⊗ η}.

Then, with respect to an orthonormal basis {Ei , En+i , ξ} such that
Ei = 2 ∂i, En+i = 2 ∂n+i,

φEi = 2 (∂i − yi ∂t),

φEn+i = 2 (∂i + yi ∂t),

it is easy to verify that the spacetime (M̄, ḡ) has a Sasakian structure. For the
Riemannian case, we refer to Blair [66, page 99] in which it is shown that R2n+1

is a Sasakian space form with sectional curvature c = − 3.
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Model 2. Let (N,G, J) be a 2n-dimensional almost Hermitian manifold defined by

J2 = − I, G(JX̄, JȲ ) = G(X̄, Ȳ ) , ∀X̄, Ȳ ∈ Γ(TN),

where (N, G) is a compact Riemannian manifold. Construct a globally hyperbolic
spacetime M̄ = {R ⊗ N , ḡ = − dt2 + G} (see Section 3 of Chapter 1). Denote
a vector field on M̄ by X̄ = (η(X̄) d

dt , X) where X is tangent to N , t and η are
the time coordinate of R and a 1-form on M̄ , respectively. Set η = dt so that
ξ = ( d

dt
, 0) is a global timelike vector field on M̄ . Then,

φ(η(X̄)
d

dt
, X) = (0, JX),

ḡ

(
(η(X̄)

d

dt
, X), (η(Ȳ )

d

dt
, Y )

)
= G(X, Y )− η(X̄) η(Ȳ ).

One can verify that M̄ is an almost contact manifold. Thus, an odd-dimensional
globally hyperbolic spacetime can carry an almost contact structure. As explained
in Model 1, one can show that, with respect to the Lorentzian metric ḡ, (M̄, ḡ)
can carry a contact structure. Examples: odd-dimensional Minkowski and de Sitter
spacetimes, the Lorentz sphere and Robertson-Walker spacetime.

With the above information, one can construct a variety of submanifolds of
Lorentzian contact (or Sasakian) manifolds using the theory given in Chapter 7. It
is also clear from Model 2 that contact and Hermitian manifolds are interrelated as
odd- and even-dimensional manifolds, respectively. Moreover, it is easy to see from
the above models that locally any Sasakian manifold is a line bundle over a Kähler
manifold. Therefore, Lorentzian Sasakian manifolds are timelike line bundles over
indefinite Kähler manifolds.

The traditional way of studying physical objects in 4-dimensional spacetime
has recently changed and even- or odd-dimension or higher than 4-dimension of
landing space depends on the type of physical problem. Now one needs eleven
dimensions in the latest Theory Of Every Thing as an attempt to unite all the
forces of the universe. Consequently, an odd dimension of contact landing space
should work equally well in physical applications.

However, since the mathematical theory of lightlike contact geometry is just
being developed (almost all new research results are presented in Chapter 7 of
this volume), at present the applications are very rare. There are some isolated
examples or papers in which we find physical results on lightlike (or degenerate)
objects of contact or odd-dimensional landing manifolds (such as de Sitter space-
time S2n+1

1 ). Following are the ones we know:

Osserman lightlike hypersurfaces. For this example we refer to the notation and
the material discussed in Section 6 of Chapter 3. Consider (M, g) a real lightlike
hypersurface of an indefinite almost Hermitian manifold (M̄, ḡ, J̄), where ḡ is a
semi-Riemannian metric of constant index. It is easy to check that {ξ,N} is being
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a normalizing pair such that RadTM = Sp{ξ} and ltr(TM) = Sp{N}. Moreover,
J̄(TM⊥)⊕ J̄(tr(TM)) is a vector sub-bundle of S(TM). Then,

S(TM) = {J̄(TM⊥)⊕ J̄(tr(TM))} ⊥ D0,

with D0 a non-null almost complex distribution with respect to J̄ . Thus,

TM = {J̄(TM⊥)⊕ J̄(tr(TM))} ⊥ D0 ⊕orth TM
⊥. (9.5.1)

Now, consider the almost complex distribution

D = {TM⊥ ⊕orth J̄(TM⊥)} ⊕orth D0,

and let S denote the projection morphism of TM on D. Put U = −J̄N and
V = −J̄ξ. Then, for all X ∈ TM ,

X = SX + u(X)U, (9.5.2)

with u = g(·, V ) a local 1-form on M . It follows that

J̄X = FX + u(X)N,

with
FX = J̄SX, ∀X ∈ TM.

Clearly, we have
F 2X = −X + u(X)U, u(U) = 1.

Thus, provided ξ and N are globally defined on M , (F, u, U) defines an almost
contact structure on M .

We construct an algebraic curvature map RF on M using F as follows:

RF (x, y, z, w) = (〈Fy, z〉+ 〈y, Fz〉)(〈Fx,w〉 + 〈x, Fw〉)
− (〈Fx, z〉+ 〈x, Fz〉)(〈Fy,w〉 + 〈y, Fw〉),

for all x, y, z, w ∈ TpM , p ∈M . It is easy to check that such an RF is an algebraic
curvature map on M . Put v = 〈•, U〉 and get

〈Fx, y〉+ 〈x, Fy〉 = u(x)v(Fy) + u(y)v(Fx). (9.5.3)

Now, we compute the pseudo-Jacobi operator JRF (x) for x ∈ Sp(M), p ∈M . We
have for all y in x⊥,

JRF (x)y = RF (y, x, x, •)�g

= [2〈Fx, x〉(〈Fy, •〉 + 〈y, F (•)〉)
− (〈Fy, x〉+ 〈y, Fx〉)(〈Fx, •〉 + 〈x, F (•)〉)]�g .
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Then, using (9.5.3) leads to

JRF (x)y = 2u(x)v(Fx)
[
u(y)(v ◦ F )�g + v(Fy)u�g

]
− (u(x)v(Fy) + u(y)v(Fx))

[
u(x)(v ◦ F )�g + v(Fx)u�g

]
.

Using (9.5.2) and the Hermitian structure of (M̄, ḡ, J̄) we obtain v ◦ F = −η.
Then, (v ◦ F )�g = −ξ. Also, since u(ξ) = 0, we have u�g = −J̄ξ. Thus,

JRF (x)y = u(x) [η(x)u(y) − η(y)u(x)] ξ
+ η(x) [η(x)u(y)− η(y)u(x)] J̄ξ.

This implies

JRF (x) = [η(x)u(•)− η(•)u(x)]
(
u(x)ξ + η(x)J̄ ξ

)
.

Observe that the pseudo-Jacobi operator JRF (x), x ∈ SpM , has values in the
holomorphic plane TM⊥ ⊕orth J̄(TM⊥).

Proceeding as given in Section 6 of Chapter 3, one can show that (M, g) is a
lightlike Osserman hypersurface (with an almost contact structure) of an indefinite
almost Hermitian manifold (M̄, ḡ, J̄).

Lightlike hypersurfaces with conformal structure. Akivis-Goldberg [2] have stud-
ied singular points of lightlike hypersurfaces of the de Sitter space Sn+1

1 . They
establish a connection of the geometry of Sn+1

1 with the geometry of the conformal
space Cn as follows: Sn+1

1 admits a realization on the exterior of an n-dimensional
oval hyper-quadratic Qn of a projective space Pn+1. Thus, it is isometric to a
pseudo-elliptic space which is exterior to Qn. Moreover, the interior of Qn is iso-
metric to the Lobachevski space Hn+1. Hence the geometry of Qn is equivalent to
the geometry of the conformal space Cn, which proves the assertion. Using this,
the authors proved that the geometry of lightlike hypersurfaces of Sn+1

1 is directly
connected with the geometry of hypersurfaces of Cn. They constructed an invari-
ant normalization and an invariant affine connection of a lightlike hypersurface.

Since Sn+1
1 can admit a contact (or Sasakian) structure, the above approach

of Akivis-Goldberg opens a possible line of research on lightlike hypersurfaces of a
contact (or Sasakian) de Sitter space. Also, see Fusho and Izumiya [196] who have
studied lightlike surfaces of spacelike curves in de Sitter 3-space and investigated
the geometric meanings of the singularities of such surfaces.
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[71] Blaz̆ić, N., Bokan, N. and Gilkey, P. A note on Osserman Lorentzian mani-
folds, Bull. London Math. Soc., 29, (1997), 227–230.
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pseudo-Riemannian manifolds, AMS Contemporary Math., 337, (2003), 53–
63.

[190] Flaherty, E. T. Hermitian and Kählerian Geometry in Relativity, Lecture
Notes in Physics, 46, Springer-Verlag, Berlin, 1976.

[191] Foertsch, T., Hasse, W. and Perlick, V. Inertial forces and photon surfaces
in arbitrary spacetimes, Class. Quantum Grav., 20, 2003, 4635–4651.

[192] Friedman, A. Local isometric imbedding of Riemannian manifolds with in-
definite metrics, J. Math. Mech., 10, (1961), 625–649.

[193] Fuglede, B. Harmonic morphisms between Riemannian manifolds, Ann. Inst.
Fourier (Grenoble), 28, (1978), 107–144.

[194] Fuglede, B. Harmonic morphisms between semi-Riemannian manifolds, An-
nales Acad. Scientiarum Fennicae Mathematica, 21, (1996), 31–50.

[195] Fukami, T. and Ishihara, S. Almost Hermitian structure on S6, Tohoku
Math. J., 7, (1955), 151–156.



Bibliography 455

[196] Fusho, T and Izumiya, S. Lightlike surfaces of spacelike curves in de Sitter
3-space, J. Geom. Phys., 88, No. 1-2, (2008), 19–29.

[197] Galloway, G. J. Maximum principles for null hypersurfaces and null splitting
theorem, Ann. Henri Poincaré, 1(2000), No. 3, 543–567.
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Osserman in Lorentzian geometry, Diff. Geom.. Appl., 7, (1997), 85–100.
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almost contact structure, 305
almost Hermitian manifold, 234
almost Hermitian structure, 234
almost quaternion manifold, 348
almost quaternion structure, 348
associated matrix, 1

Betti number, 132
black hole, 115

Kerr-Newman, 116

canonical local basis of the bundle Q,
348

Cauchy surface, 25
causal character, 11
causal future (resp. past), 109
characteristic vector field, 309
charged density, 4
chronological future (resp. past), 109
coisotropic submanifold, 157, 191

screen locally conformal, 204
compatible metric, 306
complex conjugation, 231
complex lightlike hypersurface, 246
complex lightlike submanifold, 242
complex manifold, 233
complex space-form, 236
complex structure, 231

induced, 232
modified, 435

complex submanifold, 238
complexification, 231
conformal Killing equations, 107
conformally flat manifold, 16
constant sectional curvature, 17
contact CR-lightlike submanifold, 321

contact CR-lightlike product, 324
irrotational, 324
proper, 321
totally contact geodesic, 324
totally contact umbilical, 324

contact CR-submanifold, 310
contact CR-product, 312
minimal, 313
proper, 311
totally contact geodesic, 313
totally contact umbilical, 312
totally umbilical, 312
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contact manifold, 306
contact metric manifold, 306
contact screen Cauchy Riemann light-

like submanifold, 326
contact SCR, 326
minimal, 330
proper, 326
totally contact umbilical, 329

continuity equation, 4
CR-integrable framed manifold, 414
CR-lightlike submanifold, 269, 287
CR-manifold, 239
CR-product, 240
CR-structure, 436

lightlike, 437
CR-submanifold, 238

mixed foliate, 241
mixed geodesic, 240
proper, 239
totally umbilical, 240

curl, 3
current density, 4

degenerate metric, 31
degenerate subspace, 6
dilation, 411
distinguished parameter, 98
distinguished structure, 104
distribution, 22

conformal, 427
integrable, 22
involutive, 22
Killing, 34
shear free, 427
transversal, 33

divergence, 3, 18, 136
dominant energy condition, 100
dynamical horizon, 115, 118

Einstein field equations, 100
Einstein manifold, 16, 350
Einstein universe, 412
Einstein-Hilbert action, 100
electric current vector, 5

electric fields, 4
electromagnetism, 3
energy, 408
energy conditions, 100
energy density, 407
essential singularity, 29
Euler characteristic, 132
event horizon, 110
expansion tensor, 98
exterior derivation, 17
extrinsic scalar curvature, 138

first screen transversal space, 209
flat manifold, 17
flow lines, 97
foliation, 32

minimal, 32
totally geodesic, 32
totally umbilical, 32

Frobenius’s theorem, 22
fundamental 2-form, 234
future directed curve, 109
future, outer, trapped

horizon (FOTH), 118

Galilean coordinates, 3
Gauss formulae, 197
Gauss-Weingarten type formulae, 45
general curvilinear coordinate

system, 4
generalized Cauchy Riemann

lightlike submanifold, 270
D-geodesic, 273
GCR, 270
GCR-lightlike product subman-

ifold, 273
minimal, 278
mixed geodesic, 273
proper, 270
totally umbilical, 276

generalized contact Cauchy-Riemann
lightlike submanifold, 334

contact GCR-lightlike product,
339
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GCR, 334
proper, 340
totally contact umbilical, 341

generic submanifold, 311
geodesic complete, 25
global flow, 19
global null splitting theorem, 106
globally hyperbolic manifold, 26
globally null manifold, 37, 409
gradient, 18, 136

half-lightlike submanifold, 157
minimal, 181
screen conformal, 179
totally geodesic, 169
totally umbilical, 169

half-lightlike surface, 400
totally umbilical, 403

half-quaternionic 2-plane, 350
harmonic map, 221, 431
harmonic morphism, 408
Hermitian inner product, 233
Hermitian manifold, 234
Hermitian structure, 232, 234, 308
Hessian, 19
Hilbert-Schmidt norm, 408
Hodge decomposition theorem, 132
holomorphic curvature, 236
holomorphic section, 236
holomorphic sectional curvature, 236
homothetic event horizon, 130
Hopf map, 412
Hopf-Rinow theorem, 25
horizontally (weakly) map, 411
horizontally conformal submersion, 425
hyperbolic space, 17

indefinite almost quaternion manifold,
348

indefinite complex space form, 237
indefinite Hermitian structure, 236
indefinite Kähler manifold, 236
indefinite Kähler structure, 236

indefinite quaternion Kähler
manifold, 349

null quaternionically flat, 355
indefinite quaternion space form, 351
indefinite Sasakian manifold, 308
index, 2
induced connection, 198
induced linear connection, 196
induced Ricci curvature, 67
induced Ricci tensor, 218, 250
induced scalar curvature, 70
inextendible geodesic, 110
integrable quaternionic structure,

348
integral curve, 19
integral manifold, 22
invariant lightlike submanifold, 242

irrotational, 245
invariant submanifold, 319
isolated horizon, 116
isotropic submanifold, 191

Jacobi operator, 142, 143

Kähler manifold, 234
Kähler metric, 234
Kähler scalar, 235
Killing horizon, 107, 108

conformal, 124
Killing vector field, 34

conformal, 107
Kozsul formula, 176
Kruskal-Szekeres formulation, 116

Lagrangian submanifold, 238
Laplace-Beltrami operator, 409
Laplacian, 18, 136
leaf, 22
Lie derivative, 19
lightlike cone, 52, 149
lightlike connection, 197
lightlike harmonic map, 431
lightlike hypersurface, 43, 313, 360

conformal structure, 441
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Einstein, 75, 77
Einstein screen homothetic, 81
null transversally closed, 146
Osserman, 142, 150
pointwise Osserman, 150
Ricci semi-symmetric, 92
screen conformal, 88
screen homothetic, 52
screen locally conformal, 51
semi-parallel, 94
semi-symmetric, 87
spacelike Osserman, 150
timelike Osserman, 150
totally geodesic, 77
totally umbilical, 76, 125, 317

lightlike manifold, 31
Reinhart, 34

lightlike mean curvature, 102
lightlike second fundamental

form, 159, 196
lightlike submanifold, 191

irrotational, 182
minimal, 221
screen conformal, 209
totally geodesic, 217
totally umbilical, 215
warped product, 225

lightlike subspace, 6
lightlike transversal bundle, 158, 194
lightlike transversal vector bundle, 45
lightlike vector space, 2, 5
lightlike warped product, 37, 426
local congruence, 19
local flow, 19
local Gauss and Weingarten formula,

46
local isometry horizon, LIH, 108
local lightlike second fundamental

forms, 198
local screen fundamental form, 47
local screen second fundamental form,

198
local second fundamental form, 46,

161

local velocity of the charge, 4
Lorentz distance function, 26
Lorentz framed manifold, 414
Lorentzian manifold, 11, 26

null Osserman, 145
Lorentzian warped product

manifold, 25, 26

magnetic, 4
maximal contact CR-dimension, 311
maximal integral manifold, 22
mean curvature vector, 43
metric complete, 25
metric framed manifold, 414
metric tensor field, 11
minimal map, 408
Minkowski electromagnetic tensor

field, 5
Minkowski metric, 2
Minkowski space, 2
mixed energy condition, 122
Monge hypersurface, 412

Newman-Penrose (NP) null tetrad,
435

Nijenhuis tensor field, 234
non-degenerate subspace, 6
non-expanding horizon, 116
normal contact structure, 306
normal sectional curvature, 122
null cone, 2
null distribution, 44
null Gaussian curvature, 403
null limit technique, 129
null scroll, 397
null sectional curvature, 184, 249,

402, 430
null space, 43
null string, 399
nullity degree, 30, 43

orthogonal direct sum, 5
orthogonally transitive, 108
Osserman manifold, 142
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Osserman tensor, 143
Otsuki connection, 197

past directed curve, 109
photon surface, 397
product manifold, 22
projective tensor, 97
proper semi-Euclidean space, 3
proper semi-Riemannian manifold, 11
pseudo Jacobi operator, 146
pseudo-hyperbolic space, 17
pseudo-inverse of g, 134
pseudo-sphere, 17
pullback bundle, 221
pullback connection, 221

QR-lightlike submanifold, 372
D-geodesic, 377
mixed foliate, 380
mixed geodesic, 378
totally umbilical, 381

QR-submanifold, 358
D-geodesic, 359

quasi-orthonormal basis, 3
quaternion CR-submanifold, 356

of minimal codimension, 357
proper, 356
QR-product, 357

quaternion distribution, 356
quaternion lightlike distribution, 373
quaternion lightlike submanifold, 367
quaternion submanifold, 356
quaternionic 4-plane, 350
quaternionic sectional curvature, 350

radical, 5
radical distribution, 31, 44

Killing, 76
parallel, 76

Raychaudhuri equation, 98
Ricci flat, 16, 28
Ricci semi-symmetric manifold, 85
Ricci tensor, 177
Riemannian, 11

Riemannian submersion, 417
ruled surface, 397

null geodesic, 399
timelike, 397

Sasakian manifold, 306
Sasakian space form, 306
scalar curvature, 65

genus zero, 71
scalar product, 1
Schwarzschild solution, 115
screen Cauchy Riemann lightlike

submanifold, 255
SCR-lightlike submanifold, 255
anti-holomorphic, 257
mixed geodesic, 263
proper, 256
SCR-lightlike product, 264
totally umbilical, 265

screen conformal lightlike
submersion, 425

radical homothetic, 428
screen homothetic, 428

screen CR-lightlike submanifold, 392
proper, 392
totally umbilical, 394

screen distribution, 31, 44, 158, 192
ξ-distinguished, 104
admissible, 150
canonical, 57, 165
first derivative of, 60, 166, 203
natural, 63
totally geodesic, 172
totally umbilical, 151, 172
unique, 204

screen Kählerian manifold, 243
screen lightlike submersion, 418
screen quaternion-real lightlike sub-

manifold, 384
lightlike product, 389
proper, 384
SQR-lightlike submanifold, 384
totally umbilical, 389
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screen real lightlike submanifold, 368
irrotational, 252
totally umbilical, 371

screen real submanifold, 250, 326
screen second fundamental form, 47,

159, 197
screen shape operator, 47
screen slant lightlike submanifold, 294

minimal, 303
screen subspace, 5
screen transversal bundle, 158
screen transversal connection, 197
screen transversal lightlike submani-

fold, 282
screen transversal totally real light-

like submanifold, 283
screen transversal vector bundle, 192
second fundamental form, 43, 159, 161,

196, 198, 221, 408, 431
parallel, 94

sectional curvature, 17, 143
semi-Euclidean metric, 1
semi-Euclidean vector space, 1
semi-parallel hypersurface, 86
semi-Riemannian hypersurface, 42

totally geodesic, 43
totally umbilical, 43

semi-Riemannian manifold, 11
semi-Riemannian metric, 11
semi-Riemannian warped product, 26
semi-symmetric manifold, 85
shape operator, 43, 160, 196, 198
shear tensor, 98, 104
signature, 2
slant angle, 241
slant lightlike submanifold, 286

minimal, 291
proper, 286

slant submanifold, 241
Kählerian, 241
proper, 241
totally umbilical, 242

spacelike Osserman, 144

spacetime
anti-de-Sitter, 73
asymptotically flat, 27, 73
Bertotti-Robinson, 416
chronological, 114
de-Sitter, 73
Einstein Maxwell, 415
exterior Schwarzschild, 28
globally hyperbolic, 25
globally hyperbolic warped

product, 30
Minkowski, 73
Reissner-Nordström, 29, 73
Robertson-Walker, 27, 73
Schwarzschild, 28, 73
spherically symmetric, 28
static, 27, 28, 114
stationary, 27, 114
strongly causal, 109
vacuum, 115

spacetime manifold, 12
sphere Sn(r), 17
stationary lightlike manifold, 419
strong energy condition, 101
submersions, 23
symmetrized induced Ricci tensor,

137

tension field, 221, 408
tidal force operator, 103
time orientable Lorentz manifold, 12
timelike Cauchy completeness, 26
timelike Osserman, 144
totally lightlike submanifold, 191
totally real 2-plane, 350
totally real curvature, 236
totally real lightlike submanifold, 280
totally real sectional curvature, 350
totally real submanifold, 238, 356
transversal bundle, 194
transversal linear connection, 196
trapped surface, 117

marginally, 117
marginally outer, 117
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trapping boundary, 117

vector field
φ-related, 425
basic, 418, 426
characteristic, 59
complete, 19
horizontal lift, 418
parallel, 13
projectable, 425
screen lift, 426

volume expansion, 98
vorticity tensor, 98, 104
vorticity vector, 98

warped product manifold, 24
weak energy condition, 100
Weingarten formulae, 197
Weyl conformal curvature tensor, 16
Wirtinger angle, 241
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